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Abstract—An increasing number of renewable energy-based
distribution generation (DG) units are being deployed in electric
distribution systems. Therefore, it is of paramount importance to
optimize the installation locations as well as the power supply
of these DGs. The placement of DGs in the grid can decrease
the total distance that power is transmitted and thus reduce
power losses. Additionally, the reactive power supply from the
DGs can further reduce power losses in the distribution grid and
improve power transmission efficiency. This paper presents a two-
stage optimization strategy to minimize power losses. In the first
stage, the DG locations and active power supply that minimize
the power losses are determined. The second optimization stage
identifies the optimal reactive power output of the DGs according
to different load demands. The proposed approach is tested on
the IEEE 15-bus and the IEEE 33-bus systems using DIgSILENT
PowerFactory. The results show that the optimized power losses
can be reduced from 58.77 kW to 3.6 kW in the 15-bus system, and
from 179.46 kW to around 5 kW in the 33-bus system. Moreover,
with the proposed optimization strategy, voltage profiles can be
maintained at nominal values enabling the distribution grid to
support higher load demand.

Index Terms—Distribution grid, renewable-based DGs, opti-
mization, power losses, CVR, ZIP model.

I. INTRODUCTION

When power is transmitted from generation to end users,
power losses occur. It is estimated that annual power losses in
transmission and distribution (T&D) systems globally average
about 8.12% of the transmitted power [1]. Power losses carry
significance due to their environmental and economic impli-
cations, encompassing costs related to carbon emissions and
affecting generation capacity. Moreover, users of the network
bear the responsibility of covering these expenses. Distributors
are motivated by economic incentives to tackle this issue, as
reducing losses leads to additional permitted revenue [2]. For
example, New York state lost more than 6.6M MWh of electric-
ity in T&D in 2021, which amounts to a bill of about 1.1b USD
worth [3]. From a system perspective, minimizing power losses
decreases the current flow required to be transmitted on the
lines, which reduces thermal effects and allows the distribution
system to support more load demand.

In order to reduce the power losses in the distribution
grid, existing work considers different perspectives. A number
of studies focus on the power supply. For instance, in [4]–
[7], the authors focus on minimizing the power losses by
adjusting the reactive power dispatch. Other works consider

the impact of electric vehicles on the distribution grid, e.g., the
works in [8]–[10], schedule the charging of electric vehicles
to achieve power loss reduction and improve voltage profiles.
From the grid topology perspective, works focusing on network
reconfiguration aim to reduce power losses by altering the
status of switches in the distribution grid [11]–[13].

In addition, the location of new renewable-based distribution
generation (DG) units in the grid could also be optimized
to minimize power losses, considering also the size of the
renewable energy market. According to [14], global renewable
capacity increased by 295 GW in 2022. This number will
continue to grow in the following years. Power will flow
over additional lines in a distribution grid with poorly placed
generations, e.g., at the end of a long branch, leading to
additional losses. Therefore, it is essential to place DGs in
optimal locations to minimize power losses. In [15], the authors
use a two-stage optimization, which first identifies the optimal
locations for DGs and then determines the size of those DGs.
The optimal placement of DGs considering different types of
DG sources is considered in [16]. An approach from the DG
owners’ perspective is presented in [17]. The authors aim to
find the optimal DG sizes and locations that maximize DG
owners’ economic benefits. In addition to economic aspects,
the environmental issues are also considered in [18] to promote
low carbon emission systems.

Power losses can be reduced by optimizing the placement
of DGs. Also, reactive power adjustment can achieve further
power loss reduction during system operation. However, limited
research has been undertaken that examines how to utilize both
methods. In this paper, we propose a two-stage mixed-integer
second-order cone programming (MISOCP) optimization prob-
lem to reduce power losses in distribution systems. First,
the problem identifies the optimal placement for renewable-
based DG installations as well as their active power outputs.
Then, it optimizes the reactive power supply from those DGs
to match the load demand. We examine the effects of the
two stages on reducing power losses in the grid sequentially.
We also consider, following the study in [19], conservative
voltage reduction (CVR) to adjust the loads’ voltages to reduce
power losses. Furthermore, we utilize the ZIP load model to
capture the relationship between voltage and power demands
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in CVR. The approach is verified using two IEEE distribution
benchmarks in DIgSILENT PowerFactory, in which PVs are
the considered renewable-based DG units. The results show
that power losses in both systems are significantly reduced with
the proposed optimization approach. Moreover, voltage profiles
are maintained at nominal values.

The rest of this paper is organized as follows. Section II
introduces preliminaries, and Section III presents the details
of the formulated optimization. Section IV demonstrates the
simulation results, while Section V concludes the paper.

II. PRELIMINARIES

A. Conservation Voltage Reduction (CVR)

CVR is a cost-effective way to save energy [20]. It can
reduce peak demand and power losses as well as achieve
more energy savings by lowering voltages in the distribution
grid. According to the American National Standards Insti-
tute (ANSI), the voltage range at the distribution transformer
secondary terminals is set to 120 V ±5% [21]. Within the
lower half of the voltage band, i.e., −5% to 0%, voltages
can be adjusted cost-effectively and will not cause damage
to consumer appliances [20], [22]. Furthermore, CVR-enabled
appliances are usually designed to consume less energy when
operating at lower voltages. It usually ranges from 0.3% to 1%
load reduction per 1% voltage reduction [20]. Thus, reducing
the voltages of the distribution grid through CVR can reduce
load demand and power consumption.

B. ZIP Load Model

The ZIP load model is a static model that represents the
voltage dependency of the power consumed by a load. It is
comprised of constant impedance Z, constant current I, and
constant power P, which are also called the Z, I, P coefficients,
respectively. In the experiments of [23], the P-V and Q-V
relationships of the most commonly used appliances are tested
under varying voltage conditions. The authors demonstrate that
all loads have variability with different voltage levels based on
the Z, I, P coefficients [24]:{

PZIP = P0(ZP · V 2 + IP · V + PP ),

QZIP = Q0(ZQ · V 2 + IQ · V + PQ)
(1)

where PZIP and QZIP denote the active and reactive power
modeled by the ZIP model, respectively. P0, Q0 are the base
values, ZP , IP , PP , ZQ, IQ, PQ are the ZIP coefficients of
the active power and reactive power, respectively, and ZP +
IP +PP = 1, ZQ + IQ +PQ = 1. V is the measured voltage,
and also the variable of the model.

III. METHODOLOGY

In this section, we present the two-stage optimization to
minimize the power losses of the DG-based distribution grid.
The framework of the optimization is depicted in Fig. 1.

Fig. 1. Schematic diagram of the proposed two-stage optimization for optimal
DG placement and power supply to minimize power lossses.

A. Stage 1: Optimal DG Placement

The placement of renewable-based DGs in the distribution
grid is significant since it can affect the transmission path
that power is delivered to the end users. By optimizing the
placement of DGs, power can flow through “shorter paths”,
thus, the power losses can be minimized. Let us consider a
boolean variable a ∈ {0, 1}NBus , where NBus is the number of
buses, and ai denotes whether or not there exists a renewable-
based DG at bus i. In addition, PSupplyi ∈ RNBus represents
the active power supply at bus i. The objective of the
optimization is to determine the placement of DGs at the buses
and their active power output, and can be expressed as follows:

min
a, PSupply

∑
i,j∈NBus

I2ijrij (2)

where Iij and rij are the current transmitted and resistance
on the line connecting bus i and bus j, respectively. In
the paragraphs below, we present the details of the various
constraints which such optimization model need to satisfy.

Eq. (3) bounds the active and reactive power output of the
DGs. SDG refers to the maximum apparent power that the DG
can continuously supply. It is relevant to the type of DG and
should be determined before the optimization. Eq. (4) shows
that there are NDG renewable-based DGs in the system.

PSupply
i

2
+QSupply

i

2
≤ ai · SDG

2
(3)∑

i∈NBus

ai = NDG (4)

The power flow model used in our work is the DistFlow
model, a branch flow framework developed to help analyze the
power flow in a radial grid [11]. Eq. (5) represents the branch
flow equations for both active and reactive power. Pij and Qij

are the active and reactive power transmitted between bus i and
bus j. PLoad

j , PSupply
j are the load demand and power supply

at bus j, similar to QLoad
j and QSupply

j .



{
Pij = PLoad

j − PSupply
j + rijI

2
ij + Pjk,

Qij = QLoad
j −QSupply

j + xijI
2
ij +Qjk

(5)

The loads in the simplified DistFlow model are considered
to have constant power. However, as presented in II-B, CVR-
enabled devices have different load demands depending on their
operating voltages. Therefore, instead of the constant-power
loads, we use the ZIP load model to better characterize the
relationship between load demand and voltage. In order to find
a global minimum for the optimization, the ZIP load model is
relaxed into a convex form. We follow the strategy in [25] to
approximate the ZIP model with an equivalent linearized ZP
model (Eq. 6). It is based on the principle that the bus voltages
are relatively close to one per unit (p.u.). The derivation of the
active power demand term is given as follows:

PZIP
j = PLoad

j (ZP · V 2
j + IP · Vj + PP )

≈ PLoad
j (ZP · V 2

j + IP · (1 +
V 2
j − 1

2
) + PP )

≈ PLoad
j ((ZP +

IP
2
)V 2

j + (PP +
IP
2
)) (6)

Considering also the reactive power, we may rewrite Eq. (5)
as follows:

Pij = PZP
j − PSupply

j + rijI
2
ij + Pjk,

PZP
j = PLoad

j ((ZP +
IP
2
)V 2

j + (PP +
IP
2
)),

Qij = QZP
j −QSupply

j + xijI
2
ij +Qjk,

QZP
j = QLoad

j ((ZQ +
IQ
2
)V 2

j + (PQ +
IQ
2
))

(7)

Moreover, we consider the correlation of voltages between
two buses. Vi and Vj are the voltages at bus i and bus j, and
rij and xij are the resistance and reactance between these two
buses, respectively. This is represented as follows:

V 2
j = V 2

i + (r2ij + x2
ij)I

2
ij − 2(rijPij + xijQij) (8)

Similar to the ZIP model, the complex power flow relation-
ship between bus i and bus j, Sij = ViI

∗
ij , also needs to be

restricted as convex, represented as follows:

Sij = ViI
∗
ij =⇒SijS

∗
ij = ViV

∗
i IijI

∗
ij

=⇒ (Pij + jQij) (Pij − jQij) = |Vi|2 |Iij |2

=⇒P 2
ij +Q2

ij = V 2
i I

2
ij

=⇒I2ij ≥
P 2
ij +Q2

ij

V 2
i

(9)

Eq. (9) can be further derived into a second-order cone pro-
gramming (SOCP) form, thus formulating convex relaxations
of the optimization problem [26].

I2ij ≥
P 2
ij +Q2

ij

V 2
i

=⇒P 2
ij +Q2

ij ≤
(vi + lij)

2 − (vi − lij)
2

4

=⇒

∥∥∥∥∥∥∥
2Pij

2Qij

I2ij − V 2
i

∥∥∥∥∥∥∥ ≤ I2ij + V 2
i (10)

Fig. 2. Single-line diagram of the IEEE 15-bus distribution system.

Fig. 3. Single-line diagram of the IEEE 33-bus distribution system.

The current and voltage limits are also considered, as shown
in Eq. (11) and Eq. (12):

I2ij ≤ Iij
2

(11)

Vi
2 ≤ V 2

i ≤ Vi
2

(12)
where Iij is the maximum current that can be transmitted on
the line connecting bus i and bus j. Vi and Vi are the upper
and lower limit of the voltage at bus i.

With the objective function and relaxed constraints above,
the optimization problem can be written as follows:

min
a, PSupply

∑
i,j∈NBus

I2ijrij

s.t. (3)(4)(7)(8)(10)(11)(12)

(13)

The MISOCP problem in Eq. (13) aims to determine the
optimal placement and active power supply of renewable-DGs
in order to minimize the power losses in the distribution grid.

B. Stage 2: Optimal Reactive Power Output

The previous stage focuses on the placement and sizing of
the DGs that should be determined before the distribution grid
operation. In the second stage, a reactive power control strategy
is applied. The optimal reactive power of the DGs is updated
periodically to follow the different load profiles. This ensures
that the reactive power supply meets the demand and reduces
the power losses. The stage 2 optimization is shown below:

min
QSupply

∑
i,j∈NBus

I2ijrij

s.t. (3)(4)(7)(8)(10)(11)(12)

(14)

The control variable in this stage is QSupply ∈ RNBus , the
set of the reactive power being supplied at each bus. Similar to
PSupply, if there is no DG at bus i, QSupply

i = 0. The objective
and constraints remain the same as in stage 1.



Fig. 4. The power flow losses with different NDG in the IEEE 15-bus
system after different optimization stages. Stage 1: With optimal locations and
active power outputs. Stage 2: With additional optimal reactive power outputs.
NDG = 0 can be regarded as without any optimization.

Fig. 5. The voltage profiles of each bus with NDG = 0, 2, 4 incorporated in
the IEEE 15-bus system after stage 2 optimization.

IV. EXPERIMENTAL RESULTS

In this section, we test the proposed two-stage optimization
problem in two radial distribution grids. The renewable-based
DGs in both benchmarks are simulated using PV units. The
topology of the IEEE 15-bus and 33-bus distribution systems
are shown in Fig. 2 and Fig. 3, respectively. For the IEEE 15-
bus system, the base voltage is 11 kV, and the base power is
100 kVA. The line parameters and load data are retrieved from
[27]. The proposed optimization is programmed in Python and
solved by CPLEX. We then feed the optimal placement and
reactive power outputs of the DGs into DIgSILENT Power-
Factory using its supported Python interface. The power losses
and other experimental data are calculated by DIgSILENT
PowerFactory. The IEEE 33-bus distribution system is also used
to validate the proposed method in a larger-scale system. The
base voltage for the IEEE 33-bus system is 12.66 kV, and the
base power is 10 MVA [28].

A. Case Studies

The effect of each stage of the proposed optimization is
evaluated by applying our approach to the test systems. We
start without incorporating any DG in the benchmarks. The
sole supply of the power is from the transmission system
that is connected to bus 1. Power is transmitted over a long
distance before it reaches the end users, which increases the
power losses. This case provides the power losses and voltage
profiles of the system without any optimization. Then, we
perform experiments with only the first stage of the proposed
optimization in order to study how the placement of DGs
affects the power losses by identifying the DGs’ optimal
locations and active power outputs. At last, we apply the second

Fig. 6. The power flow losses with different NDG in IEEE 33-bus system after
different optimization stages. Stage 1: With optimal locations and active power
outputs. Stage 2: With additional optimal reactive power outputs. NDG = 0
can be regarded as without any optimization.

Fig. 7. The voltage profiles of each bus with NDG = 0, 3, 6 incorporated in
the IEEE 33-bus system after stage 2 optimization.

stage of the optimization to determine the optimal reactive
power of the DGs based on different load demands.

1) Base Case: In this case, we calculate the power losses
without any DG in the distribution system, while also con-
sidering CVR. For the IEEE 15-bus system, it is clear from
Fig. 4 that the power losses in this base case are 58.77 kW
(the highest value in the figure). The voltage profiles in this
base case are presented in Fig. 5. It can be observed (purple
line) that the voltages drop significantly and violate the limit
(0.95 p.u.) from buses 12 to 15. As for the IEEE 33-bus system,
power losses reach 179.46 kW without any DG in the system
(Fig. 6). Fig. 7 shows the voltage profiles of this benchmark
case which drop significantly as moving farther away from bus
1. The voltages at buses 7-18 and 27-33 are below 0.95 p.u.

2) Stage 1: In the first step of the optimization, we aim to
find the optimal locations and the active power outputs of the
DGs. We test our approach with different numbers of DGs in
the grid. Table I lists the locations and active power outputs to
install the DGs optimally. As for the power losses, it can be
observed from Fig. 4 that, even with only one DG, the power
losses can be reduced by 1/3 compared to the base case. This
is mainly due to the DG installed at bus 3, which helps in
decreasing the total transmission distance of the power and
reduces power losses. The power losses decrease gradually as
more DGs are incorporated, which balances the power supply
across the distribution grid. However, it is clear from Fig. 4
that the reduction in power losses slows down as the number
of DGs increases and becomes insignificant (less than 1 kW)
with 4 DGs in the system. Installing new DGs beyond this
number does not necessarily reduce the power losses. Further
reduction requires other methods, e.g., adjusting the reactive



TABLE I
OPTIMAL LOCATIONS AND ACTIVE POWER OUTPUTS WITH DIFFERENT

NDG INCORPORATED IN THE IEEE 15-BUS SYSTEM.

NDG Locations (Bus) Active Power Outputs (100kW)
0 / /
1 3 11.4
2 3, 6 7.2, 4.2
3 4, 6, 11 3.9, 4.4, 2.8
4 4, 6, 9, 11 3.4, 3.7, 1.4, 2.8

TABLE II
OPTIMAL LOCATIONS AND ACTIVE POWER OUTPUTS WITH DIFFERENT

NDG INCORPORATED IN THE IEEE 33-BUS SYSTEM.

NDG Locations (Bus) Active Power Outputs (MW)
0 / /
1 6 3.723
2 3, 30 2.553, 1.162
3 10, 24, 30 1.171, 1.500, 1.047
4 6, 14, 24, 30 1.103, 0.660, 1.187, 0.767
5 7, 14, 20, 24, 30 0.762, 0.602, 0.485, 1.039, 0.828
6 6, 8, 14, 20, 24, 30 0.548, 0.424, 0.535, 0.446, 0.991, 0.770

power outputs of the DGs. Similarly, for the IEEE 33-bus
system, the optimal locations and active power outputs of DGs
are listed in Table II. Fig. 6 plots the power losses with different
numbers of DGs being incorporated into the system. The blue
line in Fig. 6 indicates how the losses are gradually reduced
from 179.46 kW to 62.77 kW by installing new DGs with the
optimal placement approach. Although the losses significantly
reduce as the number of DGs in the system increases, the
reduction reaches a plateau with 6 DGs installed in the system,
i.e., the power losses are only reduced by 0.72 kW when the
sixth DG is connected to the grid.

3) Stage 2: In the first stage of the optimization, the
reactive power supply has not been considered. Here, we further
optimize the DGs’ reactive power outputs to match the load
demands. As shown in Fig. 4, with the optimal reactive power
supply from DGs, the power losses in IEEE 15-bus system
can be further reduced to less than 4 kW. This is due to
the fact that the optimization balances the power demand and
supply. We further study the voltage profiles of the system
with 2 and 4 DGs incorporated, as shown in Fig. 5. It is
clear that as the number of installed DGs increases, the voltage
variations get reduced. As for the IEEE 33-bus system, such
improvements also exist. Fig. 6 shows that the power losses
are further decreased after adjusting the reactive power outputs
of the DGs. In the case with 6 DGs, the power losses are
reduced from 179.46 kW to 62.77 kW in stage 1, and further
reduced from 62.77 kW to 5.21 kW in stage 2. The voltage
profiles with 3 and 6 DGs installed in the 33-bus system are
shown in Fig. 7. It can be observed that all the bus voltages
are above 0.95 p.u. after incorporating 3 DGs into the system.
With 6 DGs installed in the system, the voltage profiles are
more closer to the nominal value.

B. Impact of Load Changes
Load variations can cause circuit overflows and other mal-

functions or even damage power system equipment. Therefore,

Fig. 8. Variations in power losses due to a 50% load increase at different
buses of the IEEE 15-bus system. The solid lines and dash lines represent the
power losses before and after the load increase, respectively.

Fig. 9. Variations in power losses due to a 50% load increase at different
buses of the IEEE 33-bus system. The solid lines and dash lines represent the
power losses before and after the load increase, respectively.

in this part, we consider changes in load demand and study how
these affect the distribution grid. Specifically, we sequentially
increase the load in each of the load buses of the system by
50%. For example, for the IEEE 15-bus system, which has
14 loads, we perform the calculation 14 times, one for each
of the loads. In each step, we increase the load demand of
the bus by 50%. Then, we obtain the power losses before the
optimization is applied and without any DGs in the system, and
after the two-stage optimization with the DGs incorporated. We
consider as ∆L the difference in power losses before and after
the load increase. Fig. 8 shows the variation in power losses for
the IEEE 15-bus system. We observe that the increase of load
demand at bus 8 leads to ∆L = 7.66 kW without any DG in the
system. This value is reduced to 0.71 kW after the optimization.
Similarly, for the IEEE 33-bus system, the variations in power
losses are shown in Fig. 9. With the optimization, the ∆L at
bus 31 is decreased from 36.80 kW to 2.19 kW.

We further study the voltage variations due to the load
increase for the buses in the systems which experience the
highest variation of ∆L, i.e., bus 8 and bus 31 in the 15-bus
system and 33-bus system, respectively. In this experiment, we
increase the load demand of only these two buses by 50% and
present the voltage profiles at each bus in Figs. 10 and 11.
It is clear that for both systems, the optimization contributed
towards improved voltage levels. Despite small variations, all
the voltage profiles are above 0.95 p.u.

V. CONCLUSIONS

In this paper, we present a two-stage optimization strategy to
reduce the power losses in the distribution grid. The approach
first determines the optimal placement and active power outputs



Fig. 10. Bus voltages under a load increase at bus 8 of the IEEE 15-bus
system. The solid lines and dash lines represent the voltage magnitudes before
and after the load increase, respectively.

Fig. 11. Bus voltages under a load increase at bus 31 of the IEEE 33-bus
system. The solid lines and dash lines represent the voltage magnitudes before
and after the load increase, respectively.

of the renewable-based DGs in the grid by solving a MISOCP
optimization problem. In the second stage, we determine how
DGs can provide the optimal reactive power according to differ-
ent load demands. This latter stage achieves further power loss
reduction. The proposed approach is tested on both IEEE 15-
bus and IEEE 33-bus systems using DIgSILENT PowerFactory.
The results verify that the power losses in the distribution
grid can be significantly reduced. The voltage profiles of
the distribution grid are also improved, and furthermore, the
grid can support additional load due to losses savings. As
future work, we plan to consider the load profile and weather-
dependent variability of power outputs of DGs. Additionally,
the application of the optimization framework in distribution
systems with other grid typologies, such as meshed distribution
grids, will be further explored.
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