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ABSTRACT

HOUGH has proposed a procedure for detecting Tines in pictures.
DUDA-HART-extended the method for a more general curve fitting.
This péper shows how this methodrcan be used to detect:any given
curve. The procedure presented here can be easily impfemented

and is more efficient in a parallel machine.
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1. INTRODUCTION

A current problem in computer picture prbcessfng is the detection of
the best fif of a given curve in a digitalized image. In the simp}est case,
the picture is formed by black points in a whife background. In the general
‘case the picture is represented by a gfid of grey levels. The problem is".
to detect the presence of points in the picture that match or almost | |
mat&h_tﬁ a given curve. | | | )

HOUGH [1} and DUDA-HART [2] have developed a method for detecting 0
'straight Tines. KIMME-BALLARD-SKLANSKY [3] extended the same mechanism to
finding circles. These methods transform each point in the picture plane
to a curve in a parameter space. The parameter space is defined by thé
parametric representation used to déscribe the curves in the pfcture plane.
In the case of line detection, HOUGH uses fhe slope~intercept parameters
and DUDA-HART the normal parameters. In the latter case, a line is given
by the angie 4 of its normal and its'a1gebraic distance § from the origin.

Thus the equation of the line is:

X3 &+ Y rnd = P

If we restrict to the interval (0,7 ), then the normal parameters of a line
are unique. With this restriction, every line in the X-Y p1aﬁe corresponds
tb a unique point in the €-7 plane. |

| Sﬁppose that we hgye some set -ﬂx., Y, ) (X3, %) -—--F——;--(Xn ,9;)}
of n figure-points and we.want to find a set of straight lines that fft
_them. We transform the points (X;,Y¥;) into the sinusoidal curves in the
p1ané defined by: |




-2 -

It can be shown that the curves corresponding_to'¢o1inear figure points have
a common point of intersection. This point ifi the 0-¢ plane, (% ,%),
defines thé line passing through the &o%inear points.' Thus, the probTem
of detecting colinear points can be converted to the problem of finding
concuﬁreﬁt curves. HOUGHrénd DUDA-HART describe -a method of finding the
point of concurrencer(9b;§%). DUDA-HART extends the:transform method to

| othér'CQFVes. | -
- In general, with this method, for each point (element) in the picture
plane, it is necéssary to trace a different curve in the parameterf
pTané. Therefore, we have to execute different computations for each.poinf
in the original picture. This leads to two disadvantages:

{1) The total number of operations during the impiementation of this
algorithm in a sequential computer is substantial.

(2) There is not an obvious way to implement that method in a
parallel picture oriented machine. :

The possibility of implementing the above algorithm for picture

. processing fn a péra]]e? organization is of importance Eecause the

number of points in a real picture leads to an extfemely Tong computation

time; thus increasing cost and preventing real time analysis bf the image.
This paper describes an extention.of the HOUGH algorithm allowing

the detection of anyrgiven curve. The method preseﬁted applies the same

transformatioh to each element of the drigfna] picture reQuiriﬁg less

‘computation time and permitting fhg 1mp1emenfation of the algorithm in a

parallel organized machine.
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2. THE METHOD

Suppose that we have a picture déscribed by the set of po'.ints
{9 (%, 9,) - - (%, %)} and we want to find the best fit of
" some given curve to the poiﬁts; for example the curve E shown in figure 1.
Mérk a point A on the cﬁrve. Now tr%e problem is to find a lbest point A' in
'-the X-Y plane so that if we trace tkié curve E in Ithe. plane and the points

A and A' coincide, then most of the lpoints {X; ,Y;) will match the curve E.

!
i

Each possible trace corresponds to a translation of the curve in the plane .

of the picture.

Fi'g'ur'e 1 l

" Each (% ,Y:) may beTong to- an infinite nunber of different traces
of E. Some sample traces are shown in ﬁgure 2. For .each EJ. traced through
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2, THE METHOP

Suppose that we have-a picture described by the set of points
{(X. DIV PURVS REEETEE (X“«,ym)} and we want to find the best fit of
some given cufve to.tﬁé points; for example the curve E shown in figure 1.
Marﬁ a point A on tﬁe éurve; Now the problem is to find a best point A' in
the &-Y plane so that if we igaqe the curve E in the plane and the points
A and A' coincide, then most of the points (X; ,%) will match the curve E.
Each possible trace corresponds to a %ranslation of the curve in the plane

LS.

of the picture.‘

o

FigUrell

" Each (Xilyi) may belong to an infinite number of different traces
of E. Some sample traces are shown in figure 2. For each Ej traced through
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the point (X{,”ﬂ there is a candidate Aj’ so that if this candidate is
elected for A', then (X; V;) will be on the trace of E. In the next step,

we will find the Tocus of all possible candidates Aj so that its tﬁaces,

Ej’ fit the point X, %)

L]

Figure 2: Different traces of E that fit the point (x;,y;)




Suppose we chose (¥i, Y} so that it is the point A', and we draw the
respective E; we then draw another possible EJ as shown . in f1gure 3.
Now we trace the 11ne defined by the points (Xt i) and A the intersection

of this line with E_w11] be called P. It is easy to show that the segments

) P (xl,yt) and (xL Ye )s A are equaT Therefore, the locus of all the

poss1b1e points AJ that determ1ne curves E , passing through (x; , %), is

symmetric relative to the point (Xg‘yi) of the curve E. This Tocus,
cal]ed L , is shown by a dotted curve in figure 3. Note that'thé symmetric.

of a curve relative to a point is a 180° rotation of the curve around the

given point.

Locvy .. Pr
_ PE AU Pt . :
A Fok (xl, v,

Figure 3: The locus of all possible Aj for (X;,¥:)
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For each point (¥, ¥ } in the picture, the respective Tocus L is
traced. The point where the maximum number of locuses intersect is the
best candidate for A'. Then the maximum. possible number of points (2;,3Q)

will fit the curve E' (figure 4).

.

Figure 4: An example of the best candidate for A




RECAPITULATION

We can summarize the algorithm in. the following steps:
1. Mark a referehce point called A in the given curve.
2. - Rotate the given curve 180°.

3. Trace the rotated curve with A on each of the points of the
picture. '

4., Find the point where the maximum number of curves traced in
step 3 intersect.

5. The best fit to the given curve is the trace.with A on the
point found in step 4.

Most of the computation time during the exécution of the—a}gorithm
is spent in step 3. But,because we have to trace the same curve for all =
the pqints in the picture, it is possible to execute this step in.parallel.
For péaégﬁgica] reason, in the discussion of the method we choose the
reference point A on the inen curve E. In general, it is possib?é to
mark this point aﬁywhére in the plane of E. If the given curve E is a
_ circle, for example, it would be better to choose its center for the reference

point; then, the 180° rotation and the curve are the same.

3. THE PARALLEL IMPLEMENTATION

" The implementation of the method is similar to that suggested by
HOGH and DUDA-HART but exp?oits the parallel nature of the algorithm.
| _ Suppose the plane of the pictufe is quantized according to the
acqutab]e érror. Now, the picture is représented by thg matrix_Pij; " In

the 'simplest case, Pi “takes on the values "0" or "1". MWe define another

J
matrix Mij that represent the plane on where the locuses will be traced.
The dimension of Mij is equal to that of Pij' ij is treated as a two;

dimensional array of accumulators.

L ’
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We define the set of pairs R (i,j) as the collection of coordinates
of the boints in the quantizedop]ane that belong to a 180° rotation of the
‘giyen curve E with the point A on (i,j). Then R(i,j) is a translation of

R(o,0). That is, if:
-~ - ‘ R(0,0) = [ (ab,bo) (al’b] )| == (an_sbn)] o (])

thénf

R(193) = { (ﬁi"aoﬁ. j—b_O) cil_a‘ls J“b‘l) ""-(1.'an's j'Abn) ] (2)

Now step 3 in the algorithm can be restated as follows. First, clear
the matrix M. For each (',j) in the quantiZed picture add the value of

.P i3 to the e]ements of M defined by the set of points R(i,3j). In a formal

notat1on'

i Vi [M]meR( i) = Moergi,i) t Pig! (3)
affer substitution of R(i,j) from (2):

¥i V; Vk M, C-— M, s :

Th1s can. be done in parallel for all the points .in P by channgg the order

of the operations, 1i.e.

VkVT VJ [M1 -a ,J bk - .Mi-ak, .]"bk +P’ij] (5)




-9 -
In other words, to each point in M,. we add the value of P, . 3 and
iJ o 1-a,,d-by

return to this procedure for all the pairs (a,,b) that define the 180°
rotation of the given curve. With this procedure we have fo compute each value
for the increment inde% (ak and bk) only once fot all the points in Pij’
which implies that ﬁrééessing time is decreased,
iBut major gain is achieved by the implementation of the algorithm
in a baral?el machine [4;511 In.such_a machine, the algorithm can be executed
by translations of the'Pij matrix and additions of the tranéiatedlarréy to
the M%j matrix; the total number®of these.para11é1 operations is the same
as the number of points in the discratqrpfane X-Y that define the curve to
be detected. : | |
| Now, after the accumu]a?ibn of all thé traces, the best candidate for
A' will correspond to the cell with the maximum value in the matrix M,
because through this cé11 passes the maximum number of traces, as explained
in Section 2.
| 'The method described is also suitable for: the case in which the

picture Pij’ has different grey levels.
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