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Abstract—This paper comprises the transmit probing signal
design under the trade-off between good target discrimination
(low cross-correlation beam pattern) and beam pattern design
(desired auto-correlation beam pattern) in a Multiple-Input-
Multiple-Output (MIMO) configuration. The quartic optimiza-
tion problem, with an finite alphabet constraint on the probing
signal by using Quadrature Phase Shift Keying (QPSK) in
a multiplexed antenna system, is solved by a Fourier series
approximation of the desired beam pattern by exploiting a block
circulant property of the transmit signal matrix. The analytical
evaluation of the mean square error between an ideal and the
proposed cross-correlation beam pattern is —35 dB.

I. INTRODUCTION

The design of a probing signal in a Multiple-Input-Multiple-

Output (MIMO) configuration is still an open topic and
extensively discussed in literature [1]-[14]. A special challenge
is the design of a desired auto-correlation beam pattern, while
keeping good cross-correlation beam pattern properties [10].
The beam pattern investigation is based on the covariance
matrix of the transmitted probing signals. Therefore, the
authors in [1]-[7], [10] consider a two stage design, where the
first stage is the optimization of the covariance matrix and the
second stage is the determination of the probing signals, which
satisfy the covariance structure of stage one. Only in [11], the
probing signal is determined by a one stage optimization.
The approaches in literature with regards to find an optimal
solution for a given desired radiation pattern are very diverse,
but all of the authors [1]-[7] have the objective of designing
probing signals under certain constrains with low computa-
tional complexity. The works [3] and [6] are motivated by the
design of Finite Impulse Response (FIR) filters and transfer
parameters like transition band and or ripple height towards the
beam pattern design. The authors in [2] relax the optimization
problem in an least square problem, which is easier to solve
than the original one. Another approach of enhancing the
computational complexity is the analytical evaluation of an
integral like objective function [1]. In [7] the correlation matrix
is decomposed in a spatial and temporal division matrix, while
maintaining good auto- and cross-correlation properties of the
probing signal. Very often, the objective function is quartic
with regards to the probing signal. A cyclic algorithm for
solving such quartic problems under constant modulus and
low peak to average ratio constraint is proposed in [4].
A constant modulus constraint is found quite often in literature
[3], [4] and [7]. Solving a quartic optimization problem
under constant modulus constraint is treated in [8]- [12]. The
diversity of different algorithm shows the complexity of such
kind optimization problems.

The authors in [15]-[18] investigate the beam pattern optimiza-
tion problem more from an antenna group factor perspective,
rather than a signal point of view. The major difference lies in
the investigation of radio frequency switches or multiplexers
leading to on/off modulation, which is different from constant
modulus sequences. Further, discrete phase modulation is also
included in [15], leading to difficult optimization problem
which is solved with a differential evolution algorithm.

It can be summarized, that the computational complexity is
one of the biggest issues in adaptive beam pattern design. The
computational complexity is mainly justified in quartic opti-
mization problems with subject to a finite alphabet constraint.
With regards to a MIMO configuration, low cross-correlation
beam pattern is crucial when a good target discrimination is
desired [10]. The contributions of this work are the following:

o linear system model for inter pulse modulation

o deterministic and therefore real time capable algorithm
with no iterations by exploiting the Fourier transform like
property of ULA’s

e low cross-correlation beam pattern characteristic by
proposing a block circulant probing signal matrix

e a solution for an optimization problem under the con-
straint of two Quadrature Phase Shift Keying (QPSK)
channels in transmit ULA configuration with arbitrary
amount of antennas

In this work the operator ||-[|, defines the l,-norm. A matrix
entry is defined by [], _, where 7) denotes the row index and
7 the column index. A vector entry [], is defined by one
index 7. The E {-} denotes the expectation operator. The set of
complex numbers is defined as C, while j = y/—1 represents
the complex number. The Kronecker product is defined as ®.

II. SYSTEM MODEL

The underlying system comprises one local oscillator, gen-
erating a train of Z, Frequency Modulated Continuous Wave
(FMCW) pulses. Each pulse has a duration of T, bandwidth
B with the center frequency fy = $2. This train of FMCW
pulses is further processed by the transmit modulation unit.
This unit comprises N, parallel QPSK modulators, which are
further multiplexed between the Nt transmit antennas, where
the number of channels is less than the number of transmit
antennas, leading to N, < Np.

The sparse transmit Uniform Linear Array (ULA), with an
antenna inter-element spacing of dr, transmits the modulated
signals towards K distinct targets. The back scattered signal
from K targets are superposing in space and are captured
by the Np receive antenna. The Np receive antennas are
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further mounted as a ULA with an inter-element spacing
of dgp = % This configuration leads to a Multiple- Input-
Multiple-Output (MIMO) antenna configuration, with a sparse
transmit dr = Ngrdg and dense receive ULA, leading to an
investigation of virtual MIMO array.

After receiving, the Ny different receive signals are mixed
down and converted to the digital domain using Analog to
Digital Converter (ADC), where the receive signal processing
is done by matched filtering.

A. Transmitted Signal

Since the receiver has access to sampled waveforms, a
discrete time representation of the transmitted signal is con-
sidered. Each FMCW pulse p € CZ+*! is therefore sampled
with the sampling time T with a of Z, samples [23]. Another
reasonable assumption is that the phase modulation units as
well as the multiplexing are operating much slower than the
sampling time T, such that the transmit modulation is done
across pulses, leading to an inter pulse modulation. For each
FMCW pulse, Np transmit antennas need to be modulated
leading to the signal modulation vector s € CZeN7X1 The
multiplexing restricts the signal modulation vector s to N.Z,
nonzero entries. In addition to the zero entries, s is restricted
to a QPSK modulation, leading to s € Qch T Xl, where the set
Qo = {0} U Q comprises the zero to model the multiplexing
and Q = {1,—1,j,—j} represents the fourth root of the
complex unit circle due to the QPSK modulation. The transmit
signal vector x € CZsZeN7x1 comprises the signal modulation
vector and the pulse vector,

X=5®Dp. (D

B. System Transfer Function and Received Signal

Due to the inter pulse modulation and assuming the propa-
gation delay is much smaller than the pulse duration 7, the
propagation delay just influences the pulse vector. Further,
the pulse vector is completely separable from the signal
modulation vector, as induced by the Kronecker product in
(1). The down mixed and digitized pulse vector for the x-th
target is defined as p, € CZ-*!. The overall received signal
can be written as,

K
§=> (His)® Py )
k=1

The matrix H,, includes the MIMO channel characteristic
for the x-th target, the diagonal Doppler shift matrix D,
and the attenuation factor «,;, comprising target Radar Cross
Section (RCS), path loss and the attenuation due to target
range. Therefore, x-th target channel matrix can be written
as,

H, = a, (ag«af,) ® Dy,,,. (3)

Where the receive steering vector with the antenna index m
is defined as [ag.],, = exp(jko sin(¢.)drm) The free space
wavenumber is defines as ky = QT” and ¢, defines the k-th
target angle of arrival. In accordance to the ULA assumption,

the transmit steering vector with the antenna index n is defined

as [ary],, = exp(jkosin(¢x)drn). The Doppler information
is mathematically separable in the system model, therefore,
the Doppler matrix can be modeled as diagonal,

s eXp(ijnTcIc)) . @

Since the range information can be completely separated from
the angle-Doppler information and further this work focuses
on beam pattern design, it is sufficient to consider just the
system model with the signal modulation vector,

D, = diag (exp(jwprTcl),- -

K
y = Z H,s. (5)
k=1

C. Matched Filter

The receive signal processing comprises a matched filter
approach whose coefficients take the form y,; = Hjss. The
matched filter coefficients do not include any RCS information
and are parametrized by angle ¢, and Doppler shift wpays,

Hy = (aRJVIagM) ® DwDM' (6)

Due to the inter pulse modulation scheme, it is a reasonable
assumption to model the x-th attenuation factor «, as a
Swerling one model, where each target RCS fluctuates across
pulses and have to be considered as statistical parameters
[22]. In order to get an estimate of the matched filter output,
the expected value of the squared matched filter output is
investigated,

2

E{|yﬁy‘2} =F (7

K
HyyH
g s"HyHys
k=1

The block diagonal structure of H,, yields to a sum over Z.
pulses, where the pulse index is denoted by i.. Further, it can
be assumed that RCS fluctuations, due to the Swerling one
model, are statistically independent from each other, leading
to the following matched filter output expression,

K
E{lyfiy[*} = > o2 afivan] PG o). ®
k=1

The attenuation factor variance for the x-th target is defined
as 0,. In the following investigations, Doppler influence is
neglected, because its investigation exceeds the scope of this
paper. Under the zero Doppler assumption, the following
equation describes cross-correlation beam pattern,

Z.
P, dr) = affys <Z §7C§Z> ary 9
ie=1
The transmit antenna modulation vector for the i.-th pulse is
denoted as §;, € QévTXl. For ¢, = ¢, (9) represents the
transmitted auto-correlation beam pattern. If the covariance
matrix of the transmitted signal Rz € CN7*N7 is defined as,

s
R;: = § 5,87 =Ss”,

(10)

ie=1
the probing signal matrix is defined as S =
(8 - & §z, ) € CNv*Zc Based on the

derivation of this section, the an optimization criteria can be
defined in the following.
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III. BEAM PATTERN OPTIMIZATION AND ADAPTATION

As derived in Section II, the matched filter output takes
the form of a two dimensional radiation pattern, where the
actual target position ¢, is mapped to the matched filter
output ¢5s. The matched filter operates optimal, if the actual
target position appears at the matched filter output as a Dirac
impulse, leading to the desired radiation pattern P;(¢., dnr),

Pd(¢) for (bn = (/bM .

0 else

Pa(¢r, drr) = { (1D
The formulation above means, the auto-correlation beam pat-
tern is desired to have an arbitrary form of P;(¢), while the
cross-correlation beam pattern is supposed to be zero, namely
the matched filter output is not disturbed by any clutter. If
the desired radiation pattern Py(¢,, ¢ar) is uniformly sampled
in both dimensions ¢, and ¢;; with a total sample number
of N, for the ¢, dimension and N, for the ¢, dimension
the desired radiation pattern can be written in matrix notation
P, € RNu*Ns Further, since the desired cross-correlation
beam pattern is sampled, the transmit steering vector within
the matched filter arp,; and the target transmit steering vector
ar, have to be sampled as well leading to matched filter

transmit steering matrix Arpp = (aTM1 . "aTMNM)
CNm*Nt and a target transmit steering matrix Ag, =

T . .
(ary, -+ aruy, ) € CN=*NT_ Therefore, the signal design
problem can be formulated as follows,

min
SeqlT>te

Pd - AgMRSATK

2
= -
st 8l = Ne

The zero norm, as a constraint, represents the multiplexing
of N. = 2 towards Nt antennas. Further, the probing signal
matrix S is constraint to a finite alphabet {2¢. The optimization
problem is in general hard to solve. In order to overcome the
difficulties in the solution, the ULA assumption is exploited
towards providing a simple, albeit sub-optimal, framework for
designing S to enhance the cross-correlation beam pattern.

A. Block Circulant Property and Target Discrimination

The assumption of a transmit ULA yields a Vandermonde
matrix for App; and Ap,.. If the covariance matrix Ry
has Toeplitz structure, a Vandermonde decomposition can
be applied, leading to a Vandermonde-Diagonal-Vandermonde
matrix structure [20]. Further, if the covariance matrix is
circulant Hermitian matrix, the aforementioned decomposition
is, in fact, the eigenvalue decomposition with the columns
of Discrete Fourier Transform (DFT) matrix being the eigen-
vectors of Rz [21]. A circulant Hermitian matrix can be
constructed by using a block circulant probing signal matrix,

S=(5&§ - & s

(& ) (13)
— ( B, --- B, By, )

Each block circulant matrix B, € CNTXNT can be

parametrized by a single column vector ¢, € CN7*1 [21].
The advantage of restricting the covariance matrix to be
circulant instead of just Toeplitz is that the eigenvector matrix

D= (d;---d, - -dn,) € CN7XN7T js 2 DFT matrix with
the eigenvectors d,,, which is orthonormal,
Np Np
R; = ZBbe =D (Z \I:bq:f> D = DAD". (14)
b=1 b=1
The orthonormal property of the DFT matrix yields a co-
variance matrix with a DFT eigenvector matrix. The diagonal
eigenvalue matrix of the covariance matrix A € RNT*NT jg a
squared sum over all eigenvalue matrices W, € CNT XNt of
the block circulant probing signal matrix.

The general radiation pattern for any block circulant probing
signal matrix leads to the following,

P(¢y, drr) = at, DAD ar,

ks 27 27\ -
= Z Anf <k¢m - n—NT) f (k¢1W - TLM>
n=1 (15)

Where the discrete sinus c]g,;dinal function is defined as
f(z) = sincq(rz) = % , the target and matched
filter wavenumber are defines as k4, = kodrsin(¢,) and
kgn = kodr sin(¢ar), respectively, and A, represents the n-
th eigenvalue of Rj;. It is stated in [19], that the maximum
resolution for equal antenna element power constraint in an
virtual MIMO configuration is achieved, when the transmitted
signals are perfectly orthogonal, leading to diagonal covari-
ance matrix,

Port<¢/m ¢M) = aTI!MRéaTH
= tr (Rg) sincy (]\;TkodT (sin(¢ar) — sin(sbﬁ)))'

Since in (16) the physical resolution limit of the presented
structure is shown, it is of interest how the proposed approach
in (15) performs in relation to (16). This result is further
discussed through simulations.

(16)

B. Probing Signal Generation and Beam Pattern Design

As a result of the previous section, the cross-correlation
beam pattern is addressed by applying a block circulant prop-
erty to the probing signal matrix and its eigenvector structure.
The auto-correlation property on the other hand lies within the
eigenvalues, which can be proved by setting ¢5; = ¢, in (15),

Jr 2r \
P(¢) = Z vAR v, f (kz¢ — nNT)
n=1

The auto-correlation beam pattern P(¢) is therefore a convo-
2
lution of vZR,.v,, and f gl% —nit

amn

- ) , where the latter func-
tions is given due to the block circulant construction. The first
term vf R.v,, comprises the auto correlation matrix R, =
S8 cpel! and the Fourier vector [vi,] . = XD (j ]%[—’;qn),
which further leads to,

I 3z 2m
v, Revy, = ZQ+2COS <N7'bn+gpb) . (18)
b=1 T

The frequency ﬁ,—’;rb of the cosine function in (18) is deter-
mined by the relative position 7, of the two non zero elements
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Fig. 1: Auto-Correlation Beam Pattern for a desired Target
suppression at ¢ = 5°. The periodicity is related to the sparsity
of the transmit array do = N R%, while the offset is related
to superposition of squared sine and cosine functions.

in cyp, therefore 7, is limited to N — 1 due to the size of cp.
The phase shift ¢, denotes the relative phase shift between the
two non zero elements in c; leading to a minimum relative
phase shift of 5 due to the QPSK modulation. Due to the
assumption Np > Nr and due to limited discrete 73, the
sum in (18) can be enrolled and reordered to,

Nrt 2
viR, v, = 2Np + Z Agexp <jqn> . (19
N
g=—(Nr-1)

The amplitudes A, € C'*! are therefore discrete quantities,
satisfying Z(Z\[:Tl_l [R{A,} + |S{A;}| = Np. The phase
information is implicitly inside the amplitudes. Further, the
condition A, = Aiq has to be satisfied, since vEZR.v, has
to be real. At this point, all parameters are known to solve (17)
with the help of a inverse Fourier transform and an appropriate
algorithm to map all A, to the set of vectors c;. Simulation
results proof the feasibility of this approach.

IV. SIMULATION

The simulation is carried out with Ny = 10 transmit
antennas and Ny = 4 receive antennas. Figure reffig:autoSdeg
illustrates the feasibility of beam pattern shaping using the
proposed approach. The difference between Figures in 1 is
that the beam pattern on the right goes not to zero, because
the radiation pattern is composed of squared sine and cosine,
due to the two channel QPSK modulation scheme. In order
to ensure any arbitrary beamshape, like a null steering at
5° as illustrated in the Figure 1 on the right, a mixture of
squared sine and cosine functions is necessary, because an
arbitrary angle can be only achieved if both functions are
present. The cross-correlation beam pattern 2 on the right
illustrates the resolution capability of perfectly orthogonal
signals. The cross-correlation beam pattern in Figure 2 left
depicts the resolution characteristic for the proposed approach.
The resolution characteristic is defined by the width of the
diagonal line in Figure 2 right and 2. It can be seen, that the
resolution is similar to Figure 2 right with some differences
in resolution on the transition band (when the auto-correlation
beam pattern goes from low to high level). A cutting plane
of Figure 2 at 5° (similar to a matched filter output for a
single target at 5°) is illustrated in Figure 3. It can be seen,
that the resolution of the proposed approach is a bit curse and

" Cross-Correlation Beam Pattern proposed Approach wCross-Curralaﬁun Beam Pattern perfectly orthogonal Signals .
1 v

s
k

Target Angle ¢_in degrees

Target Angle ¢_in degress

-100
-100 50 0 50 100 -100

E 50 100
Matched Fiter Angle ¢, in degrees

50 o
Matched Filter Angle ¢, in degrees

Fig. 2: Cross-Correlation Beam Pattern for the proposed
approach P(¢., ¢ar) (see (15)), which confirms the similarity
to orthogonal signals. The target resolution degrades a bit near
the beam pattern transitions.

Matched Filter Output for Target at éh=5°
0 T T T T T T T
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Fig. 3: Matched Filter Output of the proposed approach and
perfectly orthogonal signal. The mean square error between
both outputs is M SE = —35 dB.

the sidelobes are a bit higher than the matched filter output for
the perfectly orthogonal signals. Nevertheless, the mean square
error between the proposed approach and perfectly orthogonal
signals is about M SE = —35 dB, which confirms the good
resolution capability of the proposed approach.

V. CONCLUSION

The proposed approach is powerful in terms of the deter-
ministic computational complexity, since no iterative algorithm
is needed and therefore there are no convergence issues even
with hard constraints on the transmitted signal, like QPSK
modulation in an multiplexed antenna structure. The capability
of shaping the beam pattern with correlated signals, while
keeping the resolution characteristic (cross-correlation beam
pattern), makes the proposed method applicable to a virtual
MIMO configuration. Further, the proposed approach is ap-
plicable to any desired auto-correlation beam pattern, while
keeping good resolution properties.
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