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Abstract

We consider the decentralized bandwidth/rate allocation problem in unicast service provi-
sioning with strategic users. We present a mechanism/game form which possesses the following
properties when the users’ utilities are concave: (1) It implements in Nash equilibria the solution
of the corresponding centralized rate allocation problem in unicast service provisioning. (2) It is
individually rational. (3) It is budget-balanced at all Nash equilibria of the game induced by the
mechanism/game form as well as off equilibrium. When the users’ utilities are quasi-concave the
mechanism possesses properties (2) and (3) stated above. Moreover, every Nash equilibrium of

the game induced by the proposed mechanism results in a Walrasian equilibrium.

I. INTRODUCTION
A. Motivation and Challenges

Most of today’s networks, called integrated services networks support the delivery of a variety
of services to their users each with its own quality of service (QoS) requirements (e.g. delay,
percentage of packet loss, jitter, etc). As the number of services offered by the network and
the demand for the services increase, the need for efficient network operation increases. One of
the key factors that contributes to efficient network operation is the efficient utilization of the

network’s resources.
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The design of resource allocation mechanisms which guarantee the delivery of different
services, each with its own QoS requirements, and maximize some network-wide performance
criterion (e.g. the network’s utility to its users) is an important and challenging task. The
challenges come from: (1) the fact that the network is an informationally decentralized system;
(2) the network’s users may behave strategically (i.e. they may behave selfishly). Networks are
informationally decentralized systems. Each user’s utility is its own private information. Users
are unaware of each others’ utilities and of the resources (e.g. bandwidth, buffers, spectrum)
available to the network. The network (network manager) knows the network’s topology and
its resources but is unaware of the users’ utilities. If information were centralized, the resource
allocation problem could be formulated and solved as a mathematical programming problem or
as a dynamic programming problem. Since information is not centralized such formulations are
not possible. The challenge is: (1) to determine a message exchange process among the network
and users and an allocation rule (based on the outcome of the message exchange process) that
eventually lead to a resource allocation that is optimal for the centralized problem, (2) To take
into account, in the determination of the allocation mechanism, the possible strategic (selfish)
behavior of the network’s users.

The topic of resource allocation for informationally decentralized systems has been explored
in great detail by mathematical economists in the context of mechanism design. Decentralized
resource allocation problems arising in networks have recently attracted significant attention
among engineers. Below we present a brief survey of the existing literature on decentralized
network resource allocation and briefly refer to texts and survey articles written by mathematical
economists on mechanism design. A more detailed discussion of the existing literature on network
resource allocation, and a comparison of the results of our paper with this literature will be
presented in section of the paper.

Within the context of communication networks most of existing literature (e.g. [1]-[20] and
[21]]) has approached the design of decentralized resource allocation mechanisms under the
assumption that the network (network manager) and its users are cooperative (non-strategic),
that is, they obey the rules of the proposed decentralized resource allocation mechanism.

Decentralized resource allocation problems with strategic users are solved through the devel-
opment of game forms/mechanisms which together with the users’ utilities give rise to games.

Depending on the information available to the users, the game induced by the mechanism is either
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one of complete information or incomplete information ( [22]]); the nature of the game dictates
the behavioral/equilibrium concept (e.g. Nash equilibrium (NE), subgame perfect equilibrium,
Bayesian Nash equilibrium, sequential equilibrium) that is appropriate/suitable for the solution
of the resource allocation problem. The allocation mechanisms specify; (1) the allocations made
at all equilibrium and non-equilibrium points of the game; and (2) the rax (positive or negative)
each user pays as a result of his/her participation in the game. Desirable properties of resource
allocation mechanisms with strategic users are: (1) the allocations corresponding to all equilibria
of the resulting game must be globally optimal; (2) the users must voluntarily participate in the
allocation process; (3) the budget must be balanced, that is the sum of taxes paid by the users
must be zero (there should be no money left to be thrown away at the end of the allocation
process).

Recently, within the context of communication networks, researchers have investigated decen-
tralized resource allocation problems under the assumption that users behave strategically (i.e.
they are not price-takers, they do not necessarily obey the rules of the mechanism but have to
be induced to follow the rules). Within the context of wired networks, decentralized resource
allocation mechanisms have been proposed and analyzed in [6], [8], [23]—[30] and [31]]. A more
detailed discussion of these references and comparison with the results of this paper will be
presented in section Decentralized power allocation mechanisms for wireless networks with
strategic users where every user’s transmission creates interference to every other user or to a
subset of the network’s users were proposed and analyzed in [18]], [32].

Resource allocation problems in informationally decentralized systems has been explored
in great detail by mathematical economists in the context of mechanism design. There is an
enormous economics literature for the situation where users are cooperative (e.g [33], [34]
and references therein) as well as the situation where users are strategic (e.g [33]-[35]], and
references therein). For a survey on the relationship of mechanism design and decentralized

resource allocation in communication networks we refer the reader to [36].

B. Contribution of the paper

We investigate the unicast service provisioning problem in wired networks with arbitrary topol-
ogy and strategic users. The main contribution of this paper is the discovery of a decentralized

rate allocation mechanism for unicast service provisioning in networks with arbitrary/general
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topology and strategic users, which possesses the following properties.
When each user’s utility is concave, then:

e (P1) The mechanism implements the solution of the centralized unicast service provisioning
problem in Nash equilibria. That is, the allocation corresponding to each NE of the game
induced by the mechanism is a globally optimal solution of the corresponding centralized
resource allocation problem.

e (P2) The mechanism is individually rational, that is, the network users voluntarily partici-
pate in the rate allocation process.

e (P3) The mechanism is budget—balance at all feasible allocations, that is, at all the
allocations that correspond to NE messages/strategies as well as at all the allocations that
correspond to off-equilibrium messages/strategies.

When each user’s utility is quasi-concave but differentiable, then:

o The mechanism possesses properties (P2) and (P3).

o (P4) Every NE of the game induced by the mechanism results in a Walrasian equilibrium
( [12] Ch. 15), consequently, a Pareto optimal allocation.

To the best of our knowledge, none of the decentralized resource allocation mechanisms proposed
so far for the unicast service provisioning problem in communication networks possesses simul-
taneously all three properties (P1)-(P3) when the network’s topology is general/arbitrary, the
users are strategic and their utilities are concave. Furthermore, we are not aware of the existence
of any publications in unicast service provisioning containing the analysis of a decentralized
rate allocation mechanism when the users are strategic and their utilities are quasi-concave.

We now compare in more detail our contributions with the existing literature.

C. Comparison with related work

We now explain why the proposed mechanism and the above results are distinctly different
from all game forms/mechanisms proposed so far for the unicast service provisioning problem
with strategic users.

Most of the previous work on the unicast service provisioning problem in networks with
general topology is based on Vickrey-Clark-Groves(VCG)-type mechanisms, [25]-[27], [31],

'In a budget-balanced mechanism the sum of the taxes paid by a subset of users is equal to the sum of subsidies received by
the rest of the users.
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[37]-[41]. The game forms/mechanisms proposed in [31]] and [25] induce games that establish
the existence of a unique Nash equilibrium at which the allocation is globally optimal under
some conditions; but these mechanisms are not budget-balanced even at equilibrium. The mech-
anisms/game forms proposed in [26], [27], [37]], [38]] induce games that have multiple NE; these
mechanisms are not budget-balanced even at equilibrium, and the allocations corresponding to
the Nash equilibria are not always globally optimal ( that is these mechanisms do not implement
in Nash equilibria the solution of the centralized unicast service provisioning problem). Our
mechanism is not of the VCG-type, thus, it is philosophically different from those of [25[]-[27],
(311, [37], [38]

The work in [28]], [29] and [42] deals with single link networks. For these single-link networks
the authors of [29] proposed a class of efficient (optimal) allocation mechanisms, called ESPA,
for the allocation of a single divisible good. ESPA mechanisms were further developed in [28]].
It is not currently known whether ESPA mechanisms implement in Nash equilibria the optimal
solution of the unicast service provisioning problem in networks with arbitrary/general topology.
The network model considered in this paper has arbitrary/general topology.

In [23], [24] the authors show that when the resource allocation mechanism proposed in
[6] is considered under the assumption that the users are strategic and NE is the equilibrium
concept, the allocations corresponding to any NE are different from any allocations that are
optimal solutions of the corresponding centralized unicast service provisioning problem; that is,
the allocation corresponding to any NE suffer from a certain efficiency loss. Particularly, in [24]]
it is shown that there exists a lower bound on the efficiency loss. The mechanism we propose
in this paper is distinctly different from those of [23]], [24]. Our mechanism results in the same
performance as optimal centralized allocations, that is, the allocations corresponding to any NE
of the game induced by our mechanism are efficient.

Philosophically, our work is most closely related to [30], but it is distinctly different from [30]
for the following reasons: (1) the game form proposed in our paper is distinctly different from that
of [30]. (2) The mechanism of [30] is not balanced off equilibrium. (3) In the mechanism of [30]
there is no coupling among the games that are being played at different links. In our mechanism
such a coupling exists (see section [[II), and results in a balanced-budget off equilibrium.

Finally, we are not aware of any publication, other than this paper, containing the analysis of

a decentralized rate allocation mechanism for unicast service provisioning when the users are
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strategic and their utilities are quasi-concave.

D. Organization of the paper

The rest of the paper is organized as follows. In section [[Il we formulate the unicast service pro-
visioning problem with strategic users. In section [IlI| we describe the allocation mechanism/game
form we propose for the solution of the unicast service provisioning problem. In section [[V| we
analyze the properties of the proposed mechanism. In section |[V| we discuss how the game
form/mechanism presented in this paper can be implemented in a network. In section we
investigate the properties of the game form proposed in this paper when the users’ utilities

U;,i € NV, are quasi-concave. We conclude in section [VII

II. THE UNICAST PROBLEM WITH STRATEGIC NETWORK USERS, PROBLEM FORMULATION

In this section we present the formulation of the unicast problem in wired communication
networks with strategic users. We proceed as follows, In section we formulate the centralized
unicast service provisioning problem the solution of which we want to implement in Nash
equilibria. In section we formulate the decentralized unicast service provisioning problem
with strategic network users, we state our assumptions, our objective and provide an interpretation
of the equilibrium concept (Nash equilibrium) in which we want to implement the solution of

the centralized problem of section [lI-A

A. The centralized problem

We consider a wired network with N, N > 3, users. The set of these users is denoted by N,
ie. N =1{1,2,--- , N}. The network topology, the capacity of the network links, and the routes

assigned to users’ services are fixed and given. The users’ utility functions have the form
Vi(wi ti) = Ug(a;) —t,  i=1,2,--- N. (1)

The term U;(x;) expresses user i’s satisfaction from the service x; it receives. The term ¢;
represents the tax (money) user ¢ pays for the services it receives. We assume that U; is a
concave and increasing function of the service x; user ¢ receives, and ¢; € R. When ¢; > 0
user ¢ pays money for the services it receives; this money is paid to other network users. When

t; < 0 user ¢ receives money from other users. Overall, the amount of money paid by some of
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the network users must be equal to the amount of money received by the rest of the users so
that ) ._ . t; = 0. Denote by L the set of links of the network, by ¢! the capacity of link [, and
by R; the set of links [, [ € L, that form the route of user 7, : = 1,2,--- | N (as pointed out
above each user’s route is fixed). We assume that a central authority (the network manager) has
access to all of the above information. The objective of this authority is to solve the following

centralized optimization problem that we call Max.

N
Max max Y Uj(z;) 2)
: i=1
subject to
Z:L‘Z-Scl, V1eL, 3)
©lER;
>0, VieN, 4)
N
Zti:O, t, R, VieN. (5)
=1

The inequalities in (3]) express the capacity constraints that must be satisfied at each network
link. The inequalities in (@) express the fact that the users’ received services z;,7 € N/ must be
nonnegative. The equality in (5]) express the fact that the budget must be balanced, i.e. the total
amount of money paid by some of the users must be equal to the amount of money received by
the rest of the users.

Let U denote the set of functions
U:R, U{0} - R, U{0}

where U is concave and increasing. Let T denote the set of all possible network topologies,

network resources and user routes. Consider problem Max for all possible realizations
(Ur, -+, Un,T) eUN X T

of the users’ utilities, the network topology, its resources and the users’ routes. Then, the solution

of Max for each (U, Uy--- , Uy, T) € UN x T defines a map

T UVXT— A

February 10, 2011 DRAFT



where A € Rf x RN is the set of all possible rate/bandwidth allocations to the network’s users
and the taxes (resp. subsidies) paid (resp. received) by the users. We call 7 the solution of the

centralized unicast service provisioning problem.

B. The decentralized problem with strategic users

We consider the network model of the previous section with the following assumptions on its

information structure.

e (Al): Each user knows only his own utility; this utility is his own private information.

o (A2): Each user behaves strategically, that is, each user is not a price-taker. The users’s
objective is to maximize its own utility function.

e (A3): The network manager knows the topology and resources of the network. This knowl-
edge is the manager’s private information. The network manager is not a profit-maker (i.e.
he does not have a utility function).

« (A4): The network manager receives requests for service from the network users. Based on
these requests, he announces to each user 7,7 € N:

1) The set of links that form user 7’s route, R;; that is, the network manager chooses the
route for each user and this route remains fixed throughout the user’s service.
2) The capacity of each link in R;.

o (AS) Based on the network manager’s announcement, each strategic user competes for

resources (bandwidth) at each link of his route with the other users in that linkﬂ

From the above description it is clear that the information in the network is decentralized. Every
user knows his own utility but does not know the other users’ utilities or the network’s topology
and its resources. The network manager knows the network’s topology and its resources, but
does not know the users’ utilities. It is also clear that the network manager (which is not profit
maker) acts like an accountant who sets up the users’ routes, specifies the users competing for
resources/bandwidth at each link, collects the money from the users ¢ that pay tax (i.e. ¢; > 0)
and distributes it to those users j that receive money (i.e. t; < 0).

As a consequence of assumptions (A1)-(AS) we have at each link of the network a de-

centralized resource allocation problem which can be studied/analyzed within the context of

*During the play of the game at each link I € L, each user of link [ learns the set of the other users competing for bandwidth
at [.
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implementation theory [33]]. These decentralized resource allocation problems are not indepen-
dent/decoupled, as the rate that each user receives at any link of his own route must be the same.
This constraint is dictated by the nature of the unicast service provisioning problem and has a
direct implication on the nature of the mechanism/game form we present in section [l

Under the above assumptions the objective is to determine a game form/mechanism which

has the following properties,

e (P1). For each realization (U;,Us,--- ,Uyn,T) € UY x T, the Nash equilibria of the
game induced by the mechanism result in allocations that are an optimal solution of the
corresponding centralized problem Max; that is, the mechanism implements the map 7 in
Nash equilibria.

e (P2). The mechanism is individually rational, that is, for every realization
(U, Uy, -+, Uy, T) €eUN x T,

the network users voluntarily participate in the bandwidth allocation process.
o (P3). For every realization (U, Uy, - ,Uy,T) € UYN x T we have a balanced budget at
every equilibrium point of the corresponding game form as well as off equilibrium.
Before proceeding with the specification of our mechanism, we comment on the appropriate-
ness of Nash equilibrium as a solution concept for the decentralized problem under consideration.
Nash equilibria describe strategic behavior in games of complete information. Since in our model,
the network users do not know each others’ utilities, for any realization (Uy, Uy, - Uy, T) €
UN x T the resulting game is not a game of complete information. We can create a game of
complete information by increasing the strategy space of the game following Maskin’s approach
[35] . Such an approach, however, would result in an infinite dimensional strategy space for the
corresponding game. We do not follow Maskin’s approach but we adopt the philosophy presented
by Reichelstein and Reiter in [43] and Groves and Ledyard in [44]. Specifically:
”We interpret our analysis as applying to an unspecified (message exchange) process
in which users grope their way to a stationary message and in which the Nash property

is a necessary condition for stationarity”, Reichelstein and Reiter ( [43]] pg. 664).
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” We do not suggest that each agent knows e’|when he computes m .... We do suggest,
however, that the 'complete information’ Nash equilibrium game-theoretic equilibrium
messages may be the possible equilibrium of the iterative process—that is, the stationary
messages—just as the demand-equal-supply price is thought of the equilibrium of some
unspecified market dynamic process.”, Groves and Ledyard ( [44] pp. 69-70).

A philosophy similar to ours has also been adopted by Stoenescu and Ledyard in [30].

In the following two sections we present a mechanism/game form for the problem formulated

in this section and prove that it possess properties P1 — P3 stated above.

III. A MECHANISM FOR RATE ALLOCATION

In section [lII-A] we specify a mechanism/game form for the decentralized rate allocation
problem formulated in section [lI} In section [[II-B} we discuss and interpret the components of

the mechanism.

A. Specification of the mechanism

A game form/mechanism ( [33]]) consists of two components M, f. The component M denotes
the users’ message/strategy space. The component f is the outcome function; f defines for every
message/strategy profile, the bandwidth/rate allocated to each user and the tax (subsidy) each
user pays (receives).

For the decentralized resource allocation problem formulated in section |lIf we propose a game
form/mechanism the components of which we describe below.

Message space: The message/strategy space for user i, ¢ = 1,2,..., N, is given by M; C

RT"‘H. Specifically, a message of user ¢ is of the form

liy i li\R'\
m; = (xzapz yPi Ty D I)

where 0 < z; < minjeg, ¢ and 0 < pi’“ < M,k=1,2,,--- |Ri], 0 < M < oo, M large,

and |R;| denotes the number of links along route R;,i € N. The component x; denotes the

In our mechanism e = (Uy,Us, - ,Un,T), that is, a realization of the users’ utilities as well as of the topology and
resources of the network.

“In our problem m,; is the strategy of user i, i € N.
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bandwidth/rate user ¢ requests at all the links of his route. The component piij J=1,2-- Ry,
denotes the price per unit of bandwidth user 7 is willing to pay at link /;; of his route.

As noted in section [[I-B] the nature of the unicast service provisioning problem dictates/requires
that the bandwidth/rate allocated to any user i, ¢ € A/, must be the same at all links of his route.
Thus, the nature of message m; is a consequence of the above requirement.

Outcome Function: The outcome function f is given by
fiMix Myx - x My — (RY xRxR--- xR)
and is defined as follows. For any m := (my,my,--- ,my) € M := M; X My X -+ X My,
f(m) = f(my,my, - my) = (1,29, - ,Tn,t1,t2,  ,tN)

where z;,7 € N, is the amount of bandwidth/rate allocated to user ¢ (this is equal to the amount
of bandwidth user i, i € N/, requests), and ¢;,7 € N, is determined by tﬁ, the tax (subsidy) user
i pays (receives) for link [, [ € R;, and by other additional subsidies Q' that user i may receive.
We proceed now to specify tt,1 € R;, and Q' for every user i € N.

The tax tiij,j =1,2,---,|R;

, i € N, is defined according to the number of users using
link /. Let G' denotes the set of users using link / and let |G!| denote the cardinality of G'. We
consider three cases|

G'|=2

Let i, j € G'. Then,

e« CASE1,

(i —py)’* @i+ 15 — ¢ 1w > 0}1{a; + 2; — ¢ > 0}
= ply, + 2 T opl 4_1,(1 j ) i i T 6
i = Pt + p; (i — ;) T 1{n > 0t o, — 0= 0] (6)
(0 — ph)? zi+x; — ¢ 1{z; > 0} {z; + z; — ¢ > 0}
o= plgt o T o) 14_4<z J > j i+t 7
G pilp; — ) T, > 0 {t 0, —d > 0) )

where « and +y are positive constants that are sufficiently large and, the function 1{ A}, used

throughout the paper, is defined as follows

1—¢ if A holds;
1{A} = ‘

0 otherwise.

1
SWe consider only the cases where |G'| > 2. If |G| =1 and i € G, then t{ = 0 - 1{z; < '} + 1i{1§;>;31}
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where € is bigger than zero and sufficiently smal]ﬂ € 1s chosen by the mechanism designer.

=3
Let i, j and k € G'. Then

f o= Plat -

1{1’1 > 0}1{1’1 +z;+ 7 — ¢ > O}

PLY? = 2P (o~ PL)(

5’_i+xi>
Y

1 —1{x; > 0}1{x; + z; + x, — ¢/ > 0}

l [ / [
t; = PLx;+ (p;— P

J

+ Q!

glj—i-xj)

2 [ ! [
) = 2Pl — PL) (<

Hz; > 041 {z; + z; + 2 — ¢! > 0} o

1 —1{x; > 0}1{x; + z; + &, — ¢/ > 0}

th = Pla.+

(ke — Py

Sl_k—i—cck)

2_9opl (pl — P
7 = 2P (o)~ P (5

Hayp > 0}1{x; + 2 + 2 — ¢! > 0} L

1 —{xy > 0}1{z; + x; + x — ¢! > 0}

where,
Pl‘_p§+p§€ | _ Dt P pﬂrpz
i 2 2 2
Ei=mjta,— & =ai+a - & =a+ ;- ¢

Sf:2:ci—cl,5;:2a:j—cl,$,l€:2xk—c,

and ! is defined as

l

Sreg Sacg (A0 +Z) —apl)  Tiegph gl pi2
Ql _ r#i SFi,r . r#i . Pl 2 _ 92 —it —i ]
' (191 =19l - 2) g’ -1 - gl

The terms € and €, are defined in a way similar to 2.

]>3
Let i € G' C N. Then,

%Therefore, when A and B (both) hold, then

February 10, 2011

1{A}1{B}

oA iET O%r is well defined and it becomes a large number.

®)

(€))

(10)

(1)

(12)
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= Pla,+(pl—P.)?— 2P (p — P! .)(‘gl—i + ) Hei > OJ{E, + 2 > 0}

"y (13)
where,
Zjigl P;
) 7 1 ) 1 1 !
ieg!
jjii
and
ngg’ Zkeg" <2p§'p§<;<1 + %J) - Jijpi;) ngg’ Zkeg" > reg! 2p;, (pé.&{ — 7;p})
q)l _ A1 k#i,j + j#i k#1,j r#i,j,k
’ (19" = DG = 2) (16 = 1)*(16'] = 3)
ngg" Zlicig{ 2p§€(p§€}€ — 2;p}) ngg’ pé‘ ? gl opl2
+ ]752 : 2y 5 l - ];é’b o PiZQ _ 2 -1 —1 ) (14)
(19 = 1)*(1g'] - 2) G -1 v

Next we specify additional subsidies Q' that user i,7 € N, may receive. For that matter we
consider all links / € L such that |G!| = 2 or |G| = 3. For each link [, with |G!| = 2 we define
the quantity

(ph —ph)?
(8]

l
QU= = 2 W_—C)

Y
= o(l)— pé-xi — pixj; (15)

— pha; — Pl + x; [205(0) — pY) + 20 (0, — b)) (

for each link with |G'| = 3 we define

2 2 2
QU= . —2P! “w_; 4+ 2P pl€, — 2P Tx_j 4+ 2P phEl — 2P Tu_p + 2P£kp2,$l_k'
gl

(16)

Furthermore for each link [ € L where |G| = 2 or |G!| = 3 the network manager chooses at
random a user k; ¢ G' and assigns the subsidy Q' to user k;. Let [1, [y, - - , [, be the set of links
such that |G| =2 or 3,7 =1,2,--- ,r, and let k;,, i = 1,2,--- , 7, be the corresponding users

that receive Q.
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Based on the above, the tax (subsidy) paid (received) by user j,j € N, is the following. If
j 7é ]{711, kl2, L k'lT then

tp=>Y t, (17)

lERj

where for each | € R;, té- is determined according to the cardinality of G'. If j = k;,i =

1,2,--- ,r, then

by, = > t, + Q" (18)
I€Ry,
where Q' is defined by (T3) and (T6).
Note that Q% is not controlled by user ky,, that is, Q! does not depend on user k;,’s mes-
sage/strategy. Thus, the presence (or absence) of Q% does not influence the strategic behavior of
user k;,. We have assumed here that the users k;,, ki,, - - - , k;,, are distinct. Expressions similar

to the above hold when the users k;,, k;,, - - - , k;, are not distinct.

Remark: For each link [ € £ with |G!| = 2 or 3 the network manager could equally divide
the subsidy Q' among all users not in G' instead of randomly choosing one user k¥ ¢ G'. Any

other division of the subsidy o! among users not in G' would also work.

B. Discussion/Interpretation of the Mechanism

As pointed out in section the design of a decentralized resource allocation mechanism
has to achieve the following goals. (1) It must induce strategic users to voluntarily participate
in the allocation process. (2) It must induce strategic users to follow its operational rules. (3) It
must result in optimal allocations at all equilibria of the induced game. (4) It must result in a
balanced budget at all equilibria and off equilibrium.

Since the designer of the mechanism can not alter the users’ utility functions, U;,i € N,
the only way it can achieve the aforementioned objectives is through the use of appropriate fax
incentives/tax functions. At each link [, the tax incentive of our mechanism for user ¢ consists of
three components Al (i), AL(7) and AL(i). We specify and interpret these components for Case

3 (Eq. (13))). Similar interpretations hold for Case I and Case 2.
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For Case 3 we have,

th= ALG) + AL3G) + AL() (19)

Ay(i) = Pl (20)
EL + H{z; > 0}1{EL, +z; > 0}
AL(G) = (pt—PL)2—2P (pi — Py i i L
2(2) (p’L 7z> 7z(pz 77,)( ~y ) 1— 1{551 N O}l{gl_z T, > O}
Ay(i) = @ (22)

21

o Al(i) specifies the amount user i has to pay for the bandwidth it gets at link [. It is
important to note that the price per unit of bandwidth that a user pays is determined by the
message/proposal of the other users using the same link. Thus, a user does not control the
price it pays per unit of the service it receives.

« AL(i) provides the following incentives to the users of a link: (1) To bid/propose the same
price per unit of bandwidth at that link (2) To collectively request a total bandwidth that
does not exceed the capacity of the link. The incentive provided to all users to bid the same
price per unit of bandwidth is described by the term (p. — P!,)?. The incentive provided to
all users to collectively request a total bandwidth that does not exceed the link’s capacity
is captured by the term

Hz; > 0}1{&E, + x; > 0}

1— 1{z; > O} I{&, + z; > O} (23)

Note that a user is very heavily penalized if it requests a nonzero bandwidth, and, collec-
tively, all the users of the link request a total bandwidth that exceeds the link’s capacity.
A joint incentive provided to all users to bid the same price per unit of bandwidth and to

utilize the total capacity of the link is captured by the term

EL +
2P — PL) () 24)
v
« AL(i), The goal of this component is to lead to a balanced budget. That is,
> AL (i) + A5(0)] # 0, (25)

ieg!
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but,

> [A5(0) + Ay (i) + Ay(0)] = 0. (26)
ieg!
Note that, AL(7) is not controlled by user i’s messages (simply because there is no term in
Al (i) under the control of user 7), so A4(i) does not have any influence on the strategic

behavior of the user.

As indicated in (26), when the number of users at link [ € L is larger than three, i.e. |G!| > 3, the
mechanism is budget-balanced at that link, that is ),z t; = 0. When |G'| = 2,3 the mechanism
is not budget balanced at link /. The amount Q' = — 5° icd! t!, is given as subsidy to a randomly
chosen user, say 7, that does not compete for resourceslg‘a‘t: 1217?11( [. Such money transfers results in
an overall balanced budget, and are always possible whenever N > 3. Furthermore, the money
transfered to user j does not alter j’s strategic behavior since Q' does not depend on user j's
strategy. The existence of the term Q;; in the tax function couples the games that are taking place
at various links of the network. The presence of Q% implies that the designer of the mechanism
must not consider links individually; for the allocation of resources at certain links (specially

those links [ with |G!| = 2,3) the design must consider network users that do not compete for

resources in those links.

IV. PROPERTIES OF THE MECHANISM

We prove that the mechanism proposed in section has the following properties: (P1) It
implements the solution of Problem Max in Nash equilibria. (P2) It is individually rational. (P3)
It is budget-balanced at every feasible allocation, that is the mechanism is budget-balanced at
allocations corresponding to all NE messages as well as those corresponding to off-equilibrium
messages. We also prove the existence of NE of the game induced by the mechanism and
characterized all of them.

We establish the above properties by proceeding as follows. First we prove that all Nash
equilibria of the game induced by the game form/mechanism of section [III| result in feasible
solutions of the centralized problem Max, (Theorem . Then, we show that network users
voluntarily participate in the allocation process. We do this by showing that the allocations they

receive at all Nash equilibria of the game induced by the game form of section [llI| are weakly
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preferred to the (0,0) allocation they receive when they do not participate in the allocation
process (Theorem H). Afterwards, we establish that the mechanism is budget-balanced at all
Nash equilibria; we also prove that the mechanism is budget-balanced off equilibrium (Lemma
[2). Finally, we show that the mechanism implements in Nash equilibria the solution of the
centralized allocation problem Max (Theorem [3).

We present the proofs of the following theorems and lemmas in the Appendix.

Theorem 1. (FEASIBILITY): If m* = (x*,p*) is a NE point of the game induced by the game
form and the users’ utility(outcome) functions presented in section then the allocation x* is

a feasible solution of Problem Max.
The following lemma presents some key properties of NE prices and rates.

Lemma 2. Let m* = (x*, p*) be a NE. Then for every | € L and i € G', we have,

pit =pj' =P = p", (27)
g*l
(=) =0, ©8)
Y
ot} .
o =", (29)

where % =3 o1} — ¢,

An immediate consequence of Lemma [2[is the following. At every NE point m* of the game

induced by the mechanism the tax function has the following form,

Pl if 6] = 2
*1\2 (ol _ ol
") = ¢ piag —an,) + T i gt = 3, (30)
p(xr —2*)) if |G!] > 3.

Thus, by (15), (16), (I7), (I8) and Lemma [2] we have,
t;(m*) =) th(m"), 31)
lER;

for i # ki, ki, -+, ki, (cf section M), and for i =k, j =1,2,--- 7,
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i, (M) = Q" + > 4, (m"). (32)

leRkl,
J

In the following lemma, we prove that the proposed mechanism is always budget balanced.

Lemma 3. The proposed mechanism/game form is always budget balanced at every feasible
allocation. That is, the mechanism is budget-balanced at all allocations corresponding to NE

messages as well as at messages that are off equilibrium.

The next result asserts that the mechanism/game form proposed in section [lII} is individually

rational.

Theorem 4. (INDIVIDUAL RATIONALITY): The game form specified in section|lll|is individually
rational, that is at every NE of the game induced by the mechanism the corresponding allocation

(x*,t") is weakly preferred by all users to the initial allocation (0,0).

Finally, we prove that the mechanism of section |[llI| implements in NE the correspondence

defined by the solution of Problem Max.

Theorem 5. (NASH IMPLEMENTATION): Consider any NE m* of the game induced by the
mechanism of section Then, the allocation (x*,t*) corresponding to m* is an optimal solution

of the centralized problem Max.

EXISTENCE AND CHARACTERIZATION OF THE NASH EQUILIBRIA:
So far, we have assumed the existence of NE of the game induced by the proposed game
form/mechanism. In the following theorem, we prove that NE exist (recall the interpretation of

NE we have given at the end of section [lI)) and characterize all of them.

Theorem 6. Let (23,25, ,x%) be an optimal solution of Problem Max and \*, | € L, be the

corresponding Lagrange multipliers of the Karush-Kuhn-Tucker (KKT) conditions. Then

* * % * xlp  xlg *lr,
m .—($1,$27"',$N,p P 7y, D )

with p*' = X\, 1 € L is a NE of the game induced by the proposed game form.
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V. IMPLEMENTATION OF THE DECENRALIZED MECHANISM

First, we discuss how the mechanism specified by the game form of section [[II] can be
implemented at equilibrium. Then, we address the computation of the NE of the game induced
by the game form of this paper.

We present one way of implementing the proposed mechanism at equilibrium. Consider an
arbitrary link [ of the network. The users of that link communicate their equilibrium messages
to one another and to the network manager. The network manager determines the rate and tax
(or subsidy) of each user and announces this information to the user. The users 7,7 € N with
tax t. > 0 pay the amount ¢ to the network manager; the network manager redistributes the
amount of money it receives to the users j € A/ with té- < 0. In the situation where the number
of users in the link is equal to two (resp. three) the network manager chooses randomly a user
not using that link to whom it gives the subsidy Q+{LIg' =2} (resp. Q*{1I9'=3}) defined by
(resp. (16)). The above described process is repeated/takes place at every network link. This
process implements the mechanism described in the paper at equilibrium.

Even though for the specific form of the tax we have provided a complete characterization of
the NE of the game induced by the game form proposed in the paper, currently we do not have
an algorithm for the computation of these equilibria. Based on preliminary investigation, we
believe that best response algorithms do not, in general, guarantee convergence to NE equilibria,
because the game induced by the game form proposed in this paper is not supermodular (Ch.
12, [22]]) (due to the capacity constraint present at each link). Thus, the algorithmic computation
of the NE of the game induced by the game form proposed in the paper remains as an open

problem.

VI. AN EXTENSION

So far we required that the users’ utility functions be concave. We now weaken this require-
ment; we assume that the users’ utilities are quasi-concave. We consider the game form proposed
in section By repeating the arguments of Theorem [T} Lemma [2] Lemma [3| and Theorem [
we can show that: every NE of the game induced by the game form is feasible; the game
form/mechanism is individually rational and budget-balanced at all feasible allocations, i.e. at
every NE and off equilibrium. In the following theorem we prove that every NE of the game

induced by the proposed game form results in a Walrasian Equilibrium (WE) [[12].
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Theorem 7. Consider the game (M, f,V;,i = 1,2,--- | N), induced by the game form of section
with continuous and quasi-concave utilities U;,1 € N. Then, every NE m* of this game results

in a Walrasian equilibrium, hence a Pareto optimal allocation (x*,t*).

VII. CONCLUSION

We have proposed a mechanism for rate/bandwidth allocation in unicast service provisioning
and performed an equilibrium analysis of the mechanism. We discovered that when the users’
utilities are concave, the mechanism possesses the following properties: (i) It implements in
Nash equilibria the solution of the corresponding centralized rate allocation problem. (ii) It
is individually rational. (iii) It is budget-balanced at all feasible allocations, i.e. at all Nash
equilibria of the game induced by the mechanism/game form as well as off equilibrium. When
the users’ utilities are quasi-concave the proposed mechanism possesses properties (ii) and (iii)
stated above. Moreover, every Nash equilibrium of the game induced by the proposed mechanism
results in a Walrasian equilibrium, hence a Pareto optimal allocation.

The development of algorithms that guarantee convergence to Nash equilibria of the game
corresponding to the mechanism of this paper is an important problem. We have not studied
this problem in detail. Preliminary investigation indicates that best response algorithms do not
guarantee convergence to Nash equilibria, since the game induced by the game form developed
in this paper is not supermodular (due to the capacity constraint present in the game played at

each link).
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APPENDIX

Proof of Theorem [I} By the construction of the mechanism x] > 0 for all € A. Suppose
that x* = (z7,--- ,x}) is such that the capacity constraint is violated at some link  and 2} > 0

Hat>0}1{& 4% >0} PRIgE
J g = 0L+ which is a large number).

(i.e. user j will be heavily charged because — SO 0]
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Now, Consider x; such that: (i) either z; > 0 and Zkegl T +x; < c¢l; or (ii) x; = 0. Then,
k#j
Ya;>0}1{&€" +2;>0}

1—1{z;>0}1{€* +x;>0} = 0, therefore,

Vj(mjvmij) > Vj(m;k’am*—j)v (33)

*

and (33) contradicts the fact that m* = (m},m”;) is a NE. Consequently, x* is a feasible

allocation of problem Max. [ |

Proof of Lemma @ We prove this lemma by considering the case |G!| > 3. The cases

|G!| = 2 and |G!'| = 3 can be proved similarly. A detailed proof for |G!| = 2 and |G'| = 3 is
available in [45]].

Consider user i € G' (|G'| > 3). Since user i does not control ®! defined by (T4), (i.e. ®! does

not depend on x; and pl),

o9, 9ol

_ iy, 34
dx;  Op! (34
Eq. (13) along with (34) imply
ot! &+ )
e = 2| (' — Py — P (——) —0. 35
api| = [(pl 71) —1 v ( )

Summing Eq. over all i € G/, we get,

l x[ *
p=[NNESS [@:’ — Py - P (SR

EX 4 xr
_ _P*l< B i ) _ 07 (36)
icg! i€g! 7

ieg!

which, because of Theorem [I] and the positivity of prices, implies

(c/**l' *
_ p*i(ﬂ) 0. (37)
Y
for every i € G'. Then Eq. gives
*l *[
pil = P (38)

for all € G'. From Egs. and it follows that,
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p*l(%ﬂ) —0, (39)

il =pj' =P =p". (40)

—1

Egs. (39) and (@0) along with (13) give

ot
al’z‘

By (#0), (39) and @I)[] the proof is complete. u
Proof of Lemma El Equation (30) together with (3T) and (32)) imply that }~,.; >, it =

0. Now, we prove that the proposed mechanism is also budget balanced off equilibrium. First

Imeme = ", (41)

we show that, for every [ € L where |G!| > 3
> t=o (42)
1€gh,|Gt >3

By a little algebra we can show the following equalities,

12 -Z]ﬁégilpp 43

ezgp = %_—lgﬂ—l]’ 43)

Z<2pl.Pl.+2Pl P P x) = > -Zﬁgil Z’]:i’g’; <2p§p2<1+%)$jp2>] (44)
ol T 1 | (IGT=1)(1gT—2) |

i Z]Ség'l > /figl‘ > ;gglk 2p§cpé‘5i > jig} > lfigl‘ 2192295'5;2
Pt = SEa B L T , (45
D D Dl B (7 i v 7 e 7 1 7 oy

iegt L

(46)

'Zjeg’Zkegllz reg! Tip, ZjegIZkeg{ Py
Z Pl 2& — Z ]#Z k#%] T7£Z737k + .77&7“ k;éz»]
oy (19 = 1)*(|G' = 3) 29" = 1)2(19' = 2)

ieg! gt L

"Note that, since the derivative of an indicator function is a Dirac delta function ( [[46]l, p. 94), to have a well defined derivative
of t; with respect to x; at the boundary, i.e., when Ziegl x; = ¢, the differentiation is from the left. This observation holds
throughout the proofs appearing in this Appendix.
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From (#3)-(@6) we conclude that
EL+
> {Piiwi - PL — 2P - P (L )] -y @ 47)
ieGl v ieg!

Eq. along with Eq. (T3) imply that =, 1 -5 i = 0.

Next consider all links [ € L where |G!| = 2, 3. In accordance with the notation in section

let these links be [y, [5,--- ,l.. Then, by the specification of the tax function (cf. section [lII-Al
Egs. (6)-(10)) we obtain,

S{[E g =2+ [+ i [10gv =31+ Y Qb =0, @8
j=1 J=1
where if |GY| = 2 then {iy,,,i;,,} = GY and if |GY| = 3 then {i, ,,i1,,,0,,} = G4, j =
1,2,---r
Finally note that,
Y- Y Y Y Y ¥ Ztl+ZQ“—0 (49)
i=1 leL:|Gl =2 ieG! leL:|Gl=3 ieG! leL:|G!>3 ieg!
]
Proof of Theorem [ We need to show that V;(x*,¢7) > V;(0,0) = 0 for every i € N. By
the property of NE it follows that

So, it is enough to find (x;,p;) € M, such that
Vi(x,, ma, b, 5,) > 0. (51)

We set 7; = 0 and examine the cases |G| = 2, |G!| = 3 and |G| > 3, separately.

| =2
With z; = 0,p} = p* and z; = 27, Eq. (6) defines the following function JF5(p}):

L2 2 — ¢l
Folph) = M—2*l(p» p* )( ! )
a v
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Clearly, at
I«
P =D (52)

Fo(p*!) = 0. Then, from Eq. (6) it follows that

th(x*,;,0,p";,p") = 0. (53)

o CASE 2,

gl =3

Denote by i, j, k the users of link . With x; = 0,z; = 2}, 2, = 2}, and pé. =pl = p*, Eq.

*
7

(8)) defines the following function F3(pt):

x4+ ot — ¢
Fs(ph) = (pi—p™")? —2p"(pl — p) (%) + Q7
Exl ExL
= (14 ) (12T ) ey (54)

F3(pl) is a quadratic polynomial in p!. Setting F3(p!) = 0 we obtain the root

*l' *[

E Exl\ 2 2 (ol _ g¥l
Gig = p*l<1 + ‘Z> + \/(p*l _’) +a p + pr(e—én) (55)
v v gl

Since by its definition  is sufficiently large, it follows from Eq. (53] that o} > 0, i.e. ©}
is a feasible price. Therefore, from Eq. we obtain

th(x";,0,p";, ¢ 5) = 0. (56)

o« CASE 3,

G'|>3
With z; = 0,2; = 25 Vj # 4,5 € G, pi = p*, j € G', Eqs. (13) and (T4) define (after a
little algebra) the following function F-3(pl),
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* * * gilz *
Fos(ph) = (0h—p")* —2p"(pi —p l)( 7 > + @
e £
Py - 2p§p*l(1 + —‘) +p (1 +2 ‘Z> — 2" p" (57)
v v

F-3(pl) is a quadratic polynomial in p!. Setting F~3(p.) = 0 we obtain the root

*l

O os = p"l(l + g;’) + \/(p*’%) + x* p (58)

where

s 24 %)
g -1

T

(59)

Since by its definition « is sufficiently large, it follows from Eq. (58)) that p§7>3 > 0 (i.e.
@% -3 is a feasible price). Therefore, from Eq. (T3) we get

th(x,,0,p%,, 0k o3) = 0. (60)

— li .
Consequently’ at m; = (xzapz) = (O7p?1 7p212a Y 7l ), (Where, p?ka k = 17 27 ) |R7,|,
are defined either by or (53) or (58)), depending on the cardinality G'ix k= 1,2,--- | |Ry|),

we obtain
Rl N -
m=(m;,m* ) k=0
when ¢ # ki, ki, -+ ki,
When i =k, 5 =1,2,--- 1,
Rl ) T
Vi, Olmegmme ) = Ui(0) = > % (x*,,0,p"* p*) — Q" = —Q% >0,  (62)

k=0

where Q*i = Q{971=2} or Q5 = Q*{16 =3} Combining (50), and we obtain

Vi(a},t) = Vi, 1) >0 (63)
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and this establishes and completes the proof. u
Proof of Theorem [5} Let (x*,p*) be an arbitrary NE of the game (M, f,V) induced by
the proposed game form. Then by the properties of NE, we must have that for every user i € N,

OV;(m)

aflfi ’m:m*

} ‘mzm* = 0. (64)

By Lemma 2] Eq. (64) is equivalent to

o0x;
¢ leR;

Furthermore, by Lemma [2| we have p*'€* /v = 0 and since v > 0

p*lg*l _ p*l [ Z IZ: _ cl} =0 (66)
keg!

Equation holds for every user i € N; equation (66) holds for every link [ € L.

Consider now the centralized problem Max. Since the functions U;,7 € N are concave and
differentiable and the constraints are linear, Slater’s condition ( [47]) is satisfied, the duality gap
is equal to zero, and the Karush Kuhn Tucker (KKT) conditions are necessary and sufficient to
guarantee the optimality of any allocation x := (1, %9, - -+ , ) that satisfies them. Let \’ be the
Lagrange multiplier corresponding to the capacity constraint for link / and v; be the Lagrange

multiplier corresponding to the demand constraint. The Lagrangian for problem Max is

Lz, \v) = ZUl(scz) — Z )\I<Zsci — cl) + Z VT (67)

ieN leL i€g; ieN

and the KKT conditions are:

8£(x*,)\*,1/*) B 8Uz(x:<) 1 * _
oz, 0w 2 NHv =0 9
IER;
NS ar-¢) =0 VieL (69)
ieg!
vig; =0 YieN (70)

Since the KKT conditions are necessary and sufficient to guarantee the optimality of any

allocation X = (x1, z9, -+ ,xy) that satisfies them, it is enough to find v and M1 € L, such
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that Egs. (68)), and are satisfied.
Set vf =0, i€ N, and \*' = p*, | € L. Then (70) is satisfied and (68) and (69) become,

~S pt=0 (71)
p*l<2$i—cl):0 VieL (72)
ieg!

respectively, and they are satisfied because they are identical to Egs. (64) and (66)), respectively.

Furthermore, by the construction of the game form Z = (. Consequently, the solution

111

x* = (7,23, ,xy) of (7I) and (72) along with the spec1ﬁcat10n of tf,i=1,2,---, N, are

an optimal solution of Problem Max. At the same time and (72) and S t* = 0 are

=1 "1

satisfied by the allocation f(m*) corresponding to the NE m*. Consequently, the NE m* results
in allocation f(m*) = (x3,x3,---, 2,6, t5,--+ ,ty) that is an optimal solution of Problem
Max. Since the NE m* was arbitrarily chosen, every NE m* of the game form proposed in

section |[II| results in an optimal solution of Problem Max.

Proof of Theorem (6]
First we note that an optimal solution (x*,t*) = (a7, 25, -+ &, ], t5, -+, t5)(wWhere ¢;,i =
1,2,--- N, are defined by (15),(16),(30),(31) and (32))) of Problem Max exists. This follows
from: (i) the fact that each U;,7 € NV, is concave and the space of the constraints described by
Eqgs. (3) and () is convex; (ii) the fact that Z ,—1 t; = 0 by the construction of the game form.

The KKT conditions for problem Max result in the following equations,

Z PRt (N equations) (73)
IER;
)\*l(z v —c)=0 (L equations) (74)
ieg!
viz; =0 (N equations) (75)

We have N + L + N equations in L + N unknowns, \* |l € L and v},i € N. In general we
have multiple solutions.
*1=1,2,---,Li=172--- N) of Egs.

Y ’1, )

(73), [4) and (73) the message m = (m;, My, --- ,My), m; = (Z;,pl : | € R;) with Z; = z} and

We want to show that for every solution (\*, v
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P = A for all i € N and [ € R;, is a Nash equilibrium of the game induced by the proposed

game form.

For that matter we note that by the selection of m we have

P =p) =" =p" (76)

for every i and j € G'. By and

P ) = () =0 ”

JjEG JjEG

and by (30) we obtain

8t*l
81’:

= \* (78)

for every [ € R; and every i € N. Therefore, the message m satisfies all the conditions of
Lemma

Next we show that for every ¢ € N, m; is a solution of the problem,

max. U;(z;) — Z té(ﬁl—iymi)
m; EM;

lER;
subject to
z; >0, p.>0 Vi € R;. (79)
Any maximizing solution of must satisfy
W) — e, 25 4y = 0 (80)
8U (xl ZleR m_l Qi m:) + qz =0 (81)

p

V | € R;, where r; and ¢! are the Lagrange multipliers associated with the constraints x; > 0,
and pl > 0, [ € R;, respectively. We set 7; = 7 and ¢} = 0 for every [ € R;. At m; = m;, Eq.
is satisfied because of Eq. and Eq. (78).
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Furthermore at m; = m; Eq. (81) is satisfied since

ot
l\m == 5 - (82)
lERl
and

0 if |G| = 2;
8tl ¥4ttt —cl .
Stlmem = § —2p" | =0 |G =3 (83)
P;

oy .
L N )

for any | € L because of (77). Hence, (x%, 23, -+ , 2%, N1, A2 ... \*2) is a NE point of the
game induced by the game form proposed in section |11 [ ]

Proof of Theorem [7; Since any NE of the game induced by the mechanism proposed
in section (if such an equilibrium exists), results in a feasible allocation of Problem Max,
(see Theorem [I)), we restrict attention to the space M’ = M’y x M’y --- M’y of strategies that

result in feasible allocations of Problem Max. Then, the users’ utilities V;(x;,t;) = U;(z;) — t;,

= 1,2,--- | N, (where t; is specified by the game form of section are quasi-concave
in m; = (Iupz) and continuous in m = (mla' o amN) = (($17P1)7 (x27p2)a e 7($N7PN))‘

Furthermore, the message/strategy spaces M’; are compact, convex and non-empty. Therefore,
by Glicksberg’s theorem [22], there exists a pure NE of the game (M, f,V;,i = 1,2,--- | N)
induced by the game form of section [[II

Let m* be a NE of this game. Then, for every user i € N,

V;(m*) > V;(m*,,m;) for every m; € M,. (84)
That is,
= ' (m") > Uy(z;) = Y _#i(m*, m;) ¥V m; €M, (85)
IER; IER;
where

Yotm) = N ptei+ y ot Y ‘I’*I+ZQ*“{Z i} (86)

IER; IER; IER; IER;
IG'=3 IG'>3
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32

Z tl —za = Z H2 (m*—w ml) + Z H3 (m*—'w ml) + Z H>3(m ml)
lER; lER; lER; lER;
IG'|=2 G!|=3 IG!1>3

+ Z Q*ljl{i - klj}a
j=1
where

* * L—p*h)2 * * xitat —ct
Ma(m,m;) i= prla; + P20 — 2p (g — ) (255

xi+xt+x)—C

. !
Is(m*;, my) .= p*la; + (p) — p™')* + Q' = 2p" () — p*) ( g )’

* * * * xi+5ili
IL5(m%;, m;) := p* :Ez+(pﬁ—pl)2+<1>/—2pl(pi—p’)< > )

Since (83) holds for every feasible (x;, P;), setting p, = p*! for every | € R; we obtain,

Vi(xf, P*) = Uy Z plar > Vi(z, P*) = Z pla;

lER; lER;
for every feasible x;. Therefore, for every : =1,2,--- | N,
x] = arg MaX, cp: {Ul(xz) — Z p*mi}
lER;

(87)

(88)

(89)

(90)

where D* { 0 < 2 < mingeg, {c! — Zyegl x} }} Consequently, (x*,p*) is a Walrasian

equilibrium, therefore (x*,t*) is Pareto optlmal ( [12] Chapter 15).
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