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Adaptive Observer for a Class of Parabolic PDEs

T. Ahmed-Ali, E. Giri, M. Kirstic, F. Lamnabhi-Lagarrigue, and L. Burlion

Abstract—The problem of state observation, based on spatially-
sampled output measurements, is addressed for a class of infinite
dimensional systems, modelled by a semi-linear heat equation
augmented with a structured uncertain part involving a set of un-
known parameters. An adaptive observer is designed that provides
online estimates of the system (spatially distributed) state and
unknown parameters based on sampled data (in space). Sufficient
conditions for the observer to be exponentially convergent are es-
tablished. These include an ad-hoc persistent excitation condition
as well as a condition on how the observer gain must be selected in
relation with the space sampling interval.

Index Terms—Nonlinear system, observer design, PDE systems.

I. INTRODUCTION

Adaptive state observers are resorted to deal with online state
and parameter estimation. The first adaptive observers have been
developed for finite-dimensional continuous-time linear systems and
an extensive survey can be found in [1] and [2]. Then, research
efforts have been devoted to designing nonlinear adaptive observers for
(finite-dimensional) nonlinear systems, e.g., [3]-[7]. More recently,
sampled-data (in time) observers have been developed for (finite-
dimensional) nonlinear systems where output measurements are only
available at sampling instants, e.g., [8]-[10].

The problem of observer design for infinite dimensional systems
(IDSs) has also been given a great deal of interest, especially since
the eighties. Several observer design techniques have been developed
including the infinite dimensional Luenberger observer for linear IDSs
(e.g., [11], [12]), the boundary observer design of bilinear IDSs (e.g.,
[13]-[15], [22]), backstepping-based boundary observers for parabolic
partial integro-differential IDSs [16], initial state recovery algorithms
for various linear and nonlinear IDSs [17]-[19], sampled-data (in time
and space) observer for semilinear diffusion IDSs [24].

In the last few years, much interest has been paid to simultaneous
parameter and state estimation for IDSs, within various contexts. In
[20], simultaneous state and parameter estimation has been introduced
to deal with output-feedback adaptive control design for parabolic
PDEs. In this context, the unknown parameters are tuned by gradient-
type laws while the (spatially distributed) state is estimated using open-
loop filters. The convergence of the estimates to their true values is not
established. But, this is not required for the achievement of control ob-
jectives. In [21], simultaneous state and parameter estimation has been
performed to solve a parameter identification problem for reaction-
advection type systems involving a single unknown parameter. Open-
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and closed-loop adaptive identifiers have been proposed where the
unknown parameter is estimated using gradient-type estimators, while
the (spatially distributed) state is estimated using open-loop filters. It is
shown that the parameter estimate converges to its true values, by just
using constant exciting inputs. In [22], simultaneous parameter and
state estimation has been considered within the context of adaptive
stabilization for a wave equation subject to a boundary harmonic
disturbance linearly parameterized along a known set of functions.
An adaptive observer estimating the system state and the (disturbance)
unknown parameters is proposed and the estimation error system is
shown to be asymptotically stable.

In this technical note, the problem of parameter and state estimation
is addressed for IDSs that are described by a semilinear heat equation,
based on sampled (in space) state measurements. The system includes
a structured uncertain part, involving linearly a set of unknown param-
eters. Note that, in the absence of parameter uncertainty, the observer
proposed in [24] applies to the present system. On the other hand, the
class of systems considered here can be viewed as a generalization
of the system considered in [21] as this involves a single unknown
parameters. The corresponding observation problem is dealt with using
an adaptive observer providing online estimates of the system (spa-
tially distributed) state and unknown parameters. The observer design
involves a backstepping state transformation, inspired from adaptive
observers of nonlinear ODE systems [6], [26]. The observer state
and parameter estimators are derived so that the transformed system
coincides with an exponentially stable target system. The observer
derivation entails an ad-hoc persistent excitation condition, under
which all state and parameter estimation errors are guaranteed to be
exponentially vanishing. A second sufficient condition is established
showing that the observer gain depends on the space sampling period.
The technical note is organized as follows: the observation problem
statement, including the class of IDSs, is described in Section II; the
adaptive observer design and analysis are dealt with in Section III; a
conclusion and a reference list end the technical note.

II. OBSERVATION PROBLEM STATEMENT

The system under study is described by a parabolic type PDE of
the form

(@, 1) = Upe (2, 1) + 0T (y(1),t), 0<xz<1,t>0 (la)
with the boundary condition
uz(0,t) =0,¢ >0 (1b)
and boundary input actuation:
u(l,t) = U(t), t >0, (control input) (Ic)

where ¢ : R? x R — R"™ is a known C! function; # € R” is a
fixed vector of unknown components but its dimension n is known.
The quantity 07 ¢(y(t),t) might represent a possible structured mod-
elling error. The system is observed via an output vector y(t) € RP
including all measurements acquired on the system at time ¢. Specif-
ically, the spatial domain 0 < z <1 is divided in p known subin-
tervals [z;,x;41], with p>1 and 29 =0<z; <z <z, =1
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(j =0---p—1). Asensor is placed at the middle of each subinterval
providing online state measurements at those positions

Zj+ Tj

y; (1) = u(T;,t); T, = 5 (j=0,...,p=1). (2a)
Then, the system output vector y(t) is defined as follows:
y(t) =[yo(®), - yp-1 (] (2b)

Note that the case of single sensor p = 1, or equivalently A = 1, is not
ruled out, where A denotes the maximum space sampling interval, i.e.,

A= 71(3:’]'4,1 —3:’]) (ZC)

The goal is to generate accurate online estimates @ (x,t) and 0,
respectively of the system state u(z,¢) (0 <z <1; ¢ > 0) and the
parameter vector 6, based on the output measurements y(t). To achieve
this objective, the following assumption is considered:
Assumption 1:  wu(z,t) is bounded and the function ¢(.,
uniformly bounded with respect to the argument ¢.
Remark 1:

t) is
g

a) Equation (la) may capture several heat phenomena. For in-
stance, the simpler case 6 € R boils down to the heat system
(1) in [28] (with the sensor being placed at the boundary x =
0). In the general case § € R™, (la) may be viewed as an
approximation of a parabolic type equation of the form

e () = g, 1) + aT/w (1), 1) dz.

Then, the approximation of the integral term by the rectangle
method leads to an equation similar to (1a).

b) The above boundedness assumption entails the existence of (not
necessarily known) scalars —oo < u,, < up; < oo and —oo <
Om < ¢nr < oo such that, Vo € [0, 1],V y € [um, upr|?, V>0

This assumption will prove to be crucial for the varying gain
matrix A(z,t) of the observer (defined in the next section) to be
bounded. 0

Um < u(z,t) < upg,

III. OBSERVER DESIGN AND ANALYSIS
A. Observer Design

The system model (la)-(lc) suggests the following observer
structure:

e (2,1) = llge (2, 1)+ 0" (y(1), 1) 0(t)— K (a(T;,t) — y;(t))
+ou(z,t), z;<z<zi41, (7=0,...,p—1) (3a)
1, (0,8) =0 (3b)
a(1,t) =U(t) (3e)

where 6(t) is a parameter vector estimate, v(z,t) is an additional
correction term, and K > 0 is the observer gain. Suitable choices of
these quantities will be made based on the subsequent analysis. First,
introduce the following errors:

17(:5, t) =da(x,t) —
0(t) =6(t)

Subtracting (1a) to (3a), it follows using (la) and (4a), (4b) that
u(x, t) undergoes the following equation:

U (2,1) = Ugw (2, 1) + &7 (y(t), 1) O(t) -
r; <x<Tjy, (]:O7

u(x,t) (state estimation error) (4a)

— 6 (parameter estimation error). (4b)

Ku(z;,t) + v(z,t),

,p—1) (52

with the following boundary conditions:

Uy (0,t) = u(1,t) = 0 (using (1b—c) and (4b—c)).  (5b)
Now, introduce the backstepping transformation, inspired by [6]

where A(z,t) € R'*™ is an auxiliary vector function to be defined
later. It is worth noting that, the above transformation has originally
been introduced in [6] for finite dimensional systems described by
nonlinear ODEs. It has proved in many places to be useful for the
design of adaptive observers [7]-[10].

It follows from (6) that z(x, t) undergoes the following equation:

Zt(xvt) = azm(xvt) + ¢T (y(t)vt) (t) -

= N, )0(t) —

Ku(T;,t) + v(x,t)

Mz, i) ()

for all t >0, z; <z <zj4; and j=0,...
suggests the following choice of v(z, t):

ofa,1) = Az, )6 (1) ®)
Doing so, (7) simplifies to

,p — 1. Equation (7)

(@, 6) =T (@, 0) + 67 (y(1),0) 0(t) — KU(T;, 1)~ M (2, 1) (t)9
(©)]

forall >0, z; <z <xj;; and j =0,...,p— 1. In view of (6),

z(x,t) + Ax,t)6(t) can be substituted to @(z, ) on the right side of
(9). Doing so, one gets

20(2,) = 2202, 1) + Ao (2,1)0(8) + 67 (y(2), 1) 0()
— K (2(@;,0) + A@;, 00(1)) — Mol )I(1)
=Zze(2,t) — Kz (xj, t) N
+ (aal@1) + 67 (y(1), 1) = KA, 1) = Ao(a,1)) 0(1)

10)

for all t>0, z; <z <x,41 and 7 =0,...,p— 1. Equation (10)
suggests the following trajectory for the auxiliary state vector A(x, t):

At(xvt) = Azm(xvt) - K)‘(Ejvt) + (bT (y(t)vt);

t>0,z;<r<zjy1,5=0,...,p—1 (11a)
with the following boundary and initial conditions:
A(0,t) = A(1,t) = 0, and A(z,0) = 0. (11b)
Doing so, (10) boils down to
24 (2, 1) =230 (z, 0)— K2(T;,1); 1 >0,2; <z <z,y1, (j=0,...,p—1)
(12a)

In view of (11b) and (5b), one gets from (6) the following boundary

conditions:
2:(0,t) = 2(1,¢t) =0 (12b)

Owing to the unknown parameter vector, the following adaptive law
is used:

d(t) = — R(t)AT(£)3(¢) and 6(t) € R" (13a)
R(t) = R(t) — R(OAT ())A(t)R(t) with R(t) € R*™*™  (13b)
A(j07t)
At) = : € RPX" (13¢)
)‘(fpflvt)
g(t) = [ﬁ(an t) - yO(t)7 B ﬁ(fp—la t) - yp—l(t)]T (13d)



where the initial conditions 6(0) = 6, and R(0) = Ry are arbitrarily
chosen but Rqg = RT > 0. The structure of the parameter adaptive
law (13a)—(13d) is similar to that used in (finite-dimensional) system
observers, e.g., [S]-[7]. The main difference is that the adaptive gain
A(t) is presently generated by a PDE equation [namely, (11a), (11b)],
while such a gain was generated by an ODE equation in the case
of finite-dimension system observers. Except for this difference, the
adaptive law (13a), (13b) is expected to perform as in the finite-
dimensional case. In particular, the matrix R(¢) [generated by (13b)]
will be required to stay all the time symmetric and positive definite.
The observer thus designed is constituted of (3a)—(3c), (11a), (11b) and
(13a)—(13c). For convenience, these equations are rewritten together as
follows:

(2, 8) = g (2, 1)+ 07 (y (1), £) (1) = K (a5, 1) —y;(t))

+ Xz, 0)4(t), forz; < < x4

(j:O,...,pfl) (14a)

4. (0,1) =0, a(l,t) = U(t) (14b)
Aol 8) = A (,8) — KNz, ) + 67 (y(0), 1)

t>0,2;, <T<Tj41,j=0,...,p—1 (14c)

A2(0,8) =A(1,£) =0, A(z,0) = 0 (by definition) ((4d)

0(t) = — R()AT ()i(1) (140)

R(t) =R(t) — ROAT ()A(t)R(t). (14f)

B. Observer Analysis

The observer analysis amounts to analyzing the stability of the
following error system:

ze(x,t) = 250 (x,t) — K2(Tj, 1);

forallt >0andz; <z < x;41(j =0,...,p—1)

6(t) = — R()AT(t) (2(t)+ A®B(E) ) with 6 =6~ 0 (15b)

Z(t) = [2(%o, 1), -
2:(0,t) =2(1,t) =0

o 2(@p_1,1)]" € RP (15¢)

(15d)

where (15a) and (15c) are, respectively, copies of (12a) and (14c),
while (15b) is obtained from (14e) replacing there y(t) by Z(t) +
A(t)a(t), due to (2a), (2b), (6), and (15d). The error equations (15a),
(15b) are completed by the A-equation (11a) and the associated bound-
ary and initial conditions (11b). B

It is worth noting that the solution (z = 0, A = 0,6 = 0) is an equi-
librium of the system (15a), (15b). Indeed, it is readily checked that,

if (z(x,t0) = 0, A(z,t0) = 0,0(tp) = 0),forall 0 < z < 1 and some
to >0, then one has (z(xz,t) =0, A(z,t) = 0,0(t) = 0), forall t > t,.

For space limitation, the well posedness of the problem at hand is
concisely discussed in the following remark.

Remark 2:

a) It is readily checked that, the system of (la), (15a), and (14c)
are simpler forms of equation (21) in [24]. Following mutatis
mutandis the well-posedness analysis developed there, one con-
cludes that a strong solution (u(z,t), z(z,t), A(x,t)) exists in
the Hilbert space

H

1
2

=D ((7,4)%) = {we H'(0,1) : w,(0) = w(1) = 0}

where A = 92/0x2, (—A)'/? the square root of (—A), and
H(0,1) is the Sobolev space of absolutely continuous scalar
functions w : [0, 1] = R or R with dw/dx € L4[0, 1]. Then,
the existence and uniqueness of R(¢) and 6(t) is immediately
obtained from (14f) and (15b), applying the usual existence the-
orem of ODEs. Then, the existence and uniqueness of w(z,t) =
z(x,t) + M, t)6(t) follows from (6). This also implies the
existence of 4(z,t) = u(wz,t) + u(x,t).

b) Also, the following Wirtinger’s inequalities will be repeatedly
used in the forthcoming analysis [25]

b b
)2
/wQ(x,t)dJC < M/wi(x,t)dw (16a)
7
a b a

max w?(x,t) < /wfc(x,t)dm (16b)

a<z<b
whatever the function w € H'(a,b) such that w(a) =0 or
w(b) = 0. g

The next result is on the boundedness of the auxiliary vector A(z, ).
Proposition 1: The auxiliary state vector \(x,t), generated by
(14c)—(144d), is uniformly bounded, provided that the gain observer
K in (14a) and the space sampling interval A satisfy the condition:
0 < KA? < 472, d
Proof: See Appendix A.
Using Proposition 1, it is readily follows from (13c) that:

IA@®)| < A With Ay = Ay/Pand Ay = sup

0<z<1,t>0

(G, I
an

To ensure the exponential stability of the system (15a)—(15d), it is
required that the time-varying matrix R(¢) [solution of (14f)] exists
and is symmetric positive definite. Now, it is shown in many places
(e.g., [6], [7]) that R(t) enjoys the required properties if the following
persistent excitation (PE) condition holds:

39,€0,61 >0, Vt >0: 501(m+p)><(m+p)

t+48
< /AT(S)A(S)dS<51](m+p)x(m+p). (18)
t

Similar PE conditions are needed in system identification and adaptive
observation. Note that, the right inequality simply means that A(s) is
bounded which actually is the case due to (17). The left inequality
means that the column vectors of A(s) span the vector space R" P
on any finite time interval [¢, ¢ + 4], for all ¢. Under condition (18), it
turns out that the inverse R~ is also bounded and symmetric positive
definite, i.e., there are positive scalars (7, ), such that

7"[(m-&-p) X (m+p) < R™! (t) = (Pfl (t))T SF[(m-&-p) X (m+p)s Vi=>0.
19)
In the sequel, condition (18) is supposed to be true, so that one can
make use of (19). Then, one has the following main result:

Theorem 1: Let the adaptive observer described by (4a)—(4c), (9),
(12a), (12b), and (14a), (14b) be applied to the system (la), (1b),
(2a), (2b) subject to Assumption 1 and the PE assumption (18). Let
the observer gain K and the space sampling interval A be selected

such that KA < 272, Then, the estimation errors 6(t) and the quantity

maxo<y<1 |u(x,t)| are globally exponentially vanishing. d
Proof: Consider the following Lyapunov function candidate:
1 1
~ ~ 1
V(z,0) =Vy(0) + % /ZQ(m,t)der 5 /zfc(x,t)dm (20a)
0 0



with Vo(g?) = 0T R=10 and jo any positive scalar such that

>pll KA
Ho > P o2 .

Note that pg exists because KA < 272 by assumption (Theorem 1).
From (20a), one gets the following time-derivative:
1 1
V(e 8)=Va(@)+ o [2(a. )2, 0o+ [ 2@ e, 2D

0 0
Using (15b) and (14f), one immediately gets

(20b)

(@) =0 (RO + 257 ()R~ i)
=07 (t) (~R™' + AT(t)A(1)) ()
— 207 () (AT(H)AWMOE) + AT()Z(2))
< - é;T (t)R: (£)6(t) + || Z(t)||* (using Young’s inequality)
< —60TR7'0 +p max |z(z,t)* (using (15c))
< @) +p [ a0 @2)

0

using Wirtinger’s inequality (16b). On the other hand, using (15a), the
third term on the right side of (21) develops as follows:

_q1 Fi+1

Z/

1
/z(x t)z(z, t)de = ) (222 (@, t) — K2(z5,t)) do
0

@i

5/

p—1 Tj+1

Jctzmxt)dx—z /

7=0

Kz(T;,t)z(x, t)dx

ﬂ')J .Z']
1 1 %+l
/z Z,t) 2pe (z, t)dx Z /K 2(Tj,t)—z(x,t)) z(z, t)dz
0 I=0z;
p—1 Titl

K2%(x,t)dx

_jzo/

Tj

1
= —/zi(w,t)dm—
0

- / 2%(z,t)dx (23)

0

where the last equality is obtained using an integration by parts. By
Young’s inequality, one has

p—1 Tj+1
= / K (2(%5,1)— (1)) 2(x, £) dx<—/ 2, 0)d
J=0
°J
1 p—1 Tj+1
toE / K (2(F;,1) — 2(x,8) dz (24)
I=0
whatever £ > 0. Also, the application of (16a) gives
p—1 Tj+1
§Z/ 2(Tj,t)—2(x, 1)) do= fZ/ 2(Tj,t)—2(x, 1) dx

Z/

1
KA?
2(Z;,t) — 2(z, 1)) do < 2§?/zz(ac,t)dav.
0

EZ]

This together with (23) and (24) yields

/12(35 t)zi(z, t)dx

/ xtdm+—/ (z,t)d

KA?
+2§2/z (xt)dm—K/z (z,t)dx
KA 1 1
< _ _ _5s
< < 2571_2)/2 (z,t)dx (1 )/z
0 0

Using (22) and (25), one gets

(25)

07 ()R (1)0(t) + 267 ()R (1)0(E) + 1o / 2(z,t) 2 (z, t)dz

1

< ngR_ngrp/zi(x,t)dx

0

o ((1-55) ] i (1-5) frem)

0

1

KA? p 2

i) foon
0

gfmgaaﬁmgf

1
— Ko (1 - g) [ # @ 26)
0
Focusing on the last term on the right side of (21), one has
1 1
/zx(x,t)zm(x,t)dac = /zx(m,t)zm(x,t)dx 27
0 0

using a similar argument as Remark Al in Appendix A of [27].
Then, one has, using successively an integration by part, (12a) and
the boundary conditions z,(0,¢) = z(1,t) =0

1 1
/zm(x,t)zmt(x,t)dx = —/zm(ﬂc,t)zt(x,t)dx
0 0

p—1 Tj4+1

(z,1) derZ / Kz, (x,t)2(z;, t)dx
Zj

Tj+1

zmxtdx—kz / Kzpo(x,t)z(z, t)de

Ty

T O\H O\H

1 i+l

x

j

Kzy,(z,t) (2(T4,t) — 2(x,t)) do

<
Il

Sf

o _

zim(x,t)dx+/sz(m,t)z(m,t)dx

_1 Fi1

+Z / <K2 2 (@ t)+K% (z(fj,t)fz(x,t)f) dz

3

(28)



where Young’s inequality has been used in the last inequality and 1 >
0 is arbitrary. Integrating by part the second integral on the right side
of (28), this yields

1
/ 2o (2, t) 20 (2, t)da
0

1

< —/zzm(x,t)daﬁ + K (2,(1,t)2(1,t) — 2,(0,1)2(0,1))

0
1 1
—K/zfc(x,t)dx—k J/zfx(x,t)dx
0 0
Tjt1
K %=
. (2(F;,t) — 2(z,1))* dz
=

1
< (% - 1) /zix(x,t)dx—K/zi(x,t)dx
0

_ 0
=
— 2
* 32 [ @0 = 2(@.0) ds
zj

Tjt1

K 2=
+217]Z:‘;_/

Tj

(2(;,t) = 2(x,1))* do (29)

where the conditions z,(0,t) = z(1,¢) = 0 have again been used.
Applying (16a) to the last two terms on the right side of (29), one gets

1

/zz(x,t)zmt(x, t)dx

2nm
K 1
< - (1 - Tn) /zfm(x,t)daﬁ
0
A2 h
2
- K (1 - 27”2) /zx(m,t)dx). (30)
0
Let the free parameters 7 in (30) and £ in (26) be such that:
A
&E=A and n=—. 31
m
This ensures that
A2 A & A
— =1-— d 1-2=1—— 32
o2 5 >0 an 5 5 >0 (32)

because 0 < A < 1. Then, the first term on the right side of (30)
entails the following condition on K:

K
20 < 1 or, equivalently, KA < 272

2 (33)

which is nothing else than the condition in Theorem 1. Combining
(21), (26), and (30) gives, using (31)-(33)

1
V< —0TR'0— Kpug (1 - %) /zQ(x,t)dx

0
1
KA p 2
— o <1 ~ 9 T %> /zx(x,t)dac
0
A 1
-K (1 - 5) /zﬁ(x,t)dx (34)
0
Note that by (20b), one has
KA
1-22_ P 5 (35)
22 Ho

Then, (34) yields

V<~ Vo(®) o (K (1—§)+%2 (1
Xb/122
I TRAL

X/z
0

1 1
< —VO /z2 x,t) dx——l/zfc(x,t)dx (36)
0 0
< —oV(z,0) (37)
with o = min(1, g, 01 ), where
A w2 KA p
ok (1-2)+ 2 (1222
- < 2)+ . < = uo> 0 (39
A o KA p
—k(1-2) (B2 P . (39
o1 ( 2)+2( 2w ) 70 9

Clearly, inequality (37) implies that V' i 1s eXponentlally Vamshmg (as

t — 00) and from (20a) so are 6, fo (z,t)dz and fo (z,t)dz.
Then, using Wirtinger’s inequality (16b), one has
1
2 2
Jnax, 2 (z,t) < /zm(m,t)dx. (40)
0
This holds because z(1,¢) =0 (due to (15d)). Then, in turn

maxo<y<1|2(z,t)| is also exponentially vanishing. On the other
hand, one has from (6) that u(x,t) = z(z,t) + A(z,)0(t). As A\(x, )
is bounded (by Proposition 1), it follows that maxo<,<1 |U(z,t)| is
also exponentially vanishing. This completes the proof of Theorem 1.
|

Remark 3:

a) As 0 <A <1, the condition KA/27% < 1, introduced in
Theorem 1, is more restrictive than the condition K A2 /47w% <1
required in Proposition 1. Therefore, only the former is retained.
Under that condition, the gain K > 0 can be arbitrarily chosen,
but the spatial sampling interval A must be selected accordingly.
The larger K, the smaller A.

b) Using (35), it follows from (38), (39) that oy and o, are
increasing functions of the galn K Then it follows from (36)
that the convergence rate of fo (z,t)dz and fo (z,t)dz
can be made arbitrarily high by letting K be sufﬁc1ently large.



Then, it follows from (22) that the convergence rate of
Vo(0) can be made arbitrarily close to that of V5(0(0))e™* by
letting K be sufficiently large. Consequently, it follows from (6)
and (40) that, the convergence rate of maxo<z<1 |u(x,t)|is also
made higher with larger values of K. On the other hand, it has
been pointed out in Part a that, large values of K entail
small values of the sampling interval A or, equivalently, large
number p of required sensors. ]

IV. CONCLUSION

We have addressed the problem of estimating the state and parame-
ters of the class of IDSs described by the model (1a)—(1c), (2a), (2b).
The latter is basically a parabolic PDE augmented by the structured
quantity 0T ¢(y(t),t). The adaptive observer (14a)—(14f) is designed
and shown to enjoy exponential convergence, under the persistent
excitation property (18) and the condition (20b). The latter shows that
the observer gain K must be selected taking into account the space
sampling interval A. The smaller A the larger may be the gain K.

APPENDIX A
PROOF OF PROPOSITION 1

Consider the Lyapunov functional candidate:
1 1

é/)\(x,t))\T(x,t)der%/)\x(m,t)/\f(m,t)dx (AD)

0 0

W (t) =

Using (14c¢), it follows from (A1):

1

(t) = /)\t(x,t))\T(x,t)dx—F/)\ (2, ) A5, (2, t)dz.

0

(A2)

Following the same approach as in the proof of Theorem 1, the two
terms on the right side of (A2) will be successively upper bounded.
The first term develops as follows:

/ N (2, AT (z, 1) da

1 p—1 Titl

://\m(x ONT (2, t)dz— S /

=0

KX\@;, t) AT (z,t)dx

j

K@, t) AT (z,t)dx

+/A(x,t)¢>(y(t),t)da:—/K|\A(x,t)|\2dx (A3)

where the penultimate last equality is obtained using an integration by
parts of the first term on the right side and the boundary conditions in
(14d). Using Young inequality, one has

1

/ A 1) (y(1), 1) d

0

1
oW, Ol | ¢ :
< 12T 1 2 [ir ol do (Ad)
0
p—1 Ti41
=Y [ K@, t) = Az, 1) AT (, t)d
=0 3.
1 p—1 Tit+1
< TJ; / K NG, 0) = Al 1)) de
(AS)

K—/Mxt” dx&
2
0

whatever ¢ > 0 and w > 0. Using Wirtinger’s inequality (16a), the
first term on the right side of (AS5) is bounded as follows:

p—1 Tj+1

_Z / K JA@;,t) = Ae, )| de

15} _
<Ly / K NG, 0) = Al 1)) da
i=0;
1 p—1 Ti41
F5o > / KA, 1) = Az, 8)| do
70 i
5 P— 1 J+1

(A6)

2Wr22/|\x (z,1)|? dz

Using (A4)—(A6), it follows from (A3) that:

1

K A?
/)\t(x,t))\T(x,t)dac < - (1 — ——) /H)\ z,t)|? do
0

—(K— >/H)\xt|| dx—s—w. (A7)

Letting w = KA2 /2972 for some 0 < ¥ < 1, inequality (A7) yields
1 1
/At(x,t))\T(x,t)dm < (- 19)/\|)\z(x,t)||2dx
0 0
1
K2A2 2
0

4972 2
Now, let us focus on the second term on the right side of (A2). First,
notice that equality (27) still holds replacing there z(z,t) by A(z,t).
Then, one immediately has

1 1

/)\ (z, )T (z, t)dx = //\x(x,t))\tTm(x,t)dx

0

1
- / Ao (2, O] (2, t)dx (A9)
0



using an integration by part and the boundary conditions (14d). The
above equality develops further as follows, using (14c):

//\x(x AL (z,t)dx

Tjt1

p—1
= _Z Ao (2, O (2, t)dx
p=0
J
p—1 Tj+1
772 / [ Aow (,8)|| da

_ IJ+1
+KZ / ca(@, )N (Z;,1)dx

J

1
- /)\M(x t)o
0
Tjta

p—1
/)\ xtdw—FKZ/
p=0

i

y(t),1))

1 Tit1

+KZ / wo(@,t) (AT (T, 1) = N (2, 1)) dw

1

— //\m(x t)quT (y(t),t)) dzx

xtdx—!—K/)\m z, AT (z,t)dx

vz ( (y(t),t)) dzx

e
f

z 1
p—1 i+

Z / wa(@,t) (AT (75, 1) —

Mz, 1)) dz.  (A10)

Tj

Applying Young’s inequality to the third and fourth quantities on the
right side of (A10) and integrating by part the second integral, equality
(A10) yields, using the boundary conditions (14d)

1
/ Mo, ONT (2, £)da
0
1 1
7/\|Am<m,t>n2dwK/qu(x,t)n?dw
0
1 Ti+1
+K Z /

+ % HA(EW ) -
1

Ao ()
Az, t)| da

+ 2 [ a0l ot 5 16 G0, )P

1 1
7/\|Am<m,t>n2dwK/qu(x,t)nde
0 0
1
5 el o
0

Mz, t)|? da

N\S

+5 [Xwode o) @

whatever the scalars v > 0, @ > 0. Applying the Wirtinger’s inequal-
ity (16a) to the two terms in the penultimate line in (A11), one gets

1
[t
0

1 1
[ D@t do - & [Ine 0] do
0 0

T+

/ [ Ae(z, )| dx
; 1
T S R
0
(1_7_7)/%1 2,0)|? do
,K(l,

Combining (A12) and (AS8), one obtains

1
; K2A* ¢ 2
W< - (k-5 - 5) [Ir@nra
0

(z,t)dx

2P1

/H)\m x,t) || der

o ) [ a0l o+ 5 16 0,00

(A12)

1
A2
,K(k 5 W2>/|\)\m(x,t)|\2dx
0

(1————)/“)\”9515” da
1
+(2<

The above inequality shows that, one first proceeds with the selection
of the design parameters K, A according to the following condition:

)w( .0 (A13)

KA?

42 (A14)

<1




This is nothing other than the assumption (made on K and A) in
Proposition 1. Then, let the free parameters (v, ¥, w) be such that

KA2 ¢ K2A2
D<1 0<><kK-2 2
472 <v<LO< 2~ 4972
A2 2 K
ﬁ<v<},§<177”. (A15)

It is readily checked that, this choice ensures that

K2A? ¢
K-—2 2 >>01-

4972 2707 v>0

A? Kv w
1772U7T2>0,17775>0.

Then, applying Wirtinger’s inequality (16a) to the second and fourth
terms on the right side of inequality (A13), this develops as follows:

W) <- <(K— Ut C) +M>

4972 2 4

1
x / 1Az, )2 dz
0

A2 w2 Kv w
*(K(“W)+z(1*7*5))

1

0
11 ,
+ (5 + 3 ) 0G0
11 )
< =W+ (5455 ) ISGOOF @6
with

o K2A% ¢ 72(1 —19)
fy_len((K—W—i) 1

A? w2 Kv w
K(1- (B2 =),
(o) 5 (0-53))

As |lo(y(¢t),t)]] is bounded (by Assumption 1), it follows
from (A16) that so is W (¢). Then, it follows from (Al) that
fol 1Az (, t)||>dx is bounded. Applying the inequality (16b), one gets
that maxo<,<1 | A(z,t)||? is bounded. Proposition 1 is proved. |
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