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Channel estimation for double IRS assisted
broadband single-user SISO communication

Vishnu Karthikeya Gorty

Abstract—In this paper, two Intelligent reflecting surfaces
(double IRS) assisted single-user single input single output (SISO)
communication system is considered. The cascaded channels
(mobile user (MU)—IRS-1—base station (BS), MU—IRS-2—BS
and MU—IRS-1—IRS-2—BS channels) are estimated under
Bayesian setting. Here, the goal is to evaluate the performance of
the estimator in case of MU—IRS-1—-BS and MU—IRS-2—BS
channel links using Bayesian Cramér-Rao lower bound (CRLB).
Without the knowledge of closed form pdf of inner product of
circularly symmetric complex Gaussian (CSCG) random vectors,
we cannot obtain the fisher information. Hence, by numerical
computation we obtain the Bayesian CRLB. In the simulation
results, we show that we can approximate the pdf of the inner
product of CSCG random vectors by a Rayleigh distribution by
increasing the number of elements on the IRS, which is analogous
to Central Limit Theorem (CLT). Also, the results convey that
the mean squared error (MSE) almost matches with the Bayesian
CRLB.

Index Terms—Intelligent Reflecting Surface (IRS), Channel
Estimation (CE)

I. INTRODUCTION

Intelligent reflecting surface (IRS), a low cost and low
energy consuming technology, is made up of a planar array
of passive elements which can reflect, refract, attenuate and
induce a desired phase shift in the impinging signals which
can help in constructive or destructive interference of the
impinging signals. To utilize the performance gains offered
by this technology, there is a need to design the passive
beamforming coefficients at the IRS and active beamforming
coefficents at the BS. This poses a challenge to obtain the
accurate channel estimates as the IRS do not have any RF
chains to transmit the pilots. Hence, in this paper, we takeup
the problem of cascaded channel estimation in case of double
IRS assisted broadband single-user system. Here, we compute
the linear minimum mean squared error (LMMSE) estimate
of the cascaded channels. To measure the performance of the
estimator (in case of MU—IRS-1—BS and MU—IRS-2—BS
channel links), we need to compute the Bayesian CRLB. This
leads to the problem of computing the fisher information,
which is difficult because we do not know the closed form
pdf of the inner product of CSCG random vectors. Hence, by
resorting to numerical computation, we show that this pdf can
be approximated by a Rayleigh distribution.
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A. Related work

In the recent years, there have been a significant research
work related to IRS channel estimation. These works can be
grouped into two categories: CE for single-IRS assisted com-
munication and CE for double-IRS assisted communication.

a) CE for single-IRS assisted communication: : In [1], a
narrowband single user multiple input single output (MISO)
system is considered. With a time division duplex (TDD)
system assumption, the MMSE estimate of the direct channel,
BS—MU, is computed by switching OFF the IRS. Next,
the cascaded channel associated with each IRS element is
estimated. In [2[], an IRS assisted multi-user communication is
considered wherein a three stage channel estimation protocol
is proposed to estimate the direct channel and the cascaded
channels of all the users. The idea is to estimate the channels
of all other users under consideration based on the channel
knowledge of a reference user. In [3[], a semi-passive IRS is
considered to estimate the BS—IRS and MU—IRS channel
links using the orthogonal matching pursuit (OMP) algorithm.
In [4], a certain number of IRS elements are grouped together,
where each group is called a sub-surface. Based on this
grouping method, in [5]], the cascaded channel is estimated in
a orthogonal frequency division multiplexing (OFDM) system.

b) CE for double-IRS assisted communication: : There
may arise a scenario where the signal transmitted from the
MU reaches the BS by reflection from two IRS’s. So, [6]
addresses the problem of channel estimation in case of double-
IRS. Here, it is assumed that the MU—IRS-2 and IRS-1—BS
channels are assumed to be blocked and the cascaded channel,
MU—IRS-1—IRS-2—BS is estimated. In [[7], a double-IRS
assisted multi-user multiple input single output (MIMO) case
is considered where only the direct channel, MU—BS is
blocked unlike in [6]]. Here, all the cascaded channels are
estimated with an effort to lower the pilot overhead.

B. Contributions

From the above discussion, we can say that there have been
a lot of works that address the problem of channel estimation
for IRS assisted communication. However, to the best of our
knowledge, these works did not consider the computation of
CRLB to evaluate the performance of the estimator. Hence,
we make the following contributions in this paper:

o The performance of the estimator (in case of MU—IRS-
1—BS and MU—IRS-2—BS channel links) is evaluated
using an alternative tool, Bayesian CRLB, unlike the
benchmark schemes used in the literature.



e To compute the CRLB, we need the fisher information
which in turn requires the closed form expression of the
pdf of inner product of CSCG random vectors. In the
simulation results, we show that this problem can be
solved numerically by generating a large number of sam-
ples from the inner product and thereby approximating
the pdf of the inner product by a Rayleigh distribution.

C. Notations

A matrix or a vector is denoted by A. The conjugate
transpose and transpose of A is denoted by AY and AT
respectively. Let E{-} and Var{-} denote the statistical ex-
pectation and variance respectively.

D. Organization of the paper

In Section E the assumptions, channel statistics for
Bayesian CE, transmission scheme and the signal model are
discussed. In Section the calculation of channel estimates,
MSE and CRLB in case of Bayesian setting is discussed.
The simulation results are presented in Section [[V] Section
[V] concludes the paper.

II. SYSTEM MODEL

We consider a double IRS assisted broadband communica-
tion between a MU and BS as shown in Figure [I] We assume
that the MU and BS are equipped with a single antenna. Also,
we assume that the direct path between the BS and the user
is blocked due to a building or any other obstacle. Further,
we assume that there is no LoS between any entities, that is,
the BS, IRS’s and the MU. Let N denote the number of sub-
carriers in an OFDM symbol and the number of pilots are
equal to the number of sub-carriers in an OFDM symbol. The
number of reflecting elements on IRS-1 and IRS-2 be N; and
N respectively.
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Fig. 1. Schematic diagram of double IRS assisted uplink communication

Let all the channels between the MU and BS be L-tap
channels. After padding {N — L} number of zeros in the
channel impulse response (CIR) of each channel, the channel
frequency response (CFR) of each channel is defined as

follows. Let H,.(1), € CN**! and H,5) ;, € CV2*! denote
the CFR between the MU to IRS-1 and IRS-2 respectively
over the k' sub-carrier in an OFDM symbol. Similarly, let
Hi)r € CNix1 and Hio) 1 € CN2x1 denote the channels,
IRS-1—BS and IRS-2—BS respectively over the k'* sub-
carrier in an OFDM symbol. The CFR of IRS-1—IRS-2
channel is denoted by G € CN2*M over a sub-carrier
in an OFDM symbol. Let Hy(;y k.n,s Hr(i),kn, @ad Gk ony ny
denote the elements in Hy(; ., H,.(;)x and Gy respectively,
where ¢ € {1,2},n7 € {1,2,...,N1},n2 € {1,2,..., Na}.
All the channels are assumed to be following a quasi-static
block fading channel model and the system is assumed to be
operating in TDD mode.

Let Vipye ~ CN (0,02) denote the frequency domain
noise sample over the k" sub-carrier and they are indepen-
dent and identically distributed (i.i.d) ,where m € {1,2,3}
and k € {1,2,...,N}. Let J), = HtT(l)Jer(l),k denote
the cascaded channel associated with IRS-1. Similarly, let
Joy ke = Hig) Hia) e and J) 0 = Hiy)  GrH,) p de-
note the cascaded channels MU—IRS-2—BS and MU—IRS-
1—IRS-2—BS over the k'" sub-carrier respectively. Sup-
pose that Ht(l),k,rn ~ CN(070§)7 Hr(l),k,nl ~ CN(O’U%)’
Hr(2),k,n2 ~ CN(0,0’%), Ht(2),k7n2 ~ CN(O,UE) and
Gkﬂh,nz ~ CN(0,0‘%). Then ]E{J(l),k} = E{J(Q)yk} =
E{J(g)’k} = 0 and Var{.](l)}k} = N1U%U§,VGT{J(2),;€} =
Nyo3o; and Var{Js) i} = NaNiofoios.

The reflection coefficient of an IRS element is given by,

On = Bn elfn

where ’n’ denotes the n'” reflecting element on the IRS. Since
we focus on CE in this paper, we set the reflection amplitude,
B, = 1 and assume that the reflection coefficient of all the
elements on IRS-1 and IRS-2 is ¢; and ¢, respectively.

A. Transmission scheme

The quasi-static block fading assumption means that the
cascaded channels remain constant over a time block and
varies from one time block to another. Hence, in this paper,
we focus on a single time block, where a part of it is used to
estimate the cascaded channels and the remaining time is used
for data transmission as shown in Figure{2] The magnified
version of each CE block in Figure])] is shown in Figure{3]
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Fig. 2. A single time block showing CE and data transmission phase

To estimate the MU—IRS-1—BS channel, the MU transmits
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Fig. 3. Transmission scheme of OFDM symbols

*P’ pilot symbols over the k' sub-carrier and each symbol
is denoted by X((l))k, where p € {1,2,..., P}. Similarly, the
MU transmits X, (q) and X (r) ;; pilot symbols to estimate
the channels MU%IRS Z%BS and MU—IRS-1—IRS-2—BS
respectively. Here, ¢ € {1,2,...,Q} and r € {1,2, ..., R}.

B. Signal model

From the above discussion, consider the case of CE of
MU—IRS-2—BS channel. We can write the received signal
at the BS over the k' sub-carrier as

Yv(( )) = X(g) k¢2( t(2), kH (2), k) + ‘/((q)) (D
Proposition 1. The E{J)} = 0 and Var{Jq}
Nlafag.

Proof. See Appendix{A] O

III. COMPUTATION OF ESTIMATES, MSE AND CRLB

As shown in Figure |Z[, in the first CE block, the MU—IRS-
1—BS channel is estimated by switching OFF all the elements
of IRS-2 and switching ON all the elements of IRS-1. Simi-
larly, in the second CE block, all the elements of IRS-2 are
switched ON and that of IRS-1 are switched OFF. In the third
CE block, all the elements of IRS-1 and IRS-2 are switched
ON.

a) Estimation of MU—IRS-1—BS channel: By stacking
the pilots sent over k*" sub-carrier for * P’ time slots, we get

.k = 01X k) + Ve 2

where X (1)1 € CP*1. Then the LMMSE estimate is given
by

Y

Tk =Ry Ry Yk 3)
Nioios .
where Ry = 7X(1) 1 18 the cross-covariance of J(q)

and Y(l),k' Ryy = N10'10'2(X(1)7kxg),k) + o%1 is the
covariance of Y (1)
From (3), the LMMSE estimate is given by

N10102

b1

Ty w X (N10703 (X (1) kX {1y 1) +0°D) " Y 1y 1

“4)

b) Estimation of MU—IRS-2—BS channel: The
LMMSE estimate is given by
j(z) k=
Nyo2o? _
23X ((N2o303 (X o) 1 X(h) 1) + 02 D) Yo (9)

b2

where X (9 € CO*1,
c) Estimation of MU—IRS-1—IRS-2—BS channel: The
LMMSE estimate is given by

Tk =
NoNyo20202 _
ﬁx(g) k(NaN1o70303 (X (3) kX3 1) +0°1) 7

Y3).k
where X3, € CH*L.

A. Mean Squared Error (MSE)
The MSE for the estimate, MU—IRS-1—BS is given by

MSEq4y, =Ry —RyyRyyRyy

where R ;7 = Nyo?03 is the covariance of Jay,rand Ry ; =
RY,,. Hence,

MSE(l)yk = Nlo'fag—

((N10703)X {0, 1 (N1t 05 (X ) 1 X {1y 1) +0°D) " X1 )
@)
From (7), we can write
-1
(X(l) kX (1),k) 1
MSE = 8
1)k o2 Nioic2 ®

Proposition 2. The MSE ), in @) can be obtained from
.
Proof. See Appendix{B]

Similarly, the MSE for the estimate, MU—IRS-2—BS is

O

MSE) ), = Nao3os—

((N20307)*X (3 1 (N20307 (X (2) 6 X (b 1) +0°1) " X2 1)
€))
From (@), we can write
-1
(X3 6 X2),k) 1
MSE . 7 10
@) o? Nyo2o? (19)

Finally, the MSE for the estimate, MU—IRS-1—IRS-2—BS
is

MSE(g)’k = NQNlU%O'EO%—
((N2N10t0302)°X (5 k (NaN10T 0502 (X (3) 1 X (5 1) +0°D) 7!

Xyk) (A1)
From (TI)), we can write
-1
(X 2 X x) 1
MSEg, = |— OO, (12)

o2 NyNio?oio?



B. Cramér-Rao lower bound (CRLB)

Suppose that if there is no prior distribution assigned to
the channels then by using the result of CRLB for a complex
parameter in [§]], the CRLB is given by

C’R[/B(l)’]C = 02(X5)7kx(i),k)_l (13)

Here, i € {1,2,3} and k € {1,2,...,N}.

Since we are considering a Bayesian approach in this paper,
from the discussion in [9, p. 84] and from (]E), we can write
the CRLB for the MSE of the estimate, MU—IRS-i—BS as

(X X))
CRLB(Z)JC = [WQU + Fpm’ori

-1

(14)
g

where,

Py = { [ TOBGETL

Here, f(J) is the pdf of the cascaded channel, say J(1)7k. To
calculate f(J), we need to find the pdf of inner product of
CSCG random vectors. In [[10], a joint characteristic function
of this problem is derived, which is given as

1

2 2\ S
9 WT +w2>

(16)
(1 + 012403 1

Z/1D1,D2 (Wla Wz) =

where, D; and D, are the real and imaginary parts of
D = AYB and A ~ CN(0,0%1), B ~ CN(0,0%1).
Here, A,B € CS*! It can be seen from (T6) that it is
difficult to find the pdf by applying a inverse fourier transform
directly. Hence, by numerical computation, the pdf, f(J) is
approximated with Rayleigh pdf. This issue will be further
discussed in Section [[V] Therefore,

2

} W)

1 J

Fpriori:E{‘J_bQ
where b is the scale parameter of Rayleigh pdf and
oln(f(J)) <1 J

a.J J o2

J b2
Now the expectation in (I7) can be solved numerically by
plugging in the sample values of the inner product (J). This
numerical computation of the pdf can also be extended to
MU—IRS-1—IRS-2—BS channel.

IV. SIMULATION RESULTS

The simulations are carried out for the case of MU—IRS-
1—BS under Bayesian setting. The QPSK symbols are used
as pilot symbols in the simulations. Firstly, to compute the
Bayesian CRLB, the approximated pdf of f(J) has to be
computed to obtain the fisher information. So, we generate
10° samples of the inner product of CSCG random vectors,
Hy(1),x and H,(1),;. We repeat this process for Ny = 5 and
N; = 60 IRS-1 elements. As shown in Figure ] the pdf
is approximated with a Rayleigh distribution having a scale
parameter of b = 7.243 (estimated). We can observe that

this approximated pdf is not a proper fit for the histogram.
However, if the number of elements on IRS-1 are increased
to N7 = 60, we can observe from Figure [3] that the histogram
is well approximated with a Rayleigh distribution having
b = 25.1108 (estimated). This observation is analogous to
CLT. After finding out the approximate pdf, the Bayesian
CRLB can be computed from (T4).
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Fig. 5. pdf approximation of J(1)  for N1 = 60
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Fig. 6. MSE vs Pilot energy for N1 = 60 in case of Bayesian setting

Now we will evaluate the performance of the LMMSE
estimator using the Bayesian CRLB which is computed pre-
viously. The MSE is used as a performance metric here. It



is plotted against the pilot energy in Figure [§] by fixing the
pilot length to four. Also, the MSE is plotted against pilot
length in Figure [/| by fixing the pilot energy to unity. The
MSE decreases as the pilot energy or pilot length is increased
and this result is expected.
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Fig. 7. MSE vs Pilot length for N1 = 60 in case of Bayesian setting

V. CONCLUSION

The cascaded channel estimates are computed in case of
double-IRS aided communication with a wideband channel
assumption. To evaluate the performance of the estimator
(in case of MU—IRS-1—BS and MU—IRS-2—BS channel
links), the Bayesian CRLB is used which was computed
numerically. It is shown that computing the CRLB analytically,
is difficult because there is no closed form expression of pdf
of inner product of CSCG random vectors. Hence, we find the
approximate pdf numerically.
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APPENDIX A
PROOF OF PROPOSITIONAT]

We prove that Jiy) ), ~ CN(0,Nioio3) where Ji1y =
HtT(l),kHr(l),k- Suppose that a = Hy(y), and b = H,(1) .
Then J(1);, = a’b. We can write J(1) , = a1by +agby +...+
aNlel. Now let y1 = a1b;1.

We can write
Y1 = (a1r + jair)(bir + jbir)
= (a1rbir —airbir) + jlairbir + a1rbir) (18)

From (T8), we can write E{y;} = E{vir} + jE{v1s} = 0
and Var{y,} = Var{yir} + Var{yir}. Consider,

Var{amblR} = E{(alelR)Q}
= Var{aig}Var{bir}
2 2
0201
f— 1
1 (19)
Hence, from (19), we can write
Var{ya} = Var{airbir}+ Var{airbis}+
Var{airbis} + Var{aisbir}
= ojo} (20)

From 20), we can write Var{J1)} = Nioios.
Hence, E{J(1)} = 0 and Var{Jx} = Nio703.
APPENDIX B
PROOF OF PROPOSITION{2|

We show the simplification of MSFE() ;. Let afl =
Nyo}a3. We ignore the sub-scripts to show the simplification.
Consider,

o XAXXH 4 52XH (1)
From (21, we can write
(XX + SAT)XT = XXX 4+ 0T) (22)

Here, the LHS and RHS in (22) originate from 1) itself. By
re-arranging the terms in (22), we can write

XH(o2XXH 4 0 T) 7! = (02 XHX + o2T) 1 XH
Hence, by substituting (23) in (7), we get

(23)

MSE(l)’k = Nlafag—
((ngfag)Q(Nl(ffffg(Xg),kx(l),k)JFUQI)*IXg),qu),k)
By adding and subtracting, 0?1, we get

MSE(l)yk = Nlo'fag—
((Nlafag)(Nlafag(Xg)’kX(l)yk) + 0-21)_1
(Motos(X{1) x X)) +0°1—0°T))

Hence,

—1
(XX ).5) 1

MSEq = o2 Nyo2o2
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