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Static output feedback sliding mode control design via an

artificial stabilizing delay

Alexandre Seuret, Christopher Edwards, Sarah K. Spurgeon and Emilia Fridman

Abstract—It is well known that for linear, uncertain
systems, a static output feedback sliding mode controller
can only be determined if a particular triple associated
with the reduced order dynamics in the sliding mode
is stabilisable. This paper shows that the static output
feedback sliding mode control design problem can be
solved for a broader class of systems if a known delay
term is deliberately introduced into the switching function.
Effectively the reduced order sliding mode dynamics are
stabilized by the introduction of this artificial delay.

Index Terms—Sliding mode control, output feedback,
time delay systems, exponential stability, discretized
Lyapunov-Krasovskii functionals, stabilizing delay.

I. INTRODUCTION

In many practical situations, all the states are not
available to the controller. In some circumstances it
is impossible or prohibitively expensive to measure
all of the process variables. With this in mind,
many authors have developed methods to control
systems only using output feedback, of which one
approach is the output feedback sliding mode con-
trol paradigm [5].

The idea developed in this paper is to broaden the
class of systems for which a static output feedback
based sliding mode controller can be developed
based on a recent result from time delay systems. In
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[7], [11], the authors show that for some systems,
the presence of delay can have a stabilizing effect.
This affords the possibility of taking a system which
is not stabilizable by static output feedback without
delay and finding a constant delay 7 strictly greater
than O such that the system is stable. In this case, a
stabilizing delay is introduced into the dynamics to
effect output feedback stability.

This design concept is not new. Several authors
have considered this possibility. For example in
[15], [17], [18] it has been shown that introducing
a delay in an output feedback controller can stabi-
lize a system which cannot be stabilized without
delay. This property has already been noted in
the production of proteins in a cell [13]. When
researchers try to model this production without
delay, the solutions oscillate and do not correspond
to the known physical behaviour. By introducing a
delay corresponding to the intracellular transport by
convection, the solutions correspond more closely to
the known behavior.

The novelty in this paper is in overcoming the
output feedback stabilizability assumption [2] in the
design of sliding mode controllers by static output
feedback. The authors propose a new switching
function which contains an additional term which
is linear in the delayed output. This is shown to be
constructive in stabilizing the reduced order sliding
mode dynamics. It is then shown that a sliding
motion can be reached in finite time.

The article is organized as follows. The second
section presents the problem formulation. Section
three formulates the definition of a new sliding func-
tion which contains an artificial delay. In section
four, the problem of exponential stability of the
reduced order sliding motion with constant delay
using discretized Lyapunov-Krasovskii functionals
is solved. Section five deals with the exponential
stabilization of non-delayed systems by a sliding
mode controller including delay. In the last section,
a numerical example demonstrates the design of the



gains and the effect of the choice of the delay in the
sliding mode controller.

Throughout the article, the notation P > 0 for
P € R™ " means that P is a symmetric and positive
definite matrix. [A;|As|...|]A,] is the concatenated
matrix formed from the matrices A;. The symbol
I,, represents the n x n identity matrix. The no-
tations |.| and ||.| refer to the Euclidean vector
norm and its induced matrix norm, respectively. For
any function ¢ from C'([—7; 0],R"), we denote

|6l7 = supse(_r, o(|6(5)])-

II. PRELIMINARIES AND PROBLEM
FORMULATION

Consider the linear uncertain system without de-
lay

=-

(1) (1) + B(u(t) + 9 (y(1)))
y() (t)

where z(t) € R", u(t) € R™ and y(t) € RP with
m < p < n, corresponds to the state, control and
output variables respectively. The function ) € R™
represents the matched disturbances and is assumed
to satisfy:

Ax
Cr (D

V(O] < Wa(y(t)) 2)

where W, is a known function.

The matrices A € R™" B ¢ R™™, (' c Rp*"
are assumed to be known. It is also assumed that
the pair (A, B) is controllable and the input and the
output matrices B and C' are full rank. In addition,
it is assumed rank(CB) m. Then from [2],
[4], there exists a change of variables such that the
system has the following representation:

| A A

) 0

z(t) = Ay Ay 1 z(t) + [ B,
y)=[0 T Ja(t)

3)

where Ay, € R(v—m)x(n=m) B, e RM>™ g nonsin-

gular and 7' € RP*P is an orthogonal matrix. In [2]
a sliding surface

} (ult) + ¥y (1))

S={zeR": FCz(t) =0} 4)
is proposed, where F = F[K I,|TT, K €
R™*(P=m) and F, € R™ ™ is a nonsingular matrix.
The sliding motion is governed by the choice of K.
If a further coordinate change is introduced based

on the nonsingular transformation z = Tz with T
defined by:

where C1 = [0p—m)x(n—p) I(p—m)), then, as argued
in [2], the dynamics of the reduced order sliding
motion is governed by

& = (A1 — A KCh)x4(1)

7= | Inom 0} 5)

KCcy I,

(6)

The fictitious system (A1, Aj2, C1) is assumed to be
output stabilizable i.e., there exist a matrix K such
that the matrix A;;— A2 K Cy is Hurwitz. It is shown
in [2] that a necessary condition for (A;q, Ao, C1)
to be stabilizable is that the invariant zeros of
(A, B,C) lie in the open left half-plane. However
the design of an output feedback gain K such that
the matrix A;; + A2 KC) is Hurwitz is not always
straightforward and may be impossible.Consider for
instance the system (6) with

0 -2 —1
:|7A12:|: 0

1 0.1
which is from [1], [2]. In this case, the output
feedback stabilization problem becomes the prob-
lem of finding a scalar k£ such that the matrix
0 —2—-k
1 01
which is clearly not possible. In this situation, some
authors [1], [3], [5] have employed a compensator
in order to stabilize the system. However, these
methods increase the order of the controller and
have an associated computational overhead both in
terms of design and implementation. The proposed
method seeks to introduce an artificial delay in the
system such that the system can be stabilized by
static output feedback without the need to introduce
a compensator.

AH:[ },01:[01}

has strictly negative eigenvalues,

III. DESIGN OF A NEW SLIDING MODE SURFACE

In this section, the design of a new type of sliding
surface will be discussed. The objective is to define
a sliding surface of the form of (4) but which
introduces a delay in the reduced order dynamics.
Consider

S'={z e R": FCx(t) + F,.Cx(t — 1) =0} (7)

where as before the matrix ' = F3[K I,,]T7 and
where F, = F[K, 0,)T7, K. € R™(®=™)_ Here,



without loss of generality, the matrices F, and T’
are chosen as 7,,,. In (7), 7 is an artificial, fixed and
known delay which has to be chosen to stabilize
the reduced order dynamics in the sliding mode and
represents a design parameter. The existence of such
a delay and constructive methods to choose it will be
discussed in a latter section. Instead of (5), consider
the coordinate change = — T, z:

jl(t) = Qfl(t)
fg(t) = l’g(t) + KC’lxl(t) + KTCLTl(t - T)

By construction the switching function associated
with §' is s(t) = Z(¢). This leads to:

i’l(t) = (AH — AngC’l)jl(t)
—AngTcli'l(t - 7') + Algi’g(t)

532(75) = (Agl + KOlAll)fl(t)
+K,.C1ANnT(t—7) + (Agg + KCL A1) To(t)
—|—K7—01A12[i'2(t - T) + Bg(u(t) + 1/1(25))
_<A22 + KClAlg)Kolfl(t) — (KClAngT
—|—A22KT + KTclAng)Clil(t - 7')
—KTClAmKTCl:)El(t - 27’)

®)

©)

Remark 1: It is important to note that the system
(8) is a particular delay system. Since the delay is
artificially introduced in the sliding manifold, the
delay 7 is known and can be chosen to improve the
stability of the closed-loop system.

Remark 2: The sliding mode dynamics are given
by equation (8) with Z5(¢) = 0. This is a retarded
system, where the delay is known and can be
selected to stabilise, or enhance the stability of, the
reduced order sliding motion.

Remark 3: Note that the range space dynamics
given in (9) contain several delayed terms and two
different delays, 7 and 27. However 7 is a design
parameter in the particular formulation presented
here, and thus 7 is perfectly known to the controller.

The last two lines of equation (9) only depend on
the known output information, ¥, and CZ;, where
TTy = [CiZ1, 7], and thus the following output
feedback control law can be defined:

U(t) = _(BQ)_I{(AQQ + KC1A12>i'2(t>
+K7-01A12.%2(t - 7')
—(Ags + KC1Ap) K(C121 (1))
—KTclAngT(lel(t - 2’7’))
—Gl.%2<t) + V(t) - (KClAngT
"‘AQQKT =+ KfclAng)<Cli1<t - T))}(lo)

where 7;(t) =0, t < 0,7 = 1,2 and G| is a Hurwitz
matrix. The term v is the discontinuous injection
defined by
Q2%2(t)  :r =
u(t) = { g(t’y) e 1 22(8) 70 (11)

otherwise

where ()5 is a symmetric positive definite matrix in
R™*™ and

p=||B2||Wa(y(t)) + 6 (12)

where ¢ is a positive scalar gain. The closed loop
system satisfies the following equations

T1(t) = (A — ApKCh)Iy (1)
. —Ang Cll'l(t — T) + A12I2( )
To(t) = (Ao + KC1A1)7(t) + GiZa(t)
+K:CrAniq(t — 1) —v(t) + Batp(y (75)()13)
Remark 4: Note that the control law (10) does
not have a heavy computational overhead.

IV. EXPONENTIAL STABILITY OF THE CLOSED
LOOP SYSTEM

A. Exponential stability of the reduced order system

Consider the linear system with constant delay:

(1)

where 7; € R ig the state and where A, =
Ay — AppKCy and A; = — A, K. () are constant
matrices with appropriate dimensions. System (14)
represents the dynamics of the reduced order system
(8) when Z(t) = 0. Therefore, the sliding surface
(7) underpins the stabilization of the sliding mode
dynamics by using the delayed term A, K Cx(t—
7).

System (14) is said to be exponentially stable
[14], [16] with a decay rate o > 0 and an exponen-
tial gain 3 > 1 if the following exponential bound
holds:

= Aoj'l(t) + Alt’il(t - 7') (14)

[#1(8; 10, @)| < Bl|me "),
where 71 (t; to, ¢) is the solution of (14), starting at
time ¢, from the initial function ¢ € C!. Note that
both « and 3 must be independent of ¢.

Consider the change of variable x,(t) = e*1(t)
as in [19], [21]. Effectively, asymptotic convergence
of the z, states implies exponential convergence of

(15)



21 at a prescribed rate. Then it is easy to see that in
the case of constant delay, equation (14) becomes

Ta(t) = (Ao + aly)za(t) + €T Arzo(t — 1) (16)

Consider the following theorem based on the
N discretized Lyapunov-Krasovskii functional pro-
posed in [11].

Theorem 1: System (14) is exponentially stable
with the decay rate « if there exist (n—m) x (n—m)
matrices P, > 0, P, P, S, = SpT, Qp, Rpg = Rg;,
p,q = 0,..., N, which satisfy the LMI conditions
(17) and (18) with h = 7/N

= Ds D
II, = [ *  —Rg—S4 0 <0 (17
* * —354
and s Q
1
~ ~ 1
(AR

where the matrix =, is given by

\Ija PT[eo‘gTZ‘h]_[QO:[
* —SN

o

and where V¥, is given by

T On I, On, In
P |: A0+aln —In ] + |: AO+O¢IH —In

X [ Qo+QT+5Sy 0, ]

On On
where
Q=1[Q Q1 ... Qul,
S = diag{1/hSo,1/hS1,...,1/hSy},
Roo Ror ... Ron
~ Ror  Rn Rin
R=|"" 7 |

P=[h %]

and where for¢,5 =1,.., N
Sy = diag{Sy — S1,51 — Sa, ..., Sn_1 — Sn},
Rgij = h(Riy-1) — Ryj),

Rg11 Rgi2 Rain
Rgo1 Raz2 ... Raen

Ry = : : . : ’
| Ranvi  Ran2 Rann

Ds = [_D‘f D; ... D]SV],
(Ro(i—1) + Roi) — (Qi—1 — Q4)
D} = h/2(Qi—1 + Qi) ,
L —h/2(Ry(i—1) + RN:)
D¢ = Ll)f Dsg ... D?V]?
—h/2(Ro(i—1) — Ro:)
D = —h/2(Qi—1 — Qs) ,
| h/2(Bn(i—1) — Bni)

Proof: Consider the following Lyapunov-
Krasovskii functional:

Via(t) = 24, (t) Prza(t)

+227(t) [°, Q(€)alt +€)de

+ 2 2Lt + &) S(§)zalt + £)dE

+ fi fi L (t + s)R(s, &)dszy(t + £)dE

(20)

where P, > 0, Q(¢) € RO—m)x(n=m) | R(5 &) =
RT(é, 8) c R(n—m)x(n—m)’ S(&) c R(n—m)x(n—m),
and ), R, S are continuous matrix functions. From
[12] (p. 185) Vi, is positive definite if the LMI
(18) holds. Then the proof follows along the lines
of [7] using a descriptor representation [9] and
Gu-discretization [11]. It follows that =, converges
asymptotically to the solution x, = 0 and conse-
quently, the variable x converges exponentially to
the solution x = 0 with the decay rate «. See the
Appendix for more details. [ |

Remark 5: Note that Theorem 1 is an extension
of Theorem 2.1 from [7] to the exponential stability
case. However the exponential stability considera-
tions allow the performance and the convergence
of the solutions to be characterized, which will
be efficient for the design of the output feedback
controller.

Remark 6: In the definition of the delayed sliding
manifold (7), the delay is chosen to be constant.
If for some reason the chosen delay needs to be
time-varying, then a time-varying gain 1 — 7(t)
will appear in the control law and the change of
variables ‘x — x,’ will affect system (16) as the
exponential gain will also be time-varying. However
this situation can also be dealt with: see for example
[19] or [20].

B. Illustrative example

Consider system (14) [8], [10] with
0 1

00
AO:{—z 0.1}’ Al:{l o}

As in [8], Theorem 1 cannot guarantee that this
system is asymptotically stable, i.e. for « = 0, if
the delay is less than 7,,;, = 0.11s. The relationship
between the delay 7 and the maximum admissible
decay rate « is given in Figure 1. The maximal
decay rate « results from the following optimization
problem (see the Appendix, section B for more



details):
max Q
T €0, 2]
such that (17) and (18) are satisfied

Xmaz =

061

03

02

Fig. 1. Relation between 7 and « with respect to N

Figure 1 shows that the conservatism of the
condition from Theorem 1 reduces when the number
of discretizations NV is increased. This is due to the
fact that when NV increases, the degree of freedom
to define the Lyapunov-Krasovskii functional also
increases. Note that for all the discretizations, there
exists a optimal delay which corresponds to the
maximal decay rate. In a system where the delay can
be chosen, as in system (13) presented in Section III,
this form of graph can help to determine the optimal
delay. Compared to the asymptotic result proposed
in [8], Theorem 1 allows the existence of an optimal
delay to be shown. This delay corresponds to the
best performance in terms of stability.

Remark 7: Note that the ‘optimal delay’ is rel-
ative to the number N of discretizations used in
Theorem 1. In Figure 1 the optimal delay when
N = 1 is different from the one when N = 2.
In the sequel the statement ‘optimal delay’ will be
used to express the delay which corresponds to the
fastest decay rate o with respect to a certain level
of discretization.

C. Stabilization of the closed loop system

This section focusses on the stability of the whole
system (13). In particular, it needs to be established
that o = 0O in finite time, i.e. a sliding motion is
achieved.

Theorem 2: System (13) is exponentially stable
for given output feedback gains K and K, with
decay rate « if there exist P, > 0, P», P3, S, = SpT ,

Qps» Rpg = RL, p.q=0,...,N in R(e=m)x(n=m) anq
@2 > 0 € R™™ which satisfy the LMI condition
(21) and (18) with h = 7/N

(A21 + KC1A11)T Q2 + P1 A1
O(n—m)xm
e (K7C1A11)T Q2
ON(nfm)xm
N(n—m)xm

* Q2Gi + GF Qs + 200,

Ha <0 (21

where the matrix II, is given by (19) and where
AO = A11 — A12K01 and Al = —AngCl.

Proof: Consider new variables 71,(t) =
T1(t)e® and Ton(t) = To(t)e®. The new closed-
loop system satisfies the following equations:

ILEm(t) = (A1 — ApKC + ol ) Z1a (1)
] —eO‘TAngTC'li’m(t — 7') + Algi’za(t>
T (t) = (A1 + KC1A11)T14()

—I—GQTK ClAll-%la(t — 7')
+(Gi+ alp)Taa(t) — e (v(t) — B2t (y(t)))
(22)

Consider the Lyapunov-Krasovskii functional

Va(t) = %a(t) + %a(t)

where Vi, is defined in (20) and where

Vaa(t) = x2a< ) Q224 (t)

From [7] and following the line of the proof pro-
posed in the appendix, differentiating V3, along the
trajectory of (22a) leads to the following inequality:

Via < gT( _a§ f() ¢T Sdgb(ﬂ)dﬁ
fo fo ¢T Rd¢ )dﬁd")/
+267(t) [y [D° + (1= 26) D% ¢()d
+31, (1) PrA12024(t)

(23)
where =, is defined in (19) and the functions ¢ and
¢ are defined in the appendix.

Differentiating V5, along the trajectory of (22a)
leads to:

Vao < 85, (1)(GF Q2 + Q2Gy + 2L, Faa (1)
25, (1) Q2[(Az + KC1A11)I1a(t)
+€aTK ClAlliL’la(t — T) (V(t)
+Bat(y(t)))]

(24)

Then by combining (23) and (24) and by defining
E'(t) = col{T14(t), T1a(t), T1a(t — T), T2a(t)}, the
following inequality holds:



Vo < é’T( )0/ (t) = [y 67 (8)Sad(B)d
—hh Jy ¢T B)Rag()dBdy
+267(1) [y [D* + (1= 28) D] ¢(3)d8
—5,,(1)Q2e™ (v (t) — Bt (y(1)))

where O, is given by:

(Ag1 + KclAn)TQz + P A
O (n—m)xm
e (K, C1A11)TQq
* GlTQz + QG

From (12), note that —xl (+)Q.e™(v(t) —
Both(y(t))) < —0e*||Qay(t)||. The last term is thus
negative. Applying Proposition 5.21 from [12] to
(25) it can be concluded that V (t) < 0 if LMI (21)
holds. [ ]

(25)

1]

D. Reachability of the sliding manifold in finite time

Corollary 1: An ideal sliding motion takes place
on the surface s(t) = 0 in the domain Q =
{(Z1,29) € [t — 7,t] —» R*™™ x R™ (II(A21 +
KClAll)H + HKTCHAHH)L%“T < 60— 77} where n is
a small scalar satisfying 0 < n < 9.

Proof: Consider the following Lyapunov func-
tion V,(t) = Z1(t)Q274(t). By differentiating V,
along the trajectories of (13b), it follows that:

Vi(t) = 21 (¢)(Q2G1 + GT Q2)35(t)
73 (£)Q2[(Ax — KC1A1)T(t)
_K‘rclAllj‘l(t — T) - l/<t) + Bﬂb@@))]

Since the matrix (; is Hurwitz, () can be chosen
such that ()G, + G?QQ < 0. By taking an upper
bound on the second and third term, the following
inequality holds:

Vi(t) < 2] 22| Q2lI[(| (A2 + KC1AL)|
HIEKCLAR ) 31| + (| Ball [0 (y (1))
—[|Z2||1Q2lp(t, v)

If the system satisfies the conditions from Theorem
2, the state 7, converges to the solution z; = 0 with
an exponential decay rate. It follows that the domain
Q) is reached in finite time. Since the gain p of the

sliding function is defined as p(t,y) = Wa(y(t))+7,
the following inequality holds:

t) < —nv'Vi(t)
This concludes the proof. [ |

E. Comments on the design of the output feedback
gain

As usual, the problem of designing the output
feedback gain is not straightforward. Moreover the
LMI (21) is not in an appropriate form for synthesis
purposes because the gains K and K, appear in
different ways in =, than in (KC;A;;)TQ, and
(K,C1A11)7Qy. Congruence and other ‘classical’
LMI transformations will probably not facilitate
constructive conditions. A constructive method at
this time is to test the stability of the closed-loop
system for a given set of values of K and K, is
discussed in the appendix.

V. EXTENSION TO UNCERTAIN SYSTEMS

Consider now the case when the system (3) is
uncertain and time varying. Instead of the known
matrices Ay, for k,l = 1, 2, the following represen-
tation is introduced:

Ai:l = Agl + Z %lAi(t)A?ch (26)
By = By + 32 i Ai(t) By

where A}, € R=mx(=m) and B,y € R™™ is
non singular. The other matrices in (26) are assumed
to have appropriate dimensions. It is assumed that,
for all i € {1,.., M}, the pair of matrices (A, +
A%, Byy) is controllable. The scalar functions \; are
such that:

M

€0, 1, Y Nt =1. @7

=1

Vi=1,.,M, \(t)

As it is possible to remove some uncertainties, the
system is rewritten as:

=] 4 2 =0
+ g } (ut) + dolt,yw) O
y()=[0 T Ja(t)

where the matched uncertainties are represented by:

¢0(t’ Y, u) = BQ_O1 (Zivil Al(t) (AEQIQ(t) + Bé“(ﬂ))
+o(t,y)



This leads to

T1(t) = (A} — ARKC)Z(t) + AT
—AtlQKTCl.fl (t - ’7')
To(t) = (Ah) + KC1AL)Z (1)
+KTCIA§IT£'1<Z€ - T)
+(ADy + KC1AL) 2o (1)
+K,CLAR B(t — ) + Bag(u + 1o(t, y, u))
— (A + KC1AL)KChin (t)
—KTC&A?ETKTClJN}l(t — 27’) — (KOlAIiQKT
+A82KT + K.,-ClAigTK)Cl[Z'l (t - 7')
(29)
Note that the last two lines of the previous equation
only depend on the output information and thus
the following output feedback control law can be
defined:

u(t) = —(Bao) " {(A3, + KC1AY,)2(t)
+K,C1 A% (t — 1) + v — (A,
+K01A12)K011E1< ) - (KClA(l)QKT
+A82K7- + KTClA?2K)lel(t - 7')
—KTclAgqu—Cli’l(t - 2’7’) — Glfg(t)}
(30)
where G; is a Hurwitz matrix. The closed loop
system satisfies the following equations:

T1(t) = (Al — AL KC)T (1)
) —A'iQKTOlZf'l(t — T) + Aifi‘g(t)
To(t) = GiIa(t) + (AYy + KC1 A7) T1(1)
+K,C1 AL 2 (t—7) — v+ i (t, y,u)
30
where

Uit y,u) = Z M) [ K C1A T (1)
+K01A112K011’1( )
—K01A112K7—Cli’(t - 7')]
+20 mihi(t — 1) [KCLAL Tt — 7)
+K701AZ‘12K01£'1 (t - T)
—KTClAZiQKTCli'(t — 27’)]
+BQO¢O(t7 Y, U)

Since ¢, depends on ¢, y and u only, there exist
positive functions Wy and Wo; such that:

H%(t%“)” < HBQOHW2(tvy7u) +\I/21(t,y,lb)

The discontinuous control component v is still de-
fined by (11) but the gain is now defined by:

p(t,y,u) = || Bao||Va(t, y, u) +Vor (£, y,u)+0 (32)

where ¢ is a positive scalar gain.
Noting that equation (31) is polytopic and of the
same form as (31), and that Theorem 2 is linear

with respect to the matrix definition, the following
result holds:

Theorem 3: System (31) is exponentially stable
for given output feedback gains K and K, with
decay rate « if there exist P, > 0, P, P, S, = S;;F,
Qps Rpg = RL, p,q=0,...,N in R(=m)x(n=m) anq
Q2 > 0 € Rme Wthh satisfy the LMI condition
(21) and (18) for all vertices ¢ = 1,.., M with h =
T/N.

Then the following corollary holds:
Corollary 2: An ideal sliding motion takes place
in the domain ) given by
{(Z1,Z2) €[t = T,t] = R"™ x R™ :
max; j=1.. N

([[(Ay + KCLAL) | + ||K701A{1H)|f1|T <d—n}

where 7) is a small scalar satisfying 0 < n < 9.

Proof: The proof is similar to the previous one.
]

VI. EXAMPLE

Consider the non-delayed system (3) with the
definitions:

-2 [ —1
A11:|:(1) 01:|7 A12: O 3
Apy=[-01 -1], Ap=][1],
001" [0
c=1|10], B=10
0 1 1

As in [2], this system is not output stabilizable using
traditional static (ie. non delayed output feedback).
The objective remains here to design the controller
(10) with appropriate gains K, K, € R and an
artificial delay 7 such that the closed-loop system
is exponentially stable with decay rate a.

A. Design of the output feedback

This section proposes a method to obtain the
optimal controller (K, K, 7). The idea is to test if,
for a set of values of K and K., the LMIs from
Theorem 2 have a solution and if it is possible to
find the delay which ensures the greatest exponential
decay rate.

After checking the resolution of the LMIs from
Theorem 2, a solution can only be found when K



lies in the interval [—6; 2| and K, in [0; 8|. For
each value of the gains K and K., an optimization
process, detailed in Appendix B, is used to obtain
the best value of a by tuning 7 upwards from zero
until the LMIs are not satisfied. The optimal delay
will be the one which delivers the largest «, using
the same method as in Example 1. For this particular
example the optimization problem is reduced to the
following one:
|

Umax =
max max
(K, K;) € [-6; 2] x[0; §] { T €0, 1]
such that (18) and (21) are satisfied

0.35

0.3+

0.25

0.2+

0.15 4

Fig. 2. Maximum decay rate o with respect to K and K, for N =1

Figure 2 shows the relation between the output
feedback gains and the decay rate o using Theorem
2 with N = 1. The size of the set increases
when the discretization number N increases. Figure
2 also shows that the graph has a maximum at
K = —1.625 and K, = 2.625. This selection of
gains K and K. ensures the system is exponentially
stable with a decay rate o = 0.3. The corresponding
optimal delay is 7 = 0.3.

For N = 3 the optimized gains are K = —2.23
and K, = 3.06. The corresponding optimal delay
is 7 = 0.43. For these parameters the decay rate
is @ = 0.612. Theorem 2 also ensures for N = 6
that the same gains K = —2.23 and K, = 3.06
exponentially stabilize the system (3) with a decay
rate o = (0.826 with the optimal delay 7 = 0.45.

Remark 8: For N = 3, the computation of the
conditions from Theorem 2 become very heavy. The
optimization problem has not been tested for N > 3.

B. Simulation results

In the results which follow system (3) is con-
trolled using (10) with K = —2.23, K, = 3.06 and
T =0.45.

10
b

N - — xu(l)
-10+ - - -xlz(t) B

— xz(t)

5 10 15

—s()

-20 0

-40 -10
0 0

time time

Fig. 3. Simulation results for K = —2.23, K, = 3.06 and 7 = 0.45

Figure 3 shows the state, the input and the slid-
ing function. The state converges exponentially to
x(t) = 0 with an exponential decay rate o = 0.826.
The sliding function converges to o = 0 in finite
time. The evolution of the control signal is shown
in Figure 3.

%, ®
-0

20 X0
oF
-20

5 10 15 20 h 0 5 10 15 20
time time

Fig. 4. Simulation results for different values of the delay T

In Figure 4, different delays are used to show
robustness to changes in the delay. For too small val-
ues, e.g. 7 = 0.01, or too large a delay e.g. 7 = 0.9,
the system is unstable. However when 7 = 0.3 or
0.6, which are sufficiently close to the optimal delay
7 = 0.45, the system is still stable. This behavior is
consistent with the results of Example 1 (see Figure



1). For given K and K, exponential stability is
ensured for delays sufficiently close to the optimal
value of the delay, but the exponential decay rate is
lower.

VII. CONCLUSION

A new sliding mode controller has been suggested
for systems for which finding a traditional static
output feedback sliding mode controller is not pos-
sible. The controller introduces a stabilizing delay
in the closed loop system. The controller is simple
and does not require heavy real-time computation.
An example is used to demonstrate a method to
design the gains and the delay of the controller. The
robustness with respect to the delay has been shown
in the example. A straightforward extension ensures
robust stabilization with respect to disturbances and
to parameter uncertainties.

REFERENCES

[1] S. Bag, S.K. Spurgeon, and C. Edwards, Output feedback
sliding mode design for linear uncertain systems, Proceedings
of the IEE, Part D, 144, 1997, pp. 209-216.

[2] C. Edwards and S.K. Spurgeon, Sliding mode stabilization of
uncertain systems using only output information, Int. J. of
Contr. 62 (1995), no. 5, 1129-1144.

, Compensator based output feedback sliding mode

control design, International Journal of Control 71 (1998), 601—

614.

(3]

[4] , Sliding mode control: Theory and applications, Taylor
& Francis, 1998.

[5] C.Edwards, S.K. Spurgeon, and R.G. Hebden, On the design of
sliding mode output feedback controllers, Int. Journal of Control
76 (2003), no. 9-10, 893-905.

[6] E. Fridman, Stability of linear descriptor systems with delay:
A Lyapunov-based approach, Journal of Mathematical Analysis
and Applications 273 (2002), no. 1, 24-44.

, Descriptor discretized Lyapunov functional method :
Analysis and design, IEEE Trans. on Automatic Control 51(5)
(2006), 890 — 897.

[8] —, Stability of systems with uncertain delays: a new
“complete” Lyapunov-Krasovskii functional, IEEE Trans. on
Automatic Control 51(5) (2006), 885 — 890.

[9] E. Fridman and U. Shaked, A descriptor system approach

to H* control of linear time-delay systems, IEEE Trans. on

Automatic Control 47 (2002), no. 2, 253-270.

K. Gu, Discretized LMI set in the stability problem of linear

uncertain time-delay systems, Int. J. of Control 68 (1997), 923

- 934.

(7]

[10]

[11] , A further refiniment of discretized Lyapunov functional
method for the stability of time-delay systems, Int. J. of Control
74 (2001), 967 — 976.

K. Gu, V.-L. Kharitonov, and J. Chen, Stability of time-delay
systems, Birkhauser, 2003.

E.W. Jacobsen and G. Cedersund, Structural robustness of
biochemical network models-with application to the oscillatory
metabolism of activated neutrophils, IET Systems Biology 2

(2008), 39-47.

[12]

[13]

[14] V.L. Kharitonov and S. Mondié, Exponential estimates for neu-
tral time-delay systems: an LMI approach, IEEE Transactions
on Automatic Control 50 (2005), no. 5, 666-670.

W. Michiels, S.-I. Niculescu, and L. Moreau, Using delays
and time-varying gains to improve the static output feedback
stabilizability of linear systems : a comparison, IMA Journal
of Mathematical Control and Information 21 (2004), no. 4, 393—
418.

S. Mondié and V.L. Kharitonov, Exponential estimates for
retarded time-delay systems: an LMI approach, IEEE Trans.
on Automatic Control 50 (2005), no. 2, 268-273.

S.-I. Niculescu and C. T. Abdallah, Delay effects on static
output feedback stabilization, Proceedings of the 39" 1EEE
Conference on Decision and Control (Sydney, Autralia), De-
cember 2000.

S.-I. Niculescu, K. Gu, and C. T. Abdallah, Some remarks on
the delay stabilizing effect in SISO systems, Proceedings of the
American Control Conference (Denver, USA), June 2003.

A. Seuret, M. Dambrine, and J.-P. Richard, Robust exponential
stabilization for systems with time-varying delays, Sth Work-
shop on Time Delay Systems, September 2004.

A. Seuret, E. Fridman, and J.-P. Richard, Sampled-data expo-
nential stabilization of neutral systems with input and state
delays, IEEE MED 2005, 13*" Mediterranean Conference on
Control and Automation, June 2005.

S. Xu, J. Lam, and M. Zhong, New exponential estimates for
time-delay systems, IEEE Transactions on Automatic Control
51 (2006), no. 9, 1501-1505.

[15]

[16]

(17]

(18]
[19]

(20]

[21]

APPENDIX
A. Proof of Theorem 1

The following is not a new result, but the inclu-
sion of a sketch of the proof of the discretization
theorem is included to improve readability. Based
on the results of [8], the first part of the proof
of exponential stability consists of expressing the
derivative of the Lyapunov Krasovskii functional
appropriately. The next step of the proof focusses
on the application of the discretization process of
Gu [10].

Consider system (16) in a descriptor represen-
tation with the extended state vector Z,(t) =
col{x,(t),Z(t)}. This can be written as:

Lo 0 ]en [ 0 I 7.
{on on]%“)_ Ao +al, —Jn}%(t)
On

+ } Tol(t —T)

e Al
The first term of the Lyapunov Krasovskii func-
tional V7, can be rewritten in the form:

In On ] Pz.(1)

() P (t) = Za(t) { 0, 0Op

o Pl On
where P = [P2 Pg]'



Differentiating the Lyapunov functional V3, along
the trajectories of (16) leads to:

Via(t) = 247 (1) [lea + J%, Q(Q)alt + )]
+2z1 ( f Q(Q) ot + ¢)dC
+2f I Txa (t+ s)R(s, ()dszq(t + ¢)dC
+2 [ R (t +¢)S(¢)zalt + C)dS
(33)
Rewriting the first term of (33) using the descrip-

tor representation [6], and integrating by parts in
(33), the following equality can be established:

Via(t) = €7 (0)Za6(1) + 235(1) /2. Q(C
" @5 (t+ OS(Qalt + Q)€
— O a4 $)(ZR(5,0) + £R(s,0))
:Ua(t+C)dsd§
+22T(t) [° [-Q(C) + R(0,Q)]za(t + ¢)dC
—22T(t =) [° R(—7,)za(t + C)dC »

where £(t) = col{Z(t),zo(t — 7)} and =, has the
form in (19) with Q(0), Q(—7), S(0) and S(—7)
instead of )y, Qn, Sp and Sy respectively. The Lya-
punov functional is now expressed in an appropriate
representation to apply the discretization.

The discretization divides the delay interval
[—7, 0] into N segments [0,, 6,_1], p = 1,... N
of equal length h = 7/N. This divides the square
[—7, 0] x [-7, 0] into N x N small squares
0,, 0,-1] x [0, O,_1]. Each small square is further
divided into two triangles.

The continuous matrix functions Q(§) and S(&)
are chosen to be linear within each interval and
the continuous matrix functions R(s, ) is chosen to
be linear within each triangle. The proposed matrix
functions are:

Q(ep + ﬁh) = (1 - 5) p T ﬁprb
5(910 + 5h) = (1 - ﬁ)Sp + ﬁSp,l
R(0, + Bh,0,+~vh) =

(1= B)Bpg + YRp—1)(q-1) + (B =V Rp—_1)q: B>
{ (1 =) Rpq + BRp-1)(g-1) + (v = B Rp-1)q, B<~
for 0 < < 1and 0 < 3 < 1. Simple definitions
of the derivative of the matrix functions can be

obtained which are, for appropriate p and ¢:

S(&) = 1/h(Sp-1 — Sp),
Q&) = 1/h(Qp 1— @),
5. (s, &) + aQR( §) = 1/h(Rp-1)(q-1) — Rpq)

(35)

Thus, the Lyapunov Krasovskii functional is com-
pletely determined by the matrices P, S, @,
and R,,, p,q = 0,..,N. From [12], the condition
Via > €||lzo|| is satisfied if LMI (18) is satisfied.
Using conditions (35), the following equations hold:

2, (t) 7 Q z(t + 5)df
= 20,(t p 1 fo Qp + BQp]za(ty)ds
= 255&( p L fo @5
+Qp) +8(Q; Q“)] (t + 0, + Sh)dj

where t7 =t + 0, + fh, Q5 = (Qp + Qp—1)/2 and

Q)xo(t+¢)dC (35) imply [12]:

Q% = (Qp—Qp—1)/2. Then equations (19), (34) and
Via(t) = (T(t) uaC — Jo 9T (B)Sad(B)dp
fo fo Rd?b )dﬁdW
+2¢(t) [y [D* + (1 = 20) D $(B)dB

where ¢(3) = col{xz(t — h + Bh),x(t — 2h +
ph),..,x(t—Nh+[(h)}. Applying Proposition 5.21
from [12], it can be concluded that Vi, (t) < 0 if
LMI (17) is satisfied.

Optimization programs
The following table presents a schematic of the
optimization program developed for Theorem 1 and
2. The variables €, and ey represent the grid size
used during the search.

Theorem 1

Choose N;
a—mazx =0; Topt =0;
for r=0:¢€r : Tmax
a = 0;
while Theoreml1 is satisified
’Lf Q> Omax,
Omazr = Q;

Topt = T3
end
=+ €q;
end
end
Theorem 2
Choose N;

a—mazx =0; Topt = 0;
for K = Kiin : €k @ Kmax
for Kr = Krmin : €K, ¢ Krmax
forr=0:¢r: Tmax
a = 0;
while Theorem?2 is satisified
lf a > Omazxs

Amaz = O;
Topt = T;
end
a= o+ €q;
end
end
end

end




