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Abstract

The relation between nonanticipative Rate Distortion Function (RDF) and filtering theory is dis-
cussed on abstract spaces. The relation is established by imposing a realizability constraint on the
reconstruction conditional distribution of the classical RDFE. Existence of the extremum solution of
the nonanticipative RDF is shown using weak*-convergence on appropriate topology. The extremum
reconstruction conditional distribution is derived in closed form, for the case of stationary processes.
The realization of the reconstruction conditional distribution which achieves the infimum of the nonan-

ticipative RDF is described. Finally, an example is presented to illustrate the concepts.

Index Terms

Nonanticipative Rate Distortion Function (RDF), filtering, realization, weak*-convergence, optimal

reconstruction conditional distribution

I. INTRODUCTION

Shannon’s information theory [2] for reliable communication evolved over the years without

much emphasis on nonanticipation imposed on the communication sub-systems. In particular, the
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classical rate distortion function (RDF) for source data compression or quantization deals with
the characterization of the optimal reconstruction conditional distribution subject to a fidelity
criterion [3]], [4]], without regard to nonanticipation.

On the other hand, filtering theory is developed by imposing real-time realizability on the
estimators with respect to measurement data. Although, both reliable communication and filtering
(state estimation for control) are concerned with reconstruction of processes, the main underlying
assumptions characterizing them are different.

In this paper, the intersection of rate distortion function (RDF) and real-time realizable filtering
theory is established by invoking a nonanticipative constraint on the reconstruction conditional
distribution to be realizable via real-time operations, while the optimal nonanticipative reconstruc-
tion conditional distribution is derived. Consequently, the connection between nonanticipative
RDF, its characterization via the optimal reconstruction conditional distribution, and real-time
realizable filtering theory is established under very general conditions on the source (including
Markov sources).

The fundamental advantage of the new filtering approach based on nonanticipative RDF, is
the ability to ensure average or probabilistic estimation error constraints, which is non-trivial
task if Bayesian filtering techniques are employed to formulate such constraints. The motivations
includes nonanticipative data compression over noisy channels, such as control over networks,
where the controlled system and controller may be connected via a noisy channel [5]-[10]. In
such applications, filtering via nonanticipative RDF approximates sensor measurements by the
reconstruction process taking values in a set of smaller cardinality, while the approximation
is quantified by the distortion function. Given the recent interest in developing controller and
estimator architectures processing quantized information and, in general, communication schemes
for control applications, nonanticipative RDF is necessary for developing zero-delay or limited
delay quantization schemes. Moreover, nonanticipative RDF is necessary for the realization of
the compression channel by communication systems processing information causally.

The first relation between information theory and filtering via distortion rate function is
discussed by R. S. Bucy in [[11]], by carrying out the computation of a realizable (nonanticipative)
distortion rate function with square criteria for two samples of the Ornstein-Uhlenbeck Gaussian
process. Related work on nonanticipative rate distortion theory is pursued by A. K. Gorbunov

and M. S. Pinsker in [12], [13]. Specifically, [12] discussed nonanticipative RDF for general
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stationary processes and establishes existence of the infinite horizon limit, while [13] computes
a closed form expression for nonanticipative RDF (called e-entropy) for stationary Gaussian
processes using power spectral methods. Further elaborations on the similarities and differences
between [11]-[13]] and this paper will be discussed in subsequent parts of the paper. Moreover,
over the years several papers appeared in the literature in which controller or estimator are
designed based on information theoretic measures [14]-[16]]. An earlier work designing filters
via information theoretic measures is [17]], while [[18]] analyzes mutual information for Gaussian
processes.

In this paper, the connection between nonanticipative rate distortion theory and filtering theory
is further examined, under a nonanticipative condition defined by the family of conditional
distributions (reconstructions), for general distortion functions and random processes on abstract
Polish spaces. The connection is established via optimization on the space of conditional distri-
butions with average distortion constraint and almost sure (a.s.) constraints to account for the
nonanticipative condition on the reconstruction conditional distribution. The main results are the
following.

(1)  Existence of the nonanticipative RDF using the topology of weak*-convergence;

(2)  Closed form expression for reconstruction conditional distribution minimizing the nonan-

ticipative RDF for stationary processes;

(3)  Realization procedure of the filter based on the nonanticipative RDF;

@ Example to demonstrate the realization of the filter.

It is important to point out that items (1)-(4) above are not addressed in the related papers [11]—
[13]]. Moreover, (2) together with (3) are important in reliable communication for filtering and
control applications, because one can develop communication architectures which operate with
zero-delay or limited delay, as opposed to the classical RDF which is anticipative.

Next,we give a high level discussion on Bayesian filtering theory and nonanticipative RDF, and
we present some aspects of the problem pursued in this paper. Consider a discrete-time process
X" 2 Xy, Xy,..., X} € Xy, & XA, and its reconstruction Y £ {Y;,Y;,...,Y,} €
Yo £ X Vi, where X; and ); are Polish spaces (complete separable metric spaces). The
objective is to reconstruct X" by Y via nonanticipative operations subject to a distortion or
fidelity criterion. That is, for each ¢« = 0, 1,.. ., the reconstruction Y; of X, should depend on

past and present information { X, Yo, X3, Y1, ..., X;_1,Y;—1, X;}. Once this mapping is found a
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procedure is introduced to realize the filter of Y; from auxiliar measurements.

A. Bayesian Estimation Theory

In classical filtering [19], one is given a mathematical model that generates the process
X", via its conditional distribution {Py, xi—1 (dz;lz""") : i = 0,1,...,n} or via discrete-
time recursive dynamics, a mathematical model that generates observed data obtained from
sensors, say, Z", {Py,zi-1 xi (dz|z""',2") : i = 0,1,...,n}, while Y" are the causal es-
timates of some function of the process X" based on the observed data Z". Note that for
a memoryless channel that generates the observation sequence {Z; : i = 0,1,...,n} then
Pyzi-1 xi(dz|271 2') = Pgyx,(dzi|z;) —a.s., i =0,1,...,n.

In Bayesian estimation one is interested in causal estimators of some function @ : X,, — R,
Y,, = ®(X,,) based on the observed data Z"~' = {Z,, Z,, ..., Z,_, }. With respect to minimizing
the least-squares error pay-off, the best estimate of ®(X;) given Z*~1, denoted by ;I\D(Xi), is given
by the conditional mean

B(X,) 2 E{(I)(XZ-)|Z1'*1} :/ O(x) Py, g1 (dz|2 ), i =0,1,...,n.
X;

For non-linear problems, Bayesian filtering is often addressed via the conditional distribution
{Px,jzi-1(dx;|z""") : ¢ = 0,1,...,n} or its unnormalized versions which satisfy discrete-
recursions [[19]], and forms a sufficient statistic for the filtering problem.

Consider the simplified example of the multi-dimensional Gaussian-Markov processes modeled

by

Xk+1IAka+Bka, XONN(O, Emo), k:O,l,...,n—l
Zk:Cka+Dk‘/]§7 k::(),l,...,n

1.1)

where { Ay, By, Cy, Dy} are time-varying matrices having appropriate dimensions, Wj,~N (0; Xy, )
(Gaussian with mean zero and covariance Xy, ), Vi~N(0;%y,), £ = 0,1,...,n, while the
processes {Wy : k=0,1,...,n—1},{V, : k=0,1,...,n} are mutually independent, and
independent of X. The classical Kalman Filter [19] is a well-known example for which the op-
timal reconstruction 5(: =E[X;|Z"71], i =0,1,...,n, is the conditional mean which minimizes

the average least-squares estimation error. Thus, in classical filtering theory both models which

I'This point is explained in Subsection
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generate the unobserved and observed processes, X" and Z", respectively, are given & priori,
and the estimator 551 is a nonanticipative function of the past information Z*~%, i =0,1,...,n.

Fig. [L1] illustrates the cascade block diagram of the Bayesian filtering problem.

X X

z\zx! x|z

xlx

Fig. I.1. Block Diagram of Bayesian Filtering Problem

B. Nonanticipative Rate Distortion Theory and Estimation

In nonanticipative rate distortion theory one is given the process X", which induces the con-
ditional distributions { Py, xi-1(dx;|z'~") : 4 =10,1,...,n} and determines the nonanticipative
reconstruction conditional distribution {Py;yi—1 xi(dy;|y*~*,2") : i =0,1,...,n} which mini-
mizes the mutual information between X" and Y™ subject to a distortion or fidelity constraint,
via a nonanticipative or realizability constraint. The filter or estimate {Y; : ¢ =0,1,...,n} of
{X;: ¢=0,1,...,n} is found by realizing the reconstruction distribution { Py,yi-1 x:(dy;|y" ",

") ¢ = 0,1,...,n} via a cascade of sub-systems as shown in Fig. The point to be

|
B o | By By i
|

e

Fig. 1.2. Block Diagram of Filtering via Nonanticipative Rate Distortion Function

made here is that the auxiliary random sequence {Zy, Z1, ...} which is the analogue of sensor
measurements (in the above discussion of Bayesian estimation) is identified during the realization
of the optimal reconstruction distribution {Py,yi-1 x:(dy;|y*~", ") : i =0,1,...,n}. Thus, in

Bayesian estimation, the sensor map is given 4 priori, while in nonanticipative rate distortion
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theory, this map is identified during the realization of the optimal reconstruction conditional
distribution {Py;yi—1 xi(dy;ly"~*,2") : i =0,1,...,n}, so that the end-to-end nonanticipative
RDF from X" to Y™ is achieved.

The precise problem formulation of nonanticipative RDF is defined by first introducing the
distortion or fidelity constraint and mutual information. The distortion function [3]] or fidelity

constraint between x" and its reconstruction y", is a measurable function defined by
n
A o
don : Xoj X Yo > [0,00], don(z",y") = Zpo,i(f, y')
i=0

For single letter distortion do,(z",y") = > ., p(z;,v;), and for single letter square error
distortion dy,(z",y™) = S ||z — il|* [3]. Moreover, for finite alphabet spaces X; and ),
the distortion function can be defined in terms of the Hamming distance [4].
The mutual information between X" and Y™, for a given distribution Py~ (dx™), and conditional
distribution Pyn|x»(dy™|a™), is defined byf] [3]

I(X™y™) 2 /

XO,n XyO,n

Pnndnn
10<Y|X(y|»’5)

Pynjxn (dy™|2"™) @ Pxn(dz™). 1.2)
B ) Py (@9 1a") @ P (da”)
Next, introduce the nonanticipative constraint on the reconstruction distribution. To this end,

define the (n + 1)—fold nonanticipative convolution measure
By (dy™|5™) 2 @1 Py yio i (dyily' ™, ) — a.s. 13)
The set of nonanticipative reconstruction distributions is defined by
g, - { Pynxen(dy"]a™) : Pynxen (dy™a™) = Bynixen (dy]a™) — a.s.}. (1.4)

Note that without the nonanticipative constraint specified by aad, the connection between
filtering theory and rate distortion theory cannot be established, since in general by Bayes’ rule
Py xn(dy"a™) = @7 oPy;yi-1 xn(dyily' ', 2") — a.s., and hence, for each i = 0,1,...,n, the
conditional distribution Py,jyi-1 xn (-, -) of ¥; will depend on future symbols { X, 1, Xijo,..., X, },
in addition to the past and present symbols {Y~!, X} However, by imposing the nonanticipative
constraint ([.4), then at each time instant ¢ = 0,1, ..., the reconstruction Y; of X; will depend
on the past reconstructions {Yp,...,Y; 1} and past and present symbols {X,...,X;}. For

filtering and control applications, the nonanticipative constraint is necessary to avoid anticipative

’The precise definition of a convolution of measures denoted by ® is given in Section
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processing of information, while for quantization or compression applications it offers the
possibility to realize the compression channel (optimal reconstruction distribution) via causal
operations and achieve an end-to-end compression with zero-delay.

Nonanticipative Distortion Rate Function. The nonanticipative distortion rate function is de-
fined by the minimization over Py xn(dy™|2"™) of the average distortion function subject to a
constraint on the mutual information rate 7(X";Y"™) < R and the nonanticipative constraint
as follows.

ne () & inf E{do,n(X", Y”)}. (L5)

’ Pynxn (dy"|em)€Q aa: I(X™Y ™) <R
The classical distortion rate function does not imposes the nonanticipative constraint Pyn|xn (dy"|
") = ?Yﬂ xn(dy™|z™) — a.s., hence the resulting optimal reconstruction distribution of symbol
y; will depend on (y*~!,z') and on future symbols (z;,1,...,z,). Thus, by solving and
then realizing the conditional distribution the optimal causal filter will be defined.
At this stage it is important to point out that the nonanticipative condition is different
from the realizability condition in [11]], in which is assumed that Y; is independent of ;“i =S
X; —IE(X S1X l) ,J =1+1,i4+2,...,. Moreover, the nonanticipative condition ([.4) is implied by
the nonanticipative condition found in [12], [13], defined by X3, <> X" <> Y" forms a Markov
chain for any n = 0,1,... (e.g, Pynxn xz, (dy"[2", 27%1) = Pynjxa(dy™|z™), n = 0,1,...).
The claim here is that the nonanticipative condition is more natural and applies to processes
which are not necessarily Gaussian with square error distortion function, and subject to slight
modification to controlled sources in which the control is a function of the reconstruction process
(we shall discuss this point further).

Nonanticipative Rate Distortion Function. An equivalent problem to is the nonanticipative
RDF defined by
ne (D) & inf I(X™Y™). (1.6)

’ Pynjxcn (dy" )€ @ aa: E{ don(X7Y)<D}

The two problems defined by (L.5) and are equivalent in the sense that the solution of
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gives that of and vice-versa [4]]. Moreover, it can be shown that

Pynixn(dy"|z") = ?yn|xn(dy”|a:”)—a.s.<:>

Pyn (dyn)
= I(Pxn, ?Yn‘xn) @L.7)

? n n d n xn
I(X™y™ = / log< v (4] )>?Yn|xn(dyn|xn) ® Pxn(dz")
Xo,nxVo,n

where the notation I( Pxn, ?Yn‘ xn) is used to point out the functional dependence of 7(X™;Y™)
on {Pxn, ?Yn‘ xn t. The nonanticipative distortion rate function and RDF can be generalized to
controlled sources.

The paper is organized as follows. Section [II| discusses the problem formulation on abstract
spaces. Section [[II| establishes existence of optimal minimizing reconstruction distribution, and
Section derives the stationary solution. Section |V| describes the real-time realization of

nonanticipative RDF. Finally, Section [VI demonstrates the filter realization via an example.

II. FORMULATION OF NONANTICIPATIVE RDF ON ABSTRACT SPACES

Throughout the paper we use the notation defined on Table [l The source and reconstruction
alphabets, respectively, are sequences of Polish spaces {X; : ¢t € N} and {)); : t € N}, associated
with their corresponding measurable spaces (X, B(X;)) and (Y4, B()}:)), t € N. Sequences
of alphabets are identified with the product spaces (X, B(Xo,)) = Xx7_o(Xk, B(Xy)), and
(Vos Bonm)) = X3_o(Vr, B(Vk)). The source and reconstruction are random processes denoted
by X" 2 {X,:teN'L, X: {t} xQ—= X,andby Y" 2 {V;:t e N'}, Y : {t} x Qs ),
respectively.

The reconstruction conditional distribution will be defined via stochastic kernels. Note that
the random variable (RV) Z is called conditional independent of RV X given the RV Y if
and only if X < Y < Z forms a MC in both directions, equivalently Px zy(dz,dz|y) =
Pxy (dz|y) Py iy (dzly) — a.s., or Py x(dzly,x) = Py (dzly) — a.s.

Definition IL.1. [20] Let (X,B(X)), (Y, B(Y)) be measurable spaces in which ) is a Polish
Space.
A stochastic kernel on' ) given X is a mapping q : B()) x X — [0, 1] satisfying the following

two properties:
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TABLE 1

TABLE OF NOTATION

N£{0,1,...}
N"2{0,1,...,n}
X, Vi, t €N

B(X:), B(V:)
Xon = X370k, Vo & XP_oVk

B(Xo,n) = Xi—oB(Xk), B(Vo,n) = XizoB(Vk)

2" 2 {zo,..., 0}, ¥" = {Y0,-- -, Un}

Mi(Z)

Q(); X)

X Y & Z & Pyxy(dzlz,y) = Py y(dzly) — a.s.
BC(X)

L1 (p, BC(X))

I
X*
Mrba(X)

Hrba(X) C Mrba(X)

Set of nonnegative integers

Set of first (n 4+ 1) nonnegative integers

Source and reconstruction alphabets

o-algebra of Borel sets generated by X, W

Cartesian product of source and reconstruction alphabets
o-algebra of Borel sets generated by Xo,n, Vo,n

Sequence of source and reconstruction symbols

Set of probability measures on a measurable space (Z, B(Z))
Set of stochastic kernels on (Y, B())) given (X, B(X))
Markov Chain (MC) or conditional independence

Vector space of bounded continuous real-valued functions
defined on a Polish space X

Set of all p-integrable functions defined on X with values in
BC(X)

Norm with respect to Ly (1, BC(X))

Topological dual of a Banach space X

Space of finitely additive regular bounded signed measures on
(X, B(X))

Space of finitely additive regular bounded probability measures

on (X, B(X))

(1) Forevery x € X, the set function q(-; ) is a probability measure (possibly finitely additive)

on B(Y);

(2) For every F € B()), the function q(F';-) is B(X)-measurable.

Stochastic kernels can be used to define anticipative and nonanticipative convolution of recon-

struction kernels and associated classical and nonanticipative RDF.

Definition IL.2. Given measurable spaces (X, B(Xo,)), (Yo, B(Qon)), and their product

spaces, data compression channels are classified as follows.

1) An Anticipative Data Compression Channel is a stochastic kernel qo ,(dy™; ™) € Q(Vo.n; Xo.n)-

Such a kernel admits a factorization into a convolution of a sequence of anticipative
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stochastic kernels as follows
Gon(dy™; ") = @ oqi(dys; y' ", a") — as. (I.8)

where q;(dy;y" ™, x™) € Q(Vi; Vo1 X Xon),i=0,...,n, n€N.
2) A Nonanticipative Convolution Data Compression Channel is a convolution of a sequence

of nonanticipative stochastic kernels defined by
Tonldy™s ") & Doqi(dyiy’™",2') — as. (IL9)

where q;(dy;;y" ™, x") € Q(Vi; Vo1 X X4),i=0,...,n, n € N.
3) A Restricted Nonanticipative Data Compression Channel is a stochastic kernel qo ,(dy™; x™)
€ Q(Vo.n; Xon) which is a convolution of a sequence of nonanticipative stochastic kernels

obtained by imposing the almost sure (a.s.) constraint defined by
Gon(dy™; 7") = @1 oqi(dys; y't, 1") — a.s. (I1.10)
where q; € Q(y,, y()’i_l X Xo’i),i =0,...,n, neN.

As stated earlier, the classical RDF is concerned with optimizing with respect to antici-
pative stochastic kernels ([L.8)). In this paper we address problem or (L.6), i.e., when the
conditional distribution (stochastic kernel) is restricted nonanticipative, and we discuss gen-
eralizations based on (IL9). That is, for a given distribution Py« (dz"), nonanticipative RDF
imposes the a.s.-constraint on the reconstruction conditional distribution, and hence on
the joint distribution Pxn yn»(dz™,dy") generated by them, unlike the classical RDF which
does not impose such a constraint. However, when the source is independently distributed, i.e.,
Pxn(da™) = @I Px,(dx;) — a.s., it is well known that the optimal reconstruction conditional
distribution of the classical RDF has the property Py y.(dy"[z") = Lo Py . (dyi|z;) — a.s.
It is also well known that for sources with memory (i.e., Markov sources) the optimal recon-
struction conditional distribution of the classical RDF is anticipative, ie., Py, o (dy"|z™) =

im0 Py, yi-1 o (dysly™™, 2™) — a.s. Therefore, to ensure a nonanticipative reconstruction condi-
tional distribution one has to impose the constraint to the classical RDF. On the other hand,
a nonanticipative convolution data compression channel does not impose any constraint

on the joint distribution Pxn y«(dz™, dy™). This point is further explained below by discussing

generalizations of distortion rate function (L.5) and RDF (L.6).
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Remark I1.3. The nonanticipative distortion rate function and the nonanticipative RDF can be
generalized as follows. Given a sequence of conditional distributions { P, xi-1 yi-1 (dx;|z* !,y )

:i=0,1,...,n} then and (ILZSI) can be generalized to

na A . n n
Btm(R) =mf;zyn‘xn(dynw):](xmyn)gE{do,n(X Y )} L11)

Hy(D) 2infs (X" = Y™ (IL12)

ynxn (dy™|z"):E{don (X", Y™)<D}
where [(X™ — Y™) is the directed information measure from X" to Y" defined by

Popxe(dyls”) o ]
(X" —=sYy" 42 / log Yn|X ( ? nlyn dyn " ® P vnivnoi(dr™ yn 1
( ) Xo,n X Vo,n ( Pyn(dy™) > v (dy”|2") xnfyn-1(dz”| )

F
= ]IXn_>Yn(PXn|Yn717?Yn|Xn)
S .
where P xnjyn-1 is defined by
<F dnn—lé n p ) ) d'i_l i—1y
xnyn—1(dz"|y" ) = QLo Py, xi-1yi-1(dx;|2" ™, y"7) — a.s.

Clearly, and do not assume Px, xi-1 yi—(dx;|z"1 y"™1) = Py, xi— (da;|2"™1) —
a.s., and hence the process X" can be affected by Y" causally. It is easy to show that if
holds then Py, xi-1yi—(dx;|z"~",y""") = Px,xi-1(dz;|a™™") —as., ¢ = 0,1,...,n,
also holds, and hence ([I.11)), (I[I.12) reduce to (L3), (L.6). The generalizations ([L.11), ([I.12),
covers conditionally Gaussian sources as a special case [21]. It also covers the case when
the source is a controlled process, controlled over a finite rate channel based on the quantized
or reconstruction process. These generalizations will be investigated elsewhere, since they will
require new topological spaces on which existence of optimal solution to and can

be shown.

A. Nonanticipative RDF

In this subsection the nonanticipative RDF is rigorously defined on abstract spaces. Given
a source probability measure ju,, € M;(Xp,) (possibly finitely additive) and a reconstruction
kernel q,, € Q(yo,n; XO,n), one can define three probability measures as follows.

(P1): The joint measure Py, € M;(Von X Xon):
PO,n(GO,n) é (/I'O,n ® qO,n)(GO,n)a GO,n € B<X0,n) X B(yo,n)

= / Qo0 (Gonan; ") o (dz™)
XO,n
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where G, . is the 2" —section of Gy, at point 2" defined by G, ,» = {y" € Vo : (2", 9") €
Go.} and ® denotes the convolution.

(P2): The marginal measure vy, € M;(Don):
VO,n(FO,n) é PO,n(XO,n X FO,n)a FO,n S B(y(),n)

- / qo,n((XO,n X FO,n)a:”; xn)MO,n(dlﬂ) - qO,n(FO,n; xn),uo,n<dxn>-
XO,n

XO,n

(P3): The product measure g, : B(Xp,) X B(Von) — [0,1] of o, € Mi(Xp,) and vy, €
M (Vo) for Go,, € B(Xo ) x B(Von):

Tom(Gon) 2 (om X o) (Gon) = / Vo (Gloman)ion (dz™).

XO,n
The precise definition of mutual information between two sequences of Random Variables X"
and Y™, denoted /(X™;Y™) is defined via the Kullback-Leibler distance (or relative entropy)
between the joint probability distribution of (X™, Y™) and the product of its marginal probability

distributions of X" and Y, using the Radon-Nikodym derivative as follows.

Definition I1.4. [22] Given a measurable space (X,B(X)), the relative entropy between two
probability measures P, Q) € M1(X) is defined by

fxlog< )dp fX10g< )ng if P<<Q

+00 otherwise

D(PlQ) =

where j—g denotes the Radon-Nikodym derivative (density) of P with respect to (), and P << @)

denotes absolute continuity of () with respect to P.

Hence, by the construction of probability measures (P1)-(P3), and the chain rule of relative

entropy [20], the following equivalent definitions of mutual information are obtained.

I(X™Y™) 2 D(Py|mon) (IL.13)
<M0n®QOn)
_ d(fto.n @ Gon (I1.14)
\/XQanon (luon X Von)> (ILLO ’ )
Qon(dy ")
= Qon(dy™; dz™) @ o, (dz™ (I1.15)
/;fonxyon VOTZ(dy) ) ’ ( ) 0 ( )
_ / Do+ 2 [Uon () 0 n (™)
XOn

I( 0.5 Go.n)- (11.16)
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Note that states that mutual information is expressed as a functional of {0, o} and it
is denoted by I(10., o). Note also that (g, ®qo ., < pon X Vo if and only if g(-; 2™) < vo,u(-),
to.n—a.s., which is used to established that is equivalent to (IL.15)). Necessary and sufficient
conditions for existence of a Radon-Nikodym derivative for finitely additive measures can be
found in [23]].

Next, the classical RDF [3] is introduced, since the definition of nonanticipative RDF will be

based on the classical definition by imposing the nonanticipative constraint ([.4) (or Defini-

tion [IL.2}3).

Definition IL.5. /3](Classical Rate Distortion Function) Let d;,, : Xy, X Vo, — [0, 00], be an
B(Xo.n) % B(Yon)-measurable distortion function, and let Qg ,,(D) C Q(Von; Xon) (assuming
is nonempty) denotes the average distortion or fidelity constraint defined by

Q0a(D) £ {a0 € Qi o) s [

don (2", ") qon(dy™; &™) @ pio n(da™) < D}
XO,anO,n

(IL17)

for D > 0. The classical RDF associated with the anticipative kernel qo,, € Q(Von; Xon) is
defined by

Ron(D) 2 inf  I(pon, qon)- (IL.18)

90,n€Q0,n (D)

Existence in is shown by assuming dy (2", ) is bounded continuous on ), while
Mo, 1s compact, using weak-convergence of probability measures in [24], and for more general
conditions dy,,(z",-) which is only continuous on ), using weak*-convergence of measures
on Polish spaces [25].
Unfortunately, for general sources and distortion function dy ,, (™, y"), the optimal reconstruction
4.0 (dy™; 2") = @7_oq; (dys; y* ", 2™) is anticipative, and hence the link to filtering theory cannot
be established due to dependence of y; on ("', %) and on future symbols (z;,1,...,,). This
raises the question whether the classical RDF can be reformulated so that the optimal recon-
struction kernel is nonanticipative. Before the definition of nonanticipative RDF we introduced
a Lemma which gives insight into how classical and nonanticipative RDF are related.

The next lemma relates nonanticipative convolution reconstruction kernels and conditional

independence.
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Lemma IL.6. The following are equivalent for each n € N.
D) qon(dy™;a™) = 707n(dy"; x™)-a.s., (see Definition 3).
2) Foreachi=0,1,...,n—1, Y < (X, Y") < (X;1, Xiyo, ..., X,), forms a MC.
3) Foreachi=0,1,....,n—1, Y+ X' ¢ X, forms a MC.
Moreover, X' < Xt < Y forms a MC for each i = 0,1,...,n — 1, implies any of the

statements 1), 2), 3).
Proof. This is straight forward hence the derivation is omitted. 0

According to Lemma [I.6—1), for a restricted nonanticipative stochastic kernel the mutual

information becomes

70 (dy™; x™)
I(X™Y") = / log A On\PI 2 T 7 (dy™ dz™) ® o (da”
( ) Xo.n*Von < Vo,n(dy") ) 0, ( ) 0 ( )

= Wptom; Tom) (IL.19)

where (II.19) states that 7(X™;Y™") is a functional of {1, 70’71}. Hence, nonanticipative RDF
is defined by optimizing I(uo ., Gon) OVer qo,€Q0n,(D) subject to the realizability constraint

Qon(dy™; ™) = 7o,n(dl/n§ x™) — a.s., which satisfies a distortion constraint.

Definition I1.7. (Nonanticipative Rate Distortion Function) Suppose dy,,(z", y") = D io PO
(2%, y"), where po; : XoixVoi — [0, 00], is a sequence of B(Xo;) x B(Vo;)-measurable distortion
functions, for i = 0,1,....,n, and let 60’71(1)) (assuming is nonempty) denotes the average

distortion or fidelity constraint defined by

ao,n(D) £ Qo.(D) ﬂ {QO,nGQ(yo,n; Xon) : qon(dy™;a™) = o, (dy™; a") — G-S-}(H-ZO)

The nonanticipative RDF associated with the restricted nonanticipative stochastic kernel is
defined by

na A .
Re5 (D)= inf  T(pon, Gon)- I1.21)

10.2€Qo,n(D)

Thus, Ry, (D) is characterized by minimizing mutual information or equivalently I(o,5, go,»)
over the (y,(D) and the nonanticipative constraint . In the work of [12], nonanticipative
RDF is called e-entropy and nonanticipation is defined via X/, <+ X’ <> Y, forms a MC for

each i = 0,1,...,n — 1, which implies gy, (dy"™;z") = 707n(dy"; x™). Clearly, Gorbunov and
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Pinsker [12] nonanticipative RDF which imposes the constraint X, ; <> X' > Y" forms a MC
for each i = 0,1,...,n — 1, implies Px,,, xiyi(dzip1|2",y") = Py, xi(dzi|a’) —a.s., i =

0,1,...,n — 1, and hence, it does not allow the generalizations discussed in Remark

III. EXISTENCE OF OPTIMAL RECONSTRUCTION KERNEL

In this section, appropriate topologies and function spaces are introduced and existence of
the minimizing nonanticipative product kernel in (II.21) is proved. The construction of spaces
is based on [25]].

A. Abstract Spaces

Let BC(),,) denote the vector space of bounded continuous real valued functions defined
on the Polish space )} ,,. Furnished with the sup norm topology, this is a Banach space. Denote
by Li(t0.n, BC(Yo.)) the space of all p ,-integrable functions defined on X}, with values in
BC(Yo.n), so that for each ¢ € Ly (0., BC(Vo,)) its norm is defined by

16l /X 16(2™, ) B0 Hon(dz") < 0o.
0

\n

The norm topology || ¢ |, makes Ly (jo,n, BC(Yo,n)) a Banach space. The topological dual of
BC(Yy.n) denoted by (BC’ (yo,n))* is isometrically isomorphic to the Banach space of finitely
additive regular bounded signed measures on ) ,, [26]], denoted by M, (Vo). Let 1140 (Vo n) C
M,pa(Vo.n) denote the set of regular bounded finitely additive probability measures on ).
Clearly if )}, is compact, then (BC()/OJL))* will be isometrically isomorphic to the space
of countably additive signed measures, as in [24]]. It follows from the theory of “lifting” [27]
that the dual of the space Li(uon, BC(Von)) is LY (ton, Mrba(Von)), denoting the space of
all M,pa(Vo,) valued functions {¢q} which are weak*-measurable in the sense that for each
¢ € BO(Voy), % — qun(d) = fyo,n o(y™)q(dy™; x™) is pip,-measurable and /i ,-essentially
bounded.

B. Weak*-Compactness and Existence

Next, we prepare to prove existence of solution to Rg} (D). Define an admissible set of

stochastic kernels associated with classical rate distortion function by

Qad £ Léuo(:uOJM Hrba(y(),n)) - Lg)o(,uo,m Mrba(J}Om))'
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Clearly, (Q,q is a unit sphere in L (10,0, Mypa(Vo,))- For each ¢p€ Ly (10, BC(Vo,)) We can
define a linear functional on LY (101, Mypa(Von)) by

ls(qon) = / ( o(x", y")qon(dy™; x”)) o (dz™).
XO,n yO,n

This is a bounded, linear and weak*-continuous functional on LY (14 5, Myba(Yon)) as it is shown

below.

Xo,n yO,n

< / ( ¢(w”,y”)qan(dy";x")) Jo.n(d")
XO,n yO,n

< [ e Ml llaon (53 lrvioa(ds®
0,n

<

it e, onlda”)
XO,n
= 19l Lauo,n.BOGIO)) < 00

So given ¢ € Ly (0., BC(Vo,)), there exists a ¢, < oo such that ||{4|| < c,. Therefore, ¢, is
a bounded, linear functional on LY (14 1, I1,4a(Y0.n)) and hence on LY (1o ny Mypa(Vo.n)). Thus,
it is continuous in the weak*-sense.

For dy,, : Xon X Yon — [0,00) measurable and dy,€L;(uon, BC(Do,yn)) the distortion

constraint set of the classical RDF is given by

QO,n(D) £ {quad : gdoyn (qO,n)SD}

The next result is shown in [25]; it utilizes the Alaoglu’s theorem [26], which states that a closed
and bounded subset of a weak*-compact set is weak*-compact. These will be used to establish

existence of minimizer in aad for the nonanticipative RDF R, (D).

Lemma IIL.1. [25] For do €L (0.0, BC(Von)), the set Qo,.(D) is bounded and weak*-closed

subset of (QQ.q (hence weak*-compact).

Now we prepare to consider the problem stated in Definition First, we show weak*-

compactness of 6,1(1 defined as a subset of (),q as follows.

5@ = {QO,n € Qua : QO,n(dZ/n; a") = 70,n<dyn; r") — a.s.}.
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The average distortion function for the nonanticipative RDF is defined by

ao,n(D) = {QO,n € Qua : gdo,n<QO,n) = / (/ dO,n(xna y”)é]o,n(dy"; xn))
XO,n yO,n
o (dz") < D} Qo
= {%,n S 6[1(1 : gdo,n (qo,n) é / (/ dO,n(xn7yn)q0,n<dyn; xn))
XO,n yO,n

Dpton(dz") < D}, D >0

Since we are interested in proving existence of nonanticipative RDF of Definition [II.7, we shall
first show that aad is weak*-closed, and then utilize Lemmal IIl.1|to establish weak*-compactness
for 6“1 and then weak*-compactness of 60,71(17)-

Lemma IIL2. Let X,,, and Yy, be Polish spaces and introduce the net {q*(dy;y' ', z")},
where o € (D, ), and ¢ € Q(V;; Vo.i-1, Xo.:). Assume

@ gy ha) Gy ) fori=1,.

(b)  for all hi(-,-)eL1 (i, BC(Y;)) the function

(2, ") € Xy X Vo1 — / / hi(y)qi(dy; vt ') ps(dag; 1)
X; i

iS Ll(,u()’i_l, BC(y()’Z‘_l)) fOl" Z = 07 1, e, Ny
(c)  forall h(-,-)€Li(pi, BC(Y:)) and ¥ € > 0 there exists o = o such that

/ ~ sup /hi(xi,yz’)qgl(dyi;yi_lymi)
X yim1eVoio1 | Vi

Of gy 0i—1 i

—/ hi(xi, yi)g; (dyisy'™, ')
y,

Then the convolution of stochastic kernels converges in weak*-sense as follows.

[Lz(dl'z, l’i_l) < €, v $i_1 c XO,i—l-

Do qon (I11.22)

e.g, the set aad is weak*-closed.
Proof. See Appendix. [
Next, we utilize the weak*-compactness of 5ad to show that 50,n(D) is also weak*-compact.

Remark II1.3. There are certain important cases in which d,,, may not be bounded. This is the

case when dy ,, is a metric of a linear metric space. The next theorem is crucial in showing the
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weak*-closedness property of 507n(D) to those distortion functions dy , which are not necessarily

bounded, since they are measurable functions from the class dy,, € Li(po.n, BC(Von))-

Theorem I11.4. Let X, ., Vo, be two Polish spaces and dy ,, : Xo.n, X Vo n — [0, 00], a measurable,
nonnegative, extended real valued function, such that for a fixed " € Xy, y" — d(z,-) is
continuous on Yo, for (i n-almost all x" € Xy, and suppose the conditions of Lemma
hold. For any D € [0,00), the set 60771(19) is a weak*-closed subset of 5ad and hence weak*-

compact.

Proof. Let {78n} € ao’n(D) C 5(10, be a net. Since aad is weak*-compact, there exists a
subnet of the net {?gn}, relabelled as the original net, and an element ?87,1 € 6ad such
that 7371 LN 787 We must show that 78771 € 507,1(D). Considering the sequence {df, =
don Nk, k € N}, which are bounded, measurable functions (continuous in the second argument),

it follows from the weak*-convergence of the sequence {78‘,1} to 78’,1 that

[ e aataniat) ) o)

XO,n y(),n

= lim (/ dlgm(x",y”)?an(dy”;x")) fo.n(dx™)
XO,n yO,n

[0}

(111.23)

for each k € N. Since dy, is non-negative and df, 1 do, as k — oo and 7§, € 507H(D),

we have

/ ( [ . <x“,y">78,n<dy";x”>)uo,n<da:">
XO,n yO,n
=i [ ([ T o)
XO,n y(),n

o

«

< lim ( / do,n(l’”,y")7§,n(dy”;x"))uo,n(d:c”) <D
XO,n yO,n

which is valid for all £ € N. Since d’gm T do,, and they are non-negative, it follows from

Lebesgue’s monotone convergence theorem and non-negativity of stochastic kernels that

/ ( / do,n(:c”,y"ﬁg,n(dy”;x”))uo,n(dl’”) <D.
XO,n yO,n

3e.

Sxo s, (" Y") T80 (dy™; ™) @ po.n (da™) — Jxon s, " Y™") 70 (dy™; &™) @ o, (da™)| — 0 for any
# € L1(po,n; BC(YVo,n))-
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This shows that the weak™-limit 78771 € 507n(D) and hence we have proved that the set
607R(D) is a weak”-closed subset of aad. By Alaoglu’s theorem [26] being a weak*-closed

subset of a weak*-compact set, it is weak*-compact. [

Based on Theorem and lower semicontinuity of relative entropy, we show existence of the

optimal reconstruction conditional distribution for nonanticipative RDF.
Theorem IIL5. (Existence) Under the conditions of Theorem Rg% (D) has a minimum.

Proof. This follows from Theorem provided lower semicontinuity of I(u,, ) on 6“ is
established. First we prove that ¢, — (0., -) is weak*-lower semicontinuous. Let {78%} be
a net from 5“1 and suppose it is weak*-convergent to ?gm. Define the net P(i‘n € I pa(Xopn X
Vo) given by the convolution product Py, = pg,(dz") ® ?g’n(dy”;x”). Take any ¢(-) €

BC(Xy, X Yon) and consider the expression

/ o (", y") Py, (da”, dy™) = / Con (@™, y") T on(dy™s ™) @ g (dz™).
X0,nXYVo,n

Xo,nxXYo,n

Since 7§, =+ Tom i L (b0, Wrpa(Vo,n))s it is clear from the above expression that

*

PS5 P =100 ® Qo in (Ko X Vo) (I11.24)

Similarly one can easily verify that the net of the product measures {W&n} converges to the

0
product measure 7 ,,,
a .« w* 0 — 0
Ton = Yon X Hon > Vo X Mo = Top,

where {v,} are the marginals of {F§",} on )y, and 1, is its weak*-limit. Now we use the
lower semicontinuity property of relative entropy [20, Lemma 1.4.3, p. 36]. Following [20] it
is verified that the same procedure holds true not only for countably additive measures but also

for finitely additive ones. Using this fact we conclude that
D(Po ol m0,) < lim inf D(PS, [1m5.,).
By (IL.13), this is equivalent to
I(410.0; Qo) < i inf I(p10.n, g5,,). (I11.25)

This proves weak*-lower semicontinuity of I(x,,-) on 6”. We have already observed in

Theorem [[IL.4] that the set aom(D) is weak*-compact, and we have just seen that I(y,, ) is
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weak*-lower semicontinuous. Hence I(z ., -) attains its infimum on ao,n(D)- So there exists a

Tin € Gon(D) such that R2(D) = (ttg.n, 75)- O

IV. NECESSARY CONDITIONS OF OPTIMALITY FOR NONANTICIPATIVE RDF
In this section the form of the optimal nonanticipative convolution reconstruction kernels is

derived under a stationarity assumption. The method is based on calculus of variations on the

space of measures [28].

Assumption IV.1. The family of measures 70,n(dy”; x™) defined in , is the convolution of

stationary conditional distributions.

Assumption holds for stationary process {(X;,Y;) : i € N} and single letter distortion
don (2™, y") = D1 p(s, ;). It also holds for distortion defined by p(T"z",T"y"), for which
Tiz™ = 3" is the i'" shift operator on the input sequence ", where 7, = x;,; (similarly
for T"y™), and >, p(T 2", T"y") depends only on the components of (z",y") [29]. Utilizing
Assumption [IV.1] which holds for stationary processes and a single letter distortion function, the
Gateaux differential of I(1 ., 7gn) is taken at 737n in the direction of 7% — 73771, via the
definition 787,1 S 7% + 6(?0771 — ?gm), e € [0, 1], since under the stationarity assumption,
the functionals {q;(dy;; y"™', 2%) € Q(Vi; Vo1 X Xoi): i =0,1,...,n} are identical.

Theorem IV.2. Suppose 1, . (Ton) 2 Ltom, Ton) is well defined for every o, € LY (1o,
I1,50(Vo.n)) possibly taking values from the set [0,00|. Then 70,,1 — Huo,n<70,n) is Gateaux

differentiable at every point in LY (110.n,L4a(Mo,n)), and the Gateaux derivative at the point
78,71 in the direction 70,11 — 78n is given by

5hwxﬁﬁm53an—*?aJ==]Q LA} bg(zﬁ&i@ﬁiﬁz>(ﬁ%m——EﬁmﬂddﬁmﬂC9umxdﬂ)

V5. (dy™)

where v, € Mi(Jo,) is the marginal measure corresponding to ?(ﬁm@/umﬂ € M1(VonxXon)-
Proof. The proof, although lengthy, it is similar to the one in [25]], hence it is omitted. 0

The constrained problem defined by (IlI.21) can be reformulated using Lagrange multipliers. The

equivalence of constrained and unconstrained problems is established in the following theorem.
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Theorem IV.3. Suppose dy,, (2", y") £ Yoo p(Tia™, T'y™), where do,, : Xon X Vou — Ry =
[0, 00] is continuous in the second argument and the set I' = {(z",y") € Xon X Yon :
don(x™,y") < D} is nonempty. Then the constrained problem as stated in Theorem is

equivalent to an unconstrained problem stated below.

inf ]I(IUOJM 70,n) = Iglgg( éﬂf {]I(IUO,nv 70,n) - 8G(70,n)}7 G(?O,n) é gdoyn(ﬁo,n) - D

7O,n€60,n(D)
= max inf {]I " n —5(/ / don (2", y"
s<0 70,n <Iu0’ 70’ ) Xo,n yO,n " ( y )

Toaldy";a") @ pion(da”) = D) |

where ?O,n = 707n(dy";x") = @ oqi(dy;;y" ', 2")-a.s. Further the infinum occurs on the
boundary of the set 607n(D).

Proof. See Appendix. [

Utilizing Theorem we can reformulate the constraint problem as an unconstrained problem,

hence we have

Rg5,(D) = sup inf {1010, o) = 5(buo, (To.0) = D) }. (IV.26)
RS 0,n

Note that 70,n € M;(,n) are probability measures on ), therefore, one should introduce

another set of Lagrange multipliers.

Moreover, ?O,n(dy”;x") = Q" oqi(dy;;y"~ 1, a") is a consistent probability measure on Y,

therefore for each £ =0,1,...,n, fyo X 70,k(dyk; xk) = 1. This constraint is expressed via

g / i, yi_l)( 7 o(dy’; z") — 1>H0,i(d$i)
i=0 Y X0,ixY0,i
Iv.27)

n

- Ai(@y ) Con(dy™s2") = 1) pon(dz”
35 Lo M (o5~ s

where {\;(-,-) : ¢ =0,1,...,n} are Lagrange multipliers.

Utilizing the additional constraint (IV.27) in (TV.26)), then we derive the optimal reconstruction

kernel for the nonanticipative RDF, RS, (D). This is given in the following theorem.

Theorem IV.4. Suppose dy,(x",y") = > 1, p(T"z", T*y") and the conditions of Lemma
and Theorem hold. Then the infimum in is attained at 7811 € LY (o Mypa(Von))
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given byE]

Tonldy™a™) = @ oq (dysy ™' 2') —as

esp(Tix”,Tiy") ¥ (dy yi—l)
= ’I’L - - ? v <
o T T gy ° S @v.28)

and v} (dy; y'') € Q(Vi; Vo.i—1).- The nonanticipative RDF is given by

Rin(D) = sD=3_ / log ( / T T (dyisy' )
i—0 7 X0,ixXYo,i—1 i
X Qo (dy ™2™ @ pg(da) (IV.29)
where “s” is the optimal value of ([V.26)).
If R§5.(D) > 0 then s <0 and
> / / p(T'a", T'y") ¢ 5 (dy's ') @ pro(da') = D (IV.30)
i—0 Y Xo,i Yo,
and s is obtained from the equality condition .

Proof. The fully unconstrained problem of is obtained by introducing another set of
Lagrange multipliers {X\;(,-) : ¢ = 0,1,...,n} as in (IV.27). Using the pair of Lagrange
multipliers {s, A £ {\;(-,-): i =0,1,...,n}} introduce the extended pay-off functional

H%A<M0,n7 70,n) = H(No,m 70,n> - S<€do,n(70,n) - D)
=0 0,n 0,n

This is a fully unconstrained problem on the vector space LY (tio ., Mypa(Vo,n)). Utilizing The-
orem , the Gateaux derivative of ]1%’\ on LY (pon, Myba(Mo,)) at any point 7371 in the
direction ¢, — 7371 is given by

s 7 2dy™
ST T Tom — Tin) = /X ; log (0— (Ton — Do) (dy"; ™) @ g (da™)
0,n XJ0,n

O,n(dy

s / don(a™, y") (T om — T o) (dy™; 27) © pion(da™)
XOanOn

n

#3 [ A T~ T © poada)
=0 XO n XyO n

*Due to stationarity assumption v;(;-) = v(+;-) and ¢} (:;-,-) = ¢*(-;-,-), Yi=0,1,...,n.

November 3, 2018 DRAFT



23

Xo,n ><3)0,71.

Vo (dy™)
(70171 - ?S,n)(dyn7 xn) ® MO,n(dZEn)y V?O,n S Léuo(ﬂo,n, Mrba<y0,n))-

Since ]I‘B’A(uo,n, 707n) 1S convex in ?0,717 it follows from the calculus of variations principle
that a necessary and sufficient condition for 7& to be a minimizer is 5]15[?(737”;707” —
73,,1) =0,V on € L (tton, Mypa(Von))- Since the Gateaux derivative must be zero for all
70,71 € LY (pon, Mrpa(Do,n)) then

w — eXiz0 (SP(Timn’Tiyn)*Ai(wi’yi_l)) — a.s.
Vi (dy™)

Equivalently,

* R L ; ; i
n 4 (dyzv Yy 7 ) _ ®?:Oe(sp(T’x”,le”)—Ai(Izvylil)) —a.s.

0y (dysyY)
Since [}, g (dyi;y'~',2") = 1, then
(2t = log/ eSP(T%n’Tiyn)V;‘(dyi; v, i=0,1,...,n.
y,
Hence,

Toa(dy"sa™) = @ (dyiy™" 2') —as
. esp(Tix",Tiy”)V:(dyi; yi—l)

Since s < 0and \; > 0, i = 0,1,...,n then 7§, € LY (o, Iypa(Vo,n)). Substituting 75,

into Hf:’f(,uoﬂ, 7%) gives .

Note that for s = 0 then Rfj}, (D) = 0 and 737n(dy"; a") = vy, (dy"), po—almost all 2" € &,

This is trivial so we must have s < 0. From Theorem |[V.3| the solution occurs on the boundary

of 60,n(D) giving for s < 0. ]

Often it is interesting to identify conditions so that the optimal reconstruction is Markov with

respect to {X; : ¢ =0,1,...,n}. The next remark discusses this case.

Remark IV.5. Note that if the distortion function satisfies p(T'z", T'y") = p(x;, T'y") then
according to Theorem we have

q; (dy;; yi_l,xi) = ¢ (dy;; yi_l, z;) —a.s., 1 € N" (IV.31)
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that is, the reconstruction kernel is Markov in X". However, even if p(T'z"™ T'y") = p(x;,y;)
(single letter) one cannot claim that the optimal reconstruction distribution is also Markov with

respect to {Y; : i =0,1,...,n} because the right hand side (RHS) of (@) does not satisfy
vi(dyi;y' ') = vi(dyi; yi1)-

The relation between nonanticipative RDF and filtering theory is developed for fixed source
distribution. In the next remark we discuss extensions of the nonanticipative RDF for a class of

sources and relations to robust filtering.

Remark IV.6. Nonanticipative RDF can be generalized to a class of sources to address robust-
ness of the filter. One such class is defined by a relative entropy constraint between the unknown

or true distribution Pxn with respect to the nominal distribution PY.. via
Mpg, (d) £ {Pxn € My(Xy) : D(Pxn||Pya) < d}

where d is the radius of uncertainty. Such a model of uncertainty or class of distributions is
often employed in filtering and control applications because it is related to robust filtering and
control using minimax methods [30], [31].
Therefore, the nonanticipative RDF for the class of sources M PO, (d) is now defined using
minimax strategies by

R“T(D,d)= _ inf sup I(Pxu, Bynxn) (IV.32)

’ ynixn€Q0.n(D) PxneMpy (@)

Through one can obtain relations to minimax filtering strategies via nonanticipative RDF.
An example using this formulation for control of Gaussian state space systems over limited rate
channels is found in [32)]. The investigation of the classical RDF for such a relative entropy class
of soures is discussed in [33|], where it is also shown that the Von-Neumann minimax theorem
holds and hence one can interchange infimum and supremum operations. The validity of the Von-
Neumann minimax theorem for ([V.32)), will imply that the optimal reconstruction distribution
for the minimax nonanticipative RDF is , and hence the remaining task is to perform the
infimum operation over the relative entropy class of the solution to the nonanticipative RDF given
by ([V.29). This is the simplest approach to relate nonanticipative RDF for a class of sources
and minimax filtering techniques. Unlike minimax filtering techniques, the filtering obtained from

will always satisfy the fidelity criterion which can be defined with respect to probability
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of error or the average error.

However, it is not clear how one can apply sensitivity minimization to nonanticipative RDF filter,
because only the source distribution is given, while the observation map and filter are obtained
from the realization of the optimal reconstruction distribution (see Fig. [I.2). This is contrary to
sensitivity minimization approach, where the input-output maps are given and depend on design
functions, such as, the controller or the filter [34], [35]. Nevertheless, when the source is a
second order Gaussian process described by a Power Spectral Density (PSD) and the fidelity of
reconstruction is the mean-square error, then it might be possible to apply robust filtering and
control techniques to address uncertainty of the PSD similar to the computation of capacity of

channels with memory [36|].

V. REALIZATION OF NONANTICIPATIVE RDF

The realization of the nonanticipative RDF (optimal reconstruction kernel and nonanticipative
RDF) is equivalent to identifying the sensor mapping (see Fig. which generates the auxiliary
random process {Z; : i =0,1,...,n} so that the optimal reconstruction conditional distribution
is matched from the output of the source to the output of the filter. This intermediate mapping
consists of an encoder followed by a channel. Thus, the realization of the nonanticipative optimal
reconstruction distribution consists of a communication channel, an encoder and a decoder such
that the reconstruction from the sequence X" to the sequence Y" matches the nonanticipative
rate distortion minimizing reconstruction kernel. Fig. illustrates a cascade of subsystems that
realizes the nonanticipative RDF. For the single letter expression of classical RDF this is related
to the so-called source-channel matching of information theory [37]]. It is also described in [38]]
and [39]] for control over finite capacity communication channels, since this technique allows one
to design encoding/decoding schemes without encoding and decoding delays. The realization of

the optimal reconstruction kernel is given below.

Definition V.1. Given a source { Py, xi—1(dx;|x'"") : i =0,...,n}, a channel {Pg,pi-1 :(db;]
b=t a') : i =0,...,n} is a realization of the optimal nonanticipative reconstruction kernel
{q(dys;; 4"~ 2") i =0,...,n} if there exists a pre-channel encoder {Py,jsi-1 pi-1 xi(da;|a"*,

b'=1a") i =0,...,n} and a post-channel decoder {Py,yi-1 pi(dy;ly"~',b") : i = 0,...,n}
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such that
Gonldy™a™) & @oq; (dys;y'™",a')
- ®?20Pyi|yi71,xi(dyi|yi_1,xi) —a.s. (V.33)
where the joint distribution is
Pxn an pnyn(dz", da", db", dy") (V.34)

= O Pyyvi-tpianxi (dyly' ™ 0, o', o)
® Ppyiot aixiyiot (dbilb' ™1, a2,y ™Y) ® Pajaics xiyio pios (dagla’™, 2,571, 61
® Py, xi-1 a1 iy (dagle’™ a0y —aus

= @ Py yi-1 i (dyily' ™', b') @ Ppjpi-1 a: (dbs|b™, a’)
® PAi‘Ai—17Bi—1,Xi(dai|(li_1, bt o) ® PXi|Xi—1(dl'i|Ii_1) —a.s.

The filter is given by {Px, pi-1(dz;|b"™") :i=0,...,n}.

| P
X, Xifl ¥ A,‘A”l th thfl PB B/—l ,A’ PY thl 7B}
] | ] ;

Fig. V.3. Block Diagram of Realizable Nonanticipative Rate Distortion Function

Thus, {B; : i = 0,1,...,n} is the auxiliary random process which is obtained during the
realization procedure in order to define the filter { Py, pi—1(dz;|b'"!) : ¢ = 0,...,n}. Note that
unlike Bayesian filtering in which the auxiliary process represents the observations which are
given & priori, in nonanticipative RDF this is identified during the realization procedure. In the
Definition [V.I] the following MC assumptions are assumed.

1) (XY, AY) « (YL BY) < Y,

2) (X1 Y1) < (B AY) « By;
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3) Yitl & (A7 B71 XY« A

4) (AL BEL Yl o X o X
These conditional independent assumptions are natural since they correspond to data process-
ing inequalities [4]. Thus, if {Pppi-1 4i(dbi|b™",a’) : i = 0,...,n} is a realization of the
nonanticipative RDF minimizing kernel {q}(dy;;y"',2') : @« = 0,...,n} then the channel
connecting the source, encoder, channel, decoder achieves the nonanticipative RDF, and the
filter is obtained via { Py, pi—1(dz;|b'"") : i = 0,...,n}. Moreover, the above MCs imply the
following data processing inequality, /(A™ — B") 2 Yoo L(A BB > I(X™; Y™). The
optimal realization (encoder-channel-decoder) is defined as the one for which the last inequality

holds with equality.

VI. EXAMPLE

In this section, we present the filter for Gaussian Markov partially-observable processes by
utilizing the realization procedure of Section [V}
Consider the following discrete-time partially observed linear Gauss-Markov system described

by

Xt+1:AXt+BWt, X0:X7 tENn
Y,=CX, +NV,, te N"

(VL35)

where X; € R™ is the state (unobserved) process of information source (plant), and Y; € R?

Noise

Fig. VI.4. Communication System

is the partially observed (measurement) process. The model in consists of a process
{X;: t € N"} which is not directly observed; instead what is directly observed is the process
{Y; : t € N*} which is a noisy version of {X; : t € N"}. This is a realistic model for any

sensor which collects information for an underlying process, since the sensor is a measurement
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device which is often subject to additive Gaussian noise. Hence, in this application the objective
is to compress the sensor data. Since we only treat the stationary case, we assume that (C, A)
is detectable and (A,+/BB") is stabilizable, (N = 0) [18]]. The state and observation noise
{(W,V;) : t € N"} are mutually independent, independent of the Gaussian RV X, with
parameters N (320,20), where W, € R* and V;, € R% are Gaussian IID processes with zero
mean and identity covariances.

The realization will be done following Fig. The goal is to reconstruct {Y; : t € N"} by
{Y,: t € N"} causally. The distortion is single letter defined by

n ~n 1 - >
don(y", 7") = n+1ZHyt—ytH2-
t=0

The objective is to compute

1
om(D) = inf

(P, P VL36
Pynyn€Gon( N+ 1 (Pyn, P gnjyn) ( )

where 507n(D) = {??”IY” : E{dy,(Y",Y™)} < D}, and realize the reconstruction distribu-
tion. The reconstruction of {X; : ¢ € N"} when it is fully observed, i.e., when Y; = X, is
realized over a scalar additive white Gaussian noise (AWGN) channel in [9], while the partially
observed scalar reconstruction of {Y; : ¢ € N"} is realized over a scalar AWGN channel in [38]
via indirect methods (utilizing upper bounds which are achievable).

Here, we consider the vector process Y; € RP and realize it over a vector AWGN channel.
The methodology is based on the explicit formulae of optimal reconstruction of Theorem [IV.4
According to Theorem the optimal reconstruction is given by

sllge—well® p_ dii lit—1

n € v (dye| g )

:®t:0 8H~_ H2 ‘~ ~ ~ =1\ SSO (VI37)
fyte v Pmytfl(dytw )

Py dily")

where each term in the RHS is identical because our results are derived based on the stationarity
assumption. Hence, from it follows that Py, y+—1 e = Py g1y, (dyy|y'1, y;)—a.s., that
is the reconstruction is Markov with respect to the process {Y; : ¢ € N"}. Moreover, since the
exponential term ||7; — v;||* in the RHS of is quadratic in (y;, 9¢), and {X; : t € N"}
is Gaussian then {(X;,Y;) : t € N"} is jointly Gaussian, and it follows that a Gaussian
distribution Py, 1y, (-[7* ", ) (for a fixed realization of (', y:)), and Gaussian distribution
Py, |9t_1(-|gjt_1) can match the left and right side of 1i Therefore, at time ¢ € N”, the

output Y, of the optimal reconstruction channel depends on Y; and the previous channel outputs
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Y1, and its conditional distribution is Gaussian. Hence, the channel connecting {Y; : t € N"}

to {Y; : t € N"} has the general form
Y, =AY, +BY" " '+, teN" (VL38)

where A, € RP*?, B, € RP*"_ and {Z;: t € N"} is an independent sequence of Gaussian vec-
tors. Since we treat the stationary case, the finite horizon analysis below is only an intermediate
state before we give the stationary solution.

The communication channel can be realized via a memoryless additive Gaussian noise

channel with feedback [4] defined by

where the encoder, at time ¢, is a mapping A; = ®,(Y;, Y1) with power P, £ Trace E{A; A"},
and the decoder at time ¢ € N” receives B' and computes the reconstruction Y; = W,(B?, Y1),
By Section [V} in view of the MCs we have the data processing inequality I(Pyn, ?ynlyn) <
I(A™ — B™) = I(A™; B™), where the last equality holds because the channel is memoryless
[4].

For the realization, the first step is the whitening of the source {Y; : ¢ € N} by introducing the

Gaussian innovation process {K; : ¢t € N}, defined by
K2y, - E{mo—{f/t—l}}, te N (VL40)
whose covariance is defined by
Ay & B{K,K["}, t € N". (VL41)

The second step is the diagonalization of the covariance {A; : t € N} by introducing a unitary

transformation { £ : ¢t € N"} such that
EtAtEfr = diag{/\m, e AtW}’ te N™. (VI42)

Thus, T'; £ FE,K,, where {T'y : t € N"} has independent components for each ¢ € N". In
practise, the encoder consists of a pre-encoder which preprocesses the observations {Y; : ¢t € N"}
by generating {K; : t € N"} and then applies {E; : t € N"} to it. At the decoder end, there is
a pre-decoder which generates {K, : t € N} defined by

K2Y - E{mo—{?t*l}}, te N (V1.43)
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on which the unitary transformation {F; : ¢ € N"} is applied to generate I, = E,K,. Next, we
calculate the RDF by taking advantage of the preprocessing at the encoder-decoder. Note that
the fidelity criterion dy,(-,-) is not affected by the preprocessing at the encoder-decoder since
don (Y™, Y™) = do (K", K™) = —= > |K, — K|)? = —= > I, — I';||2. Now, we show
that

Py, Pruyn) = S (HUKIKTY) = HR K K )

(H(ft|1~“t*1) ~ H(T T, rt)).

t=0
By (V1.37),
?myn(dz?%”) = ®?:0meﬂ,1%(dgt]gt*1, Yi) — a.s.

Hence,

3

U(Pyn, Pray) = S (HTGYY) = HETEL YY),
t=0
Since conditional entropy is translation invariant, utilizing (V1.43)) gives

H(Y,[Y'™) = H(K,[Y")

- H<}?t|}7717%7 s 7}7;71)

D H (K1, Yoy Vo, Kooy + BV |o{V2)))

= H<[~(t|5}—17 %7 s 75;;5—27 Kt—l)
— H(EK| K (V1.44)

and repeated application of step (a) gives (VL.44). Similarly, H(Y;|Y*"1,Y;) = H(K,|Y* ! K,) =
H(K;|K*', K;). Hence,

I[(Pyn7?yn|yn) = Z (H(f(t’f(t—l) _ H(f(tIf(t_l,Kt)> = [(Kt;[%ﬂkt—l).

t=0 t=0
Since the unitary transformation is non-singular then I( Py« ?len) =30 (K K| KPY) =
Yoo I(Ty; [,|T%1), t € N". Therefore, (VI.36) is equivalent to the following expression.

n n 1
Ry (D) = R (D) £ inf

I(Pro, Progp).  (VL45)
Brnpn: B{don(nfm<p} ™ +1 |
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By [3] (invoking an upper bound and Shannon’s lower bound if necessary) the stationary solution

of (VL.45) is given by

n n 1 1 - P )\ 3
. na, '™ [ . . - t,%
nhmoo Ry (D) = nhmoO 1 E E log <—5t7i>

t=0 i=1

where

if < A
S e Pe R SR

’ A if & > N

and {¢ : t € N"} is chosen such that Y ©  0,; = D. Define 7, 21 %, i=1,...,p,
At £ diag{(Sm, . 75t,p}a and Ht £ diag{ntyl, R 777t,p} € RP>P,

As a result, the reconstruction conditional distribution is given by

Pl (03" 1") = S Py, (deb) — as.

where P (-]-) ~ N(H, Ty, HiA).

ft\Fz
Realization of Nonanticipative RDF Over Vector AWGN Channel. Consider a vector channel

Fig. VL5. Design of Discrete-Time Communication System

B, = A; + Z;, t € N", where Z; is Gaussian zero mean, Q = Cov(Z;) = diag{q1,q2, - - -, ¢y},
and A; € RP. By Section IYI, and the memoryless nature of the channel we know that I(A™ —
B") = I(A™;B") > I(Pyn, ?f,nlyn). Hence, we compress the source and transmit it to the
decoder over the vector channel, so that the RDF is equal to the capacity of the channel,
ie., lim, . RES (D) = lim, HLHI (A™; B™). That is, we match the source to the channel.
Therefore, we need to design the operators {(A;, B;) : t € N"} so that the compressed signal
A, = AT, is sent through an AWGN channel with feedback (shown in Fig. [VL5), after which
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the received signal is decompressed by ', = BB, at the pre-decoder. By the knowledge of the
channel output at the decoder, the mean square estimator X, is generated at the decoder since

X, 2 B{X,|o{Y"'}} (one may also use o{B"'} to find the filter of {X,: ¢ € N"}).

The compression operator {A; : ¢ € N"} is chosen so that lim,,_,c 5%, (D) = lim,, n}rl] (A™;, B™).

Recall that B, = A, + Z,, A, = AEK,, Q = Cov(Z,), TraceE{A,A"} = P,,t =0,1,...n
Hence, we find {A; : ¢ € N"} so that the following holds.

1
lim Con(Po,. Py) 2 lim I(A™; B") = lim ——Zlogl]JrE{AtA”}Q y

R B N /.Y .
= 1] - log—— = 1 R (D).
ngnoo2n+1; Og|At| nlnoo O,n( )

From the previous equality we obtain

A2\ QAT H, t € N™.

The decompression operator {; : ¢ € N"} is chosen so that the desired distortion is achieved

by the above realization. The decompressed channel output I'; = B,B; due to transmitting the
compressed input A; = AL is
1~11‘, = BB, =Bi(A + Zy) = B{(AL + Zy), Ty = B/ K,
= HEK,+ B Z;, t € N". (V1.46)
By pre-multiplying T, by E!” we can construct

}T(t == E;rf‘t = E;THtEth —|— EfrBtZt, t E Nn

The reconstruction of Y; is given by the sum of f(t and C’Xt as follows.

Y, = \I/t(Bt,Y/t_l)
= K,+CX, Xt:E{Xtya{ffH}} (VL.47)
— E'H,E,K,+ E'"B,.Z,+ CX,, t € N". (VL48)

Next, we determine {B; : t € N"}.

First, we notice that

B{(¥; = V)" (Y = Yi) } = Trace(B{ (v, - V)(v; - Vo) } ).
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Then we can compute
B{(¥; = V)" (Y = Yi) } = TraceB{ (K, — K)(K, - )" |
- TmceE{(Kt ~ BT (K, — E?ft)”}
= TraceE{(Kt — Ef'HiEK, — BB Z,) (K, — Ej" H,E\ K, — EfTBtZt)”}
— TmceE{ ((I - BE"H,E)K, — E"B,Z,) (I — E" H,E,)K, — EfTBtZt)”}
= Trace{ (I - B HiE)A(I — B HE)" + B BQBYE, |
- Trace{(] — EVH,E)E"diag(M.1, ..., \y)Ei(I — EVH,E)" + Ef’"BtQB?Et}
- Tmce{Et““ ((I — H)diag\y, - - M) (I — H)' + (BtQBi’")) Et}
© Trace{diag(5t,1, e 751571))} =D

where (b) holds if we set
B, &£ \VHAQ, t €N,

This shows that the realization of Fig. achieves end-to-end average distortion equal to D.
Decoder. The decoder is Y, = K, + C'X,, where {Xt : t € N"} is obtained from the modified

Kalman filter as follows. Recall that

Y, = K,+CX,

= EH,E,(Y,— CX,)+ E"B,Z, + CX,

= EH,E,(CX,+ NV, —CX,) + E"B,Z, + CX,

= EVH,E/(CX,—CX,)+CX,+ E"H,E,NV, + E"B,Z, (VL.49)

where {V; : t € N*} and {Z, : t € N"} are independent Gaussian vectors. Then X, =
E {Xt|a{f/t*1}} is given by the modified Kalman filter

X1 = AX, + AS(ENHEC)" M7 (Y — CX,), Xo = Zo (VL.50)
EIH»I = AZtAtr - Azt(EttrHtEtC)tTMtil(EfrHtEtC)EtA + BB;T, 20 - SO (VISl)
where

M, = E" H,E,CY,(E" H,E,C)" + E" H,E,NN" (E" H,E,)" + E"B,B!" E,.
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Stationary Solution: Infinite Horizon. Now, we are ready to give the complete solution to the
stationary nonanticipative RDF and its realization. As ¢ — oo, under the assumption that the

linear Gauss-Markov system is stabilizable and detectable, we have
Yoo = AVGA" — AY (EY Ho EoC)" M N (B Ho EoC)Y o A + BB
where
My = E"H By CY oo (B Hoo B O) + BV Ho B NN (B Ho Eo)'™ + EY BB Ey
and F, is the unitary matrix that diagonalizes A, given by
B BY = diag(Aso 1, - - s Asop)

and

6oo,ié 5 5 7 ,izl,...7p
/\oo,i if é.oo > )\oo,i
satisfying > 7 | 0o = D.

Define

A = diag(dsons - 000p), Hoo = diag(Meot, - - Noop)

where 7o; = 1 — i The nonanticipative RDF can be computed as follows.

Moot
1
R™(D) = lim inf

n—> o0 Pf/n‘yn (dg'rL'yn)eao,n(D) n -+ 1

. 11 G A

1 - /\oo,i 1 |Aoo| 1 . (c)
T2 ;log (500,) =5 log A "2 lim Cou(Pp,...,P,) = C(PYVL52)

2 n—o0

Py, Py

—
~

where (c¢) comes from the fact that the power constraint satisfies lim; ., Trace E{A;A"} =
lim;_,o, P, = P. Thus, for a given distortion level D, C(P) = R"*(D) is the minimum capacity

under which there exists a realizable filter for the data reconstruction of {Y; : t € N} by
{f@ : t € N} ensuring an average distortion equal to D. Note that for % < min; A ; then

1

R™(D) = 1log Aol e, oo = %. Hence, from (VI.52) we have D = p(|Aoo|e*2Rm> " Asa

(D)

result, we have the direct relation between the reconstruction error DD and the rate R"“. Finally,

the filter is the steady state version of (VI.50), (VI.51) with initial condition Xy = E{X,|Y '}
and ¥ the covariance of Xy — X which is Gaussian N (0, X ).
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VII. CONCLUSION

This paper investigates nonanticipative RDF on abstract spaces. Existence of the optimal
reconstruction conditional distribution is shown, while closed form expression is derived for the
stationary case. The relation between filtering theory and nonanticipative rate distortion theory
is discussed via a realization procedure. Finally, an example is presented which illustrates the

realization of the nonanticipative RDF.

APPENDIX

A. Proof of Lemma

To show closedness of 5“1 as a subset of (), it suffices to show that
Dot (Y a") = ®od] (Y 2.

This will be shown by induction. Consider n = 0. For any ho(xo,%0) € L1(p0, BC(Qb)), by

definition of weak*-convergence it follows from (a) that

lim ho(o, Y0)qg (dyo; xo) po(dzo) = / ho (o, Y0) a5 (dyo; zo) po(dao).

@=%0 JXox Vo XoxVo

Consider n = 1. For ho(-,-) € Ly(10, BC()), hi(-,-) € Ly(u1, BC(Y1)) We need to show

that
/XO </yo ho(xo,yo)</X1 (/yl hl(l'l,yl)Q?(dyﬁyo,«fl))ul(dxl;x0)>qg(dy0;x0)>'uo(d$o)
_/XO </yo ho(xo,yo)(/X1 (/yl h1(x1,y1)q(1)(dy1;yo,xl))ul(dxl;x0)>q8(dyo;x0)>ﬂo(dxo)

The latter equation is written as follows.

/Xo </yo ho(:vo,yo)</X1 (/yl hl(asl,yl)fff’(dyl;yo,x1)>u1(dazl;xo)>qg(dyo;x0)>uo(dggo)
_/XO </yo ho(xo,y(J)(/Xl (/y1 h1($1,y1)qg(dy1;yo,xl))ul(dxl;:L’o))qg(dyo;l’o))uo(dxo)

lim
a—r 00

=0.
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(/ ho(zo, o) (/Xl (/ hi (1, y1) ¢ (dyr; yo, ))ul(dwl;wo)> Q‘&“(dyo;xo)>uo(d$o)

7

-~

h1(z0,y0)

/XO </yo ho(xo, yo (/Xl (/yl ha (1, 1)4) (dyq; yo, @ ))m(dwl;xo))qg(d?Jo%fﬂo))Mo(dxo)
/xo (/yo h0($0’y0)</9q (/yl hl(mbyl)q?(dyl;yo,xl))ul(d:ﬁl;:vo))quyo;afo))uo(dxo)
_/XO (/yo ho($o,yo)(/)ﬁ (/yl hl(:cl,yl)q(f(dyl;yo,xl))ul(dxl;:z:o))qg“(dyo;xo))uo(d:co) :

We need to show that both RHS terms go to zero as a — oo. Let € > 0 be given. Then, there

_|_

exists an a, € D such that for all o > «, the first RHS term can be written as

</yo ho(xo, Yo)ha (o, yo) (qS‘(dyo; z0) — qo (dyo; x0)>)#0(dw0)

(] ke m) (a5 s ) — s ) ol

fio(do)

§/ / ho(l’o,yo)ill(ﬂﬁo,yo)(Qﬁ(dyo;xo) - q8(dyo;xo))
Xo Yo

<e¢ Ve>0and Va > a

where the last inequality follows from condition (b), e.g., ho(-,-) € Li(po, BC(M)).

The second RHS term can be written as

N (/yo ho(z0, o) (/Xl (/y1 hl(xl,y1)<Q?(dy1;yo,xl) — q?(dyi;yo,x1)>)ul(d;pl;$o))

g

h$ (z0.y0)

®qg(dyo;9€o))uo(dl"o) :/ / ho(Oﬂo,yO)ﬁ?(iﬁo,yo)qg(dyosmo)®Mo(d$0)- (A.53)
Xo Yo

By condition (¢) for ¢ =1, and V ¢ > 0 and a > a,. we have

sup /
Yo€Vo J X

Utilizing the last inequality into (A.53)) yields that in the limit as & — oo, then (A.53) goes to

/ ha (21, 1) gt (dys; yo, @) —/ ha (21, y1) @) (dyi; o0, ') | (doys o) <€, Vg € X
V1 V1

Z€10.

November 3, 2018 DRAFT



37

Next, suppose that for n = k and for all € > 0 there exists a. € D such that for any a > a.

/XO (/yo ho(zo, o) - - - (/X (/y hk(xk,yk)qg(dyk;yk17xk))luk(dxk;xk1>)

- g6 (dyo; xo)) po(dzo)

- ho(o, yo) - - - B (e, yi ) @i (dyis ™1, %) ) pug(dag; 2% )
o (e ( ] (L Jrutinis )

... qy (dyo; Q?()))/L(](dl'0>

<e.

To conclude the derivation we need to show that for n =k + 1
Oy et == @ gy 2.

Consider n = k + 1. We need to show that for all € > 0 there exists o, € D such that for any

o= Qe

/ (/ ho(zo, yo) - - - </ (/ hk+1(£k+17yk+1>qg+1(dyk+1§ykvxk+1))ﬂk+l(dxk+l§xk>>
Xo Vo Xpr1 Vi+1

6 (dyo; x0)> po(dxo)

—/ (/ ho(o, Yo) - - - (/ (/ hk+1($k+1>yk+1)qg+1(dyk+1§yka$k+1))ﬂk+1(d$k+1§$k))
Xo Yo X+1 Vi41

(o xo>)uo<daso)

< e.

Since,

/ (/ hO(x07y0)“' </ (/ hk+1($k+1,yk+1)qg+1(dyk+1§yk7$k+l))ﬂk+1(dxk+1§xk)>
Ao Yo X1 Vi41

---qg(dyo%wo)>uo(d$0)

—/ (/ ho(z0,%0) - - - (/ (/ hk+1($k+1,yk+1)q13+1(dyk+1;y’“,:v’““))ukﬂ(dwkﬂ;x’“))
Xo Yo X1 Vit1

---qg(dyoéflfo)>uo(dﬂ30)
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<

/ / ®§:0hi($u Yi) (/ / Pt (Trt1, Yrt1) (qg+1(dyk+1§ yk, xkﬂ)
Xo.x Y o,k X1 Y Vit

— @1 (dyrrs; v, x’““))ukﬂ(dwm; 96'“)) Qo ¢ (dys y' " 2") @ pi(dag; 1)

/ / ®f:ghi($i,yi) (/ / hk+1($k+17yk+1)92+1(dyk+13ykaxk+1)ﬂk+1<d$k+1§$k)>
Xok Y Yo,k X1 Y Vet

(& J/

+

-~

Bk+1($k7yk)

Do <q?(dyi5 y'at) — g} (dys; yi‘l,xi)> ® pi(dzy; 21|,

By condition (c) the following inequality holds, Vz* € X,

sup /
y*eVo k J Xt

Bpr (dyrs; ¥°, x’““))

k+1>_

/ Pt (Trs1, Yt (C]?H (dyss1; 9", @
Vi41

frr1 (dzgir; )

<e Ve>0and V a > a..

Also, by condition (b), hy1 € Ly (o, BC(Vox)). Utilizing the previous observations and the
k

induction hypothesis ®*_¢2(-;y" 1, 2%) —= @F 1¢?(;y"~L, %) in the two inequalities above,
then in the limit as o — oo, the terms in the inequality go to zero.
As a result, 6ad is a weak*-closed set. Being a weak*-closed subset of the weak*-compact set

Qads 6@ is also weak*-compact.

B. Proof of Theorem
The proof is based on Lagrange Duality theorem [28, Theorem 1, p. 224]. We choose X £

LY (po.ns Myva(Vo,)) which is clearly a vector space. For the set €2 the natural choice is the set

= aad = ngo(MO,n, Hrba(y(),n)) g X. Define

G(70»n) é gdo,n(70,n) - Dv ?O,n € L&(MO,TL’ Mrba(yo,n))

/Xo,n (/yon don (2", y") T (dy™; $")>uo,n(d:c”) Yy

It is clear that G(-) is a convex mapping from LY (110, Myba(Yorn)) into the real line with

[I>

the natural ordering (R, =) = Z. Also recall that 70771 — I(piom; Ton) is convex and well
defined on 2 and that, by Theorem [II1.5] inf7O Bon(D) I( 10 70771) exists and is finite. Thus,
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according to the Lagrange duality theorem referred to above, it suffices to show that there exists

a 7(1”1 € ) such that
G5 = [ 1] donla” ) Th 55 pinlds”) - D <0
XO,n yo,n

Introduce the sets A; £ {2" € Xy, : [y # 0} and Ay & Xy, \ Ay, with [,» denoting the

x"-section of I'. Define the measure valued function 7én as follows

7(1),n<FIB7L;xn> = 07 V e AOJ 7(1),n(y0,n7$n) = 17 vV 2" e XO,n

0< Ton(B;a™) <1,BCTan, oplmsa™) =1, V 2" €A

where B € B()) ). Since by hypothesis I' # () we have p,,(A;) > 0 and thus the kernel 73]”
is well defined and it belongs to LY (1101, [L4a(Von)). Using this kernel in the expression for
fdo,n(7o,n)’ one can easily verify that fdo’n(7(l)7n) < D and hence G(?én) < 0. Then, by the
Lagrange Duality theory, we arrive at the conclusion of the theorem as stated. Also it follows from
the same duality theory that if the infimum is achieved by some 7371 € LY (140.1, Lo (Vo))
then

s (/ / do (2", y")?éjn(dy"; ") @ pon(da™) — D) = 0. (A.54)
Xo,n yO,n

In other words, for non-zero s € (—o0, 0], solution occurs on the boundary. This completes the

proof.
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