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Abstract

In this paper, we disprove a conjecture of Goema&3 §nd Linial [36] (also see §, 38]); namely,
that every negative type metric embeds iftavith constant distortion. We show that for an arbitrarily
small constand > 0, for all large enoug, there is am-point negative type metric which requires
distortion at leastloglogn)”®~? to embed intd/.

Surprisingly, our construction is inspired by the Uniquentgs Conjecture (UGC) of KhoRfB,
establishing a previously unsuspected connection betyeapabilistically checkable proof systems
(PCPs) and the theory of metric embeddings. We first provetleaUGC implies a super-constant
hardness result for the (non-uniformp&RSESTCUT problem. Though this hardness result relies on the
UGC, we demonstrate, nevertheless, that the correspoRdifgreduction can be used to construct an
“integrality gap instance” for BARSESTCUT. Towards this, we first construct an integrality gap inséanc
for a natural SDP relaxation of IQUEGAMES. Then we “simulate” the PCP reduction and “translate”
the integrality gap instance of UQUEGAMES to an integrality gap instance ofP8RSESTCUT. This
enables us to prove(oglogn)”®-? integrality gap for BARSESICUT, which is known to be equivalent
to the metric embedding lower bound.
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1 Introduction

1.1 Metric Embeddings and their Algorithmic Applications

In recent years, the theory of metric embeddings has play@tcaeasing role in algorithm design. The best
approximation algorithms for several NP-hard problemyg oel techniques (and theorems) used to embed
one metric space into another while preserving all pairwliistances up to a certaimt too largefactor,
known as thalistortion of the embedding.

Perhaps, the most well-known application of this paradigritheé $ARSESTCUT problem. Given an
n-vertex graph along with a set demand pairsone seeks to find a non-trivial partition of the graph that
minimizes thesparsity i.e., the ratio of the number of edges cut to the number ofaaehpairs cut. Strictly
speaking, the problem thus defined is ti@n-uniformversion of $ARSESTCUT and in the absence of a
qualification, we always mean the non-uniform version. Intcast, theuniformversion refers to the special
case when the set of demand pairs consists of all pos@}ﬂfertex pairs. In the uniform version, the sparsity
is the same (up to a factor 2 and a normalization facto) ek the ratio of the number of edges cut to the size
of the smaller side of the partition. A closely related pevblis the B\LANCED EDGE-SEPARATOR problem
where one desires a partition that cuts a constant fracfidermand pairs and minimizes the number of the
edges cut. In its uniform version, one desirdsatancedpartition, say &1/3,2/3)-partition;! that minimizes
the number of the edges cut.

Bourgain [L1] showed that everp-point metric embeds inté, (and, hence, inté; since everyn-point
subset ofl, isometrically embeds inté;) with distortion O(logn). Aumann and Rabani7] and Linial,
London and Rabinovich3[7] independently gave a striking application of Bourgaitiedrem: AnO(logn)
approximation algorithm for BARSESTCUT. The approximation ratio is exactly the distortion incdria
Bourgain’s theorem. This gave an alternate approach toettmengal work of Leighton and Ra@§], who
obtained arD(logn) approximation algorithm for SARSESTCUT via a linear programming (LP) relaxation
based on multi-commodity flow’s.It is well-known that anf (n) factor algorithm for ®ARSESTCUT can
be used iteratively to design & f (n)) factor algorithm for BLANCED EDGE-SEPARATOR In particular,
in the uniform case, given a graph that hagla,1/2)-partition cutting ana fraction of the edges, the
algorithm produces 6L/3,2/3)-partition that cuts at mo€d(f(n)a) fraction of the edges. Such partitioning
algorithms are very useful as sub-routines in the desigrrayilgtheoretic algorithms via the divide-and-
conquer paradigm.

The results of T, 37] are based on thenetric LP relaxationof SPARSESTCUT. Given an instance
G(V,E) of SPARSESTCUT, let dg be then-point metric obtained as a solution to this LP. The metiic
is then embedded int§; via Bourgain's theorem. Sinc& metrics are non-negative linear combinations
of cut metrics an embedding intd; essentially gives the desired sparse cut (up t@8&8ogn) approxi-
mation factor). Subsequent to this result, it was realibed dne could write a semi-definite programming
(SDP) relaxation of BARSESICUT with the so-calledriangle inequality constraintand enforce an addi-
tional condition that the metridg belongs to a special subclass of metrics callednégative type metrics
(denoted by’3). Clearly, if £3 embeds intd/; with distortiong(n), then one gets g(n) approximation to
SPARSESTCUT via this SDP (and in particular the same upper bound orintiegrality gapof the SDP).

The results of T, 37] led to the conjecture thdﬁ embeds intd; with distortionC, whereC is an absolute
constant. This conjecture has been attributed to Goen2ahaiid Linial [36], see B, 38]. This conjecture,
which we henceforth refer to as i€, ¢1,0(1))-Conjecture, if true, would have had tremendous algorith-
mic applications (apart from being an important matherahtiesult). Several problems, specifically cut

LIn the uniform case, for a parametee (0,1/2], a partition of the vertex set is said to bétal — b) partition if each side of the
partition contains at leastfraction of the vertices.

2|n fact, algorithms based on metric embeddings work for theengenerahon-uniformversion of $ARSESICUT. The
Leighton-Rao algorithm worked only for the uniform version
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problems (se€ell]), can be formulated as optimization problems over thesotdig; metrics, and optimiza-
tion over/y is an NP-hard problem in general. However, one can optinﬂm@ metrics in polynomial
time via SDPs (and sinc& C ¢3, this is indeed a relaxation). Hence,@‘ metrics were embeddable into
¢1 with constant distortion, one would get a computationafficient constant factor approximation @
metrics.

However, no better embedding@‘into /1, other than Bourgain'®©(logn) embedding (that works for
all metrics), was known. A breakthrough result of Arora, Raadl Vazirani (ARV) p] gave anO(y/logn)
approximation to (uniform) BARSESICUT by showing that the integrality gap of the SDP relaxation is
O(y/logn) (see also39 for an alternate perspective on ARV). Subsequently, ARShtéques were used
by Chawla, Gupta and Racké&d to give anO(Iog3/4 n) distortion embedding of3 metrics into/, and,
hence, inta/y. This result was further improved ©(+/fogn loglogn) by Arora, Lee and Naor5].® Tech-
niques from ARV have also been applied to obtairCdr/Togn) approximation to MNUNCUT and related
problems 1], to VERTEXSEPARATOR[20], and to obtain a 2 O(%/,/logn) approximation to \ERTEXCOVER
[27]. It was conjectured in the ARV paper that the integralitp gathe SDP relaxation of (uniform)MRs
ESTCUT is bounded from above by an absolute constafihus, if the(¢3,¢1,0(1))-Conjecture and/or the
ARV-Conjecture were true, one would potentially get a cansfactor approximation to a host of problems,
and perhaps, an algorithm forP8TEXCOVER with an approximation factor better than 2

1.2 Our Contribution

The main contribution of this paper is the disproval of t## ¢1,0(1))-Conjecture. This is an immediate
corollary of the following theorem which proves the existerof an appropriate integrality gap instance for
non-uniform BALANCED EDGE-SEPARATOR. See Sectior? for a formal description of the¢/3, ¢1,0(1))-
Conjecture, the non-uniform A ANCED EDGE-SEPARATOR problem and its SDP relaxation, and how con-
structing an integrality gap for non-uniformaABANCED EDGE-SEPARATOR implies an integrality gap for
non-uniform $ARSESTCUT and, thus, disproves thé3, ¢1,0(1))-Conjecture.

Theorem 1.1 (Integrality Gap Instance for Balanced Edge-Sgarator) Non-uniformBALANCEDEDGE-
SEPARATOR has an integrality gap of at leagtog logn)”*—2, whered > 0 is an arbitrarily small constant.
The integrality gap holds for a standard SDP relaxation vtk triangle inequality constraints.

Theorem 1.2 (¢3,¢1,0(1))-Conjecture is False) For an arbitrarily small constantd > 0, for all suffi-
ciently large n, there is an n—poirﬂ% metric which cannot be embedded irftowith distortion less than
(loglogn)/s-9.

A surprising aspect of our integrality gap constructiorhigttit proceeds via the Unique Games Conjecture
(UGC) of Khot [28] (see Sectior3 for the statement of the conjecture). We first prove that t@&Umplies
a super-constant hardness result for non-unifomnA3ICED EDGE-SEPARATOR

Theorem 1.3 (UG-Hardness for Balanced Edge-Separatorfssuming the Uniqgue Games Conjecture, non-
uniform BALANCED EDGE-SEPARATOR is NP-hard to approximate within any constant factor.

This particular result was also proved independently bywlhet al. [L4]. Note that this result leads to the
following implication: If the UGC is true and B NP, then the ¢3, ¢1,0(1))-Conjecture must be false! This
is a rather peculiar situation, because the UGC is still owgm, and may very well be false. Nevertheless,

3This implies, in particular, that eveny-point £1 metric embeds intd, with distortionO(+/logn loglogn), almost matching
decades old@(/Togn) lower bound due to Enfldlp).
4The (¢3,¢1,0(1))-Conjecture implies the same also for the non-uniform wersi



we are able to disprove tm%,él, O(1))-Conjectureunconditionally Indeed, the UGC plays a crucial role in
our disproval. Let us outline the high-level approach wetdkirst, we build an integrality gap instance for
a natural SDP relaxation of UIQUEGAMES (see Figurel). We thentranslatethis integrality gap instance
into an integrality gap instance of non-uniforrnBANCED EDGE-SEPARATOR. This translatiormimicsthe
PCP reduction from the UGC to this problem.

The integrality gap instance for theNlQUEGAMES SDP relaxation (see Figus is stated below and
is one of our main contributions. Here, we choose to providéenéormal description of this construction
(the reader should be able to understand this constructithout even looking at the SDP relaxation).

Theorem 1.4 (Integrality Gap Instance for Uniqgue Gamesi nformal Statement) Let N be aninteger and
n > 0 be a parameter (think of N as large amdas tiny). There is a graph &, E) of size 2/n with the

following properties: Every vertexaV is assigned a set of unit vector$uB def {ug,...,un} that form an
orthonormal basis for the spad®@. Further,

1. For every edgefal, v} € E, the sets of vectors(B) and Bv) are almost the same up to some small
perturbation. To be precise, there is a permutatign [N] > [N], such thaty 1 <i <N, (Ui, Vi) >
1—n. In other words, for every eddel, V) € E, the basis Bu) movessmoothly/continuouslyo the
basis Bv).

2. For anylabelingA :V — [N], i.e., assignment of an integdr(u) € [N] to every uec V, for at least
1— Y/nn fraction of the edges{el, v} € E, we havel (u) # (A (v)). In other words, no matter how
we choose to assign a vectoyy € B(u) for every vertex & V, the movement fromyy, to vy ) is
discontinuoudor almost all edges4i, v} € E.

3. Allvectors inJyeyB(u) have coordinates in the s€/vN, -1/V/N} and, hence, any three of them satisfy
the triangle inequality constraint.

This UNIQUEGAMES integrality gap instance construction is rather non-iivtei (at least to the authors
when this paper was first written): One can walk on the gi@gly changing the basiB(u) continuously,

but as soon as one picksepresentative vectdior each basis, the motion becomes discontinuous almost
everywhere. Of course, one can pick these representativesontinuous fashion for any small enough
local sub-graph of5, but there is no way to pick representatives in a global @ashi

Before we present a high-level overview of our proofs andudis the difficulties involved, we give a
brief overview of related and subsequent works since théiqaiton of our paper in 2005.

1.3 Subsequent Works

For non-uniform BLANCED EDGE-SEPARATOR and, hence, non-uniformPBRSESTCUT, our lower bound
was improved t® (loglogn) by Krauthgamer and Rabar@i] and then tqlogn)®™) in a sequence of papers
by Lee and Naor34] and Cheeger, Kleiner and Nadtq, 16]. For the uniform case, Devanur et all7]
obtained the first super-constant lower boundglog logn), thus, disproving the ARV conjecture as well.
This latter bound has been recently improved %6v#9°9" by Kane and Mekad#], building on theshort
codeconstruction of Barak et al9]. At a high level, the constructions 33, 17] are in the same spirit as
ours whereas the constructions i84, 15, 16] are entirely different, based on the geometry of Heisember

group.
An unsatisfactory aspect of our construction (and the sybs# ones in33, 17]) is that the feasibility
of the triangle inequality constraints is proved in a bristese manner with little intuition. A more intuitive

5Both [33] and [17] use a result of Kahn, Kalai and Linia2§] instead of Bourgain (Theoregh14) as in our paper.



proof along with more general results is obtained by Raghdraeand Steuredp] and Khot and SakeB[L].

As a non-embeddability result, these papers preselﬂg ametric that requires super-constant distortion to
embed into/1, but in addition, every sub-metric of it on a super-constamnhber of points is isometrically
embeddable intd;. The result of Kane and Meka also shares this stronger ggopéfe remark that the
Kane and Meka result can be viewed as a derandomization wifs@s our paper and those 83, 17, 42,
31].

In hindsight, our paper may be best viewed as a scheme tmsldtas a UGC-based hardness result
into an integrality gap for a SDP relaxation with triangleduality constraints. In the conference version
of our paper 32, we applied this scheme to theA CuT and MINUNCUT problems as well. In particular,
for MAX CuT, we showed that the integrality gap for the Goemans and aiiion’s SDP relaxatior24l]
remains unchanged even after adding triangle inequalitgtcaints. Subsequent works of Raghavendra and
Steurer §2] and Khot and Sake®]l] cited above extend this paradigm in two directions: Rirstieir SDP
solution satisfies additional constraints given by a sgpastant number of rounds of the so-called Sherali-
Adams LP hierarchy and secondly, they demonstrate thagitaeligm holds for every constraint satisfaction
problem (CSP). Since these two works already present mowrgleresults and in a more intuitive manner,
we omit our results for Mx CuT and MINUNCUT from this paper and keep the overall presentation cleaner
by restricting only to 8ARSESTCUT.

Further, a result of Raghavendrl] shows that the integrality gap for a certaianonical SDP relax-
ation can beranslatedinto a UGC-based hardness result with the same gap (thigranalationin the
opposite direction as ours). Combined with the resultsi) 1], one concludes that the integrality gap
for the basic SDP relaxation remains unchanged even aftkn@@ super-constant number of rounds of
the Sherali-Adams LP relaxation. Finally, our techniquagehinspired integrality gap for problems that are
strictly speaking not CSPs, e.g., integrality gap for thenQRATICPROGRAMMING problem in [, 30] and
some new non-embeddability results, e.qg., for the ediadcst P9].

Rest of the Introduction

In Sectionl.5, we give a high level overview of ouﬂ% vs. /1 lower bound. The construction is arguably
unusual and so is the construction of Lee and N&d} fvhich is based on the geometry of Heisenberg
group. The latter construction also needs rather involvathematical machinery to prove its correctness,
see [L6]. In light of this, it seems worthwhile to point out the diffities faced by the researchers towards
proving the lower bound. Our discussion in Sectiofis informal, without precise statements or claims.

1.4 Difficulty in Proving ¢ vs. ¢, Lower Bound

Difficulty in constructing E% metrics: To the best of our knowledge, nmatural or obviousfamilies of

¢2 metrics are known other than the Hamming metric{erL, 1}*. The Hamming metric is afy metric
and, hence, not useful for the purposes of obtairdingwer bounds. Certaiﬁg metrics can be constructed
via Fourier analysis and one can also construct some byngpSDPs explicitly. The former approach
has a drawback that metrics obtained via Fourier methodsatjy embed intof; isometrically. The latter
approach has limited scope, since one can only hope to sbli?s 8f moderate size. Feige and Schechtman
[22] show that selecting an appropriate number of points froenuthit sphere gives aﬂ§ metric. However,

in this case, most pairs of points have distafifd) and, hence, the metric is likely to g-embeddable
with low distortion.

Difficulty in proving ¢1 lower bounds: The techniques to prove dp-embedding lower bound are limited.
To the best of our knowledge, prior to this paper, the onlgnesting (super-constant) lower bound was due



to [7, 37], where it is shown that the shortest path metric on a cohstagree expander requir€logn)
distortion to embed intd;.°

General theorems regarding group norms:A group normis a distance functiod(-,-) on a group(G, o),
such thatd(x,y) depends only on the group differenge y—1. Using Fourier methods, it is possible to
construct group norms that aﬂ%metrics. However, it is known that any group norm®h or on any group

of characteristic 2is isometrically/;-embeddable (sed §]). Such a result might hold, perhaps allowing a
small distortion, for every Abelian group (se&d)l Therefore, an approach via group norms would probably
not succeed as long as the underlying group is Abelian. Oattier hand, only in the Abelian case, Fourier
methods work well.

The best known lower bounds for ttig versus¢, question, prior to this paper, were due to Vempala
(19/9 for a metric obtained by a computer search) and Goemaf24Xor a metric based on the Leech
Lattice), see44]. Thus, it appeared that an entirely new approach was needegolve the (3, (1, 0(1))-
Conjecture. In this paper, we present an approach basealsrftom complexity theory, namely, the UGC,
PCPs, and Fourier analysis of Boolean functions. Intergisti Fourier analysis is used both to construct
theﬁ% metric, as well as, to prove the lower bound.

1.5 Overview of Our £2 vs. ¢; Lower Bound

In this section, we present a high level idea of é%uversusﬁl lower bound, i.e., Theorerh.2 Given the
construction of Theorert.4, it is fairly straight-forward to describe the candid@femetric: LetG(V,E)
be the graph, anB(u) be the orthonormal basis f@" for everyu € V as in Theoreni.4. Foru <V and
X=(x1,...,xn) € {—1,1}N, define the vectoVx as follows’

\V/ d_efi L Xiu®8 (1)
ux — \/N I; i

Note that sincé8(u) = {uy,...,un} is an orthonormal basis f@&N, everyV,x is a unit vector. Fix to be a
large odd integer, for instancé?+ 1, and consider the set of unit vectors

7 LUVE JueV, xe {-L,1}N}.

Using, essentially, the fact that the vectorslig.yB(u) are agood solution to the SDP relaxation of
UNIQUEGAMES, we are able to show that every triple of vectorssdhsatisfy the triangle inequality con-
straint and, hencey defines arfs metric. One can also directly show that tiifsmetric does not embed
into ¢, with distortion less tharflogN )62,

However, we choose to present our construction in a diffemad an indirect way. The (lengthy) pre-
sentation goes through the UGC and the PCP reduction frem@UEGAMES integrality gap instance to
BALANCEDEDGE-SEPARATOR Hopefully, our presentation brings out the intuition asvtoy and how we
came up with the above set of vectors, which happened to omﬁifﬁemetric. At the end, the reader should
recognize that the idea of taking all/— linear combinations of vectors iB(u) (as in Equation X)) is
directly inspired by the PCP reduction. Also, the proof & thlower bound is hidden inside tlsundness
analysisof the PCP.

The overall construction can be divided into three steps:

5We develop a Fourier analytic technique to provéaembedding lower bound that has been subsequently us&8, itif, 29.
The approach ofl[5, 16] gives another technique, by developing an entire new theb¥1-differentiability and its quantitative
version.

"For a vectox € RN and an integet, thel-th tensor ofx, y d:Efx‘xﬂ is a vector in(RN)' defined such that far, io, .. .,i; € [N],

def '
Yigizei = %Xy -+ ;.. It follows that forx, ze RN, (x*1, 29y = 5 1 i (%, %, %) (2,2, - ) = <Zie[N] Xizi) =(x2"
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1. A PCP reduction from NIQUEGAMES to BALANCED EDGE-SEPARATOR
2. Constructing an integrality gap instance for a naturaP$&laxation of WIQUEGAMES.

3. Combining the above two to construct an integrality gagpaince of BLANCED EDGE-SEPARATOR
This also gives a3 metric that needdloglogn)”/¢~° distortion to embed inté; .

We present an overview of each of these steps in three segaetions. Before we do that, let us summarize
the precise notion of an integrality gap instance ei. BNCED EDGE-SEPARATOR To keep things simple

in this exposition, we pretend as if our construction worsthe uniform version of BLANCEDEDGE-
SEPARATORas well. (Actually it does not; we have to work with the nornfarm version which complicates
things a little.)

SDP Relaxation of Balanced Edge-Separator

Given a graptG'(V/,E’), BALANCEDEDGE-SEPARATOR asks for &1/2,1/2)-partition ofV’ that cuts as few
edges as possible (however, the algorithm is allowed toub@poughly balanced partition, sé¥/s,3/4)-
partition). We denote an edgebetween vertices j by e{i, j}. The SDP relaxation of BLANCEDEDGE-
SEPARATOR appears in Figuré.

Minimize Bl ». eE’%”Vi —vj|? 2
Subject to
VieVv [vill>=1 3)
Vi eV (vi—vill2+ v —vill> > [lvi —wi]? 4)
SicjIvi—vill2= V'[? )

Figure 1: SDP relaxation of the uniform version ofIB\NCED EDGE-SEPARATOR

Note that a{+1,—1}-valued solution represents a true partition and, hends,ishan SDP relaxation.
Constraint 4) is the triangle inequality constraint and Constrafitstipulates that the partition be balanded.
The notion of integrality gap is summarized in the followidefinition:

Definition 1.5 An integrality gap instance dALANCED EDGE-SEPARATORis a graph G(V/,E’) and an
assignment of unit vectors-+ v; to its vertices such that:

e Every balanced partition (safl/4,3/4)-partition, this choice is arbitrary) of Vcuts at leastr fraction
of edges.

e The set of vector§v;| i € V'} satisfy(3)-(5), and the SDP objective value in Equati®) is at mosty.
The integrality gap is defined to gy (thus, we desire that < a).

The next three sections describe the three steps involveristructing an integrality gap instance of
BALANCEDEDGE-SEPARATOR Once that is done, it follows from a folk-lore result that tresulting
2 metric (defined by vector§vi| i € V'}) requires distortion at lea€(/y) to embed intc?;. This would
prove Theorem..2with an appropriate choice of parameters.

8Notice that if a set of vectorgy; : i € V'} is such that for every vector in the set, its antipode is aighé set, then constraint
(5) is automatically satisfied. Our construction obeys th@gpprty.
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The PCP Reduction from Unique Games to Balanced Edge-Sepdm

An instanceZ = (G(V,E), [N],{Te}ece) of UNIQUEGAMES consists of a grapt(V, E) and permutations
Te: [N] — [N] for every edgee{u,v} € E. The goal is to find dabelingA :V — [N] thatsatisfiesas many
edges as possible. An edefy, v} is satisfied ifA (u) = (A (V). Let op % ) denote the maximum fraction
of edges satisfied by any labeling.

UGC (Informal Statement): It is NP-hard to decide whethemretanceZ of UNIQUEGAMES hasopt(% ) >
1—n (YES instance) oopt(% ) < { (NO instance), wherg,{ > 0 can be made arbitrarily small by choos-
ing N to be a sufficiently large constant.

It is possible to construct an instance oAIBINCEDEDGE-SEPARATOR G (V' E’) from an instance of
UNIQUEGAMES. We describe only the high level idea here. The construdiqrarameterized by > 0.
The graphG, has a block of ? vertices for everyi € V. This block contains one vertex for every point in
the Boolean hypercubg-1,1}N. Denote the set of these vertices\tiju]. More precisely,

V/[u] d:ef{(u,x) |xe {-1,1}N}.

We letV’ d:efuuevv’[u]. For every edge{u,v} € E, the graphG; has edges between the blodk$u] and
V’|v]. These edges are supposed to capture the constraint thiabtie ofu andv are consistent, i.e.,
A(u) = (A (v)). Roughly speaking, a vertexi,x) € V’'[u] is connected to a vertefv,y) € V'[v] if and
only if, after identifying the coordinates iiN] via the permutationg, the Hamming distance between the
bit-stringsx andy is abouteN. This reduction has the following two properties:

Theorem 1.6 (PCP reduction: Informal statement)

1. (Completeness/YES case)oif(% ) > 1— n, then the graph Ghas a(1/2,1/2)-partition that cuts at
mostn + € fraction of its edges.

2. (Soundness/NO Case): dpt(% ) < 2-OU<*), then every(1/4,3/4)-partition of G, cuts at least,/s
fraction of its edges.

Remark 1.7 We were imprecise on two counts: (1) The soundness propeldg bnly for those partitions
that partition a constant fraction of the blocks|M in a roughly balanced way. We call such partitions
piecewise balancedThis is where the issue of uniform versus non-uniform wersf BALANCEDEDGE-
SEPARATOR arises. (2) For the soundness property, we can only claint ¢évary piecewise balanced
partition cuts at least! fraction of edges, where any:t 1/2 can be chosen in advance. Instead, we write
V€ for the simplicity of notation.

Integrality Gap Instance for the Unique Games SDP Relaxatin

This has already been described in Theoresh The graphG(V,E) therein along with the orthonor-
mal basisB(u), for everyu €V, can be used to construct an instarge= (G(V,E), [N],{Te}ece) Of
UNIQUEGAMES. For every edge{u,v} € E, we have an (unambiguously defined) permutatign|[N] —
[N], where (Upy,Vi) >1—n,forall1<i<N.

Theoreml.4 implies that opt% ) < /n. On the other hand, the fact that for every edge, v}, the
basesB(u) andB(v) are very close to each other means that the SDP objective @& is at least - n
(formally, the SDP objective value is defined tolBgyyice [& 31v1(Ur, i) ])-

Thus, we have a concrete instance ®iiIQUEGAMES with optimum at most/n7 = 0(1), and which
has an SDP solution with objective value at leastrl. This is what an integrality gap example means: The
SDP solutionrcheatsin anunfair way.



Integrality Gap Instance for the Balanced Edge-Separator ®P Relaxation

Now we combine the two modules described above. We take 8iance?% = (G(V,E),[N],{T&}ecE)
as above and run the PCP reduction on it. This gives us amiest@ (V',E’) of BALANCEDEDGE-
SEPARATOR We show that this is an integrality gap instance in the seh&efinition 1.5.

SinceZ is a NO instance of NIQUEGAMES, i.e., op{% ) = o(1), Theorem1.6 implies that every
(piecewise) balanced partition & must cut at least/¢ fraction of the edges. We need to hayer <
2-00/#*) for this to hold.

On the other hand, we can construct an SDP solution for #henBCED EDGE-SEPARATOR instance
which has an objective value of at m@{n + €). Note that a typical vertex @' is (u,x), whereu € V and
x € {—1,1}N. To this vertex, we attach the unit vectef’, (for t = 2249+ 1), where

def 1 N
Viux = —Z U8,
VNP2 o

It can be shown that the set of vectdig} | u €V, x € {—1,1}N} satisfy the triangle inequality constraint
and, hence, defines &8 metric. VectorsV 7% andvﬁt_x are antipodes of each other and, hence, the SDP
Constraint ) is also satisfied. Finally, we show that the SDP objectivaevéExpressiond)) is O(n + €).

It suffices to show that for every edg@u, x), (v,y)) in G'(V',E’), we have

(Vix:Viy) = 1-0(t(n+¢)).
This holds because whenewgr, x), (v,y)) is an edge of5’, we have (after identifying the indices via the
permutationre : [N] — [N]):
1. (ur@(i),vo >1-—nforalll<i<Nand

2. the Hamming distance betwerandy is abouteN.

Quantitative Parameters

It follows from above discussion (see also Definitibrd) that the integrality gap for BLANCEDEDGE-
SEPARATORIs Q(1/yz) provided thai ~ &, andN" > 2°(Y<*) We can choosg ~ ¢ ~ (logN) . Since
the size of the grap’ is at mostn = 22N, we see that the integrality gap4s(log Iogn)l/6 as desired.

Proving the Triangle Inequality

As mentioned above, one can show that the set of ve¢w | u €V, x € {—1,1}N} satisfy the triangle
inequality constraints. This is the most technical parthef paper, but we would like to stress that this is
where themagichappens. In our construction, all vectors. iy B(u) happen to be points of the hypercube
{—1,1}N (up to a normalizing factor of/\vN), and therefore, they define d@pn metric. The operation that
takes their+-/— combinations combined with tensoring leads to a metricithég and noné; -embeddable.

Our proof of the triangle inequality constraints is ess#lytibrute-force. As we mentioned before, more
recent works42, 31] obtain a more intuitive proof.

1.6 Organization of the Main Body of the Paper

In Section2.1 we recall important definitions and results about metriccepa Sectior2.2 defines the cut
optimization problems we are concerned abowARSESICUT and BALANCED EDGE-SEPARATOR We
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also give their SDP relaxations for which we construct iraéty gap instances. Secti@5 presents useful
tools from Fourier analysis.

In Section2.4, we present our overall strategy for disproving m%,él,o(l))—Conjecture. We give a
disproval of the(¢2,¢1,0(1))-Conjecture assuming an appropriate integrality gap ferAICEDEDGE-
SEPARATOR

In Section3 we present the UGC and our integrality gap instance for an i@RRation of INIQUEGAMES.

In Section4 we present our PCP reduction fromNIQUEGAMES to BALANCED EDGE-SEPARATOR The
soundness proof this reduction is standard and appearspansixA.

We build on the WIQUEGAMES integrality gap instance in Secti@and the PCP reduction in Sectidrio

obtain the integrality gap instance fonBANCEDEDGE-SEPARATOR This is presented in Sectidn This

section has two parts: In the first part (Sectiof) we present the graph and in the second part (Sebt@n
we present the corresponding SDP solution and prove iteptiep.

Appendix B is where we establish the main technical lemma needed to #ewthe SDP solutions we
construct satisfy the triangle inequality constraint.

2 Preliminaries

2.1 The(3,¢1,0(1))-Conjecture

We start with basics of metric embeddings. We are concernttdfinite metric spaces which we denote by

apair(X,d), whereX is the space and is the metric on its points. We say that a spéXg d;) embeds with

distortion at mosf into another spaceXy,d,) if there exists a map : X; — Xz such that for alk,y € X;
di(x,y) < da((X), @(y)) <T -di(xy).

If =1, then(Xy,d;) is said toisometricallyembed in(Xz,dy).

An important class of metric spaces are those that arisekingta finite subseX of R™ for somem > 1
and endowing it with thé, norm as follows: FOK = (X1,...,Xm),Y = (Y1,.--,Ym) € X,

1/p
tolxy) 2 [ 5 —yilP
9 - - )i .
g 2,

When we call a metri¢; or ¢,, an implicit underlying space is assumed.

A metric spacgX,d) is said to be of negative type (X, /d) embeds isometrically inté,. Formally,
there is an integem and a vectory € R™ for everyx € X, such thatd(x,y) = ||vx — \||? and the vectors
satisfy thetriangle inequality i.e., for allx,y,z € X,

Vi — Wy l|% + [[vy = Vel |? > [[ve — Vel
The class of all negative type metrics is denotec@))ﬁ he following fact is easy to prove.

Fact 2.1 [18] For every /1 metric space(X,/;) there is a negative type metric spafgd) in which it
embeds isometrically.

While the converse is not true, tfi&, /1,0(1))-Conjecture asserts that the converse holds up to a uniiversa
constant.

Conjecture 2.2 (¢3,¢1,0(1))-Conjecture, [23, 36]) For every negative type metric spa@gd) there is a
metric spacgX, /1) in which it embeds with at most a constant distortion. Thisstant is universal, i.e.,
independent of the metric spafgd).
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2.2 Balanced Edge-Separator, Sparsest Cut and their SDP Redations

In this section, we define theABANCED EDGE-SEPARATOR and the ARSESTCUT problems and their
SDP relaxations. All graphs are complete undirected graptisnon-negativeveightsor demandsssoci-
ated to its edges. For a graf@V,E) andSCV, letE(S'S) denote the set of edges with one endpoin®in
and other irS. A cut (S S) is called non-trivial ifS+ 0 andS# 0.

Remark 2.3 The versions 06PARSESTCUT and BALANCEDEDGE-SEPARATOR that we define below are
non-uniform versions with demands. The uniform versionatlademands equal t, i.e., unit demand for
every pair of vertices.

Definition 2.4 (SPARSESTCUT) For a graph GV, E) with a weightwt(e) and a demandem(e) associated
to each edge € E, the goal is to optimize
Y ecE(s5WEHE)
075V 3 eci(ss deme)

For a cut(S S), the ratio above is referred to as its sparsity.

The SDP relaxation for S\RSESTCUT appears in Figur@. We note that this is indeed a relaxation: Any cut
(S,S) corresponds to a feasible SDP solution by setting the vegtar bevy or —vo depending on whether

x € Sor x € Sandy is some fixed vector. The length af is chosen so as to satisfy the last SDP constraint.
The SDP obijective is then the same as the sparsity of the cut.

. 1
Minimize 7 5 wt(e)|w—w/|
4
e{xy}
Subject to

UXYZEV = Wl2+ [y —Val2 > [ — vl
%Ze{x.y} den(e)|’VX - VYHZ =1

Figure 2: SDP relaxation of ARSESTCUT

The integrality gap of this SDP relaxation is defined to bel#ngest ratio, as a function of the number
of verticesn and over all possible instances, between the integral aptirand the SDP optimum. It is
known (folklore) that the integrality gap(n) of the SPARSESICUT SDP relaxation is precisely the worst
case distortion incurred to embed m#point £2 metric into¢;. We need this observation (but only in one
direction) in what follows. First, we formally introduceABANCED EDGE-SEPARATOR

Definition 2.5 (BALANCEDEDGE-SEPARATOR) For a graph GV, E) with a weightwt(e), and a demand

dem(e) associated to each edgezeE, let D% Y ece dem(e) be the total demand. Letl@alanceparameter

B be given wher@/s < B < D/2. The goal is to find a non-trivial cutS S) that minimizesy ..¢ g5 wt(e),
subject to3 o (g5 dem(e) > B. The cuts that satisfy g 55 dem(e) > B are called B-balanced cuts.

The SDP relaxation for BLANCED EDGE-SEPARATOR appears in Figur8. We note that this is indeed a
relaxation: AB-balanced cutS,S) corresponds to a feasible SDP solution by setting the vesgtiar bevo
or —Vp depending on whethere Sor x € Sandv is a fixedunit vector.

12



. 1
Minimize 7 5 wt(e)|[w—w/| (6)

4e{x7y}
Subject to
vxeV v [|? =1 @)
VXY,ZEV = Wyl2 o+ [vy = V|2 = v — v |2 (8)
1S epxy) deme) v — w2 > B )

Figure 3: SDP relaxation of 8 ANCED EDGE-SEPARATOR With parameteB

An integrality gap instance for 8 ANCEDEDGE-SEPARATOR iS a concrete instance along with a fea-
sible B-balanced SDP solution such that the SDP objective is at yastd the integral optimum over
B/3-balanced cuts is at leagt The integrality gap ig/y. Note that the SDP solution B-balanced (in the
sense of the last SDP constraint), but the integral optimaiallowed oveB/3-balanced cuts, i.e., over a
larger class of cuts than ti&zbalanced cuts.

2.3 Relation Betweer(3, /1,0(1))-Conjecture, Sparsest Cut and Balanced Edge-Separator
Consider the following three statements:

1. Everyn-point ¢3 metric embeds intd; with distortion at mosf (n).

2. The integrality gap of theFARSESICUT SDP relaxation is at most(n).

3. The integrality gap of the B ANCEDEDGE-SEPARATOR SDP relaxation is at mo€( f(n)).

It is known (folklore) that(l) — (2) = (3) (and in fact(1) is equivalent to(2)). We use the im-
plication (1) — (3) to conclude ouu?% vs. /1 lower bound from our integrality gap construction for
BALANCEDEDGE-SEPARATOR We summarize this implication below and present a sketdts giroof for
the sake of completeness. The proof implicitly also prohesiplication(1l) — (2).

Lemma 2.6 Suppose % Vy is a solution for SDP of Figur8 with objective value

y wi(e)[|vx — || < &.

Xy}
Assume that the negative type metric defined by the vepigrs € V} embeds intd; with distortion f(n)
where n= |V|. Then, there exists a®alanced cu{S S), B' > B/3 such that

wt(e) < O(f(n)-¢).
ecE(SY)

Proof. The idea is that thgoodSDP solution as given implies the existence of a cut with Iparsity. If
this cut already cut®(B) of the demands, we are done. Otherwise the demands cetamed(i.e., set to
zero) and another sparse cut is found w.r.t. to the new (r@nggidemands. This process is repeated until
the sum of the demands cut in the sequence of cuts obtained soaft leasf)(B). At this point, a random
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XOR of the cuts obtained so far yields a cut that €at8) of the demands, but does not cut too much of the
edge weight. Formally, we begin by observing that there istd® S) with sparsity at mosf (n) - ¢/g.

Yece(sy WHE) - Texyp Wi(E)d(x.Y)
= min
0£SCV 3 ocp(sg dEM(e) dis (1 embeddabléy o1 vy dem(e)d(X,y)

wt(e)||vy — w |2
- 2efxy} @)k — wll < f(n)-e.
Y efxyy dem(e)|[vx — vy ||

The first (in)equality uses the fact that optimizing overscistthe same as optimizing over the conepf
embeddable metrics, se&g]. The second inequality uses the embedding of the mgwie- vyH2 into /1
with distortion at mosf (n). The third inequality uses the hypothesis that the SDP tigeis at most and
the SDP solution i8-balanced.

If the cut(S'S) happens to b&/s-balanced, then we are done since the edge weight cut bytiniest
the sparsity (which is at modt(n) - ¢/B) times the demands cut (which is at m@sK 6B). Otherwise the
demands cut byS S) is at mostB/s. We rename the cut §$,S;), set all the demands cut to zero, and
repeat the process. This leads to a sequence of 8uiS)), ..., (S, ). The process stops as soon as either

(a) the cut just obtained cuts at ledét of the demands or else

(b) the sum of the demands cut over thiswruts is at leastB/3 (since a demand is set to zero as soon as
it is cut, each original demand is counted at most once).

Note that prior to every step, at m@§fs of the (original) demands has been set to zero, so the SD#osplu
w.r.t. to the remaining demands still qualifies as beng28/3 = B/3 balanced. Thus, at every step, the cut
obtained has sparsity at mdgin) - ¢/(ss). We are done in the Case (a) as before and so we consider the Case
(b).

To summarize, we have a sequence of ¢&sS,), ..., (S, S) such that the sum of the demands cut
over thesek cuts is at leastB/3. Moreover, the sparsity of each of these cuts is at mg$t{n) - ¢/8) and,
hence, the total edge weight cut by these cuts is at @0Btn)e) (an edge is considered cut if it is cut by
at least one of thk cuts). Now we obtain our desirdzhlanced partitiorby taking a random XOR of these
cuts: The-th cut is viewed as 40, 1}-valued functiong on the vertices and the desired cut is given by the

function gn d:efeaieAcn whereA C [K] is a uniformly random subset. We show that for some choicheget
A, we get a cutp, that cuts at lead¥/s of the demands and at ma3t f (n)¢) of the edge weight. Clearly, the
total edge weight cut i©( f (n)¢) irrespective of the sek. On the other hand, each demand in the sum total
of at least2B/3 gets cut with probabilityl/2 (this is the property of the random XOR). Thus, the expected
demands cut by is at leasB/3 and this expectation is achieved for some choicA.of

[

Remark 2.7 The proof above shows that if the integrality gap 8®aARSESTCUT is upper bounded by(f)
then the gap foBALANCEDEDGE-SEPARATOR is bounded by Of (n)). The same proof implicitly also
shows that if there is an(f) approximation algorithm folSPARSESTCUT, then the algorithm can be used
iteratively a polynomial number of times to achievefn)) (pseudo-)approximation f@8ALANCED EDGE-
SEPARATOR, see also 45, Chapter 7]. Given an instance &ALANCEDEDGE-SEPARATOR that has a
B-balanced cut that cuts an edge weighand B> D/s where D is the total demand, the algorithm finds a
B/3-balanced cut that cuts an edge weightfOn)a). In the contrapositive, a(@) hardness of approximation
result for BALANCED EDGE-SEPARATOR implies anQ(g(n)) hardness result foBPARSESTCUT.
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2.4 Our Integrality Gap Instance for Balanced Edge-Separatr

With the preliminaries for negative type metrics and SDPglate, we now state the main result regarding
the construction of the integrality gap forABANCED EDGE-SEPARATOR which suffices to disprove the
(¢3,¢1,0(1))-Conjecture using Lemma.6. The instance has two parts: (1) The graph and (2) The SDP
solution. The graph construction is described in Seciidnwhile the SDP solution appears in Sectma.

We construct a complete weighted grapV, wt), with vertex sel and weight wte) on edgee, and with

S eWt(€) = 1. The vertex set is partitioned into s&sV>, ..., Vi, each of sizeV|/r (think of r ~ {/|V]). A
cutAin the graph is viewed as a functiért V — {—1,1}. We are interested in cuts that coainysetsV; in
asomewhat balanceday. The notatiors g Swould mean thasis a uniformly random element &

Definition 2.8 For 0< 6 <1,acut A:V — {—1 1} is called8-piecewise balanced if
EieR[r] EXGRVi [A(X)] <6.

We also assign a unit vector to every vertex in the graphvi.denote the vector assigned to veriexOur
construction of the grap&(V,wt) and the vector assignmext- vy can be summarized as follows:

Theorem 2.9 (Main Theorem) Fix anyl/2 <t < 1. For every sufficiently sma#l > 0, there exists a graph
G(V, wt), with a partition V=U]_,V;, and a vector assignment-x vy for every xc V, such that

1. V| <220,
2. Everys/s-piecewise balanced cut A must elifraction of edges, i.e., for any such cut
S wi(e) > €.
ecE(AA)

3. The unit vectordvy | x € V} define a negative type metric, i.e., the following trianglequality is
satisfied:
VXYZEV, M= WlIZ A+ [V = Val|* > [l Ve | -

4. For each part, the vectors{vy | x € Vi } are well-separatedi.e.,

1
SExyerv, [lIvx = wy||?] = 1.
5. The vector assignment givesow SDP objective value, i.e.,

2 wi(e) vk —vy[|* < €.
Xy}

Proof of Theorem 1.2 We show how the construction in Theore2r® implies Theorenl.2 Suppose
that the negative type metric defined by vectprg x € V } embeds intd; with distortionl". We show that
M =Q(Y/et) using Lemma2.6.

Construct an instance ofABANCED EDGE-SEPARATOR as follows. The grapli(V,wt) is as in The-
orem2.9. The demands defs) depend on the partitiok = U{_,Vi. We let denfe) = 1 if e has both
endpoints in the same part for some 1< i <r and denfe) = 0 otherwise. Clearly, the total demand is

def

D= s deme) =r-("/).
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Now, X — Vy is an assignment of unit vectors that satisfy the triangégjirality constraints. This is a
solution to the SDP of Figurd. Property (4) of Theorerd.9 guarantees that

1 1 (VI D

- derr(e)Hvx—vyuzz—-r-< )-2:—.

4e:%,y} 4 2 2
def

Letting B = D/2, the SDP solution i8-balanced and its objective value is at mostJsing Lemma2.6, we
get aB'-balanced cutA,A), B’ > B/3 such thaty ocgazmWi(e) < O(T - €).

Claim: The cut(A,A) must be &/e-piecewise balanced cut.

Proof of Claim. Let p; OI:efPreri [A(X) = 1]. The total demand cut b§A, A) is equal tos|_; pi(1— pi)|Vi|%.
This is at leasB’ > B/3 since(A, A) is B'-balanced. Hence,

lell pi)- \r/— e_ls <|V;/r>.

Thus,S{_; pi(1— pi) > r/12. By Cauchy-Schwarz inequality,

x)]‘:%igyl—ZpiK\/ le 2p,2—\/1——zlp,1 o) \/j<—.

Hence,(A,A) must be &/6-piecewise balanced cut. However, Property (2) of Thea2edsays that such
a cut must cut at least fraction of edges. This implies that= Q(/¢1t). Theorem1.2 now follows by

noting thatt > 1/2 is arbitrary anch = |V/| < 22

EieR[r]

2.5 Fourier Analysis
Consider the real vector space of all functiohs{—1,1}" — R, where the addition of two functions is
defined to be pointwise addition. Férg: {—1,1}" — R, define the following inner product:

(L@ T2 T f(xg(x).
xe{-1,1}"

For a setS C [n|, define theFourier characterxs(x) def [TiesX- It is well-known (and easy to prove) that
the set of all Fourier characters forms an orthonormal hasisrespect to the above inner product. Hence,

every functionf : {~1,1}" — R has a (unique) representation fis= § sy fAS)(S, where fg def (f,xs)2is
the Fourier coefficient of w.r.t. S. The following is a simple but useful fact.

Fact 2.10 (Parseval’s Identity) For any f: {-1,1}" — {-1,1}, Y|y fg =1
The proof of this follows from the following sequence of elifies:

1 ~ ~
=5 ) fz(X)Z(f7f>2=< > fsxs H fTXT> =y f
xe{-1,1}" 2 SCn]

Scin] TCn]

where the last equality follows from the orthonormality bétcharacter§xs} sy with respect to the inner
product(-,-)s.
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For the analysis of our NIQUEGAMES integrality gap instance presented in SecBpwe need the follow-
ing notion of an?,, norm of a Boolean function. Fdr: {—-1,1}" — Randp > 1, let

1 v

def

anp:e(@ > |f<x>|p> .
xe{-1,1}"

We also need to define the so-called Bonami-Beckner opevdiose input is a Boolean functioh and
whose output is again a Boolean function (which is supposds tasmoothenedersion off).

Definition 2.11 (Hyper-contractive Operator) For eachp € [—1,1], the Bonami-Beckner operatoy, T
a linear operator that maps the space of functignsl, 1}" — R into itself via

TIE'Y pl¥fsxs
Scn]

The following theorem shows that the Bonami-Beckner opetiatieed smoothenk. It allows us to upper
bound a higher norm o, [ f] of f with a lower norm off under certain conditions.

Theorem 2.12 (Bonami-Beckner Inequality fi0]) Let f: {—1,1}"— Rand1< p<g. Then
[To[fllq < [Ifllp

forall 0<p < (g;i)l/z.

The last set of preliminaries are important for the PCP ridngn Sectiord.
Definition 2.13 (Long Code [L0]) The Long Code over a domajN] is indexed by all x {—1,1}N. The
Long Code f of an elementgj[N] is defined to be (i) d:efx{j}(x) =xj, forall x= (xq,...,xy) € {—1,1}N.

Thus, a Long Code is simply a Boolean function that is a dictdtip, i.e., it depends only on one coordinate.
In particular, if f is the Long Code of € [N], thenf;, =1 and all other Fourier coefficients are zero.

The following theorem (quantitatively) shows that if a Beah function is such that its Fourier mass is
concentrated on sets of small size, then it must be closguiata In other words, its Fourier mass on sets
with small Fourier coefficients ismall

Theorem 2.14 (Bourgain's Junta Theorem 12]) Fix anyl/2 <t < 1. Then, there exists a constanteO0,
such that, for all positive integers k, for gli> 0 and for all Boolean functions f{—1,1}" — {—1,1},

if % f2<qkt then > f2<y
St 15>k s: [fol<ya¥

3 The Integrality Gap Instance for Unique Games
In this section, we present the integrality gap construdiio a natural SDP relaxation of the\lQUEGAMES

problem. We start with defining theNUQUEGAMES problem, the UGC of Khotg8] along with the related
preliminaries towards our construction.
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3.1 The Unique Games Problem, its SDP Relaxation and the UGC

Definition 3.1 (UNIQUEGAMES) An instanceZ = (G(V,E),[N],{Te}ece,Wt) of UNIQUEGAMES is de-
fined as follows: ®v,E) is a graph with a set of vertices V and a set of edges E. An eddgih emdpoints

v and w is written as g, w}. For every dv,w} € E, there is a bijectionre : [N] — [N] and a weight
wt(e) € R™. The goal is to assign bel from the sefN] to every vertex of the graph so as to satisfy the
constraints given by bijective maps A labelingA : V  [N] satisfiesan edge €v,w}, if A (V) = (A (w)).°
Letval(A) denote the total weight of the edges satisfied by a labdling

def

val(A) = wt(e).

e{vw}cE:A Satisfies

The optimunopt(7% ) of theUNIQUEGAMES instance is defined to be the maximum weight of edges satisfied
by any labeling:
def
opt(Z) = max val(A).
pH(%) Amax, (A)

We assume w.l.0.g thdt..g wt(e) = 1 so that the weights define a probability distribution ovegesl A
choice of a random edge refers to an edge chosen from thishdigbn. We also assume that the graph
is regular in the sense that the sum of weights of edges incime a vertex is the same for all vertices. A
choice of a random edge incident on a vertex v refers to a ehoi@ random edge conditional on having
one endpoint as v.

Conjecture 3.2 (UGC [28]) For every pair of constantg, { > 0, there exists a sufficiently large constant
N = N(n, ) such that given &NIQUEGAMES instance = (G(V,E),[N],{&}ece,Wt), it is NP-hard to
distinguish whether:

. Op#) =11, 0r
° opt(%) <.

Consider a WIQUEGAMES instanceZ = (G(V,E),[N],{&}ece,Wt). Khot [28] proposed the SDP relax-
ation in Figures (inspired by a paper of Feige and Lova&i]). Here, for every € V, we associate a set of
N orthogonal vector§vy, ..., vy }. The intention is that ify € [N] is a label for vertex € V, thenv;, = v/N1,
andv; = Ofor all i #ig. Here,1is some fixed unit vector andlis the zero-vector. However, once we take
the SDP relaxation, this may no longer be true &ndv,, ..., vy} could be any set of orthogonal vectors.

The Noisy Hypercube and an Overview of the Integrality Gap Irstance

With a UNIQUEGAMES instance withN labels, one can associate a related graph callethbet extended
graph It turns out that the optimum of the UNQUEGAMES instance is closely related to the expansion
of small sets, namely those of relative siz, in the label extended graph. In particular, if all sets of
size/N in the label extended graph have a near-full expansion, ttieptimum of the MIQUEGAMES
instance is low. Our integrality gap construction startthai so-calledhoisy hypercube grapbn vertex set
{—1,1}N and obtain a MIQUEGAMES instance from it so that the former is precisely the labeteded
graph of the latter. The fact that theNlQUEGAMES instance has low optimum then follows directly from
the observation that the noisy hypercube graph is a smathgetnder (its proof via the Bonami-Beckner
inequality was pointed out to us by Ryan O’Donnell). The SBRtion for the INIQUEGAMES instance is
constructed using the vertices of the hypercube thoughs éetors irRN.

SWe consider the edges to be undirected, but there is an iingliiection when we write the edge aév,w} and it is reflected
in the bijective constraint that(v) = (A (w)). The edge could be written in reverse by reversing the fdject
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Maximize wt(e) - % (i(vr@(i),wi >> (10)

e{vw}cE I=
Subject to
vveVv SN (v, vi) =N (11)
VveV Vi#j (Vi,vj)=0 (12)
VvweV Vi, j {(vi,wj) >0 (13)
YuweV Yicijen (Vi,Wj) =N (14)

Figure 4: SDP for lIIQUEGAMES

Remark 3.3 The idea of the label extended graph and the implication thatsmall set expansion in the
label extended graph implies low optimum for theIQUEGAMES instance were implicit in the conference
version of this paper32]. We choose to make this more explicit here for the ease skptation as well as

in light of recent works that we briefly mention. Raghaveraind Steurer recently proposed the Small Set
Expansion Conjectured3] and showed that it implies the UGC. The former states thaefery constant

€ > 0, there exists a constad > 0 such that given an n-vertex graph that has a small non-exipgreet,
i.e., of sizedn and with edge expansion at masit is NP-hard to find a set of size (roughlgh that is even
somewhat non-expanding, i.e., with expansion at hest. The SSE Conjecture has led to many interesting
works including a new algorithm fddNIQUEGAMES by Arora, Barak and Steure2] and the construction

of theshort codq 9].

Definition 3.4 Given aUNIQUEGAMES instanceZ = (G(V,E), [N], {Te}ece, Wt) , the corresponding label
extended graph &', E’,wt') is defined as follows:

e V' =V x|N].
o Ve{v,w} € E,i € [N], we let &{(v, (i), (w,i)} € E' andwt'(¢) = wt(e).
Note thaty ¢ g wWt'(€) = N.

Itis helpful to view the label extended graph as being olgifnom the WNIQUEGAMES graph by replacing
every vertexv by a group oiN vertices representing labelsi@nd replacing every edggv,w} by anedge-
bundleof N edges that form a perfect matching between the two groupsaptdre the bijective constraint
T.

The expansionP(S) of a setS C V' in the label extended graph is defined to be the probability of
leavingS when a random vertex i and then a random edge leaving that vertex (w.r.t. the weigh} is
chosen. Note thab(S) € [0,1]. Any labelingA :V — [N] to a UNIQUEGAMES instance corresponds to the
setS, C V' as follows:

S, E{(wA W) [veV).

An easy observation is that the (weighted) fraction of edgdisfied by a labeling is related to the expan-
sion of the seS;
val(d) =1-d(S)). (15)

Here is a quick proof of the above equality. Pick a randomexeft,A (v)) in S, by choosing a random
vertexv € V. Choosing a random edge incident @\ (v)) (w.r.t. wt') amounts to choosing a random edge
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e{v,w} incident onv (w.r.t. wt) and outputting{(v,A (v)), (W, 75 (A (v)))}. The expansion o8, is now
related to the event thét, 7, 1(A (v))) € S, which is same as the event thiag*(A (v)) = A (w) which is
same as the event thatsatisfies the edge{v,w}.

As remarked before, our construction starts with the noigyelhcube graph and uses the fact that the
graph is a small set expander. A natural way to describe thishgis by describing one step of the random
walk on it (which then naturally leads to edge-weights witfit total weight).

Definition 3.5 The noisy hypercube graph H with parameters N 8rdn < 1/2 has
o the vertex sef—1,1}N with uniform distribution and

o for any vertex xc {—1,1}N, choosing a random edde, y) incident on x amounts to flipping every
bit of x with probabilityn) independently and letting y to be the string so obtained.

Lemma 3.6 Let H be the noisy hypercube with parameters N grahd SC {—1,1}N be a set of relative
sizel/N. Thenl— ®(S) < 1/nn+n?,

Proof. Letf:{—1,1}N+ {0,1} be the indicator function of the sBko that| f|p = 1/n for any 1< p < .
An application of Bonami-Beckner inequality gives (thelpability is taken over choice of a random vertex
x and a random edge, y) incident on it)

Prixe €
1-9(9 = Pr[yeS|xeS:%:N-Pr[xeSyeﬂ
Def.2.11
= N-Ey[f0f(]=N- 3 f&L—2n) " ""EN T 10 113
aC|N]
Thm.2.12 A 1 1
2 —N.[ = . =
SN =N () =N =

Call an edgéXx,y) of the noisy hypercubgypical if the Hamming distance betweerandy is close tonN,
say betweergN and 27N. By the Chernoff bound, the (weighted) fraction of edgeschtdre notypical

is at most 22(MN) which is negligible in our context. We delete all these edgeainly for the ease of
presentation) and observe that the conclusion of LerBréatill holds with the bound * ®(S) < 1/nn.
The weights of the edges change slightly, due to a re-noratain to preserve the unit total weight, but we
ignore this issue.

We are now ready to construct an integrality gap instanceéh®I!SDP in Figurel. To be precise, for
parameterd\ andn, we construct an instané = (G(V, E), [N], { & }ece , Wt) of UNIQUEGAMES such that
e (Soundness) opt/) < 1/nn and

e (Completeness) There is an SDP solution with objectiveevatleast 1-9n.

This construction is used later to construct integralitg grestances for cut problems. As mentioned earlier,
the UNIQUEGAMES instance is constructed precisely so that the noisy hyperguaph happens to be its
label extended graph and then the soundness guaranteeséiton Lemma3.6. The vertex set of the noisy
hypercube graph i$§—1,1}N whereN = 2. It is convenient for us to identify a point ifi—1,1}N as a
Boolean functionf : {—1,1}¥+— {—1,1}. We describe the construction formally now.

20



3.2 The Integrality Gap Instance

Let.Z denote the family of all Boolean functions ¢n-1,1}¥. For f,g € .%, define the productg as
def

(fg)(x) = f(¥)g().
Consider the equivalence relatienon .# defined to bef = g if and only if there is arS C [k], such that
f = gxs (recall thatys is the Fourier character function). This relation partisg” into equivalence classes
P,...,Pm, each class containing exacly = 2¢ functions. We denote by#] one arbitrarily chosen
function in &7 as its representative. Thus, by definition,

P ={[Z]xs| SC [K}.

It follows from the orthogonality of the charactefgs}s-, that all the functions in any class are also
mutually orthogonal. Further, for a functidne .7, let 22( f) denote the class”; in which f belongs.

Let u €, .# denote a randomerturbationfunction on{—1,1}¥ where for every € {—1,1}¥, indepen-
dently, u(x) = 1 with probability 1- ), and—21 with probabilityn. LetH be the noisy hypercube graph: It
is a graph with vertex se# and for Boolean function$, g € .#, the weight of the edgéf,g} is defined as
follows:

wt({f,gh " Pr[(F=h)A(g=hw)V((f=hu)A(g=h))],

heZ, uep

whereh is a uniformly random function ang is a random perturbation function. Note that the sum of
weights over all (undirected) edges is 1. Moreover, for 8ay[k], we have Wi{({ f,g}) = wt'({ f xs, gxs}).

We delete all edge§f, g} such that the Hamming distance betwdeandg is outside the rangH?lN,Zn N]
without really affecting anything as observed before.

The UNIQUEGAMES instanceZ = (G(V,E), [N], {Te}ece, Wt) is now obtained by taking the noisy hy-
percube graptd as above with grouping of its vertices into classes;,..., #n. The edges oH are
grouped neatly into edge-bundles: A typical bundle is a &1 edges between”; and &7}, all with the
same weight, and forming a perfect matching betweer\tertices in each group. With this grouping in
mind, the graph can now be naturally thought of as a labehele® graph. The NIQUEGAMES instance
is obtained by thinking of each clagg; as a (super-)vertex, each functibre &7 as a potential label to it,
and the edge bundle between, &7; as defining the bijective constraint between them. Here mmadl
(somewhat tedious) description.

The UNIQUEGAMES graphG(V, E) is defined as follows. The set of verticeMsd—ff{Q’l, ooy Pm} as
above. For every,g € . with Hamming distance in the ran@%N,Zn N], there is an edge i& between
the vertices?(f) and #?(g) with weight

wt({2 (1), 2(9)}) E'N-wt'({f,g})

(the factor ofN reflects the fact that there akepairs of functions that define the same edge). The set of
labels for the WIQUEGAMES instance is & d:‘Ef{S: SC [K]}, i.e., the set of labelfN] is identified with the

set 2 (and by desigiN = 2). Note thatf = [#]xsandg = [2j]xr for some set§ T C [k]. The bijection

Te, for the edgee{ %, #; }, can now be defined:

e(TU) E'skU, vUC[K.

Here,« is the symmetric difference operator on sets. Note tha — 2K is a permutation on the set of
allowed labels. An alternate view is that the potential lsabe class%; are really the functions in that class
and for the edge defined by a pdirc & andg € #; as abovejt designates f xu,gxu) as a matching
pairs of labels for alU C [k]. We emphasize that every matching pair of labels corresptma pair of
functions with Hamming distance {§N,2nN].

21



Soundness: No Good Labeling

Using Lemma3.6 and Equation15), i.e., the connection between the optimum ofiguEGAMES and the
small set expansion of the label extended graph, it follomsediately that any labeling to theMlQUEGAMES
instance described above achieves an objective of at ost

Completeness: A Good SDP Solution

For f € .7, letu; denote the unit vector (w.r.t. the norm) corresponding to the truth-table ofFormally,
indexing the vectous with coordinatesc € {—1,11,

.

Recall that in the SDP relaxation ofNWQUEGAMES (Figure4), for every vertex irV, we need to assign a
set of orthogonal vectors. For every vertek € V, we choose a functiofi € &7 arbitrarily, and with&?;,

we associate the set of vect rs%fs}sqk] . The following facts are easily verified:

1 2 SC[K <uf®)?s7uf®)?s> = Y sCK <qus>qus>2 =N.
2. ForS#TC [k]7 < foﬂufxT> = <qus=quT>2 = <qu7uXT>2 =0.

3. Forf,ge . andST C [K|, < fXs,ug@sz>:<quS,u(_J,XT>220.

4. Forf € &%,gec Zjfori# |,

3 ()= 3 (nstar)*= 3 Ju =N
STek Tek €k

Here, the second last equality follows from the fact that,&oy f € .7, {Ufy}sc forms an or-
thonormal basis foRN.

Hence, all the conditionsl()-(14) of the SDP are satisfied. Next, we show that this vector assegt
has an objective at least-19n. Consider any MlIQUEGAMES edge defined by a patfr,g with Hamming
distance in the rang%N,Zn N]. For anySC [k], note that the same edge is defined by the pgis; gxs
with the same Hamming distance and

2
<uf®Xs’u9®Xzs> = <qus>u9Xs> 2 (1_4’7)2 >1-8n.

Since the pairg f xs,gxs) are precisely the matching pairs of labels for theIQUEGAMES constraint, it
follows that the objective of this SDP solution is at least 97 (accounting possibly for thaon-typical
pairs f,g with Hamming distance outside of ranggeN,Zr; N] that were deleted and ignored throughout).
Finally, note that since all the vectors have coordinatdseeil or—1 (up to a normalization factor), any
three vectorsl, v,w among those described above satisfy the triangle inegualit

1+ (u,v) > (v, W) + (u,w).
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Summarizing and Abstracting the Unique Games Instance

For future reference, we summarize and abstract out theropepies of the integrality gap construction in
the theorem below. Therein, for every vertex V of the UNIQUEGAMES instance, there is an associated
set of vectors{\/ﬁz}iew. Moreover,[N] has a group structure with addition operatofthe group being
andi € [N] identified with the corresponding group element). Addilbyy we keep track of the parameter
n and denote the instance b, .

Theorem 3.7 For any 0 < n < 1/2 and any integer N that is a power @ there is aUNIQUEGAMES
instance?, = (G(V,E), [N], {Te}ece, Wt) along with a set of vectorf@/?z}ie[,\,] for every vertex such that:

1. V| =fi=2"/nandopt(%,) <log~"A.

2. Orthonormal Basis
The set of vectorgvi }icn; forms an orthonormal basis for the spat¥. Hence, for any vector
we RN, [w]? = 3w (W vi)2.

3. Triangle Inequality
Forany uv,weV,and any jj, € [N], 1+ (ui,vj) > (Ui, Wg) + (Vj,Wp).

4. Matching Property
ForanyvweV, and i j,¢ € [N], (vi,Wj) = (Vias, Wjape)-

5. Closeness Property
For any €v,w} € E, there areg, jo € [N] such that(vi,,wj,) > 1—4n. Moreover, ifTg is the bijection
corresponding to this edge, theji £ = 1(jo® ¢) for all £ € [N].

4 A PCP Reduction from Unique Games to Balanced Edge-Separat

This section presents the reduction frorMIUEGAMES to non-uniform B\LANCED EDGE-SEPARATOR
which underlies the proof of Theoreth3 Remark2.7 implies that if non-uniform BLANCEDEDGE-
SEPARATOR is hard to approximate within a factor @f then so is non-uniform BARSESTCUT up to a
factorQ(C). Hence, Theoreri.3 can be strengthened as follows.

Theorem 4.1 Assuming the UGC, itis NP-hard to approximate (non-unifgarsions of BALANCED EDGE-
SEPARATOR and SPARSESTCUT to within any constant factor.

We present the reduction and the proof of this theorem, nootthé soundness proof of the PCP reduction.
The soundness proof is (by now) standard and relegated temslppA. The reduction underlying the
proof of this theorem is used in the construction of the irdbty gap for BALANCED EDGE-SEPARATOR
presented in Sectioh

Overview of the Reduction

The reduction starts with aNUQUEGAMES instance?Z = (G(V,E), [N],{&}ece, Wt). Each vertew € V

is replaced with dlock of vertices{(v,x) : x € {—1,1}N}. The reduction has a parametewhich is to be
thought of as a small constant. For each edfgew} in %, a bundleof weighted edges are put between
the two corresponding blocks of vertices taking into actdl@ permutationg corresponding to that edge.
The weight of the edge betweénx) and(w,y) is equal to the product of the weight of the edgeg w} and
the probability that, if we flip each bit ofindependently with probabilitg, we obtainyo 1. Hereyo 1¢ is
the reordering of the coordinatespés dictated bye; formally, (yo 7&)i = yr ) for all i € [N].
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Note that if we contract the vertices of the two hypercubésr édentifying the coordinates according to
T, We obtain exactly the noisy hypercube introduced in Detinid.5. To complete the reduction, we need
to specify the demand pairs. For reasons that will beconer @hea bit, any pair of vertices in the same
block is set to have demand one and the remaining pairs hawarakzero.

Our reduction has the property that if thevlUEGAMES instance has a good labeling then there is a
cut that cuts a constant fraction of the demand pairs and #ighivof the edges crossing the cut is small.
This is by construction: If the NIQUEGAMES instance?/ has a good labeling, i.e.,Za:V — [N] which
satisfies at least a-1 ¢ fraction of the constraints of/, then we consider the cut in the reduced graph
whose one side consists of the verti¢es) such that; ) = 1 and the other side with vertic¢g x) such
thatx) ) = —1. It is easy to see that the weight of the edges that cross this tu- (1—¢)(1—¢€) = O(¢).
Moreover, the number of demand pairs cut is half that of tted tlemand pairs as the cut described above
cuts each hypercube along a coordinate into two equal péits.is the completeness of the reduction.

For soundness, we show that if every labeling of tha@UEGAMES instance satisfies a negligible (as
a function of¢) fraction of the constraints, any cut in the reduced grat tuts a constant fraction of
demand pairs must have abayE > € weight of edges crossing it. Since the reduction is locahéngense
that it replaces each vertex i by a set of vertices, and each edgeZnby a bundle of edges between
the corresponding sets, the weighted graph obtained byiagphis reduction or#/ inherits connectivity
properties ofZ. For instance, ifZ is disconnected, then there is a cut in the reduced graphhvtais no
edges crossing it. Such a cut, however, puts each hyperctibelyeon one side of the cut or the other, thus,
cuttingno demand pair. Hence, the way we have enforced demands edlgesmtisures that each cut in the
reduced graph that cuts a constant fraction of demand paiissncost of the hypercubes into two roughly
equal parts. Hence, for each vertein %7 we can look at the restriction of this cut to the correspogdin
hypercube and assign tothe label corresponding to the dimension of the hypercubehwis the most
correlatedwith the cut restricted to that hypercube. Sirzedoes not have a good labeling, this strategy of
converting a cut in the reduced graph to a labelingZoshould not be good. Hence, one can deduce that, for
any cut that cuts a constant fraction of the demand in thecestigraph, its restrictions to most hypercubes
must not be well-correlated to any coordinate cut. This iemtBourgain’s Junta theorem (Theor@rii4)
comes in. It essentially implies that such a cut must be dosemajority cut in most hypercubes. This
allows us to deduce that such a cut has at leastweight edges crossing it, giving us the hardness of
approximation ratiex vé/e which can be made larger than any constant by choassrmall enough.

We now describe the reduction formally. Here, it is instiwecto break the reduction into two parts: The
first consists of presenting a PCP verifier foklQUEGAMES and the second step involves translating the
PCP verifier into a BLANCED EDGE-SEPARATOR instance. The completeness and the soundness of this
verifier give us the proof of Theoreml

4.1 The PCP Verifier

Fore € (0,1), we present a PCP verifier which given alguUEGAMES instance? = (G(V,E), [N], {Te}ecE)
decides whether op/) ~ 1 or op{% ) ~ 0. The verifierV; expects, as a proof, the Long Code (see Defi-
nition 2.13 of the label of every vertex € V. Formally, a proof 1 is {A'},cv, where eact’ : {—1, 1}N
{-1,1} is the supposed Long Code of the labelof he actions oV, onI1 are as follows.

1. Picke{v,w} € E with probability wie).

2. Pick arandonx €y, {—1,1}N andp €, {—1,1}".

3. Letmk: [N] — [N] be the bijection corresponding &v,w}. Acceptif and only if
AV(x) = AY((xp1) 0 Te).
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The completeness of verifier is easy and we provide a proef her

Lemma 4.2 (Completeness)or everye € (0,1), if opt(% ) > 1— n, there is a proofl such that
Pr[Ve acceptdl] > (1—n)(1—¢).

Moreover, every tableAin M is balanced, i.e., exactly half of its entries ard and the rest are-1.

Proof. Since opt% ) > 1—n, there is a labeling\ for which the total weight of the edges satisfied is at
least 1- n. Hence, if we pick an edge{v,w} with probability wte), with probability at least + n, we
haveA (v) = (A (w)). Let the proof consist of Long Codes of the labels assignedl toythe vertices. With
probability 1 &, we havey, ) = 1. Hence, with probability at least. —n)(1—¢),

AY(X) =X ) = (XU e (r (w)) = A" ((XH) 0 T).
Noting that a Long Code is balanced, this completes the proof [ |

The soundness of the reduction involves more work and, $2&,62], has become standard. We state the
result here and the proof appears in ApperilixVe say that a prodfl = {A'},cv is B-piecewise balanced
if

B |IA| <.

Here,,&{) is the Fourier coefficient corresponding to the empty sehefBoolean functiod” and the expec-
tation is over a uniformly random vertexc V.

Lemma 4.3 (Soundness)or every te (1/2,1), there exists a constant b 0 such that the following holds:
Lete > 0 be sufficiently small and le# be an instance df/NIQUEGAMES with opt(% ) < 2-°/<), Then,
for every5/e-piecewise balanced proof,

Pr|Ve acceptdl] < 1—be'.

4.2 From the PCP Verifier to a Balanced Edge-Separator Instace

The reduction from the PCP verifier to an instangg of non-uniform BALANCED EDGE-SEPARATOR iS

as follows. Replace the bits in the proof by vertices andamplevery (2-query) PCP test by an edge of
the graph. The weight of the edge is equal to the probabliigy the test is performed by the PCP verifier.
Formally, we start with a NIQUEGAMES instanceZ = (G(V,E), [N],{T&}ece, Wt), and replace each vertex
v €V by ablock of vertices(v,x) for eachx € {—1,1}N. For an edgee{v,w} € E, there is an edge i,
between(v,x) and(w,y), with weight

wt(e):  Pr [(x=X)A(y=XpoTe)].
x’el/z{—l,l}N
pee{—1,1}N

This is exactly the probability thaf; picks the edge{v,w}, and decides to look at theth (resp. y-th)
coordinate in the Long Code of the labelhofresp.w).

The demand function defy) is 1 for any edge between vertices in the same block, and Ovates Let
BLL. V|- (%) be half of the total demand.

Assuming the UGC, for any,{ > 0, for a sufficiently largeN, it is NP-hard to determine whether an
instance? of UNIQUEGAMES has opt# ) > 1—n or op{% ) < {. We choose@) = € and{ < 29 5o
that
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(a) when optZ ) > 1— n, there is a (piecewise balanced) proof that the verifier asogjth probability
at least - 2¢ and

(b) when opt% ) < , the verifier does not accept a¥g-piecewise balanced proof with probability more
than 1— b et.

Note thathy is defined as in the statement of Lem#ha

Suppose that op#) > 1—n. Let A be a labeling that achieves the optimum. Consider the jeartit
(S'S) in .7 such thatSconsists of all vertice$v, x) with the property that the Long Code #fv) evaluated
atxis +1. Clearly, the demands cut by this partition is exactly eqod.tMoreover, it follows from Lemma
4.2that this partition cuts edges with weight at mgst € = 2¢.

Now, suppose that opi{) < . Then, it follows from Lemmat.3, that anyB’-balanced partition, with
B’ > B/3, cuts at leasbe! fraction of the edges. This is due to the following: Any pioti (SS) in .7
corresponds to a prodt in which we let the (supposed) Long Code of the label tif be+1 at the poini
if (v,x) € S and—1 otherwise. Sinc® > B/3, as in the proof of TheorerR.9, N is 5/6-piecewise balanced
and we apply Lemma4.3.

Thus, we get a hardness factor®{1/:' ) for BALANCEDEDGE-SEPARATOR and, hence, by Remark
2.7, for SPARSESTCUT as well. This completes the proof of Theordm.

5 The Integrality Gap Instance for Balanced Edge-Separator

In this section, we describe the integrality gap instanceBioL ANCED EDGE-SEPARATOR along with its
SDP solution and prove Theore®®. As pointed out in Sectiof.3, this also implies an integrality gap for
non-uniform $ARSESTCUT. The following is, thus, a strengthening of Theoré&rg

Theorem 5.1 Non-uniform versions 0BPARSESTCUT and BALANCED EDGE-SEPARATOR have an inte-
grality gap of at leastloglogn)¢—2, whered > Qis arbitrary. The integrality gaps hold for standard SDPs
with triangle inequality constraints.

We present a proof of this theorem (by proving Theoi@8). The fact that our SDP solution satisfies the
triangle inequality constraints relies on a technical leanwinose proof is via an extensive case analysis and
is not very illuminating, hence, relegated to AppenBix

Overview of the Integrality Gap Instance

The integrality gap instance for non-uniforrnBANCED EDGE-SEPARATOR has two parts: A (weighted)
graph (V*,E*) on n vertices along with demand pairs and a unit veafgrfor each vertexu € V*. The
integrality gap instance is parameterizedsay 0 and.#; denotes the instance. We show that

1. every cut inv* that cuts a constant fraction of the demand pairs must haleasit,/¢ fraction of
edges crossing it and that

2. the set of vector§V } ey satisfy the constraints in the SDP in Figland have an objective value
O(¢), thus, giving us an integrality gap 6f(./€).

The smallest value can take turns out to bgog logn) 3, giving us the lower boun@((loglogn) 7¢).

The graph in.7; is obtained by applying the reduction fromNQUEGAMES to BALANCEDEDGE-
SEPARATOR presented in Sectiofito the UNIQUEGAMES integrality gap instancé, from Section3, see
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Theorem3.7for a summary. Recall tha¥), consists of the constraint grapg(V,E), [N], {7e}ece, wt) and
a set of vectors{v?z}ie[,\,] for each vertew € V. Further,i= V| = 2"/n and opt%;,) < log™" fi.

The reduction implies that = [V*| = 2V . |V| < O(f#logfi) and, hence, log’fi ~ log~"n up to a
constant. Thus, if log? n < 2-°%¢*)then it follows from Lemmat.3and the discussion in Sectidn? that
every cut in.Z; that cuts at least a constant fraction of demand pairs clegast:/¢ fraction of edges. This
proves the first claim. A constraint an as we see shortly, is thgt< €. Thus, choosing) = € implies that
in order to ensure logf n < 2-°%#*) it is sufficient to sek to be(loglogn) 2.

Thus, to complete the proof of Theoresrd, it remains to construct vectoks, for each vertexu € V*
that satisfy the required constraints and have a small thsgegalue. This is the focus of this section. Here
again the starting point is the SDP solution to the/QUEGAMES integrality gapZ, . Recall that the vectors
{Vi}iejny form an orthonormal basis @N for eachv € V and, in addition satisfy Triangle Inequality, the
Matching Property and the Closeness Property in The@@&mnin addition, the SDP objective value of these
vectors forz, is 1-9n.

For each vertex € V there is a block of vertice§(v,x) : x € {—1,1}N} in V*. Thus, we need a unit
vector for eachv,x). A choice for such a vector is

def 1

V =
(vx)
VN &N

The fact that this is a unit vector is easy to see. Recall thaa ftypical edge ir#,, the basis vectors are
n-close when matched according to the permutation correspgrio that edge. Further, recall that for an
edge betweeiiv,x) and(w,y), there must be an edge betweeandw in %,,. Moreover, for a typical edge
in .Z, except with probabilitye, the relative Hamming distance betweeandy is at most 2 (after taking
into account the permutation betweeandw in %,). This easily implies that for a typical edge.ift,

X2 (16)

(V(uxViwy) =1-0(n+e).
Since the vectors are of unit length, this implies that
2

IV = Viwy|” < O +e).

This is what dictates the choice gf= € and we obtain that our SDP solution . has an objective value
at mostO(¢). To see the well-separatedness of this SDP solution, obsleatdor eachv € V, Vux) and
V(v,—x are unit vectors in opposite direction.

It remain to prove that the vectof8/ , } satisfy the triangle inequality. This is the technicallydest
part of the paper and is shown via an extensive case anahaisepeatedly uses the fact that the vectors
for %), satisfy the properties they do. In fact, we do not know whethe vectors described above work for
this proof. We need to modify the vectors 6] as follows

L (224041
— xiv-®8> :
(\/N ie%] |

While the inner tensor, which goes to 8 from 2, is a minor modtfon, it ensures that when we take inner
products of the form
1 1
= V®87 = W§8> 9
<\/Ni6%\l] | \/Ni/e%\l] |
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and if (vi,w;) ~ 1—n for all i € [N], then the contribution of the cross terms is negligible areditimer
product remains around-1n. This 8-th tensor also implies the converse: If

1 1
N V§87— WiQ/aS 21_’77
<VNi6%] VNi/eZN >

then there is a permutatiom: [N] — [N] such that for all € [N],
| {Vrgiy, i) [ > 1= 2.

This latter property and the outer tensor are crucial in fio®fpof the triangle inequalit}® This new SDP
solution is also easily seen to satisfy the propertiesfeadiby the previous SDP solution up to a loss of an
additional constant factor.

We conclude this overview by giving the reader some idea of wh have the outer tensor. Start by
noting that proving the triangle inequality is the same aséhg

1+ <Vu,x,Vv7y>t > <VU7X7VW,Z>t + <Vv7y,Vw,z>t

since all the vectors have unit length. If none of the dodpais has magnitude at ledgt the inequality
holds trivially. Thus, we may assume that one of the innedpets, say|(Vyy, V)|t > 1/3. This implies
that|(Vyy, Vwz)| = 1— O(L4t). By the converse property mentioned earlier, it can be dedititat, for some
i0, jo € [N], [{Vig,Wj,)| = 1—O(%/t) which can be made very close to 1 by pickingrge enough. This turns
out to be convenient towards proving the triangle inequaiih a case analysis, see Lemm&

Unfortunately, we cannot provide much more intuition thiais ind, as mentioned in the introduction,
for a more intuitive proof of the triangle inequality one aafer to the papers[L, 42]. We now present the
graph construction and the SDP solution formally and prboeectaims above for the SDP solution.

5.1 The Graph

We recall the following notations which are needed. For anpgation7r: [N] — [N] and a vectox €

{—1,1}N the vectoxo rris defined to be the vector with ifsth entry agxo ), d:efxn(j). Fore > 0, the no-
tationx €. {—1,1}N means that the vectaris a random{—1, 1}N vector, with each of its bits independently
set to—1 with probabilitye, and set to 1 with probability 4 €.

The BALANCEDEDGE-SEPARATOR instance has a parameter- 0 and we refer to it asZ (V*,E*).
We start with the WIQUEGAMES instance?, = (G(V,E), [N], {Te}ece, wt) of Theorem3.7. In .7, each
vertexv € V is replaced by a block of vertices denoted\b§{v]. This block consists of vertices, x) for
eachx € {—1,1}N. Thus, the set of vertices for theABANCED EDGE-SEPARATOR instance is

*d:t?f(

v vx)|veV, xe {-1,1}N}  and V*=U,V'M.

The edges in the BLANCEDEDGE-SEPARATOR instance are defined as follows: Fefiv,w} € E, there is
an edges* in .#; between(v,x) and(w,y), with weight
«\ def
Wigs(€) Ewt(e):  Pr [(x=X)A(y=Xpore)].
x’el/z{—l‘l}N
HEL{—1,1}N

Notice that the size o7, is [V*| = V|- 2N = O(f?logf). The following theorem establishes that every cut
in .7, that cuts a constant fraction of the demand cuts a largeidracf the edges. It is a restatement of
Lemma4.3. See Sectiod for details.

10This property has also been key in the results of Arora et#l. [
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Theorem 5.2 (No Small Balanced Cut)For every te (1/2,1), there exists a constant & 0 such that the
following holds: Lete > 0 be sufficiently small and le#;, (G(V,E), [N], {Te}ece,Wt) be an instance of
UNIQUEGAMES with opt(%;,) < 2-°(/*), Let .7 be the corresponding instance BALANCEDEDGE-
SEPARATOR as defined above. Let*\= U,cyV*[v| be the partition of its vertices as above. Then, any
5/6-piecewise balanced c@, A) in .7 (in the sense of Definitio.8) satisfies

Wigs(€") > &
ecE*(AA)

5.2 The SDP Solution

Now we present an SDP solution fof, (V*,E*, wtgs) that satisfies Properties (3), (4) and (5) of Theorem
2.9. This proves Theorer.9 and, hence, Theoretl

We begin with the SDP solution of Theoresri7. Recall thaiN] is identified with the groum?'g where
N = 2% and4 is the corresponding group operation. We construct theviatig unit vectors, one for each
pair (v,x), wherev € V andx € {—1,1}N (note that is the set of vertices of the UQUEGAMES instance
of Theorem3.7):

def 1 8
VN ie;m |

For (v,x) € V*, we associate the vectm?,?}(, wheret = 22401 1. We start by noting that this vector is indeed
a unit vector. SincgV; }icv is an orthonormal basis f@&" andx € {—1,1},

1 1
(Vux: Vix) = Niz Xi2<ViaVi>8 = N.Z 1=1.
€[N] icN]

Hence, for every € V andx € {—1,1}N,
IVoxll = 1. (18)

Next, we show Property (5) in TheorePm which establishes that the SDP solution has v&ge) when
n=Ee.

Theorem 5.3 (Low Objective Value) S ¢ (yx),(wy)}<E* Wies(€") ||V ix — Vv%tsz <0(n+e).

The proof of this theorem uses the following lemma which shtivat, ife{v,w} is an edge in the NIQUEGAMES
instance?, so that the corresponding orthonormal basesjactose (via the permutation), thenV,x and
Vuy are also close iko rrandy are close.

Lemma 5.4 Let0 < n < /2and assume thatforweV and b, jo € [N], (Viy,Wj,) =1—n. Letr: [N]— [N]
be defined to ber(jo® j) Lhimivie [N]. Then,

e Lower Bound: (1—1)8(1—2A(xo 1Y) — (2n)* < (Vux, Viy)-
e Upper Bound: (Vyx,Vuy) < (1—n)8(1—2A(xo m,y)) + (2n)%.
Here,A(x,y) denotes the fraction of points where x and y differ.

We first show how Lemma&.4implies Theorenb.3.
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Proof. [of Theorem5.3] It is sufficient to prove that for an edggv,w} € E picked with probability wte)
(from the UNIQUEGAMES instance?,), x €1, {—1,1}N, andp €. {—1, 1}V,

IEEe{\AW} IExel/z{fl.l}’\‘ <VVX7V$\§/txuor@> >1- O(t(r’ + 8))
pee{-1,13"

Sincee{v,w} is an edge of%,, we know from the Closeness Property of Theorgr that there are
io, jo € [N] such that\vi,,w;,) > 1—0(n). Moreover,me(jo® j) =io@® j, V j € [N]. Further, it follows from
a simple Chernoff Bound argument that, except with proligbd, A(x,xu) < 2¢. Thus, using the lower
bound estimate from Lemnta4, we get that

(Viae Viuiore) = 1= O(t(n + €)).
This completes the proof. [ |
We now present the proof of Lemngad.

Proof. [of Lemma5.4] Note that

(Myx, Viy) = > Xy (v ,wir)8

i,i”e[N]

Z|H 2l

8
XiowiYjowi’ (Vigwi, Wjgair) -
i.i”e[N]

We first show that in the above summation, terms withi’ dominate the summation. Sin¢e,,w;j,) =

1—n, the Matching Property implies that for alke [N], (Vi,ei, Wj,ei) = 1— n. Further, since the vectors
{wi }iepn form an orthonormal basis f@&N, 3y (Vigai, Wjgeir)? = 1. Hence,

4
<VioEBiaWJ'o€Bi’>8 < (1_ (1_ r’)Z) = (Zr’ - n2)4 < (2'7)4'
i [NTi/ #i

Now, (Vyyx, Vuy) is at least

1 1

N . z XioziYjoei <Vio@i>wjo€i%i>8 - N . ./Z <Vio@i>wjo®i/>8>
ic[N] iI"€[N]

i’
and at most

1 8 1 8

N Z XiowiYiowi (Vigwi» Wjoei)© + N _Z (Vigwi s Wjgair) -
i€[N] i,i"e[N]

i’
The first term in both these expressions is

S5 Xoei¥joei(L - 1)° = (1 2B(o ) (1~ ),
i€[N]

The second term is bounded 8n)* as seen above. This completes the proof of the lemma. [

The well-separatedness of the SDP solution, or Propertyn(#heorem?2.9, follows from the following
lemma.
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Lemma 5.5 (Well Separatedness}or any odd integer t> O,

1
E}E’Xel/z{fl,l}N, yel/z{flﬂl}N |:HV\(%)t( B V%?;HZ] = 1

Proof. Observe that
1

éEx.y[HV%—V%t/Hz] = Exy[1— (Vi Viy)]
t
1 8
= =By ||y 2 WiV
i,jeN]
= 1

The last equality follows from the fact that the contribuatiof (x,y) to the expectation is canceled by that of
(X7 _y) |

Finally, the following theorem establishes that our SDRisoih satisfies the triangle inequality, Property
(3) of Theoren.9.

Theorem 5.6 (Triangle Inequality) For t = 2240+ 1, the set of VeCtOfﬁ’cV\%}vevxe{—Ll}N give rise to a
negative-type metric.

Proof of Theorems2.9and 5.1. Before we go into the proof of Theorem6, we note that Theorer.2
and Theorenb.3, along with (8), Lemma5.5 and Theoren®.6, for the choicess = (loglogn) ? and
n = O(&) complete the proof of Theoret9and Theoren®.1 (note that opt%;,) < log™" fi < 3log~"n).

Proof of Theorem5.6. Theoremb.6requires proving that any three vect(‘s;tSt , V%t, amdv\,%fZ satisfy

1+ (VI Vay) = (Vi Vg + (Vi

oY) (19)

We can assume that at least one of the dot-products has mnderEt least/s; otherwise, the inequality
holds trivially. Assume, w.l.0.g., that
[(Viy: Vi) | = 3.

vy’

This implies thaf(Vyy, Vuz)|' > /3, and therefore,
|<Vv,yan.z>| =1- rllv

for somen’ = O(1/). It follows that, for some, j € [N], |(vi,w;)| = 1— B for somepB < 27169 We give a
quick proof of this. Leto, jo be argmax; |(vi,w;)| and 1— 3 = |(Vi,,Wj,)|. Then,

1 1
< N.Z <Vio@iawjo@i>8+ﬁ_ > (Vigasi, Wigesj) -
ic[N] i#]€[N]

1
N Y vizviow)®

|<Vv,y>VW,Z>| =
N &

By the Matching PropertyyVi =i, Wjoei) = (Vio, Wj,) for alli € [N]. Hence,

> (Vigai, Wigai)® = (1 B)°.

i€[N]

2l
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Moreover, by orthonormality, for aile [N],
4
(Vigai, Wjgair)® < (1= (1= B)?)" = (2B — B*)* < (2B)*.
i [NTi'#i

Thus,
1-n' = |[(Vuy, Vuz)| < (1-B)%+(2B)%,

giving us the claimed upper bound #nBy relabeling, if necessary, we may assume thatw;)| =1— .

Note that (9) is equivalent to showing that
1+ <Vu.X>Vv.y>t > (VU,X>VW,Z>t + (Vv.yan.z>t-

The following elementary lemma, whose proof appears atikdeogthis section, implies that it is sufficient
to prove that
1+ <Vu.X>Vv.y> > (Vux,Vwz) + <Vv,y>Vw,z>- (20)

Lemma 5.7 Letab,c € [-1,1] such thatLl+a>b+c. Then1+a > b+ ¢ for every odd integer & 1.

Equation R0) is the same as showing
N N N
N+ 5 xyi(unvy)® > 3 xizu,w)®+ Y izivi,w)®.
=1 i,]=1 i,j=1

As noted before, we may assume th@ai,w;)| = 1— 3 and, hence, by the Matching Property,
(Vi,W1) = (Vo,W2) = -+ = (W, Wn) = £(1-f3).

LetA d:efmaxlgugN |(ui,w;)|. We may assume, w.l.0.g., that the maximum is achievedfov;, and again
by the Matching Property,
(Ul,W1> = <U2,W2> == (UN,WN> =+A.

Now, Theorenb.6follows from the following lemma.
Lemma5.8 Let {ui}N ,, {vi}N,;,{wi}\; be three sets of unit vectors &I, such that the vectors in each

set are mutually orthogonal. Assume that any three of thestors satisfy the triangle inequality. Assume,
moreover, that

(ug,v1) = (U2, Vo) = -+ = (UN,WN),
A L U, wa) = (U, We) = -+ = (U, W) >0,
Vlé I?J S N7 |<Ui,Wj>| S)\v

1- def (V1,Wq) = (Vo,Wp) = - -+ = (VN,WN),

where0 < B < 27160 Let x,yi,z € {—1,1} for 1 <i < N. Define unit vectors
def 1 N 8 def 1 XN 8 def 1 XN 8
U= — Yy xu?, v=-—"=SFyw*® w=—"——Yzw™.
N N PRV DY
Then, the vectors,u, w satisfy the triangle inequalit¥+ (u,v) > (u,w) + (v,w), i.e.,

N N N
N+ > Xyj (Ui, vj)® > > %z (Ui, wj)® + > yiZj (vi,wj)®.
i,]=1 i,J=1 i=1
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Note that we only havé(vi,wi)| = 1— 8 but we can remove the absolute value and use this lemma as it
holds forall sign patterns;,yi,z. The proof of this lemma is very technical and appears in AgpeB. We
conclude with a proof of Lemma.7.

Proof. [of Lemmab.7] First, we notice that it is sufficient to prove this inegtslivhen 0< a,b,c < 1.
Suppose thah < 0 andc < 0, thenb' +- ¢t < 0 < 1+a'. Hence, without loss of generality assume that 0.
If c<0anda> 0, thenb' +c < b <1+a.If c<0anda< 0, by hypothesis, ¢ > b— a, which is the
same as % |c| > b+ |al, and proving L-a' > b* +c! is equivalent to proving 4 |c[' > bt + |a|'. Hence, we
may assume that> 0. If a<0,then 14+-a =1—|a'>1—|a=1+a>b+c> b +c'. Hence, we may
assume that & a,b,c < 1.

Further, we may assume thak b < c. Since, ifa> b, then 1+a > ¢! +bt. 1+a> b+ cimplies that
1-c > b—a. Notice that both sides of this inequality are positive. ltdars from the fact that &< a <
b<c<1, thatyi=c > si-talb'—1~". Multiplying these two inequalities, we obtain-ic' > b* —a, which
implies that 1+al > b + c'. This completes the proof.
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A Proof of Soundness of the PCP Reduction

Lemma A.1 (Same as Lemma&.3) For every te (1/2,1), there exists a constant b- 0 such that the fol-
lowing holds: Lete > 0 be sufficiently small and let/ be an instance dfJNIQUEGAMES with opt(%) <
2-00/) Then, for every/s-piecewise balanced pro6f,

Pr|Ve acceptd1] < 1—be'.

Proof. The proof is by contradiction: We assume that therejs-piecewise balanced pro6f, which the

verifier accepts with probability at least- ¢!, and deduce that of# ) > 20+ We letby %' 1~ — ‘G,
whereg; is the constant in Bourgain’s Junta theorem.
The probability of acceptance of the verifier is

1 1
2 + EEV,e{v,W}.x,u [AV(X)AW(XU oTl)].

Using the Fourier expansiol’ = 5, A‘gxa andAY = ZB XB7 and the orthonormality of characters, we
get that this probability is

1 1
5T éEv.e{v.w} [Z A\(/X;Q,rifl(a)(l_ 25)0(] .
a
Herea C [N]. Hence, the acceptance probability is

11 M
5+ 5B {Z Al Eopuy A1 ] (1_25)|a|} .

If this acceptance probability is at least-Iy&!, then,
A A t
E, [ZA};Ee{V’W} Ay | - 25)“] >1-2byel.
Hence, over the choice of with probability at leas?3/24,
;&Ee{ww} ['&%1(0,)] (1—2¢)l > 1—a8ne".

Call such vertices € V good Fix a good vertex. Using the Cauchy-Schwarz inequality we get,

3 AcEeiu) A @20 <\/Z (As) @-22) S B R

Combining Jensen’s inequality and Parseval’s identitygetthat

5 o ] <1

Hence,

1— 960 ¢! <z< ) (1—2¢)2al,

Now we combine Parseval’s identity with the fact that £ < e * to obtain

2
(A%) Sl et =gt

a:lal>1e
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Hence, by Bourgain’s Junta theorem

N 1 4-1/g2
o |AY|<g4 e

Call a goodif a C [N] is nonemptyja| < e~ and|A}| > &4 /<.
Bounding the contribution due to large sets.
Using the Cauchy-Schwarz inequality, Parseval’s ideftitgt Jensen’s inequality, we get

~\2
< Z A‘g,) <+\/Géel

a:lal>Ye

Ri ey | A

a:laj>Ye

o) (1-22)

We can choose to be small enough so that the last term above is lessiban

Bounding the contribution due to small Fourier coefficients

N2
. . v 1
Similarly, we usey . Ry < dave? (AO,) < 1/2500 and get

1
_ ‘a‘ < —
u } (1-2¢)7 < =5

ArEepvu) Ao

N —1/g2
ot |RY|<daYe

Bounding the contribution due to the empty set.

SinceE, [[ﬂm < 5/6, Ky [Ee{ww} [\'&%'&WH < 5/6. This is because eadhj| < 1. Hence, with probability at
least?/12 over the choice of, Egfy, [[ﬂ%ﬂé"\] < 10/11. Hence, with probability at least24 over the choice
of v, vis good andEeqyw) [\,&%ﬂé"\] < 10/11. Call such a vertexery good

Lower bound for a very good vertex with good sets.

Hence, for a very good

1 1 10
AV AW N la] - = 2V =+
ais goodA“Ee“W} [A,El(a)} (=28 21l-5"5 " 11° 2 (21)

The labeling.
Now we define a labeling for the NQUEGAMES instanceZ as follows: For a vertex € V, pick o with

o \2
probability (A};) , pick a random element @f and define it to be the label of

Letv be a very good vertex. It follows that the weight of the edgdjacent tov satisfied by this labeling is

at least
2 2 2 2
(R Rao) 7| 20 | 3 (R)" ()]

a is good

(@) |

Eefvw} [

This is at least

a is good

1 2 82
£ oot et [

a is good
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which is at least

2
—2/¢ AW
£ :25004 7 Betun [ 2 (Ar@1<a>) (l_zg)a] '

o is good

It follows from the Cauchy-Schwarz inequality and Parsevdkntity that this is at least
2]

2
1 1
AV AW _oaa] —2/e2
AaArsq)(1—2€) D Z€5500" 484

a is good

1

€ 5505 | Eetww { (1-28)

AV AW
2 Adhgiq)
a is good

Using Jensen’s inequality, we get that this is at least

—2/¢
£ :25004 " <EG{V~W}

Here, the last inequality follows from our estimate in Equmat(21). Since, with probability at leasy24
over the choice o¥, vis very good, our labeling satisfies edges with total weigitastQ (e 4’2/£2> . This
completes the proof of the lemma. [ |

B Proof of Lemma 5.8 (Triangle Inequality Constraint)

Lemma B.1 [Same as Lemm&a.8up to a renaming of variables] Ly }N ,, {vi}N.,, {wi}} ; be three sets
of unit vectors inRN, such that the vectors in each set are mutually orthogonasufe that any three of
these vectors satisfy the triangle inequality. Assumeeowar, that

(ug,v1) = (U2,v2) = --- = (UN, WN), (22)

A d_ef(ul,w1> = (Uz,Wp) = --- = (un,WN) > O, (23)
V1<i,j <N, [(u,wj)| <A, (24)

1— 1 L v, wr) = (o, W) = - = (v, W), (25)

where0 < n < 27180 et g,t;,r; € {—1,1} for 1 <i < N. Define unit vectors

18 13 1 8
ud:ef\/—Nleui@B, vE thvgg w — Zl rws.
i£

Then, the vectors,u,w satisfy the triangle inequalit¥+ (u,v) > (u,w) + (v, w), i.e.,

N+ Z sty (u,v;)8 > Z srj (U, w;j)8 4 Z tir(vi,w;)8. (26)
i,)=1 i,)=1

Proof. It suffices to show that for everyd j <N,
14 Zst, ui, V)8 > ler (U, Wi)B 1 (vj, )8 z v.,wJ 8. (27)

We consider four cases depending on valuga .of

Case 1A <n: Since(vj,wi) =1—n, andy«j-n(Vi,W;)? = 1, we have
( n i Wi n 2 1<i<N j

_<Vi,Wj>8 <(2n-n?*
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Also, SN, (ui,w;)® < A8 < n®. Moreover, for any X i < N, by the triangle inequality,
L (Ui, V) = (vj,wj) £ (U, wj) > 1-n—A >1-2n,

and therefore,
[(ui, Vi) < 2n.

Therefore, s N ; (Ui, v)® < (2n)8. Thus, it suffices to prove that
1> (2n)°+n°+(1-n)°+(2n —n?)*
This is true whenn < 2160,

(Case 2)n <A <1—,/n: We show that
N N

1+ letj<ui7vj>8 > ZSFj(ui,Wj>8+thj(1— n)®+(2n—n?*. (28)
i= =

(Subcase iXj #r;j : Inthis case it suffices to show that

i(uiawj ¥+ (2n —n?)*.

N
1+(1-1)8> S (u,v) 8+
2,
Again, as before, we have that for everi <N,

|<uI>WJ>| S)\ Sl_\/ﬁv
and
(u,vi)l <A+n<1-yn+n.
Thus, it suffices to prove that

1+(1-n)®>(1-yn+n)°+1—yN)°+(2n—n?*

This also holds whem < 27160,

(Subcase ii)tj =r; : We need to prove2g). It suffices to show that

N
@@tz Y fwl® v = 5 6

M=z

|
where6 d:ef\(ui,wm, i d:ef\(ui,vm. Clearly,
16— pai] < Ui, Vi) — (U, W) < 1= (vi,wj) = 1.

Here, we used the assumption tat v, w;) satisfy the triangle inequality. Note also that maxn 6 = A

andyN 62 =1. LetJ i1 6 <n)andl €| 6 > n}. We have,

ii!&f‘ —p| < .EZ(B'8+ M) + 26+ n)® - 6°)

< (M%+(2n)°+ Z((& +n)%-6°).
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LemmaB.2, which appears after this proof, implies that the summatiothe last line above is bounded by

6
3 <8>/\6—|nl +on.
&\l

Thus, it suffices to show that

1-(1-n)®-2n-n>* >
|

<?>)\6—Inl +(4n)e.

Mo

This is true if o o
8n — 8 |_2 _ 24>8)\5 8 | 4 6
n=> )0 —@n-n)"=8n+5 ( '|n +(4n)"

=2 =2

This is true if 8)(1—A%) > n2(28 + 28 4 14 48). This is true if 8,/ > n?-4°, which holds whenn <
27160 Note that we used the fact that< 1— /7.

(Case 3)1-,/n <A < 1-n2: We have(vj,wj) = 1—n, (u;,w;) = A =:1— . This implies that
(uj,vj) = 1— &, where by the triangle inequality

n<{+9%, 6<n+{, {<n+o.
Thus, to prove27), it suffices to show that
1+ sitp(up,vi)® > sirpup,wp)® + (v wg)® + (20 — n?)° 4+ (20 — {3 + (26 — )%

Depending on signs;, tj,r;, this reduces to proving one of the three cases:
1+(1-0°> (1-0°+(1-n)P°+ @0 —n?)*+ (2 = *)*+ (26 - 87",
14+(1-n)°>(1-0)°+(1-98)°+(2n —n?)*+ (2 - 1%)* + (25— &°)*.
1+(1-0)°>(1-n)°+(1-8)°+(2n—n?*+(2{ ¥+ (25— 5%

We prove the first case, and the remaining two are proved imiesifashion. We have that

L4+(1- 8P~ (1= = (=) > 1+@1-(+m)F- (21—~ (1-n)

8 i+j> i
8-7-{n— o :
n 3§i;§8(,ﬂ)(, in

i>1,j>1
min{{n,nd,{d},

provided that ¥max{{,n, 5} < 1. Thus, it suffices to have

v

>
>

min{{n,n8,{8} > (2n —n?)*+ (2 - 73)*+ (26 - 69)*.

This is clearly true ifZ, n, d are within a quadratic factor of each other, apek 2719, On the contrary if
d < n?, since we already haw® < n + ¢ from the triangle inequality, it reduces to Case (2) by sgttj to
o and settingh to 1—n.

(Case 4)1—-n? < A : Thisis essentially same as Case (2). Just intercharge With A and interchange
u,Vv; for everyi. This completes the proof of the lemma. [ |
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LemmaB.2 Letn,A and {9.}{\':l be non-negative reals, such thgﬁl 6i2 <l andforallin<@<A.

Then
N

2 (6+ n)*—6°) < i <?>/\6"n' +onS.

Proof. Clearly,N < 1/n2.

N N

8
Jeeng = 55

Il
IMT
Lo N
/\
—

N
4" 5"

A%'n' 4-8-vNn"+Nn?

IN

h/lm EM@

IN
]
i

41



	1 Introduction
	1.1 Metric Embeddings and their Algorithmic Applications
	1.2 Our Contribution
	1.3 Subsequent Works
	1.4 Difficulty in Proving 22 vs. 1 Lower Bound
	1.5 Overview of Our 22 vs. 1 Lower Bound
	1.6 Organization of the Main Body of the Paper

	2 Preliminaries
	2.1 The (22,1,O(1))-Conjecture 
	2.2 Balanced Edge-Separator, Sparsest Cut and their SDP Relaxations
	2.3 Relation Between (22,1,O(1))-Conjecture, Sparsest Cut and Balanced Edge-Separator
	2.4 Our Integrality Gap Instance for Balanced Edge-Separator
	2.5 Fourier Analysis

	3 The Integrality Gap Instance for Unique Games
	3.1 The Unique Games Problem, its SDP Relaxation and the UGC
	3.2 The Integrality Gap Instance

	4 A PCP Reduction from Unique Games to Balanced Edge-Separator
	4.1 The PCP Verifier
	4.2 From the PCP Verifier to a Balanced Edge-Separator Instance

	5 The Integrality Gap Instance for Balanced Edge-Separator
	5.1 The Graph
	5.2 The SDP Solution

	A Proof of Soundness of the PCP Reduction
	B Proof of Lemma 5.8 (Triangle Inequality Constraint)

