On Outage and Error Rate Analysis of the Orderd8LAST*
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Abgtract- Outage and error rate performance of the ordBtg®ST with more than 2 transmit antennas is evalddor i.i.d.
Rayleigh fading channels. A number of lower andesgpounds on the®Istep outage probability at any SNR are derived,
which are further used to obtain accurate approtiima to average block and total error rates.riR@x antennas, the effect
of the optimal ordering at the first step israsfiold SNR gain. Agn increases to infinity, the BLER decreases to zefdch

is a manifestation of the space-time autocodingotih the V-BLAST. While the sub-optimal orderiflzased on the before-
projection SNR) suffers a few dB SNR penalty coragdo the optimal one, it has a lower computatiacoahplexity and a 3
dB SNR gain compared to the unordered V-BLAST andn be an attractive solution for low-complexitytenergy
systems. Uncoded D-BLAST exhibits the same outageearor rate performance as that of the V-BLASTH.$NR penalty

of the linear receiver interfaces compared to thASBT is also evaluated.

I. INTRODUCTION

In recent years, the BLAST algorithm has gainecdhigant popularity as a receiver interface for a
spatial multiplexing system [1][2]. Its error rgberformance has been initially studied using Monte-
Carlo simulations and prototyped systems, and lateanalytical techniques have been developed to
attack the problem. Performance evaluation of therdered V-BLAST can be done analytically by
adapting the techniques developed for multiuseedtiein problems, resulting in exact closed-form
expressions for average error rates and outagealpiities. This provides significant insight into
algorithm’s performance and its bottlenecks, anacheopening up opportunities for optimization [3]-
[5][13][14]. However, the optimally ordered V-BLAS3resents a serious challenge (due to the ordering
procedure, which changes the channel statistiasYh® analytical analysis. For the system with 2
transmit (Tx) antennas =2 ), exact closed-form expressions for outage andragee error
probabilities can be obtained for i.i.d. Rayleigadihg channel [6], but fom>3 the problem
complexity increases significantly and no exactsetbform expressions have been found so far. A
diversity-order-based analysis of the V-BLAST waesented in [11][12]. In particular, it was
demonstrated that the ordering procedure doesffeut #he diversity order. While this is a signditt

insight into the system performance, it does net ghe complete picture since (i) it holds only
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asymptotically (as SNR-» ), and (ii) it does not say anything about the SNéependent constant
that may significantly affect the error rate penfi@ance, even at high SNR.

In this paper, we address this problem by derigngumber of bounds on the outage probability,
which hold at any SNR, for the ordered zero-fordid§) V-BLAST with more than 2 Tx antennas in
the i.i.d. Rayleigh fading channel using a georoaliy-based framework and a step-by-step analysis o
the outage probability. This extends the correspandesults in [6] obtained for 2 Tx antennas. We
demonstrate that one of the upper bounds is tight hased on this, derive accurate closed-form
approximations to the average block error rate (B)°Eand the total error rate (TBER)t is observed
that the effect of the optimal ordering is amfold increase in %1 step after-processing SNR, or
equivalently alOlogm dBgain, which further extends to tinefold SNR gain in terms of the average
BLER®. Thus, while the optimal ordering does not provarg advantage in terms of the diversity gain,
it does provide advantage in terms of the SNR galnch increases with the number of Tx antennas.
Based on these results, we conjecture that theemdé V-BLAST possesses the autocoding effect
originally discovered in [8] using information-tivetic arguments. A similar conjecture has been made
in [5] for the unordered ZF V-BLAST in terms of ti@ER (which does not hold in terms of the BLER
in that case).

Based on the results above, the sub-optimal omglérmaximizing the before-projection SNR) is
compared to the optimal ordering and also to thendered V-BLAST. While the sub-optimal ordering
suffers a few dB SNR penalty compared to the optiondering, it does provide a 3 dB SNR gain
compared to the un-ordered V-BLAST and, hence beaa low-complexity alternative to the optimally
ordered V-BLAST.

The paper is organized as follows. Section Il idtrees a basic system and V-BLAST model and
briefly reviews the relevant results in [3]-[6].c3ien 11l generalizes the results in [6] to theeas more
than 2 Tx antennas, gives a number of bounds owutege probability, which allow to compare the
optimally ordered V-BLAST to the unordered and syitimally ordered one, and quantifies the SNR
gain of optimal and sub-optimal orderings. Sectibhgives high-SNR approximations for the average

BLER and TBER respectively. Section V briefly dissas the error rate performance of the D-BLAST,

3 termed “frame error rate” in [9] and “joint errprobability” in [3]. It is defined as a probabilitp have at least one
error in the detected transmit symbol vector.

* termed “per-symbol error probability” in [3]. Isidefined as the error rate at the output strearwhich all the
individual sub-streams are merged after the detecti

® While the diversity-order-based analysis in [9][12] does capture the diversity gain, it is noteato capture this SNR
gain.
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compares the BLAST to the linear receiver interfaemd quantifies their SNR loss. Section VI

concludes the paper.
[I. CHANNEL MODEL AND V-BLAST ALGORITHM

The standard baseband system model is given by

r=Hs+¢ (2)
wheres andr are the Tx and Rx vectors correspondinddy,s thenxm channel matrix, i.e. the
matrix of the complex channel gains between eaclafitk each Rx antenna, n is the number of Rx
antennasm is the number of Tx antennasz m, and¢ is the additive white Gaussian noise (AWGN),
which is assumed to b&\/(0,031), i.e. independent and identically distributeddi)iin each branch.
We assume i.i.d. Rayleigh fading channel, i.e.ght&ries ofH are i.i.d. complex Gaussian with unit
variance and zero mean.

The objective of the V-BLAST algorithm is to finsl givenr andH in a computationally-
efficient way. The V-BLAST processing begins wittetf" Tx symbol and proceeds in sequence to the
m-th symbol. When the optimal ordering procedurengployed, the Tx indexing is changed prior to the
processing. The main steps of the algorithm afelesvs [1][2]: (1) The interference cancellatioteg:
at the i-th processing step (i.e., when the signain the i-th transmitter is being detected) the
interference from the first (i-1) transmitters cha subtracted based on the estimations of the Tx
symbols and the knowledge of the channel madrix (2) The inter-stream interference nulling (zero-
forcing) step: based on the knowledge of the chamagrix, the interference from yet-to-be-detected
symbols (inter-stream interference, ISI) can bdedubut using the orthogonal projection on the sub-
spaced orthogonal to that spanned by the yet-tdebected symbols; (3) The optimal ordering
procedure: the order in which Tx symbols are detecs optimized in such a way that symbols with
highest after-processing SNR are detected firgiedmetrically-based model of the algorithm, whigh i
used in the present study, has been describedarisda [6]. Assuming that the columns of the aman
matrix H =[hy,h,,..h,,] are re-ordered according to the optimal orderirg@dure H' =[hy,h},..hi,],
the after-processing SNR at i-th step with optimdf weights isy; :|h{D|2/05, wherehj; is the
projection ofh; on the sub-space orthogonal qman{hi.,hi.»,..hj,} . Fig. 1 illustrates the problem
geometry form=23 case. As an example, the optimal ordering*asteép consists in choosing such
hi =h; so that its projection orthogonally to the othep tvectors is maximized. The instantaneous

block error rate (BLER), i.e. a probability to haakeleast one error in the detected Tx symbol vecto
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can be expressed & =1- Hiril(l— P; ) wherePR; =R.(y;) is the instantaneous (for given channel
realization) error rate at stepconditioned on no errors at stehs( — 1) [3]-[6]. In the case of un-
ordered V-BLAST, the average (over the channehigdBLER Pscan be simply obtained by using the
average step error rafs in the instantaneous BLER expression (due todhethaty; ~x§(n_m+i) are
independent of each other in i.i.d. Rayleigh fadihgnnel), which is essentially the average eats of

a maximum ratio combiner (MRC) with the appropriaigersity order(n—m+i) [3][5]. For the
ordered V-BLAST, however, this does not work anyrenasy; are not independent due to the ordering
procedure. Furthermore, their statistics is aldecédd by the optimal ordering. The solution ofsthi

problem for the case ah=2 has been given in [6]Here we consider the caserot 3.

[ll.  V-BLAST ALGORITHM ANALYSIS: NXM SYSTEM
In this section, we extend the analysis in [6]Fe tase ohxm systemm>2, in an i.i.d. Rayleigh
fading channel. This generalization is non-trivaald presents serious mathematical difficulties,ctvhi
we resolve using various bounds and approximations.

A simple way to obtain a lower bound on the BLERdalso on the outage probability) is to use a
genie-assisted system [9], where the genie givesréigeiver the symbols & last transmitters,
k=1..m- 2,

p{™M > p(MD) 5 > p(n<2) )

Thus, the BLER ohx2 V-BLAST P{™? in [6] serves as a lower bound on the BLERnefm V-
BLAST R{™™ . Note that (2) also applies to the average BLER holds for arbitrary SNR.
Unfortunately, for the average BLER at high SNRe tbwer boundﬁ(g?xz) is not tight, since its
diversity order iS(n—1) and the diversity order d_?g]xm), as it is shown below, ilh—m+1)<(n-1)
(for m>2).

To overcome this problem, we use the same geonmetiitel as in [6] (for then=2 case), whose

extension tom> 2 results in a generalized form of' dtep outage probabilit§ (x) ,

2 /2
Fi(x) = j j fo @1, ¢m)|‘|F ( jdcbl Aoy (3)

n* ¢,

wherex =y/y, is the SNR normalized to the average opes 1/03, fo(P1,..9m) is the joint pdf of

® The analysis in [6] was based on the ratio ofltafter-projection signal and noise powers, whismot optimal and
implicitly corresponds to the non-coherent (i.ewpo-wise) combining after the projection. The resin [6] however, also
apply to the optlmum zero-forcing weights, with amar modification only: the step SN|R|D| I(n— m+|)cr0 in [6] should
be changed tdhi,|* /o2 as in [5].
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{1,..9m} . &; being the angle betwedn and the sub-space spanned all the other columtorsec
fp (9) = 2(m=1)C* siP ™™g Ccod™ %9 is the marginal PDF, which can be derived usirgstime
technigue as in them=2 case [6], CI'= m!(:im)! is the binomial coefficient, and

F,\(,l'}gc(x)=1—e‘xzin:_;x‘ /il is the outage probability of n-th order MRC. Ndket fy(¢y,..9,) is

symmetric with respect tp;,..¢} (i-e., any two angles can be exchanged withouttffg the pdf)
due to the problem symmetry. The angles are neititmpendent nor fully correlated, which makes it
very difficult to find the joint pdf required in Y3 To this end, we use the Holder inequality in

combination with the induction principle to obta#fter some manipulations, the following bounds:

2 . X m T2 . X
Fi(X) < £ f¢(¢>H&c(Sm2 ¢ﬂ do < £ f¢(¢)F&£c(si > ¢jd¢ (4)

These inequalities have an intuitive interpretatidre 29 (rightmost) bound is the*1step outage
probability of unordered V-BLAST (see [3][5] for @éled analysis of this system), and tfig(ibternal)
bound is the % step outage probability of V-BLAST with before-jgction ordering (based dh;|
rather tharjh;| ), which is clearly sub-optimal. However, the 1stbd is, as we show later on, quite
tight for all SNR. In fact, all the three outageolpabilities in (4) exhibit the same diversity order
(n—m+1) and differ only by a constant, which is a sigrafitimprovement over (2). Note also that for
m=2 the first bound is sharp, i.e. equals exactly Yostep outage probability (see eq. 29 in [6]).
Additionally, since{¢,,..9,} are exchangeable random variables, which are knwwhave non-

negative correlation [7], the following lower bouhdlds for arbitrary SNR,

/2 m
Eun(x))" = f F(n) X d <F(x 5
(F"(0) uq,(cb)msmzq) 0| <R( (5)
where F'"(x) is the f' step outage probability of the unordered V-BLASH]. [Additional lower
bounds forF(x) can be obtained in the same way as in (2) R&™ > F™(MD) > > F(™2)

After some lengthy manipulations, th&dound in (4) can be presented as:

m m
Bi(X) = (-1)™*(m~ 1)Crr1n—_11{20‘| (Ja+Jq)e™+> ayd 2e_lx} (6)
1=0 |1=2
wherea, =(-1)'Cl,; Jo,Jg,Jd4 are polynomials,
n_m+ll(n—1)—n+m—2 — m-3 n-2
Ja =(Ix) > ag (P, Iy = (-1 (-lx) D by HX)P, Iy =D dp EIxP
p=0 p=0 p=0
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andb,,a, ,d, are numerical coefficients,

m-2 _Nkck [(n-1)-n ) p (_1\K~k-ptm-2 m-p-3 N\
ag= Y, DCmz_ TN iy, b=y CF G2 k)
k:max[O,m—Z—p](p+k_m+2)! i=max[0p-m+ 2] k=0 k! i=o0 (|+p+n—m+2)!

(_1)p min[m-2,n-2-p] (_1)k " 1
d, = ==Lk, = —=
p P I(ZZE) n-k-1 m i1+...§:i Il!"'||!
0<iq,.. sn-1

Thus, the bound in (6) is a combination of exposemd polynomials of finite order and hence allows
efficient numerical evaluation, which is importafdy example, in an iterative optimization process.
While the expression foay, ,b,,d, may appear complicated, they can be evaluatedvanee (i.e., a
table of coefficients is built for a given order thie system) and do not need to be changed during
simulations. We also note that for=2, (6) reduces to the exact &tep outage probability (see [[6],
eq. 30]), i.e. the bound is sharp in this case.

At high SNR, B;(x) can be approximated as

N 1 X n-m+1
Bi(X) = m(zj (7)

which indicates a 3 dB SNR gain in the sub-optiynalidered V-BLAST compared to the unordered
one. To get some insight and to evaluate the bagodracy in other cases, we further consider 3x3 an

4x4 systems.
A. Outage of 3x3 and 4x4 V-BLAST

The £'step outage of 3x3 V-BLAST is bounded as

Fi(X) < By(x) =1-37* +e‘2x[3+1—5x+—3x2j—e‘3x(1+£)x+—7x2+—2x3+—1x4j (8)
8 8 81 9 9 6

The asymptotic behavior of the boundBgXx) = x/2, x - 0, which is the same as the asymptotic

outage probability of the 2x2 system [6]: drder diversity and 3 dB gain due to optimal oimigare

apparent (this 3 dB gain transforms asymptotidally 3 dB SNR gain in terms of the average BLER).
The 2" step outage of 3x3 V-BLAST cannot be easily evaldiaince the ordering procedure at

the ' step affects the channel statistics at tHes@p. We evaluate the conditional outage protigfaiti

the 2 step (i.e., conditioned on no detection errohat ' step — this is what we need to evaluate the

BLER). As an approximation, we assume that the chlstatistics at the"2step are not affected by the

optimal ordering at the®istep (i.e., the channel coefficients are stilili.complex Gaussian). Under this
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assumption, the"2 step outage probability is the same as that of2asgstem at the*Istep (since the
first bit stream has been detected and eliminatédeaf' step), whose outage probability is [7, eq. 21],
Fo(X) =1- 2e7%(1+ X) +e‘2x(1+ X+ %% /8 x3 /4. lts asymptotic behavior iB,(x) = x?/8, x - 0,
which clearly indicates a second-order diversity.

The 3 step conditional outage probability can be evaldét a similar way. Assuming no change
in the channel statistics due to the ordering efitst two steps, it is the same as that of as3s2em at
the second steff3(x) = R ()| 2~ RiA: (x) . Its asymptotic behavior iy(x) = 2R (x) = x3/3,
which indicates the'8order diversity.

Extensive Monte-Carlo simulations have been caroedto evaluate the accuracy of the bound
and approximations involved. Some of the represiertaesults are shown in Fig. 2-4. Clearly, tfie 1
step bound is quite accurate (given its simpleneqtand it underestimates the performance by 2 dB.
The actual asymptotic behavior of the outage pntibabs F(X)=x/3, x - 0. The 2d step
performance is overestimated by 3 dB. However,igsZFdemonstrates, it is predicted extremely well
by the 2% order MRC outage curve. We attribute this to thietjeffect of two opposite factors: 1)
performance loss at thé%tep due to optimal ordering at thtdne (the same as for nx2 system), and
2) performance improvement due to th& 8tep optimal ordering. Apparently, this two effect
compensate each other and the resulting outadeeisame as that of2order MRC. The 8 step
performance is estimated quite accurately by thercegmate expressiorf>F3(x)=2F,\(,|3,’:2C xX)=x3/3
(within 1 dB). MRC outage curve would provide woeggroximation in that case.

The validity of the approximations above is notited to a 3x3 system. As an example, we use
the same approximations to analyze 4x4 system.3Ftpows the outage probability at first 3 stefge T
1% step bound is obtained using (6), and the asyiopbethavior of the outage probability, based on
Monte-Carlo simulations, i$(x) = x/4, x — 0 (see (9) form=4). The 2% step outage has been
analytically estimated using thé' $tep outage of a 4x3 system, which is within 1B5ad the actual
performance. Note that it is not the same as MR@nane. However, the 8 step performance is
virtually the same as that of*®rder MRC. The analytic estimation of the perfonee (using T step
outage of a 4x2 system) overestimates it by apprataly 3 dB. We attribute this to the effect of the
optimal ordering at the*land 29 steps.

B. Outage of nxm V-BLAST

Extensive numerical experiments (Monte-Carlo sirotes) indicate that the bound in (7) captures
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accurately the diversity order(—m+1), but underestimates the SNR gain of the optinmndéieng:
instead of 2, the SNR gain observed in numericaéarents for systems of various sizesnsand the

outage probability is accurately approximated,igih ISNR, by

1 X n—-m+1
R0 = (n—m+1)!(aj x=0 ©

Some of the representative results shown in Faermonstrate that (9) is indeed accurate for systdms
various sizes. When compared to thén—-m+1) -order MRC outage probability,
F™(x) = X" ™1 /(n—m+1)!, which is also the®istep outage of the un-ordered V-BLAST [3]-[5],

it is clear that the effect of the optimal orderilgan mfold SNR gain at the *istep. This was
rigorously proved fomx2 system in [6]. Fig. 5 shows additional represévtatesults in terms of the
average BLER with BPSK modulation evaluated via (8¢e also (11) and (12)). Clearly, this
approximation captures accurately not only the mitae order, but also the SNR gain of the optimal
ordering, at high SNR. Another related approxinmgt@so supported by extensive numerical evidence,

gives the joint distributiorF (X, X5, ..,Xn) of{|hm|2,|h25|2,...,|hmD|2} [16],

1 -
F (%, X2, Xm) :—(Zin;lxi '

n-m+1
(n—m+1)! ) K- G (10)

where h;; denotes here the component lpforthogonal tospan{h;..h;_;,hi.1..h,} . Note that (9)
follows from (10), sincer; (x) = F (X, X,...,X) .

Comparing (9) to (7), we conclude that the subrogli ordering (based ofh;|) incurs
10log, (M /2) dB SNR penalty compared to the optimal orderingséal orjh;|). This SNR gap is
zero form=2 and it widens asn increases. However, the sub-optimal ordering ¢weside a 3 dB
SNR gain compared to the unordered V-BLAST. Givdaveer computational complexity of the sub-
optimally ordered V-BLAST, it may be an attractive solution for low-comptgxor energy-limited

systems.

IV. AVERAGEBLERAND TBER
Using the analytical approximations for the outpgababilities given above, the average BLER can be
evaluated in a straightforward way. Since, in laf®§R regime,g1 >>§2 >> --->>e_m (due to
increasing diversity order), the average BLER isohated by the 1st step average error rate. USihg (

this can be presented as

" for example, one projection is required at 19 dtstead ofm for the optimal ordering; given that the projensaarry
most of the V-BLAST computational load, the redontin complexity can be significant.
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e —(n-m+1

— )
Ps = R1=Pwmrc  (Myp) (11)

—(k
where Pn(vn)qc (Yo) is the k-th order MRC average BER for a given niaiiton format. Specifically, for non-

coherent orthogonal BFSK and coherent BPSK resdgibne obtains,

Pg.arsc =i(ijn_mﬂ , PBps :L% (12)
2\ myo (4myo)™ ™
To evaluate the validity and accuracy of the apinaxons in (11), (12) extensive Monte-Carlo
simulations have been carried out. Some of theesemttative results are shown in Fig. 5,\hile the
overall accuracy of these approximations is gooel,nate that the large-SNR approximation in (12) is
less accurate at smaller SNR (especially when aﬂ)pbgl) compared to the general expression in
(11) (which is not a surprise as (12) follows frébi), which is itself a large-SNR approximation)eW
have noticed that a better approximation for theraye BLER is

—(n-m+1 —(n-m+2)

P = Phire 2 (myo) + Pure. (o) (13)

where the ? term approximates the contribution of tHd 2nd higher steps, whose contribution to the
average BLER is visible at lower SNR. For largerage SNR,y, =10dB, all these approximations are
almost identical, which also confirms our earlienclusion that the®istep has dominant effect on the
average BLER. No diversity for 3x3 an® drder diversity for 4x3 system is also obvioustifhan
terms of BLER and®istep BER). Fomxm system, (11) simplifies to

. (14)

Myo

where the constautis independent ah, from which one may conclude that
lim Pg =0 (15)

m-— oo

While we lack a rigorous proof of this result (recélhitit is based on the conjecture (9)), there is an
extensive numerical evidence to support it. As Fig. 6 demorsti@d3PSK modulation, the average
BLER decreases witim in complete agreement with (14). Note also that the appréoman (14)
becomes quite accurate for high SNR,>10dB . As a side remark, we also note that this
approximation over-estimates the average BLER. From (15), opeonalude that the V-BLAST is a
practical example of a system with the space-time autocodiect eftcovered in [8] using information-

theoretic arguments. Together with the capacity-achieving pyopdrithe V-BLAST [1], this

810° channel realizations with 100 noise/symbol reditire per channel realization have been used for M@
simulations. The rationale behind this choice carfdoind in [15].
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demonstrates the optimality of its processing strategy.

Another performance measure of the BLAST used in the cuitergture is the total error rate
(TBER). It is defined as the error rate at the output strawhich all the individual sub-streams are
merged after the detection. Thus, contrary to the BLERk&s into account the actual number of errors
at the transmitted symbol vector and not only the fact of their presencevd heeasures are related via
the following inequalities [5]%55 < Pr < Ps, wherePr is the average TBER. The lower bound is
tight at high SNR, so it can be used as an accurate apptiinof the average TBER [5Pr =1 Pg,

i.e. single errors within the Tx symbol vector dominate the pmdoce at high SNR. Using this
approximation and (11), the average TBER of the ordered V-BL&Sithe i.i.d. Rayleigh fading
channel can be approximated as

= (n—m+1)

1
—Pwmrc " (myp) (16)
m

R =
Thus, increasingn for fixed n results in two opposing effects on the average RBf) decreasing
diversity order, and (ii) increasing SNR gain doelte ordering and dominance of single-error events
Unfortunately, at high SNR, the"{negative) effect is dominant. However, whenandn increase
simultaneously, so thgin—-m) is fixed, the T effect disappears, and the second (positive) teffec
dominates the performance. This observation coretbs the common wisdom that an increase in the
number of Tx antennas should be followed by an@pate increase in the number of Rx antennas, if
the error rate performance must not degrade. d¢t @ésnonstrates that, fon=n, an increase im is
beneficial in terms of the average TBER. For exaywhenn =m, (16) reduces to

= a

Pr=— (a7)
M~Yo

Comparing (17) to (14), one concludes that the-aathbng effect is even more pronounced in terms of
the average TBER. In a similar way, one may exptiessaverage TBER for BFSK and BPSK using
(16) and (12).

V. D-BLAST AND COMPARISON TOLINEAR INTERFACES

The error rate performance, either instantaneoasv@rage, of the uncoded D-BLAST (ordered or
not) is the same as that of the V-BLAST [5], siac¢éenna cycling in D-BLAST is equivalent to symbol
cycling at the baseband model, so if the same elbasbn is used for each transmitter, the totabrer

rate is not affected. In the case of the BLER iter probability is not affected by cycling eith&hus,
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the results above can also be applied to the D-BLAI§orithm. In this case the step indear Section
Il is associated with the antenna, not the trarismiThe identical performance, however, does ol h
for horizontally-coded BLAST, in which case therge a significant difference, with D-BLAST
outperforming V-BLAST [9].

The BLAST algorithm performs essentially successnterference constellation (SIC). Another
option would be to use purely linear processirgy, either ZF or MMSE filtering applied to to form
decision variables as follows [10, sec. 103} =(H+H)_1H+r Mamse = (H*H +031) "H*r , and the
demodulation is done component-wise,= D™{r} , where D! denotes a demodulator for a
constellation in use. Clearly, each stream will exignce in this case the same error rate (dueeto th
same distribution of the after-processing SNR) ktughe £' step error rate of unordered V-BLAST
with ZF and MMSE processing respectively. Thus, dherage BLER of the linear interface can be

expressed as,
—L m —u —u
Pg=1- |_| (1— Per) = mPe1 (18)

where Pa is the step error average rate of the unordered V-BLASAr ¢F processing,
corresponding expressions were given in [5]; for 8Bprocessing, it seems to be an open problem),
and the approximate equality holds at large SNFEn/\F_Pg1 <<1. Comparing this to the average BLER
of unordered V-BLAST at high SNFBs = Pe1, one concludes that the Iine%r interface suffesfsld

increase in the average BLER compared to the SHizhnis equivalent tann-m+1-fold SNR penalty.
For the ordered ZF V-BLAST, the average BLER isegi\by (11), andPe = Pn(\;ng 1)(yo) [5], so this

difference is even more pronounced since

—(n-m -m+1)

Ps = mPure (Vo) > Ps = Pirc. (Vo) > Ps = Pure. (M) (19)

For themx m system at high SNH?,’(I\?Rc(myo) =mc,/ Yo, Whereg; is a modulation-depend constant,

so that (19) reduces to
Ps = moy /Yo > P = cy/yo> Py = ci(my g (20)

i.e. the linear interface suffzcamz -fold SNR penalty compared to the ordered V-BLAE®r thenxm
n-m

system, this becomaan-m*1-fold SNR penalty. This simplified analysis agreeasonably well with

the numerical results in [10, sec. 10.3].
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VI. CONCLUSIONS

Geometrically-based analytical performance evaduabif the ordered ZF V-BLAST for more than 2 Tx
antennas is presented. The use of the Holder atiggallows one to derive lower and upper bounds o
the ' step outage probability at arbitrary SNR, and alempact closed-form approximations for
higher-steps outage probabilities at high SNR. &the average BLER and TBER are dominated by the
1% step BER at that mode, approximate closed-formesgions are obtained in a straightforward way.
Based on the upper bound to the outage probabhitityon extensive numerical evidence, we conclude
that the effect of optimal ordering at &tep ism-fold SNR gain. Thus, the average BLERO (and
also the TBER) asn - o, which is a manifestation of the space-time aulouwp effect [8] in a
practical system, which also confirms the optinyatit the V-BLAST processing strategy. Contrary to
the optimally-ordered V-BLAST, the sub-optimallydered one and un-ordered one possess the
autocoding effect in terms of the TBER but notBi€&R. Uncoded D-BLAST error rate performance is
the same as that of the V-BLAST. The linear reaeiveerface (without successive interference

cancellation) suffers SNR penalty compared to thAST, which is quantified in this paper.

VIl. REFERENCES

[1] G.J. Foschini et al, Analysis and Performance ah&ddasic Space-Time Architectures, IEEE Journal
Selected Areas Comm., v. 21, N. 3, pp. 281-320il 2003.

[2] G.J Foschini et al, Simplified Processing for Hi@pectral Efficiency Wireless Communication
Employing Multi-Element Arrays, IEEE Journal on &gkd Areas in Communications, v. 17, N. 11, pg118
1852, Nov. 1999.

[3] N. Prasad, M.K. Varanasi, Analysis of decision femzk detection for MIMO Rayleigh-fading channels
and the optimization of power and rate allocatieBEE Trans. Inform. Theory, v. 50, No. 6, June£200

[4] S. Loyka, F. Gagnon, On BER Analysis of the BLASTthut Optimal Ordering over Rayleigh Fading
Channel, 2004 IEEE Vehicular Technology Conferehos,Angeles, CA, Sep. 26-29, 2004.

[5] S. Loyka, F. Gagnon, V-BLAST without Optimal Ordegi Analytical Performance Evaluation for
Rayleigh Fading Channels, IEEE Transactions on Caemnncations, v. 54, N. 6, pp. 1109-1120, June 2006.

[6] S. Loyka, F. Gagnon, Performance Analysis of thBDMAST Algorithm: an Analytical Approach, IEEE
Trans. Wireless Comm., v. 3, No. 4, pp. 1326-138HF; 2004.

[7]  J.E. Pecaric, F. Proschan, Y.L. Tong, Convex Fansti Partial Ordering and Statistical Applications,
Academic Press, Boston, 1992.

[8] B.M. Hochwald, T.L. Marzetta, Space-Time AutocoditigEE Trans. Information Theory, v. 47, N. 7,
pp. 2761-2781, Nov. 2001.

[91 L. Zheng, D.N.C. Tse, Diversity and multiplexingfumdamental tradeoff in multiple-antenna channels,
IEEE Transactions on Information Theory, v. 49, Np. 1073-1096, May 2003.

[10] J.R. Barry, E.A. Lee, D.G. Messerschmitt, Digit@n@nunications, Kluwer, Boston, 2004.

[11] Y. Jiang, X. Zheng, J. Li, Asymptotic Performancealysis of V-BLAST, IEEE Globecom’05, pp.
3882-3886.

[12] H. Zhang, H. Dai, B.L. Hughes, On the Diversity-Kiplexing Tradeoff for Ordered SIC Receivers over
MIMO Channels, IEEE ICC’06.

1-Aug-08 IEEE Trans. Wireless Comm.: Revision 3 12(15)



[13] J. Choi, Nulling and Cancellation Detector for MIMChannels and its Application to Multistage
Receiver for Coded Signals: Performance and Opditioiz, IEEE Trans. Wireless Communications, v.5,N.
pp. 1207-1216, May 2006.

[14] V. Kostina, S. Loyka, On Optimization of the V-BLASAlgorithm, 2006 IEEE International Zurich
Seminar on Communications, Feb. 2006, ETH ZurietitZgrland.

[15] S. Loyka, F. Gagnon, On Accuracy and EfficiencyMiinte-Carlo Error Rate Simulations for Fading
Channels, 2007 International Symposium on Sigr&lstems and Electronics (ISSSE-07), July 2007, Maht
Canada.

[16] S. Loyka, Statistical Analysis of the 2xn V-BLASTIgarithm Over Rayleigh Fading Channel, IEEE
International Conference on Acoustic, Speech arghdbiProcessing (ICASSP’04), May 17-21, Montreal,
Canada, 2004.

Fig. 1. lllustration of the problem geometry fior= 3.
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Fig. 2. Outage probabilities of 3x3 optimally-oreérV-BLAST. 5*10 trials have been used for Monte-Carlo

simulations.
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Fig. 3. Outage probabilities of 4x4 optimally-oreérV-BLAST. 5*10 trials have been used for Monte-Carlo

simulations.
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Fig. 4. £' step outage probabilities of optimally-ordered VAST of various sizes evaluated via (7), (9) aral vi
Monte-Carlo simulations. While the bound in (7) ttaps correctly the diversity order, it gets lead kss tight
as m increases and thus unable to capture accura$NHR gain of ordering. The approximation in (Qtoses
accurately both the diversity order and the SNRh gdithe ordering, at high SNR. It also allows resting

accurately the BLER (see Fig. 5 and 6).
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Fig. 5. Average BER/BLER of 3x3 and 4x3 optimaligered V-BLAST with BPSK modulation:

approximations and MC simulations. The approxinmatibecome accurate at ab@NR > 5dB .
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Fig. 6. Average BLER of mxm optimally-ordered V-BBA with BPSK modulation using the high-SNR

approximations in (11) and (12), and MC simulatitorssm = 2,3,4,5 and 1. The approximation becomes very

accurate at abodBNR>10dB .
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