
HAL Id: inria-00072753
https://inria.hal.science/inria-00072753

Submitted on 24 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Finding Repeats With Fixed Gap
Roman Kolpakov, Gregory Kucherov

To cite this version:
Roman Kolpakov, Gregory Kucherov. Finding Repeats With Fixed Gap. [Research Report] RR-3901,
INRIA. 2000, pp.15. �inria-00072753�

https://inria.hal.science/inria-00072753
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
39

01
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Finding Repeats With Fixed Gap

Roman Kolpakov and Gregory Kucherov

N° 3901

Mars 2000





Unité de recherche INRIA Lorraine
LORIA, Technopôle de Nancy-Brabois, Campus scientifique,

615, rue du Jardin Botanique, BP 101, 54602 Villers-Lès-Nancy (France)
Téléphone : +33 3 83 59 30 00 — Télécopie : +33 3 83 27 83 19

������������� 	�

��
�������� ����� ������
�� �����

 "!$#�%'&)(*!$+-,.%'/0!2143*%'&6587:9�;=<0!$9?>)(:@6ACB4;D9�!E1�F

G
HJI�KMLONQP R�S�TJUVL�WYX[Z\UY]�UVL�W
L?^�]`_CWY]�aEWcbedDKgf0X[WYUVhDaEL

ikjeXmleL?^ni�X[WYom_

pn_\qEqrX[js^�tJL�juL?]�HJL�je]�HJLvT'w.x[y[z2{�P |}_\jubnN\z[z\z~P {��gq�_\Z[L?b

���6�?�`�m�J�\���)� L:qJjuX[q0X[beL�_\T�_\WYZ[X\juUV^uHJK���X\j��JTJtJUYTEZ�UYT�_���X[jet�_\WYW
qJ_\UYjeb*X\��X2]��
]�aJjejuL�TE]�L�b�X\��^uHJL�b�_CK*L�beaJf���X\jut���UV^�H�_�Z\UV�[L?T�tJUYbs^�_\TE]�L� ¡f0L?^¢��L�L?T�^uHJL�K:£�G
HJL
X[fE^�_CUYTJL?t�]�X[KMqJWVL�¤2UV^¢d�UVb�¥�¦�§�¨Y©[ª. n«�¬k­�®0��HJL�jeLM¬¯UYbn^uHJLgbeUY°�LQX\�±^�HJLQX[aE^�qEaE^`£ � L
_\WYbeX¡buHEX��²HEX��²^uHJL�_\WVZ[X[jeUV^�HEK�]`_CT³frL*K*XDtJU´��L�tµUYT¶X[jutJL?jO^uX}��TJt�_CWYW±buaE]�H�q�_\UYjeb
X\�.XD]�]?aJjujeL�TJ]?L�b·beL�q�_Cj�_C^uL�t¡f�d:_�Z[UV�\L�T���X\jut¸£¹G
HELObeX[WYaE^uUYX[T�aEbuL�b·_\T}_\WYZ[X\juUV^uHJK²��X[j
��TJtJUVTJZ�_CWYWkº�»E¼m½�¾À¿Á½�º�»J¼\Â�Ã�½¹UYT�^¢��X*be^ujuUYTEZ[b�®0_�qJjuX[fEWYL�K�^�H�_C^nZ[L?TJL�ju_\WYUV°�L�b
^uHJLOo=TJXÄ��T
qJjuX[fEWYL�K�X\�4buL`_Cju]�HJUVTJZM��X\j
buh=a�_\jeL�b�£
Å}Æ�Ç$ÈeÉgÊ �mË4�\� _CWYZ[X[jeUV^uHJK*b?®�qJ_C^u^uL�juT�K�_C^u]�HJUYTEZJ®�jeL�q0L?^�U´^�UVX[TJb�®�_\WYZ\X[juU´^�HJKMUY]�]?X[K"�
qJWYL�¤EU´^¢d
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��� ����� � ��� X[aJb�qJjuX\qrX[beX[TJb¹aET�_\WYZ\X[juU´^�HJKML
juL?]�HJL�je]�H�_\T�^ t�_\TJb¹aET�K*XC^�^uX[aE^�L?b¹WYL?b
q�_\UYjeL�b t�� X2]?]�aJjejuL�TE]�L�b�t��ÞaJT¡K*S?K*L��-_\]?^uL�aJj��*tJUVbe^�_\TJ]�LO *L?T�^�juLOL�WVWYL�b?£��æ_M]�X[KMqJWYL�¤=�
UV^�SOX[fE^uL�T=aJL"L�bs^~¥�¦�§�¨Y©[ª± n« ¬k­�®$X��µ¬ L?be^�W _M^�_\UVWYWYL�tJL"WY_�buX\je^�UVL\£ � X[aJb�KMX[T�^�juX\TJb
S�Z�_\WVL�KML�T�^~]�X[KMKML�T�^~W �Þ_\WYZ[X\juUV^uHJKMLOq0L�aE^"!?^ujuL*K*XDtJUV�JS�_C��TµtJLM^ujuX[a2�[L�j~^�X[a2^�L�b~WYL?b
juS�q0S?^uUV^uUYX[TJb buS?q�_\jeS�L�b�q�_Cj�aJT�KMX\^·tEX[TJTJSC£"�æ_�beX[WYa2^�UYX\T¡aE^uUYWYUVbuL~aJT�_\WVZ[X[juU´^�HJKML�h=aJU
^�juX\aE�[L¹^uX[aJb.WVL�b�º�»E¼m½�¾À¿$#u¼\Â�Â&%�½�tJ_\TJb±tJL?a2¤"KMX\^�b?®[aJT�qJjeX[fJW('KML�h=aJU2Z[S�TES�j�_CWYUYbeL¹WYL�qJjuX\f2�
WYI�KML�fJUVL�T:]�X[TETDa:tJL�juL?]�HJL�je]�HJLQtEL~]�_\jujeS�b?£
) Ê ��� È �+* � �¡� _\WVZ[X[jeUV^�HEK*L?b�®0juL�]�HEL�ju]�HELMtELgK*XC^�UV��b?®rjeS�q0S?^uUV^�UVX[TJb?®r]?X[K*qEWYL�¤2U´^�Sg_CWYZ[XC�
juUV^uHJKMUYh=aJL
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p L?qrL�^�UV^uUYX[TEb6UYTg��X[jetJbk_\juL
UVK*q0X[js^�_\T�^.X\fDleL�]�^�b±qJWY_ÄdDUVTJZ�X\�À^�L?T�_·��aJTJt�_CK*L?T=^�_\WJjeX[WYL¹UVT
]�X[KgfEUYT�_C^uX[juUY_\WJqJjeX[q0L�je^uUYL?b�X\�$��X[jetJb�£kG
HJL�d�_CWYbuXOqJjuXÄ�\L�t�^�XOfrLnUYKMqrX\je^�_CT=^ UVT�be^ujuUVTJZ
K�_C^u]�HJUYTEZ�_\qJqJWVUY]`_m^�UYX\TJb����¹pny[���Á£! 6UYTJtEUYTJZ�jeL�q0L?^uUV^�UVX[TJb.UVT"��X[jetJbkUYb.��aJTEt�_\KML�T�^�_\W2��X[j
buX[KML�]?X[K*qEjuL�bebuUVX[TO^uL�]�HJTJUVh=aJL�b"��#D^�X%$%$&�Ù®�_\b4��L�WVWE_Cb4��X[j4fJUYX[WVX[Z[UV]`_\W[beL�h=aJL?TJ]�L _\T�_CWVdDbuUVb
�ÛR�aJb�y%'��Á£

( Z[jeL`_C^�tJL`_CW0XC�$��X[juo'®EUVTM��X[jet�]�X\KgfJUYTJ_C^�X[jeUY]?bk_\TJt�bs^�jeUYTJZ~K�_m^�]�HJUVTJZJ®=H�_\b frL?L�T
tJL?�\X\^�L?t³^�X #*)��+�-¾,�\»-)m»�½�Â�Ã
	�Ã��-¾��-¾.)��E½�®4��HJL?T _���j�_\Z\K*L?T=^QUYbOjuL�q0L`_m^�L�t�]�X[T�^�UVZ[aJX[aEbuWVd
^¢��X:X[j�K*X\juLg^�UVK*L?b/�0��jeX1$E{[®2#DWYU3$\xD®2��jeX1$[xE® ( i4$\x2®�| �5$�6J®�| �2$[�2®�|¡_\U7$[y2®58 X[b�y�6E®
9s|:#Ey1'2®�#ER~y%$\_2®-8;8�y[y\f¸®�#JR�y%$\fr®�8<8�y[y\_��Ù£ ( buUVK*qEWYL�bs^
��X[juK X\�.]?X[T�^�UYZ\aJX[aJb�juL?qrL��
^�UV^uUYX[T�UYb�_�½�º�»J¼\Â�Ã>=�^�_CTJtJL�K juL�q0L`_m^@?�®J��HEUY]�H:UYb�_"buaJf���X[jut}X\��^�HJL���X[jeKBA-A�£

C T ^�HJL�X\^uHJL�j�H�_CTJt¸®�beX[K*Lµ_\qEqJWYUV]`_C^uUYX[TJb*fJjuUVTJZ�aJq ^�HJL�qJjeX[fJWYL?K X\�~��TJtJUVTJZ
buaJf���X[jutJb±jeL�q0L`_C^uL�t�UYTQ_·��X\jut"UYTQ_�qrX\bubuUVfJWVd~TJX\T2�¢]?X[T�^�UYZ\aJX[aJb��¹_`d[£ ( b±_\TQL�¤E_\KMqJWYLC®
UV^�UYb
��L�WVW�o=TJXÄ��T:^�H�_C^�^uHJLObeaED"¤:^�juL?LF�Þ|}]G�H'�IJ®-Jno=oDy��&��_\WVWYXÄ��b¹^�XML`_\beUYW´d�]�X[KMqJaE^uL
^�HJL*WYX[TJZ\L�be^~beaJf���X[jet�X2]?]�aJjejuUVTJZ�_C^OWYL�_\be^~^¢��UY]?L�UVT�_���X[jet¸£¡|}X[juL*_\f0X[aE^~��TJtJUVTJZ
juL�q0L`_m^�L�t:buaEf=��X[jetJb·UVT�_���X[jut:]`_CT}f0L���X[aJTJt:UYTK�ÞR�aEb�y1'��Ù£

( TgUYT�^uL�juKML�tEU _C^uL±qJjuX[fEWYL�K:®mX2]?]�aJjejuUYTEZ ��X[j�L�¤E_\KMqJWVL�UVTOKMX[WYL?]�aJWY_\jcfJUVX[WYX[ZCd�_\qJqEWYU´�
]`_C^uUYX[TJb?®']�X[TJbeUYbs^�b UYT}�JTJtJUYTEZ*beaJf���X[jetJb�jeL�q0L`_C^uL�t¡��U´^�HJUVT}beX[K*L~buq0L�]?UV��L?t¡tJUVbe^�_\TJ]�LC£
G
HJUYb.qEjuX[fJWVL�K H�_\b6frL?L�T"be^uaJtJUVL�t"UYTg_·juL?]�L�T�^kq�_CqrL?jH��L ��i4#Ey\y&�Á£.|}X[jeL¹qJjuL?]�UVbuL�W´d[®\^uHJL
qJjuX[fEWYL�K ]�X[TEbuUYtEL�juL?t¶��_\b�^�X���TJt¶_\WVW.buaJf���X[jutEbMA-NOA�®¸��HEL�juL"^uHJL�buUY°?L�X\�PN'®æ]`_CWYWYL?t
^�HJLQ��¼�	0®=frL?WYX[TJZ\b.^�Xg_�buq0L�]?UV��L?t�UVT=^uL�js�\_CWÁ£!J buUVTJZObeaED"¤M^�juL?L�bk^�X[Z\L?^�HEL�jk��UV^�HMfJUVT�_\jed
buL`_Cju]�H�^ujuL�L?b�®JU´^ H�_\b�f0L�L?T�buHEX���T�UVT��RL��æi4#Ey[y&�0^�HJ_C^¹_CWYW�buaE]�HF	E¼\¾ÀÂ�½S=-X\�cXD]�]?aJjujeL�TJ]?L�b
X\�TAU?�]�_\T}f0L���X[aJTEt}UVT�^uUYKML�¥�¦�§�¨Y©[ª±§M« ¬k­�®E��HJL?juLQ¬�UVb¹^�HJL�buUV°�L�X\��^�HJL�X[a2^�qJaE^�£

9¢T�^uHJUYb
q�_CqrL?j�®E��L�]�X[TJbeUYtJL?j�_"juL�bs^�jeUY]?^uL�t��[L?jubeUYX[T�X\��^�HJUVb¹qJjeX[fJWYL?K}®D��HJL�TVNMH�_\b
_QW2�2Ã���beUY°?L\®�_\TEt�buHJXÄ� ^uH�_C^�_CWYW0juL�q0L`_m^�L�t�XD]�]?aJjujeL�TJ]?L�b X\�2A:��U´^�H�_gZ�_\q�L?h=a�_\W$^uX" 
]`_\T:frL���X\aJTJt:UYT�^�UVK*L�¥�¦-§�¨V©[ª. �« ¬ ­�£

G
HEL¶_CqJqJjuX[_\]�H���L�aJbeL�UYb�beUYKMUYW _CjM^uX³^�HJL�X[TEL�aJbuL?t UVTX�Û|¡_CU3$[yD®H8;8~y\y[_��n��X[j
��TJtJUVTJZ}beXC�¢]�_\WYWVL�t�K*_m¤2UYK*_\WH=�]�X[T�^uUYZ[aJX\aJb*?�juL?qrL�^�UV^uUYX[TEb�£/9Ó^QUVb�f�_\beL�t³X[T�^¢��X¡UYtEL`_\b?£
G
HJL*��jebe^QX[TJL�UVbQ_:buq0L�]?U _\Wk�-_\]?^uX[juUV°`_C^uUYX[T�X\��^�HJLM��X[jet¸£�#2WYUVZ[H�^�WVd�tJUZYrL�jeL�T�^QtEL?��TJUá�
^�UYX\TJbOXC�
^�HJUVb~�-_\]�^�X[jeUY°�_C^�UVX[T�_CjuL�o=TJXÄ��T�aJTEtJL�jQ^uHJL�T�_CK*L�½�¿\[?¼ #��])mÂ�¾,^Ä¼��-¾.)��_����juX1$[x��
=�[�¿\[?¼ #��
)mÂ�¾,^Ä¼��-¾.)��QUVT:���¹pny&6���?�®2X\j��cL�KMqrL?W´�]`$UV�Q�-_C]?^�X\juUY°�_C^�UVX[TV�ÛR�aJbuy1'��Ù®2f0L�]�_\aJbuL·X\�cUV^ub
aJbuLgUVT}^uHJLQ��L�WYWá�¢o=TJXÄ��T��cL�KMq0L�W´�]`$UV��]?X[KMqJjuL?bubuUVX[T�KML?^uHJX2ta� �2`b'�ID®c`��2'%'d�Á£Q9¢T¡^�HJUVb
q�_\q0L�j�®2��X[j
qJjuL?buL?T=^�_C^�UVX[T:qJaJjuq0X[beL�b�®���LOaEbuL�^�HJL �cL�KMq0L�W´�]`$UV���-_\]�^�X[jeUY°`_m^�UYX\T¸£

Õ�Õ Ð�egf ð ��ï
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G
HELMbeL�]?X[TJtµ]�X[KMqrX\TJL�T�^�X\� X[aJj�KML?^uHJXDt�UYb�WVX[TJZ[L?be^�]�X\K*KMX[T�L�¤2^uL�TJbeUYX[T���aJTJ]��
^�UYX\TJbH�Þ| �5$�6��Ù£6G�X�UYWYWVaJbe^uj�_C^uL�^uHJL¹UYtEL`_E®=_\bebuaJKML���L _\juL¹Z\UV�[L?T"^¢��X���X[jutJb A��
��A���®=_\TJt
�¹_\T�^±^uX�]�X[KMqJaE^uL\®\��X[j6L`_\]�H�q0X[buU´^�UYX\T��¸X\��A��`®\^uHJL
WYL?TJZ\^uHgX\�'^�HJL�WYX[TJZ\L�be^.qJjuL��E¤"X\��A��
��HJUY]�H}X2]?]�aJjeb·_C^ q0X[buU´^�UVX[T���UVT A��`£ ( �\_CjuU _m^�UYX\T�X\�6^uHJLM8�T=aE^uH2�s|}X\jujuUVbs�¢ikju_C^u^ _CWYZ[XC�
juUV^uHJK =�buL?L �Þ| �5$�6J®��¹p y�6��3?k_CWYWYXÄ��b.^uXO]?X[K*qEaE^�LQ¼����C^uHJL�beLnWVL�TJZ\^uHJbkUYT�^�UVK*L�¥�¦
� A����¢«
� A���� ­�£�G
HJUVb�]�X[KMqJaE^�_C^�UVX[T¸®0aJTJtJL?j�tJU,Y$L?juL�T�^��C_\jeU _\T�^ub�®¸_CqJqrL�_\juL?t�^�X�f0LQ�[L?jed¡aJbuL���aJW
UYT�buL��[L�ju_\Wæbe^ujuUYTEZMK*_C^u]�HJUYTJZ"qEjuX[fJWVL�KMb;�0��jeX1$[xD®0| �5$�6J®'|¡_CU3$[yD®-8<8�y[y\_2®-#JR�y%$\f �Á£

( �À^�L?jOZ[U´�DUYTJZ�f�_\beUY]�tJL���TJUV^uUYX[TEb~UVT #2L�]�^�UYX\T�N2®æ��L���jebe^O]�X[TJbeUYtJL?jQ_�qJjeX[fJWYL?K X\�
��TJtJUVTJZ�º�»J¼m½�¾À¿Á½�º�»E¼\Â�Ã�½~UYT³^¢��X���X[jetJb�£µG
HJUVb"qJjuX[fEWYL�K:®6��HJUV]�H�qJW _`dDb�_\T�_\a2¤2UVWYU _Cjed
juX[WVLOUVT¡^�HJUVb·q�_CqrL?j�®$Z\L�TJL?j�_\WVUY°�L?bn^uHJLgqJjeX[fJWYL?K X\�±��TJtJUVTJZ�aJbea�_\W4buh=a�_\jeL�b�UYT¡_*��X[jut
_\TJt³UVbQUYT�^uL�juL?be^uUYTJZ�X\T³UV^ubQXÄ��T¸£:9¢T #2L?]?^uUYX[T�x2®6��L�qJjuX[q0X[beL�_\T³L�D*]?UYL?T=^gbuX[WVaE^�UVX[T
^�X�^�HJUVbOqJjeX[fJWVL�K:£*G
HJL?T¸®.UVT #2L?]?^uUYX[TK6J®æ��L*qJjuL?buL�T�^g_\T³_\WVZ[X[jeUV^�HEK ��X[j���TJtEUYTJZ}_\WYW
juL�q0L`_m^�bQ��U´^�H�_¡�E¤2L�t�Z�_Cq¸£  6UYTJ_\WYW´d[®6UVT #2L?]?^�UVX[T��}��L�buHJXÄ��HJXÄ� ^uHJUYbg_\WYZ[X\juUV^uHJK
]`_\T�f0L�K*XDtJUV�JL�t³^�X���TEt _CWYW�jeL�q0L`_C^uL�t�buaJf���X[jut�XD]�]�aEjujuL?TJ]�L?bM��U´^�H�_ W2�2Ã����P)mÂ �
frL�^¢��L?L�T}^uHJL�K:£

� � 
�
}�����æ� �O���

��X[TJbuUVtJL�j:_³��X[jut � ! "#�%$&$&$'")(2£*� �+�±tJL?TJX\^uL�b�^�HJL�WYL?TJZ\^uH X\�,�Q£-�/.0�2143)5Á® ��X[j
687 �9�:3 7 §4®¸tJL?TJX\^�L?b·^�HELgbuaJf���X[jut2");<$&$&$'">=OqEjuXÄ�DUYtJL?t¡^�H�_m^?� 7 3�®¸_\TJt�^uHJLQL?K*q2^¢d
��X[jet¯X\^uHJL�js��UYbuLC£ ( qrX\buUV^uUYX[T@�OUYTA� UYb*_\T¯UVT�^�L�Z\L�jMTDaEKgfrL?j�f0L?^¢��L�L?T B¶_\TJtDC0®
_\bubeX2]?U _C^uL�t�^�X"^uHJL��-_\]?^uX[juUV°`_C^uUYX[TE�F!F�HG'�HG GY®E��HJL?juL�� �4GI��!F�e£ ( buaJf���X[jutVN�X\�J�8UVb
b�_\UVt�^�X"be^�_\je^;=-juL?buq0L�]�^�UV�\L�W´d�L�TJt+?¹_C^
q0X[buU´^�UYX\TK�.UV�2NMUYb
_gqEjuL?�2¤�X\�J�HG G5=-juL?buq0L�]�^�UV�\L�W´d
buaED"¤:X\�L�HG ?�£ ( buaJf���X[jut:N*]�X[T�^�_\UYTJb�q0X[buU´^�UVX[T��kUV�4UV^�be^�_\je^ub _C^ _Mq0X[beUV^�UVX[T�buK*_\WVWYL�j
X[j
L�h=a�_\W¸^uH�_\TM�u®'_\TEt:L?TJtJbn_C^ _�qrX[beUV^uUYX[T�Z\juL`_m^�L�j�X[j
L?h=a�_\W¸^�HJ_\T��e£

 �X[j�_"beL?^·¬¹®N� ¬O��tJL?TJX\^�L?b ^uHJL�]`_\jetJUYTJ_\WYU´^¢d�X\�.¬¹£
�cL�^g 2PQB:frL�_:Z[UV�\L�T³UVT�^�L�Z\L�j�£ ( T³XD]�]?aJjujeL�TJ]?L�UYTR��X\��beaJf���X\jutTSU!BA-NOA�®

��HJL�jeLV� AW�XPYB�_CTJtZ� N[�\!  D®'UYb ]`_\WVWYL�t¡_\T¡ D¿ ��¼�	1	�Ã���Â�Ã
	�Ãu¼���=À��X[j�buHJX\je^`®r 2¿¢Â�Ã
	�Ãu¼��7?�UVT
�Q£�G
HJL���jebe^gXD]�]?aJjujeL�TJ]?L�X\�PA�UYb�]`_CWYWYL?tµ^uHJLM�YÃ [@�·Â )d)��Ù®4_\TJtµ^�HJL*buL?]�X[TJt¶^�HJL:Â�¾,�����
Â*)d)��-£  �X[j�_\T� Ä�¢juL?qrL�_C^4S�®J^uHJL�WYL?TJZ\^�H]� A^�[UYb
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9¢T¶^�HEUYb�buL?]?^�UVX[T���L*]�X[TJbeUYtJL?jQ_CT�_\aD¤EUVWYUY_\jed}qJjuX\fJWYL?K}®c^�HJ_C^~HJXÄ��L��[L�jQUYb�UYT�^�L?juL?be^�UVTJZ
X[T�UV^ub�XÄ��T¸®J_\b�U´^�Z[L?TJL�ju_\WYUV°�L?b�^�HEL·��L?WYWá�¢o=TJXÄ��T�qJjeX[fJWYL?K²X\�¸��TJtEUYTJZ"_CWYW'buh=a�_\jeL�b
UVT�_
��X[jet¸£

( bubeaJK*L*��L�_CjuL�Z\UV�[L?T�^¢��X¡��X\jutJb/� G � � G G X\��L�h=a�_\W WYL?TJZ\^uH¸®O� � G � ! � � G G ��! §4®
§��
	2£ � L}b�_`d�^�H�_C^M��X[jutJbE�HG � �HG G�]�X[T�^�_\UYT�_�h=a�_\buUá�¢behDaJ_\juL}UZY ��X[jMbuX[KML 6T7
C 7 § _\TJt]_ P B³��L�H�_`�\L2�4G�. C $&$ C�« _�� 6 58! �HG G�. C�« _ $&$ C�«
	%_�� 6 5Ù£ L d
_\T�_\WVX[Z\d�^�X"aJbea�_\W¸beh=a�_\juL?b�® _�UYb�]`_\WVWYL�t*^�HJLQ	�Ã�Â�¾.) ��X\�æ^�HJL�h=a�_CbuU´�Óbuh=a�_\jeL\®�_CTJt���X[jetJb
�HG . C $&$'C"« _�� 6 5I� �HG G . Cg«]_�$ $'Cg«�	%_�� 6 5k_\jeL"]`_\WVWYL�t�jeL�beqrL?]?^�U´�[L?WVd�UV^ub/�YÃ [@��Â )d)��k_\TJt
Â�¾,����� Â )d)��Ù£

R�UV�\L�T�^¢��XQ��X[jutEb�®E^uHJL·qJjeX[fJWVL�KvUYbk^�XO��TJt�_\WVW'hDaJ_\buUá�¢buh=a�_CjuL�b�UYT*^uHJL�K:£ ��WVL`_\jeWVd[®
^�HJUVb Z\L�TJL?j�_\WVUY°�L?b.^�HJL qJjeX[fJWYL?K X\�0��TJtJUVTJZO_\WYWJbeh=a�_\juL?b�UVT*_���X[jutM��HJUY]�H*]�X[jejuL�beqrX\TJtJb
^�XQ��TEtJUYTJZg_\WYW0h=a�_\buUá�¢behDaJ_\juL?b
UYT*^¢��X�L�h=a�_\W0��X\jutJb?£�p�L�]�_\WYW'^�HJ_C^���TEtJUYTJZ�_CWYW'buh=a�_\jeL�b
UYT:_���X[jet}UVb�_MqJjeX[fJWVL�K ��HJUV]�H}HJ_\b�frL?L�T¡L�¤D^�L�TEbuUV�\L�W´d�be^�aEtJUYL?t¸£�#DUYTJ]?L�^uHJL�T=aJKgf0L�j
X\�~_\WYW buh=a�_CjuL�b�]�_\T�frL�¥�¦-§ � ­�®�X[TEL¡�¹_`d�UYb�^uX³]�X[TEbuUYtEL�j�X[TEWVd 	0Â�¾��"¾��-¾��\Ã%� 	m¿¢Â*)d)��¢Ã��
buh=a�_\jeL�b�®~X\�O��HJUY]�H ^uHJL�T=aJKQfrL?j}UVb¡¥�¦-§�¨Y©\ª±§c­�®�X\j}X\^uHJL�j:juL?qrL�^�U´^�UV�\L¶bs^�jeaJ]?^uaJjuL?b�®
buaJ]�H�_\b �M¼G�[¾��M¼��J¾��+�¢Ã.�DÃ�Â6X[j �M¼G�[¾��M¼���[�Âu¼ #��-¾.)��0¼��mjuL�q0L?^uUV^uUYX[TJb���£ #DL?�[L?j�_\W0_\WVZ[X[jeUV^�HEK*b
�0��jeX1$E{[® ( i $[xE®=| �5$�6&�'_\WYWVXÄ��^�X���TJt*_\WYW2buaJ]�H*be^ujuaJ]�^�aJjeL�bkUYT"^�UVK*L�¥�¦�§�¨Y©[ª±§¸­�£��k_\]�H
X\�c^�HJL?buL�_CWYZ[X[jeUV^uHJK*bkUVb¹_\fJWVLn^uXgL�¤D^�ju_\]?^
_\WYW0buh=a�_\jeL�b
UVT*^�UVK*Ln¥�¦�§�¨Y©[ª±§O«³¬k­�®2��HJL?juL
¬ UYbg^uHJL}T=aJKQfrL?jMXC��X[aE^uqJaE^Mbuh=a�_CjuL�b�=-beL�L¡_\WYbeX ��#JR�y%$[_ ��?�£ C T�^�HJL�X\^uHJL�j�H�_\TEt¸®
��juXD]�HJL�KMX[juL ����juX1$[x���qEjuX[q0X[buL?t³_\T�_\WYZ\X[juU´^�HJK ^�X�^�L�bs^`®4UYTµWYUYTEL`_\j�^�UVK*LC®æUV�
_���X[jut
]�X[T�^�_CUYTJb~_C^~WYL�_\be^~X[TELMbeh=a�_\juLC£ J buUYTEZ:^uHJLM^uL�]�HJTEUYh=aJLMqJjuX[q0X[beL�t�UVT ��8;8�y[y[_ �Á®æ^�HJUVb
_\WYZ[X\juUV^uHJKv]`_CT�frL�_C]?^�aJ_\WYW´d*L�¤D^�L�TEtJL�t�^�XQ�JTJt:_\WYW0buh=a�_\jeL�b�UYT*^�UYKML�¥�¦-§O«�¬k­�£±G
HJUVb
frX[aETJt��¹_\b ]�WY_\UYKML�t�UVT ��8 X[b�y&6��Á®'_CTJt:��X\WYWYXÄ��b���jeX[K WY_C^�L?j¹��X\juo=bM��#JR�y%$\fr®-8<8�y[y\_��Ù£

�nL�TJX\^uL��O¬�¦ �4G � �4G Gá­n^uHJL�buL�^OXC�¹_\WVW.h=a�_\beU´�¢beh=a�_\juL?b�X\����X[jetJb �HG � �HG GY£ � L�buHEX��
^�H�_C^��Q¬�¦ �4G � �4G G ­$]`_\T�f0L±]�X[KMqJaE^uL�t�UYT�^uUYKML.¥�¦�§�¨Y©[ª±§¸«�¬ ­�®`��HJL�jeL�¬ ! � �Q¬�¦ �4G � �4G G ­>� £
G
HJL�_\WVZ[X[jeUV^�HEK ��L�qJjeX[qrX\buLMUYb~f�_\buL?t³X[TJW´d�X[T�WVX[TJZ[L?be^~]�X\K*KMX[TµL�¤D^�L?TJbuUVX[T���aJTJ]��
^�UYX\TJb�_CTJt�tJXDL�b�TEX\^�aJbeL�buaED"¤ ^�jeL�L��ÓWYUVo\L¡tJ_C^�_µbe^�jeaJ]?^uaJjuL?b�£X9Ó^�UVb�beUYKMUYW _Cjg^�X¶^uHJL
_\WYZ[X\juUV^uHJK²X\�P�Û| �5$�6&�c��X[j¹��TJtJUVTJZ*_\WYWrjuL�q0L?^uUV^uUYX[TJb?£ ( T}_\tE�C_\T�^�_CZ[L�X\�4^uHJL�qJjuX\qrX[beL�t
buX[WVaE^�UVX[T�UYb�^�H�_C^�^uHJL�X[a2^�qJaE^Oh=a�_\beU´�¢beh=a�_\juL?bg_\jeL*TJ_C^�aJju_\WYW´d�Z[jeX[aJq0L�t¶UYT�^�X��-_\KMUYWYUVL�b
X\�¸h=a�_\beU´�Óbuh=a�_\jeL�bk��UV^�HM^�HJL b�_CK*L�juXDX\^ WYL?TJZ\^uH�_\TEt*bs^�_\js^�UYTEZQ_C^ beaJ]�]?L�bubeUV�\L�qrX\buUV^uUYX[TEb
UYT�^�HJL���X[jut���£ � L���UYWVW$aJbeL~^uHJUYb¹��L�_C^�aEjuL�X\��^�HJL~_\WVZ[X[juU´^�HJK²UVT�#DL�]?^uUYX[T}�2£
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( bubeaJK*L*§ ! 	���®._\TJt¶tJL�TEX\^�L��Q¬���¦ � G � � G G ­�^�HEL*beaJfJbuL�^"X\� �O¬�¦ � G � � G G ­�]�X\T2�
buUYbs^�UVTJZ�X\�±^uHJX[buL"h=a�_CbuU´�Óbuh=a�_\jeL�b���HJUV]�H�]�X[T�^�_CUYT�q0X[buU´^�UVX[T���£�G4X�qEjuXÄ�[Lg^uHJL"frX\aJTJt
¥�¦-§�¨V©[ª.§�«µ¬k­�®DUV^�UYb buaEDM]?UYL�T�^¹^uXQbeHJXÄ��^�H�_C^¹_\WYW�h=a�_CbuU´�Óbuh=a�_\jeL�b���jeX[K �O¬���¦ �HG � �HG G ­
]`_\T:frL���X\aJTJt:UYT�^�UVK*L�¥�¦-§�« � �O¬���¦ �HG � �HG G ­>� ­�£

�nL�]�X\K*q0X[buL �O¬���¦ �HG � �HG G ­gUYT�^�X�^¢��X�buaEfJbuL�^�b �O¬	�� ¦ �HG � �4G Gá­"_\TJt �O¬	
� ¦ �HG � �HG G ­
]�X[T�^�_CUYTJUVTJZ�q0X[buU´^�UYX\T�� jeL�buq0L�]�^�U´�[L�W´d"UYTg^uHJL
WYL��À^±juXDX\^k_CTJt"^�HJL�juUVZ[H�^±juXDX\^�£!��X[TEbuUYtEL�j
^�HJL�buL�^��Q¬	�� ¦ �4G � �4G Gá­>= �Q¬�
� ¦ �4G � �4G G ­
UVb¹^�jeL`_C^uL�t:buUYKMUYWY_\juW´dE?�£

�cL�^W�HG�. C $&$'C6«,_ � 6 5I� �4G G . C6«,_ $&$ C4«�	%_ � 6 5JfrL
_�h=a�_CbuU´�Óbuh=a�_\jeL¹��juX[K �O¬
�� ¦ �HG � �HG G ­
��UV^�H�q0L�jeUYXDt _c®Ä^�H�_C^æUVbJC 7 � 7 C'« _�� 6 £ C f��DUYX[aEbuWVd\®
_ 7 � _\b[�HG G�. C'« _ $&$ C'«3	%_�� 6 5
UYb _MbeaJf���X\jut�X\� ��.��v« 6 $&$ 	��K5Á£ �·L?��TEL�������¦ _0­�^�X*frL�^�HJL~WYL?TJZ\^uH}X\�4^�HJL~WYX\TJZ[L�bs^
]�X[KMK*X\T�qJjeL?�E¤³X\�
��X\jutJb/�4G .�� « 6 $ $ § 5¹_\TJt]�4G G .�� «]_�« 6 $ $ § 5Ù®k_\TJt�� ¬
�*¦ _0­�^�X
frL�^uHJL�WVL�TJZ\^uH³X\�
^uHJL�WYX\TJZ[L�bs^g]?X[K*KMX[T¶buaED"¤�XC� �HG . 6 $&$��K5�� �4G G .�� « 6 $&$���«T_#5Ù£
 'jeX[K ^�HJL
]?X[TJbuUVtJL�jeL�tMh=a�_\buUá�¢behDaJ_\juLC®DU´^±UYb6L`_\beUYWVdObuL?L�T�^�H�_m^�������¦ _'­[«�� ¬
�*¦ _0­ � _¸£
��UY]?L~�\L�jeb�_E®¸U´�.��X[j buX[KML _ ! 6 � $&$&$ ����®�������¦ _0­æ«�� ¬��*¦ _'­��A_c®'^�HJL?T�^�HJL?juLOL�¤2UYbs^�b
_Mh=a�_\beU´�Óbuh=a�_\jeL~��U´^�H�qrL?juUVX2t�_¡��jeX[K �O¬ �� ¦ � G � � G G ­�£
|}X[jeL�qJjuL?]�UYbeL�W´d[®�^�HJL���X[WVWYXÄ��UYTJZ
�æL?K*K*_gHJX[WVtJb�£
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G4X�aJbuL �cL�KMK*_ {µ_\b:_\T _\WVZ[X[juU´^�HJK ��X[j�]?X[KMqJaE^�UVTJZ �Q¬	�� ¦ �4G � �HG G ­�®n��LµH�_`�[L�^�X
]�X[KMqJaE^uL}�C_\WYaEL�b4������¦ _0­
��� ¬��*¦ _'­"��X[j _ ! 6 � $&$ $&����£ ( WYW�^�HJL?buL¡�C_\WVaJL�b�]`_\T�f0L
]�X[KMqJaE^uL�t"L DM]?UYL�T�^uWVdgUVTg^�UVK*L�¥�¦5�:­�aJbuUVTJZ�_��\_CjuU _m^�UYX\TQX\�'^�HEL"8�T=aE^uH2�s|:X[jujeUYbs�¢i±j�_C^e^
be^�jeUYTJZ�K�_C^u]�HJUYTEZ�_\WYZ\X[juU´^�HJK:£ � LgjeL?��L�jn^�X �Þ| �5$�6J®b�¹p y��d�6��X[j�tEL?^�_CUYWYb X\� HJXÄ� ^�HJUVb
]`_\T:frL�tEX[TJL\£

� L�]�X[TE]�WYaEtJL�^�H�_m^"^�HJL�h=a�_\beU´�Óbuh=a�_\jeL�b�X\� �Q¬	�� ¦ �4G � �4G Gá­Q]�_\T�frL�]?X[KMqJaE^�L?t UVT
^�UYKMLM¥�¦6��«-� �O¬
�� ¦ �HG � �HG G ­>� ­�£�#2UYKMUYWY_\juW´d[®c_CWYWkh=a�_\buUá�¢behDaJ_\juL?bgX\� �O¬�
� ¦ �HG � �HG Gá­~]�_\T
frL�]?X[KMqJaE^�L?t�UYT³^uUYKML�¥�¦5� « � �O¬ 
� ¦ � G � � G G ­>� ­�®k_\TEt³^�HJL?juL?��X\juL�_\WVW�h=a�_\beU´�Óbuh=a�_\jeL�b
X\� �O¬���¦ �HG � �HG G ­¹UYT�^uUYKML�¥�¦5� « � �Q¬���¦ �4G � �HG G ­>� ­�£ ( bs^�ju_\UYZ[H�^e��X[je��_\jut�tJU´�DUYtJL��ê_\TJtD�
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_\WYWrhDaJ_\buUá�¢buh=a�_CjuL�b UYT �4G � �4G G £
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