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ABSTRACT

The advancement in fast DNA sequencing technologies has opened

up new opportunities to explore a diverse set of questions in biomed-

ical research. In this paper, we review a general method which uti-

lizes the available sequence data to determine potential weaknesses

in highly mutable viruses, and which has shown promise in the de-

sign of vaccines. A key computational part of this method employs

concepts from random matrix theory to obtain a robust estimate of a

large covariance matrix. We apply this general method on hepatitis

C virus as an example, and verify its usefulness by linking with the

existing experimental and structural data.

Index Terms— Random matrices, estimation, hepatitis C virus.

1. INTRODUCTION

Since the completion of the Human Genome Project in 2003, the

field of bioinformatics has developed at a rapid pace [1]. The

advancement in high throughput sequencing technologies [2] has

spawned an influx of sequence data in publicly available databases.

This has opened up new opportunities and challenges in biomedical

research for numerous scientific disciplines including computer sci-

ence, statistical signal processing, and mathematics. Much effort has

been focused on developing fast algorithms for sequence alignment

[3], analyzing gene expression [4], and predicting drug outcome and

resistance [5].

In this paper, we review an approach developed by the authors

and their collaborators, first in [6] and subsequently in [7], which

utilizes available viral sequence data1 for identifying potential weak-

nesses in highly mutable viruses that has shown promise in the de-

sign of efficient vaccines. The procedure involves characterizing the

correlations between substitutions at all pairs of sites2 to determine

groups of co-evolving sites3, termed “sectors”, that may correspond

to certain structural and functional constraints essential for the sur-

vival of the virus. This approach is in contrast to the conventional

vaccine design strategy which involves only identifying highly con-

served parts of the virus, i.e., the parts comprising sites which show

1A virus consists of proteins and each protein comprises a collection (se-

quence) of amino acids.
2A site refers to a position in the protein.
3Co-evolving sites refers to sites with correlated substitutions.

no (or very few) substitutions. Unfortunately, such parts are not

present in highly mutable viruses, like human immunodeficiency

virus (HIV), hepatitis C virus (HCV), and influenza. Moreover, tar-

geting only the sites with high conservation overlooks the possibility

of viral escape routes involving multiple sites. The presented method

aims to alleviate these issues by incorporating the statistical informa-

tion regarding simultaneous substitutions at multiple sites. This, in

turn, can potentially serve as a useful guide for designing more effi-

cient vaccines [6].

In this approach, when forming the sectors, a key computational

challenge is to form a robust estimate of a covariance matrix of sub-

stitutions. With the currently available sequenced data, for many

viruses, the number of sequences (observations) is comparable to

the number of sites (variables) in the protein, with both being rather

large. For covariance estimation under such scenarios, it is now

well-known that the classical sample covariance estimator may fail

remarkably. To address this issue and to obtain more robust estima-

tors, methods based on random matrix theory (RMT) have proven

particularly useful (see e.g., [8, 9]). The framework which we de-

scribe utilizes such RMT based covariance estimators, and was first

employed by a sub-group of the authors and their collaborators in

[6] to identify groups of co-evolving sites for HIV. In this paper, we

apply this framework to HCV that causes an infectious liver disease

called hepatitis C. A more complete account, including details on

proposed vaccine design strategies stemming from these results, can

be found in the extended journal contribution [7].

It is interesting to point out that the RMT based approach which

we describe is closely analogous to an approach specified in finance

[10], where it was employed to decouple intrinsic correlations in

stock price fluctuations of companies from noisy time series data.

This procedure was found to group companies into independent

well-known “economic sectors”. In biology, a similar approach was

also proposed in [11] to predict groups of sites in a protein having

distinct functions.

2. METHOD

In the following, we outline the framework that can be employed to

obtain groups of co-evolving sites in a protein. This framework is

general and can be applied to any virus.
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2.1. Constructing the covariance matrix

Amino acid sequences are first downloaded from a public database,

and then aligned into an M ×N matrix A (referred to as an amino

acid multiple sequence alignment (MSA) matrix), whereM denotes

the number of sequences and N denotes the number of sites in the

protein. Moreover, the (i, j)th element ofA is given by Aij , where

A denotes the amino acid in sequence i at site j. The amino acid

MSAmatrixA is then converted into a binary MSAmatrixB, where

the (i, j)th element of B is given by

Bij =

{
0 if Aij is a wild-type,

1 otherwise,
(1)

where an amino acid Aij is considered a wild-type if it is the most

common amino acid at site j in A. Thus a ‘1’ at a specific site in

B indicates a substitution. Subject to certain practical conditions

as discussed in [7], this binary approximation will not significantly

affect the results. AN×N sample covariance matrixC is then con-

structed based on the binary MSA matrix, with the (k, �)th element
given by

Ck� =
fk� − fkf�√

VkV�

, k, � = 1, 2, ..., N (2)

where fk� = 1
M

∑M

i=1
BikBi� is the frequency of a simultaneous

substitution at sites k and �, fk = 1
M

∑M

i=1
Bik is the frequency of

substitution at site k only, and Vk = fk(1 − fk) is the variance of
substitution at site k.

2.2. Cleaning the covariance matrix

The covariance matrix constructed in (2) is corrupted by phylogeny4

and finite sample noise (statistical noise) [6]. As the goal of this

study is to identify sites that co-evolve due to only intrinsic structural

and functional constraints, the sample covariance matrix needs to be

“cleaned”.

(a) Removing the effect of phylogeny: The covariance matrix can be
written in terms of its eigenvalues as follows:

C =
N∑

k=1

λkuku
T

k , (3)

where λk is the kth-largest eigenvalue and uk is the corresponding

eigenvector. A comparatively large value (λ1) is observed among the

eigenvalues due to phylogenetic correlations [6]. The effect of this

common ancestry is removed by using a simple linear regression

approach [10] that removes the maximum eigenvalue and its effect

on the remaining data.

(b) Removing noise using RMT: As mentioned in Section 1, RMT

is particularly useful in obtaining a robust covariance matrix esti-

mate when both the number of observations and variables are large

and comparable. Specifically as both quantities approach infinity

in proportion, the Marc̆enko-Pastur (MP) law [12] indicates that

the empirical eigenvalue distribution of a sample covariance matrix

generated from independent and identically distributed (i.i.d.) el-

ements converges to a deterministic distribution (with probability

one). Thus by studying the eigenvalue distribution ofC, these RMT

results can be used to distinguish between correlations due to statis-

tical noise (which is generally i.i.d.) and the interesting correlations

among sites. To determine which eigenvalues correspond to signal

4The inherent correlation among sequences due to evolution from a single

ancestor. This concept of phylogeny is analogous to the “market mode” in

finance as discussed in [10].

and which correspond to noise, rather than applying the MP law

directly5, the eigenvalue distribution of C is compared to that of an

ensemble of “random matrices” obtained by randomly shuffling the

entries along each column (site) of B. The maximum eigenvalue of

the randomized alignments, λrnd
max, is considered as an upper bound

for statistical noise and thus all the eigenvalues less than or equal to

it are discarded [6]. The cleaned covariance matrix is thus given by

Ĉ =
∑

λrnd
max

<λk<λ1

λkuku
T

k . (4)

There are alternative RMT-based approaches present in the literature,

for example [9, 13], that can be employed for cleaning statistical

noise.

2.3. Forming the sectors

Once the covariance matrix is cleaned of phylogeny and noise, the

sites in the protein are grouped into sectors by studying the elements

of the eigenvectors corresponding to the eigenvalues in the range

λrnd
max < λk < λ1. Let α be the total number of eigenvalues in

this range. These eigenvalues are arranged in descending order, i.e.,

λ′

1 > λ′

2 > · · · > λ′

α, and the corresponding eigenvectors are

numbered accordingly. The sectors are then formed based on the

eigenvectors as follows:

Sector k := {n :
∣∣u′

k(n)
∣∣ > ε and n ∈ {1, 2, ..., N}} (5)

where k = 1, 2, ..., α, |u′

k(n)| is the absolute value of the nth ele-
ment of u′

k , and ε is a small positive constant value that serves as a
threshold. A small value of ε is chosen to include many sites in the
sectors, followed by a pruning procedure discussed below. The re-

sulting sectors may have overlapping sites6. This issue is resolved by

assigning each overlapping site to the sector with the sites of which

it has the highest mean absolute correlation coefficient (based on

Ĉ) [6].

Within the binary approximation (1), a pair of sites can either

be positively correlated, negatively correlated or uncorrelated. A

positive correlation implies that a simultaneous substitution at both

sites occurs more frequently than if the sites mutated independently.

Thus a positive correlation between sites can correspond to “com-

pensatory interactions” between the sites. In contrast, a negative cor-

relation means that a simultaneous substitution at both sites occurs

less frequently than if the sites mutated independently, suggesting

that such a double mutant would be deleterious for viral fitness. The

reason why this is important for vaccine design is because a vaccine

induces an immune response which would force the virus to mutate

in order to survive. Thus, one would like to design a vaccine which

forces multiple substitutions at sites where the virus does not tolerate

simultaneous substitutions (i.e., the negatively correlated sites) and

avoid the sites where multiple simultaneous substitutions are more

probable (i.e., the positively correlated sites) [6, 7]. In order to iden-

tify statistically significant positively and negatively correlated pairs

of sites, the following convention is used:

Sites i and j are

⎧⎨
⎩

Positively correlated if Ĉij ≥ δ+,

Negatively correlated if Ĉij ≤ δ−,

Uncorrelated if δ− < Ĉij < δ+,

(6)

where Ĉij denotes the (i, j)th element of Ĉ and the thresholds δ+

and δ− are obtained from the ensemble of the covariance matrices

5To account for finite size effects, the MP law is not applied directly here.
6Sites which fall into multiple sectors.
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Fig. 1: Eigenvalue distribution of NS3 computed from the covari-

ance matrix resulting from the actual alignment (upper) and 1000
randomized alignments (lower).

constructed by randomizing the mutants in the binary MSA matrix

(i.e., randomly shuffling the columns). Specifically, these thresholds

are chosen such that the correlations with magnitude larger than δ+

and smaller than δ− arise with a very low probability, P = 10−2,

in the randomized case. The sites in each sector that do not show

any correlation larger (smaller) than the positive (negative) thresh-

old δ+(δ−) with the sites in all the sectors are discarded. In addition
to this approach, other methods can also be used to form sectors (see

[11] and [14]). One can also potentially use sophisticated eigen-

vector estimation methods that utilize the inherent sparsity to form

sectors. These methods are being investigated and are not further

discussed here.

3. APPLICATION TO NS3 PROTEIN OF HCV

In this section, we apply the general framework presented in Sec-

tion 2 to HCV. HCV causes an infectious disease called hepatitis

C that affects mainly the liver. It infects more than 170 million

people globally. Although there is a treatment available for HCV

[15], it is prolonged, quite expensive, and has extensive side-effects.

Much efforts are being carried out to design a functioning vaccine

for HCV; see ([16] and the references therein). The major prob-

lem related to the design of a HCV vaccine is the virus’s extreme

mutability which helps it to evade the immune system [17]. Inter-

estingly however, there are rare individuals who are able to clear

or control the virus without any treatment (referred as “HCV con-

trollers”). Thus, it is important to understand how the immune sys-

tems of these individuals are able to control HCV. Experiments in-

dicate that the NS3 protein is one of the important targets of the

immune systems of HCV controllers [18]. Thus, the major focus of

this section is to identify the groups of co-evolving sites in NS3. The

amino acid MSA matrix of NS3 HCV subtype 1a (that predominates

in North America) was downloaded from the Los Alamos database

(http://hcv.lanl.gov) during May 2013. The data consisted

ofM = 2815 sequences and N = 631 sites.

The eigenvalue distribution of C is plotted in Fig. 1 (Upper).

The corresponding eigenvalue distribution of 1000 randomized

alignments is also shown in Fig. 1 (Lower). Following the procedure

discussed in Section 2, three distinct sectors comprising co-evolving

sites are determined in the NS3 protein. Fig. 2 shows a 3-D scatter

plot of the elements of the eigenvectors in which the three sectors are

clearly visible. Note that the qualitative results remained the same

if statistical noise was cleaned using alternate RMT-based methods

(mentioned in Section 2.2) [7]. Moreover, the sectors formed by
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Fig. 2: 3-D scatter plot of the loadings of the eigenvectors showing

the three distinct sectors.
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Fig. 3: (a) Percentage of negatively correlated sites, percentage of
positively correlated sites, and ratio of negative to positive correla-

tions in the three sectors of NS3. (b) Percentage of sites in the parts

targeted by HCV controllers present in the three sectors of NS3.

using the alternate methods (mentioned in Section 2.3) were also

found to be approximately the same [7].

3.1. Statistical analysis of the NS3 sectors

Fig. 3a presents the statistical analysis of the three sectors of NS3.

We see that Sector 1 is comprised of around 10% sites that are neg-

atively correlated, and 5% and 3% for Sector 2 and Sector 3 respec-

tively. Further taking into account the percentage of positive corre-

lations and the ratio of negative to positive correlations, it is evident

that Sector 1 consists of a large proportion of sites that do not mutate

simultaneously. Note that these statistics of the sectors remained the

same qualitatively even if the thresholds in (6) were changed [7].

3.2. Experimental and structural validation

In [18], it was determined experimentally that the immune systems

of most of the HCV controllers recognize three specific parts of NS3.

Figure 3b shows the percentage of sites in these parts that fall within

the three NS3 sectors. This percentage is calculated as Nps/Np ×
100, where Nps is the number of sites in the parts (targeted by HCV

controllers) that are present in the sector and Np is the total number

of sites in these parts. It can be observed that 39% of these parts is

present in Sector 1 while 7% is in Sector 3. This result for Sector

1 was found to be statistically significant [7]. Moreover, using the

covariance matrix without cleaning the statistical noise (i.e., using

all the eigenvalues except the phylogenetic one) does not yield any

meaningful results. This further exemplifies the importance of RMT

approaches in obtaining robust covariance statistics.

In addition, the sites present in Sector 1 are found to have struc-

tural significance. Specifically, the sites in the protein interface re-

gion, formed between the two NS3 molecules (dimer), were reported

to be important for the unpacking of viral genes and viral replication

[19]. A large proportion of the sites in the interface of this dimer

2014 IEEE Workshop on Statistical Signal Processing (SSP)
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Fig. 4: The sites at the interface between the two NS3 helicase

chains A (pale green) and B (grey) in the dimer structure (PDB code

2F55) are shown as dark green and blue spheres respectively. The

interface sites of chain A and B present in Sector 1 are shown as red

and yellow spheres respectively.

structure are present in Sector 1 (20 out of 46 (∼44%)). Fig. 4

shows the Sector 1 sites present at the interface region of the NS3

dimeric structure.

4. CONCLUSION

In this paper, a general framework was presented for identifying

groups of co-evolving sites in a viral protein by studying the cor-

relations of the substitutions at sites using ideas from RMT. The ap-

plication of this procedure on the NS3 protein of HCV led to the

discovery of three groups of co-evolving sites. One of these groups,

Sector 1, was found to comprise a large percentage of sites for which

HCV resists simultaneous substitutions most likely due to their dele-

terious effect on viral fitness, and therefore serves as a useful target

for vaccine design [7]. The significance of Sector 1 was corroborated

by validation against clinically-reported experiments and structural

data. Moreover, this study signifies the importance of statistical sig-

nal processing tools (in particular RMT and robust covariance es-

timation) for providing a better understanding of harmful viruses.

This can potentially help to design effective vaccines against catas-

trophic diseases.
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