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Abstract—We consider the uplink of multicell multiuser MIMO
(MU-MIMO) systems with very large antenna arrays at the
base station (BS). We assume that the BS estimates the channel
through uplink training, and then uses this channel estimate to
detect the signals transmitted from a multiplicity of autonomous
users in its cell. By taking the correlation between the channel
estimate and the interference from other cells into account,
we propose an optimal linear receiver (OLR) which maximizes
the received signal-to-interference-plus-noise (SINR). Analytical
approximations of the exact and lower bound on the achievable
rate are then derived. The bound is very tight, especially at large
number of BS antennas. We show that at low SINR, maximal-
ratio combing (MRC) receiver performs as well as OLR, however
at high SINR, OLR outperforms MRC. Compared with the
typical minimum mean-square error receiver, our proposed OLR
improves systematically the system performance, especially when
the interference is large.

I. INTRODUCTION

MU-MIMO with very large antenna arrays at the BS repre-
sents an emerging hot area since it i) offers more degrees of
freedom; and ii) offers increased power efficiency [1]-[3]. For
such very large systems, the BS can serve a multiplicity of
autonomous users in the same time-frequency resource, with
each user getting high throughput. Since the number of BS
antennas is large, the signal processing at the BS should be
simple, e.g., using linear precoders for the downlink and linear
detectors for the uplink. Among typical linear detectors at the
BS, MRC is advantageous since it can be implemented in
a distributed manner. From the system performance point of
view, in [4], we showed that MRC performs as well as ZF
and MMSE in the regime where each user has a throughput
of an order of about 1 bit per channel use, whilst MMSE is the
optimal linear detector for single-cell systems. However, for
multicell MU-MIMO systems, where the channel is estimated
at the BS by using uplink pilots, it is unknown whether the
typical MMSE receiver is optimal. In this paper, we shed some
light onto this very interesting problem. Intuitively, the channel
estimate is contaminated by the pilots transmitted from other
cells. As a consequence, it correlates with the interference
from other cells. Typical MMSE receivers do not take this
correlation into account and hence, MMSE receiver is not
optimal for these systems. In this paper, we propose a novel
OLR which takes the correlation between the channel estimate
and the intercell interference into account. The paper makes
the following specific contributions:

e We propose an OLR which exploits the correlation be-

tween the channel estimates and the interference from

other cells, due to the pilot contamination effect. Then
we compare the performance between MRC, ZF, MMSE,
and OLR receivers.

o We derive new approximating expressions for the sta-
tistical distributions of the received SINR. We then de-
duce closed-form approximations for the exact uplink
achievable ergodic rate as well as a tight lower bound
on this rate. This analysis provides a benchmark for all
conventional linear receivers.

« Finally, we consider the asymptotic performance of OLR
when the BS uses a large antenna array. Similar to other
linear receivers, for OLR, the transmit power of each user
can be made inversely proportional to the square-root of
the number of antennas with no performance degradation.

II. MULTICELL MU-MIMO SYSTEM MODEL

Consider the uplink transmission of a multicell MU-MIMO
system with L cells. Each cell includes one BS equipped with
N antennas, and K single-antenna users. We assume that L
BSs share the same frequency band. The NV x 1 received vector
at the [th BS is given by

L
Y =vpu Y Guzi +m (1)
i=1
where G;; € CN*X is the channel matrix between the /th
BS and K users in the ith cell; \/p.x; € CE*1 is transmitted
vector of K users in the ¢th cell (the average power transmitted
by each user is py,); and n; € CN*1 {5 the AWGN vector,
distributed as n; ~ CA (0,1 ). Here we assume equal power
allocation for all users. Note that this assumption does not
affect the obtained results, and can provide a lower bound on
the performance of practical systems, where power control is
being implemented.
The channel matrix, Gj;, models independent fast fading,
path-loss attenuation, and log-normal shadow fading.! Its
elements gj;.,,; are given by

Gtimk = hgme/ Bk, m=1,2,...,N 2)

where hyimr ~ CN (0,1) is the fast Rayleigh fading coeffi-
cient from the kth user in the ¢th cell to the mth antenna of
the [th BS, while +/



A. Channel Estimation

To detect the signals transmitted from K users in its cell,
the BS has to have knowledge of channel state information
(CSI). This CSI can be estimated at the BS. In practice, a
standard way of estimating the channels is using uplink pilots.
During a part of the coherence interval of the channel, all users
simultaneously transmit pilot sequences of length 7 symbols
(7 is smaller than the coherence time of the channel). In each
cell, each user is assigned an orthogonal pilot sequence. We
assume that the same set of pilot sequences is used in all
cells. This assumption comes from the fact that, in practical
cellular networks, the channel coherence time typically is not
long enough to allow for orthogonality between the pilots
in different cells. The MMSE channel estimates for the k-th
column of the channel matrix Gy; is given by [5]

L
G =Bk | >_ Bijs+
j=1

-1
L
1 1
S g t——wi | (3)
TPp ; T Thp

where wj, ~ CN (0,1Iy), and p, is the transmit power of
each pilot symbol. From (3), we see that g;;;, = %g”k, or

GZZ‘ZG”Di 4)
where D, = diag{giﬁ,giz,...,gxi}, and G 2

(911 - 91ixc]- We can now decompose g;;;, as
ik = Guir T Elik
where £y is the estimation error. We have

. Bl
" < Zle Bujk + 1/ (Tpp)

and

€lik ~ CN (Qﬁlik (1 -

IM)
Buik

In ).
Zf—lﬁljkﬂLl/(Tpp)) M)

Since we use MMSE channel estimation, the channel estimate
g1 18 independent of the estimation error £, [6].

B. Linear Receivers

We consider linear detection schemes at the BS. Let A;
be an N x K linear detection matrix which depends on the
channel estimates Gy;, i = 1,...,L. From (4), A; can be
represented as a function of Gj;. The Ith BS processes its
received signal by multiplying it by AlH as follows

L
r = A{Iyl = \/puA{{ ZG“:L',' + AlHnl
i=1
Let a;;, be the kth column of A;. Then the kth element of r;
is

K
Tk = v/Pulikguric + v/Pu Za{zgzzﬂli + VP Euz

&)

ik
L L
+vpualt Y Guzi+ pualy Y _Euzi+ajin  (6)

i#l i#l
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where 2 is the kth element of z; and Eu 2 el - ikl
Since Gy; and &;; are independent, the SINR of the uplink
transmission from the kth user in [th cell to its BS is given by

SINR, =
.2
Pu |af1€9uk‘
K .2 L A
pqu;ék‘a’%gllj’ +PuaﬁRgazk +puzi¢z||afz€Gli||2+||alk||2
(N
where
L L
R. éZE{gufﬁ} = wilum ()
i=1 i=1
and where
-1
K L 1
i = >, | Bk — B | D Bujk + — )
k=1 j=1 TPp

Note that the above SINR can be approached if the message is
encoded over many realizations of all sources of randomness
in the model (noise and channel estimate error) [4].

III. OPTIMAL LINEAR RECEIVERS

In this section, we derive a novel OLR which maximizes
the received SINR given by (7). We then pursue a statistical
characterization of the corresponding optimal SINR. Substitut-
ing (8) into (7), and after some algebraic manipulations, we
obtain
_ |a%f]uk’2

SINRg e
[ FyR=y 1252

(10)

= K . AH L A AH L
where =y, = > ik 9ui 9t i GuGi "‘@121 Y+ p%) Iy
Using Cauchy-Schwarz’s inequality, we have

2
R 2 H:1/2:71/2A
allgu| ‘a’lk‘—‘k 25 Guk
SINR; = = = =
a; =pag Q) Sk
we2| |lz-12, |
_ Q=g Sk Guk ——1/2. Hz an
= = == YGuk|| -
alHk:kam

The equality holds when a;; = ¢Z; gy, for any ¢ € C,
¢ # 0. Note that the choice of ¢ does not affect the system
performance. Therefore the optimal linear detector at the Ith
BS is given by

an = By G- (12)

Remark 1: Note that in typical MMSE receivers, the inter-
cell interference is treated as uncorrelated noise, such that
-1

L

= élgéﬁ+E {Sllé'ﬁ[}—I—ZE{GuGﬁ}*-%IM Guk-
il v

13)

By contrast, our OLR takes the correlation between the
channel estimate and the intercell interference into account.



This improves the system performance, especially in strong
intercell interference conditions.

Remark 2: From (12) and (13), we can see that when the
intercell interference is small, the typical MMSE approaches
the OLR. Furthermore, it is well known that the performances
of MRC and ZF approach the performance of MMSE at
low and high SNRs, respectively. Therefore, the performance
analysis of our proposed OLR is generic, i.e., it can be used to
analyze the performance of systems with linear receivers such
as MRC, ZF, and MMSE. Note that, to the best of the authors’
knowledge, even with MMSE receivers, there is no analysis
of the considered multicell MU-MIMO system for finite V.

From (11), with OLR, the SINR of the uplink transmission
from the kth user is given by

2
STNRopik = || B g | - (14)
Using a similar methodology as in [7], we obtain
SINR - 1 15)
opt,k — 1= P
where
Lo .H L 1 -
Pk 2 4l (Z GG, + (Z Wi+ p) IN) Guik-
i=1 i=1 v

From (4), we have

Substituting (17) into (15), we obtain

SINRopt k= —— 1
DG GuD
kk
D7), X as)
- (1-[D” 1]kk)X+1
where
1
X2 —1. (19)

D1/2Gfllé”Dl/2
ZiL=1 ’eri-i

(e ene) ]

The probability density function (PDF) of X can be approxi-
mated by a Gamma distribution as follows [8]

xak—le—w/gk
N 20
bx (x) T (ak) ogk (20)
where I" (+) is the Gamma function [9, Eq. 8.310.1], while
(N-K+1+ (K —1)p)
= 21
CTTNCKf1+(K -1« @D
L 1\ Ll o
0 N-K+1+(K-1)k (Zi:1%i+j) it Bk
k =
VKA (K00 (5 b )
(22)

and where p and x are determined by solving the following
equations:

-1
L
R A S H 1 R K
Pk = gﬁk (G”DG” + (Z Yii + p) IN) 91k (16) o= 1 Z 1
i— u 7 K—1 _, K—1
= K lizl,i;&kTi(l_ ~N T N“)+1
where D = ZZ D Us1ng the matrix inversion lemma, K s K=l
and the property (AB)™' = B"'A™', where A and B are k| K—-1+ Z A 5
. = (7-, (1 _ K-1 + K-1 + 1)
invertible square matrices, we obtain i=1,izk \t N N H
r L . -1 _ i Tinfgt +1
~H [ A A H A - - — 2
pr = |Gy (GllDGll + <Z Vi + p) IN> Gu i—taer (1o (1= 550+ 55tp) +1)
i=1 v
L kk N> B .
r _ -1 where 7; SRSt . By using the
G'Hé'll ' ) ) (z.:le,ﬁ””%)(zle Wit ) y g
= ”71 +D approximate distribution of X, we can obtain the approximate
i=1 Vi T - istribution of SINR,,¢ . as follows.
iy i + distribution of btk as foll
- . kk 1 Proposition 1: The approximate cumulative distribution
. DG, G,D function (CDF) and PDF of SINR, ;. are respectively given
= [D ]kk - Z i + 1 +D (a7 by (23) and (24) shown at the bottom of the page, where
=1 P kk v (a, z) is the incomplete gamma function [9, Eq. (8.350.1)].
1 9_ (D] 2 : 1
Fsmg,,, p, (2) = Ton) ! ( Ak = ([D]k;rl) )  if 2 < [Dly—1 (23)
1, otherwise
[D]:ilszak71 1 _ GQI[D]M : 1
PSINRops. ¢ (z) = D(ak)0p* [17([D]kk71)z]ak+l exp 1_([D]kk_17)z ,if 2 < DI, 1 (24)

0, otherwise
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Proof: From (18), we have
DX
(1— [D7',)X+1"~
=Pr (1* [Dil]kk) Z)X SZ)
{ 1, otherwise
[D]kkz

[D]yx2
kk )z> s lf z < [D]kk71
(<

1—([D]y,—
1
D, = )Z>’ T2<pL= (5
1, otherwise

where Fx (z) is the CDF of X which is given by

Fx (x) /my K ! ( x) (26)
T) R g, —
X o T (o) 0% T (an) \“* 8,

where the last equation is obtained by using [9, Eq. (3.381.1)].
Substituting (26) into (25), we arrive at the desired result (23).
The PDF of SINR, ;. in (24) follows immediately from dif-
ferentiating (23) with respect to z using the identity dV(“ 2) =
2% le™? [9, Eq. (8.356.4)]. |
The distribution of SINR,; 1 enables us to further evaluate
the system performance. For example, the above CDF expres-
sion can be used to study the outage probability of the system,
i.e., the probability that the instantaneous SINR, SINRg, i,
falls below a given threshold 7. Furthermore, we can see that,
regardless of the transmit power and channel realizations, the
SINR for optimal linear receivers is always upper bounded
by [D] s where [‘D]kk -1 = Zz‘L;él (ﬁlik/ﬁllk)z which
represents the effect of interference from other cells. This
result implies that with OLRs, the pilot contamination effect
persists.

kk

Fstwr,,, (2) =Pr (

Qg —

dy =

IV. PERFORMANCE ANALYSIS FOR OPTIMAL LINEAR
RECEIVERS

A. Achievable Rate

Given (18), the uplink achievable ergodic rate from the kth
user in the [th cell to its BS is given by

Ropt7k =E {10g2 (1 + SINROPt,k)}
X

—E {log2 (1 + = L )} (28)

D], ) X +1
ol )

1
By using the approximate distribution of X given by (20), we
derive a closed-form approximation for the uplink achievable
ergodic rate as follows.
Proposition 2: The uplink achievable ergodic rate of the
kth user in the [th cell for an OLR can be approximated as

27)

10g2 —ayg, 1,1
Ropt k= T (Olk) <9k 1 0 )
log, € 13( O 1—ak11>
— o O — —=—— T 30)
N : (Dl | 1,0 (
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where G'p7g (x 21’
Eq. (9.301)].
Proof: From (29), we have

Ropt,k':]E{IOgQ(X + 1)} - ]E{log2((1 - [Dil]}ck) X+ 1)}

oo xakflefx/gk
lo I’-‘—l =~ ar
/0 g2( ) F(Oék) Hkk

o 84 > denotes the Meijer’s-G function [9,

~
~

dz

“log, (1-[D e
- [ tom (1107w 1) T e
(€29)
Define
I(ma,&)é/ log, (az + 1) 2% e % dz. (32)
0

To evaluate the integral 7 (a,c,d), we first use [10,
Eq. (8.4.6.5)] to express log, (ax + 1) in terms of a Meijer’s
G-function as follows
1
0 )
a

3 ) . (34)

Substituting (34) into (31), we arrive at the desired result (30).
|

In addition to the result given by Proposition 2, we now
propose an analytical lower bound on the achievable ergodic
rate which is easier to evaluate. By the convexity of log, (1/x)
and using Jensen’s inequality, we have Ropt 1 > Ropt, i, Where

o . . 1
Ropt,x = —log, <1[D l]kkJr[D 1]kkE{1+X})'
(35

1
1

)

log, (ax + 1) = log, eGéﬁ (am (33)

?

Then, using [10, Eq. (2.24.3.1)], we obtain

1—a,1,1

T (a,a,0) =log, eﬂ_aGéé ( 1.0

Proposition 3: The lower bound on the uplink achievable
ergodic rate of the kth user in the /th cell for an OLR can be
approximated as

Roptﬁkz_lo& (1 [ ]kk+[D }kk 20 (o, 15— _gk»

(36)
where ,Fy(-) is the generalized hypergeometric function [9,
Eq. (9.14.1)], while aj and 6 are given by (21) and (22),
respectively.

Proof: From (20), we have
1 xak—le—w/ek
z+1 T (o) 8"

E{ 1 }m/
0
1
= _r1r(1-
0" < 0%91@)

X+1
o1/0x
where the last equality is obtained by using [9, Eq. (3.383.10)]
and I'(a,x) [ te"te~tdt being the upper incomplete
gamma function [9, Eq. (8.350.2)]. Typically, the value of oy
is very large and the value of 6 is very small. This causes a

6
kkF (1 —Ctk,eik>

dxr

(37

Lo e . 1/
numerical instability in the evaluation of eea
k
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Fig. 1. Spectral efficiency for MRC, ZF, typical MMSE, and optimal linear
receivers (N = 20 and 8 = 1).

For this reason, we transform this formula in terms of the
generalized hypergeometric function as follows:

el/ Ok 1
WP (1 — O, ek) = oF) (Oéka 1;—; *ek)
k

where (38) stems from [11, Egs. (07.34.03.0396.01) and
(07.31.26.0004.01)]. Substituting (38) into (37), we obtain the
desired result in Proposition 3. |

(38)

B. Large N Analysis

Without significant loss of generality, we assume p, = py.
With p, = E,/ VN, from (18), when N grows large, we have

a.s. 1
SINRopi g — -1
1- pil} ket [Dil] kk (TEg ZiL:I 612ik+1)
_ TES B, (39)
TE? ZiL:u;ﬁz 5121% +1

where 3 denotes almost sure convergence, and the limit
is obtained by using the law of large numbers. We can see
that with OLR and very large antenna arrays at the BS,
we can reduce the transmit power proportionally to 1/v/N

p=>s
16,0 o KK KKK KX X X
~ x ¥
g I Y
< X -
£ x/ 7
S12,0 7
) /
3 /
9 — — o mmm e e e - —— -—
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= 80 /-
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7
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SNR (dB)
Fig. 2. Spectral efficiency for MRC, ZF, typical MMSE, and optimal linear

receivers (N = 20 and 8 = 5).

while maintaining a desired quality-of-service. Furthermore,
we can see that the above result coincides with the asymptotic
results of MRC, ZF, and MMSE in [4]. This means that when
the number of BS antennas is large, MRC, ZF, and MMSE
perform almost as well as OLR.

V. NUMERICAL RESULTS

Consider a cellular network with L = 7 cells. Each cell
serves 10 users (K 10). The large-scale fading matrix
Dq;,i =1,...,7, is chosen as shown at the bottom of the page,
where [ is the intercell interference factor which represents the
effect of the interference from other cells.? Unless otherwise
stated, we choose 8 = 1. Furthermore, we choose T' = 196,
7 = 10, p, = pu, and define SNR £ p,. We consider the
spectral efficiency (sum-rate in bits/s/Hz) in cell 1 which is

2To examine the performance in a practical scenario, the large-scale fading
coefficients are chosen as follows: we consider hexagonal cells which have a
radius of 1000 meters. We assume that the users are located randomly and
uniformly in the cell and the distance between the user and the base station is
greater than 100 meters. The large-scale fading is modelled via a log-normal
distribution with a standard deviation of 8 dB and the path loss exponent is
equal to 4. By simulation, one realization of large-scale fading is chosen.

D,; = 10~3diag[29.0281,0.3199, 908.2751, 286.4841, 0.5250, 3.8211,0.7230, 11.2149, 3.3877, 87.2929)
D5 = 10738 x diag[0.0135,0.1112, 0.0210, 0.5061, 1.2007, 0.2386, 0.0461, 0.0109, 0.6734, 0.0083]

D3 = 10733 x diag[1.6199, 0.0028,0.4856, 0.1218, 0.0108, 0.0046, 0.0319, 0.0239, 0.0001, 0.0475
D1y = 10733 x diag[0.0684, 0.0130,0.0236, 0.0692, 0.2540,0.1977, 0.0068, 0.0037, 0.3747, 1.0689
2.5533,0.0189,0.9230,0.0112, 0.0089, 0.6919, 0.0391, 0.3025, 0.1817, 0.2307
D = 10733 x diag[0.1040, 0.1345,0.0234, 1.3590, 0.3573, 0.0022, 0.0562, 0.0173, 0.0719, 0.3601

[
[
D5 = 10723 x diag|
[
[

]
]
]
]

D17 = 10738 x diag[1.5309, 0.3749, 0.3129, 0.0647, 0.0210, 0.0775, 0.1489, 0.1797, 12.8758, 0.0660].

63



defined as

K
S=(1-7)2 R (40)
k=1
where T is the coherence time interval (in symbols) and Ry
is the achievable uplink ergodic rate of the kth user in cell 1.

Figures 1 and 2 show the spectral efficiency for OLR,
typical MMSE, ZF, and MRC, with different intercell inter-
ference factors 3 = 1 and 8 = b5, respectively. Here we
choose N = 20. We can see that at low SNR (and hence,
low spectral efficiency), MRC performs as well as OLR, and
better than ZF. However, at high SNR, ZF performs better
than MRC. OLR always performs the best across the SNR
range. In particular, we can see that when the effect of intercell
interference increases, the performance gap between OLR and
typical MMSE increases, thereby revealing the optimality of
the proposed receiver. This is due to the fact that the OLR takes
the correlation between intercell interference and the channel
estimate into account.

To validate the tightness of our analytical approximation,
we consider the approximately bounded and the exact spectral-
efficiencies of OLR as Fig. 3. The “Analytical Approximation”
curves are obtained by using Proposition 3, and the “Sim-
ulation” curves are generated from the outputs of a Monte-
Carlo simulation using (18). We can see that our bound is
very tight, especially at large N. At high SNR, we cannot
improve the system performance by using more power. The
reason is that when we increase the transmit power then
the interference from other cells also increases, and hence
the system is interference-limited. To improve the system
performance, instead of increasing the transmit power, we can
deploy more antennas at the BS. We can see that when N
increases the spectral efficiency increases significantly.

VI. CONCLUSION

In this paper, we proposed a novel OLR for multicell MU-
MIMO systems where the channel is estimated using uplink
training. Our proposed OLR takes the correlation between the
channel estimate and the interference into account. Therefore,
the OLR is always better than MRC, ZF, or typical MMSE
receivers, and its performance is very close to the latter. We
derived the statistical distribution of the received SINR for
this OLR. We then deduced an analytical approximation of
the exact and lower bound on the achievable ergodic rate. The
latter approximation is very tight, especially at large number
of BS antennas. Furthermore, as for MRC, ZF, and MMSE,
we showed that for OLR, large antenna arrays enable us to
cut the transmit power of each user proportionally to 1/ V'N.
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