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Construction of Synergistic Potential Functions on
SO(3) with Application to Velocity-Free Hybrid
Attitude Stabilization

Soulaimane Berkane and Abdelhamid Tayebi

Abstract—We propose a systematic and comprehensive proce-
dure for the construction of synergistic potential functions, which
are instrumental in hybrid control design on SO(3). A new map
via angular warping on SO(3) is introduced for the construction
of such a family of potential functions allowing an explicit
determination of the critical points and the synergistic gap. Some
optimization results on the synergistic gap are also provided. The
proposed synergistic potential functions are used for the design of
a global velocity-free hybrid attitude stabilization scheme relying
solely on inertial vector measurements. Comparative simulation
results between the proposed global hybrid control scheme and
the almost global smooth control scheme have been carried out.

I. INTRODUCTION

The attitude control problem of rigid body systems has
been widely treated in the literature with many applications
related to aerospace and marine engineering (see, for instance,
[L], [2], [3] and [4]). The major challenge of this control
problem is related to the motion space SO(3) where the
angular velocity is not a straightforward derivative of the
angular position. In fact, it was shown in [5]] that, due to the
inherent topology of the compact manifold SO(3), there is no
continuous time -invariant feedback that globally stabilizes the
rigid body attitude to a desired reference. The best results that
one can achieve on SO(3), or any Lie group diffeomorphic
to SO(3) x R3, with time-invariant smooth feedback laws are
almost global, where the attitude is stabilized from any initial
attitude except from a set of Lebesgue measure zero (see,
for instance, [6l], [7], [8]). Most attitude control systems are
obtained using the popular modified-trace function V4 (R) =
tr(A(I—R)), where tr(A)I — A is symmetric positive definite,
in the Lyapunov design and analysis. For instance, consider
the attitude kinematics R = RS, then the angular velocity
tensor ) € s0(3) can not be designed to globally stabilize the
attitude R € SO(3), at any given reference, if it is restricted
to be smooth. Nevertheless, under the continuous feedback

Q=-RT'VV4(R) = —(AR - R" A),

one can show that the closed loop system has multiple
equilibria corresponding to the critical points of V4 where
the gradient VV,4(R) is zero. The undesired critical points
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are identified by R, (7, E(A)) which represents the set of all
rotations of angle 7 and axis v € £(A), with £(A) being the
set of unit eigenvectors of A. It is also shown that the manifold
Ra(m,S?) of all rotations of angle 7 is invariant under this
feedback [9]]. The appearance of undesired critical points when
considering smooth controls on SO(3) is non-avoidable. This
is mainly due to the fact that, according to Morse theory [[10],
any smooth potential function on SO(3) is guaranteed to have
at least four critical points where its gradient vanishes.

On the other hand, there have been some attempts to
design attitude control systems with global stability results by
introducing discontinuities. For instance, using a discontinuous
quaternion-based control, as done in [11]], one can achieve
global stability results. However, these discontinuous attitude
control systems, in addition to the quaternion ambiguity,
suffer from non-robustness to arbitrary small measurement
disturbances as explained in [12].

The recent work in [[13] focuses on the design of hybrid
feedback systems that are able to overcome the topological
obstruction to global asymptotic stability on SO(3) while,
in the same time, ensuring some robustness to measurement
noise. The hybrid algorithm is based on a family of potential
functions and a hysteresis-based switching mechanism to avoid
the undesired critical points. After each switching, the control
law derived from the minimal potential function is selected.
A sufficient condition for global asymptotic stability of the
resulting hybrid controller is the “synergism” property of this
family of potential functions. A family of potential functions
on SO(3) is synergistic if at each critical point (other than the
desired one) of a potential function in the family, there exists
another potential function in the family that has a lower value.
Moreover, if all the potential functions in the family share the
identity element I3y3 as a critical point then it is called a
centrally synergistic family. Thanks to the hysteresis gap, this
controller guarantees robustness to small measurements noise.

As a consequence of this approach, the design of hybrid
controllers on SO(3), leading to robust and global asymptotic
stability results, boils down to the search for a suitable
synergistic family of potential functions. The work in [9]
suggests the technique of “angular warping” to construct
synergistic potential functions on SO(3), although without
rigorous proof of synergism. In [14], the authors proved that
this technique could generate a synergistic family, under some
conditions, when applied to the modified trace function. The
major drawback of these approaches is related to the difficulty
of determining the synergistic gap which is required for the



implementation of the hybrid controller. In an attempt to solve
this problem, the authors in [[15]] tried to relax the centrality as-
sumption by considering scaled, biased and translated modified
trace functions. However, the sufficient synergism conditions
provided therein were very conservative, difficult to satisfy
and only hand tuning of the parameters was proposed. Another
form of non-central synergistic potential functions appeared in
[16] by comparing the actual and desired directions, leading
to a simple expression of the synergistic gap.

In this paper, we consider a central family of potential func-

tions obtained via angular warping on SO(3) and derive nec-
essary and sufficient conditions guaranteeing that the family
under consideration is synergistic. We propose a new warping
angle function that allows explicit calculation of the critical
points as well as the synergistic gap. We also provide sufficient
conditions on the angular warping direction to maximize the
synergistic gap. The fact that our approach generates a central
synergistic family is advantageous. In fact, each control law,
derived from each smooth potential function in the central
family, guarantees (independently) almost global asymptotic
stabilization of the attitude. This is desirable in practice since
the control objective remains achievable even when the hybrid
switching mechanism runs into error. Moreover, the control
law derived from the presented central synergistic family is
directly expressed in terms of an arbitrary number of vector
measurements and only two potential functions are sufficient
to guarantee synergism. It is also worth pointing out that our
approach to the construction of synergistic families on SO(3)
can be adapted to other compact manifolds such as S and
S? where angular warping technique has been used [17]], [18],
[19].
The second contribution consists in the design of a hybrid
velocity-free attitude stabilization scheme relying solely on
inertial vector measurements. The proposed synergistic poten-
tial functions were instrumental in the design of such a hybrid
controller leading to global asymptotic stability results. The
proposed control scheme is inspired from our earlier work
[20] where almost global asymptotic stability results have
been obtained. Note that in [4] a hybrid velocity-free attitude
controller, inspired by [3], has been proposed assuming that
the attitude is available for feedback. Since there is no sensor
that provides directly a measurement of the attitude, an attitude
estimation algorithm, which usually relies on angular velocity
measurements, is required.

II. ATTITUDE REPRENTATION AND MATHEMATICAL
PRELIMINARIES

A. Notations and mathematical preliminaries

The sets of real, non-negative real and natural numbers are
denoted as R, RT and N, respectively. R™ denotes the n-
dimensional Euclidean space and S™ denotes the unit n-sphere
embedded in R"™!. Given two matrices A, B € R™*", their
Euclidean inner product is defined as ((A4, B)) = tr(A" B)
where (-)7 denotes the transpose of (-). The 2-norm of a
vector € R" is ||z|| = V& Tz and the Frobenius norm of a
matrix A € R™™ is ||Al|r = v/ ((A, A)). For a given square
matrix A € R™*", we denote by )\f‘, A4 and A2 the i-th,

min max

minimum and maximum eigenvalue of A, respectively.
Given a manifold M, a tangent vector at z € M is 7/(0) :=
dvy(1)/dr|;= for some smooth path v : R — M such that
~v(0) = z. The tangent space to M at x is the set of all tangent
vectors at x, denoted 7T, M. The disjoint union of all tangent
spaces forms the tangent bundle T M. Let M and N be two
smooth manifolds and let f : M — N be a differentiable map.
The tangent map (differential) of f at a point x € M is the
map [21]

¢ = df(z)- &= (for) (0),

where (7) is a path in M such that v(0) = x and +'(0) =
&. The inverse image of a subset Sy C N under the map
f is the subset of M defined by f~'(Sy) = {x € M |
f(z) € Sy}. Let f : M — R be a differentiable real-valued
function. A point x € M is called a critical poin of f if the
differential map df (x) - £ is zero at x for all £ € T, M. We
denote by W; C M the set of all critical points of f on M.
Let (, )z : TeM x T, M — R be a Riemannian metric on
M. The gradient of f, denoted V f(z) € T, M, relative to the
Riemannian metric (, ), is uniquely defined by

df(z) € = (Vf(2),€), forall € T,M. (1)

B. Attitude representation and kinematics

Consider the general linear group G L(3) which represents
the set of 3 x 3 invertible matrices, together with the ordinary
matrix multiplication. A square matrix R € GL(3) is called a
rotation matrix if R belongs to the special orthogonal group
SO(3) ¢ GL(3) where SO(3) := {R € R*|det(R) =
I,RR" =1 }, and I is the three-dimensional identity ma-
trix. The Lie algebra of SO(3), denoted by so(3), is the
vector space of 3-by-3 skew-symmetric matrices s0(3) =
{QeR¥3| QT = —Q}. The group SO(3) has a compact
manifold structure where its tangent spaces are identified by
TrSO(3) := {RQ | 2 € s0(3)} . The Euclidean inner product
on R3*3, when restricted to the Lie-algebra of skew symmet-
ric matrices, defines the following left-invariant Riemannian
metric on SO(3)

(R, RQ2) r == ((Q1,Q2)), 2)
for all R € SO(3) and Q1,03 € s0(3). Let x denotes the
vector cross-product on R® and define the map | . ], : R® —

50(3); w > [w]x such that [w]xu = w x u, for all w,u € R3,
where for any vector w € R3, we have

0 —Wws3 w2
[w} x = w3 0 —W1
—Wo w1 0

If a = [ar,a,a3] " and b= (B, B2, B3] " are vectors in R3,
represented in some orthonormal basis B = {v1, v2,v3}, then
their cross product can be written as [23]]

axb= Z <C-—mnlamﬂnvla (3)

m,n,l

'For a reference, see Morse Theory 279 (VII.16), page 1049 of [22].



where &,,,,; is the Levi-Cevita symbol defined by

0 form=nm=1lorn=1

Emni =4 +1 for (m,n,1) € {(1,2,3),(2,3,1),(3,1,2)}
—1 for (m7n7l) e {(17372)7 (3)27 1)7(2’ ]‘73)}'
Let vex : 50(3) — R? denotes the inverse isomorphism of

the map [ . ]«, such that vex([w]x) = w, for all w € R® and
[vex()]x = Q, for all Q € 50(3). By defining P, : R**® —
50(3) as the projection map on the Lie algebra so(3) such that
P,(A) := (A— AT)/2, one can extend the definition of vex
to R3*3 by taking the composition map v := vex o P, such
that, for a 3-by-3 matrix A := [a;;]; j=1,2,3, one has

1 agz — ag3
P(A) :=vex (P,(A)) = 5| ms—as |- “)
a21 — A12

The following identity is used throughout this paper:
(A, [ulx) = 20(A) Tu, 5

where A € R?>*3 and v € R3. Alternatively, an element R €
SO(3) can be represented as a rotation of angle § € R around
a unit vector axis u € S?. This is commonly known as the
angle-axis parametrization of SO(3) and it is given by the
map R, : R x §? = SO(3):

Ra(0,u) := % = T +sin(0)[u]« + (1 —cos(0))[u)?, (6)

where e”! denotes the matrix exponential of A. Equation (@) is
known as Rodriguez formula. In addition, the map R, satisfies
the following property

Ra(01,u)Ra (02, u) = Ra(01+02,u), Vb;.05 € R, Vu € S%.

(N
In this work, we may also use the unit quaternion representa-
tio of a rotation matrix R € SO(3). A unit quaternion ) =
(n,¢) € Q, consists of a scalar part  and three-dimensional
vector €, such that Q := {Q = (7,€) € R* | > + e = 1}.
The relation between the quaternion representation and the
angle-axis representation is given by n = cos(0/2) and
€ = sin(6/2)u. Therefore, a unit quaternion represents a
rotation matrix through the map R¢g : Q — SO(3) defined as

RqQ(Q) = I+ 2[e]% + 2n[e)«. (8)

The set Q forms a group with the quaternion product, denoted
by ®, being the group operation and quaternion inverse defined
by Q7' = (n,—¢) as well as the identity-quaternion Q =
(1,03%1), where 031 € R3 is a column vector of zeros. Given

Q1,Q2 € Q where Q1 = (11,€1) and Q2 = (12,€2) the
quaternion product is defined by

Q10 Q2= (mn2 — € €2,me2 +mer + [e1]x€2) . (9)
and satisfying

Rq(Q1)Rq(Q2) = Ro(Q1 © Q2). (10)

2For more details on the unit-quaternion (in addition to other forms of
attitude representation) the reader is referred to [24], [25], and [26].

C. Hybrid Systems Framework

In this paper, we make use of the recent framework for
dynamical hybrid systems found in [27], [28]]. A subset E C
R>o x N is a hybrid time domain, if it is a union of finitely
or infinitely many intervals of the form [t;, ;1] x {j} where
0=ty <t1 <ty < .., with the last interval being possibly
of the form [t;,t;41] x {j} or [¢;,00) x {j}. Let = denote
a set-valued mapping. A general model of a hybrid system H
takes the form:

|

where the flow map, F' : R™ = R" governs continuous flow of
x € R", the flow set C' C R™ dictates where the continuous
flow could occur. The jump map, G : R" = R", governs
discrete jumps of the state xz, and the jump set D C R™ defines
where the discrete jumps are permitted. Note that the state
x € R™ could possibly include both continuous and discrete
components. A hybrid arc is a function z : dom x — R",
where dom z is a hybrid time domain and, for each fixed j,
t — x(t, j) is a locally absolutely continuous function on the
interval [; = {t: (t,j) € domz}.

& € F(x),
T € G(x),

rzeC

reD an

III. SYNERGISTIC FAMILIES OF POTENTIAL FUNCTIONS ON
S0(3)

Given a finite index set Q C N, we let C* (50(3) x Q, R+)
denote the set of positive-valued continuously differentiable
functions U : SO(3)x Q — R™, that is to say, for each ¢ € Q,
the map R — U(R,q) is continuous and differentiable on
SO(3). Additionally, for all (R, q) € SO(3) x Q, VU(R, q) €
TrSO(3) denotes the gradient of U, with respect to R,
relative to the Riemannian metric @)). Let ¥y C SO(3) x Q
denote the set of critical points of U/ where its gradient
vanishes VU (R, ) = 0. A function U/ € C* (SO(3) x Q,R™)
is said to be a potential function with respect to the set
A C SO(3) x Q if U(R,q) > 0 for all (R,q) ¢ A, and
U(R,q) = 0, for all (R,q) € A. The set of all potential
functions on SO(3) x Q with respect to A is denoted as P(A),
where a function U(R, q) € P(A) can be seen as a family of
potential functions on SO(3) encoded into a single function
indexed by the variable q.

Definition 1. [[15] For a given finite index set Q C N, we let
A={I}xQand U € P(A). The potential function U is said
to be centrally synergistic if and only if there exist a constant
0 > 0 such that

5= min

U(R,q) — min U(R,p)| > 4,
o (R,q) min (R,p)

(12)
where Wy defines the set of all critical points of U. The scalar
0 is referred to as the synergistic gap of U.

The adjective “centrally” refers to the fact that all the
potential functions R — U(R,q) share the identity element
I as a critical point (non-centrally synergistic families were
also proposed in [[15[], [16]]). We may drop the adjective where
not needed. Condition (I2) implies that at any given undesired
critical point (R, q) of U € P(A) there exists another point



,p) € SO(3) x Q such that (R, p) has a lower value than
R, q). In the remainder of this paper, we let

A:={I} x Q.

It the recent literature, it was shown that once a synergistic
family of potential functions on SO(3) is obtained, a hybrid
feedback controller that achieves global asymptotic stability
results immediately follows [9], [13l], [15]], [16]. The idea in
[9] consists of stretching and compressing SO(3) by applying
the following transformation on SO(3) x Q

F(R> q) = Ra(kqP(R)7u>R7

(R
U(

13)

where u € S? is a constant unit vector, kq € R is an indexed
scalar gain, P is a smooth positive definite function on SO(3)
with respect to /. By composing the map I" with an existing
potential function, one can relocate the critical points while
leaving the identity element a fixed point for all ¢ € Q.
Despite the originality of this approach, it was abandoned
mainly due to the difficulty in finding an explicit expression
of the synergistic gap.

In this section, we build up from the ideas in [9] towards more
generic constructions of central synergistic potential functions
on SO(3) via “angular warping”, while providing a thorough
analysis of the synergism properties. Let u € S? be a fixed
unit vector. Let us consider the map I" : SO(3) x @ — SO(3)
such that

I'(R,q) := RR4(04(R),u), (14)

where 6, : SO(3) — R is a real-valued function which is
injective with respect to the index ¢. Note that the map in
(T3) uses a left multiplication of R by the additional rotation
Rao(kqP(R),u). In this work, however, we chose a right
multiplication of R by R4 (0,(R),u) where the map 6, is
to be designed later. This choice will allow us to express the
control input directly in terms of vector measurements as done
in Section

Lemma 1. Let u € S* and @ C N. If the map 0,(R) :
SO(3) — R is differentiable then the following properties
hold:

1) The time derivative of T'(R,q) along the trajectories of
R = R[w]x is given by

91(R.q) = D(R,q)O(R, )]
where O(R, q) = Ra(04(R),u) " 4+ 2upy(RTVO,(R))".

2) If det(©(R,q)) # 0 for all (R,q) € SO(3) x Q,
then the map R +— T(R,q) is everywhere a local
diffeomorphism. Moreover, if V : SO(3) — R" is a
smooth positive definite function on SO(3) with respect
to I and T™*({I}) ={I} x QthenUd =V oT € P(A)
with A = {I} x Q and the set of critical points of U is
given by Wy =T H(Ty,).

15)

Lemma [1| shows that, under some conditions on the trans-
formation I', one can construct a new family of potential
functions on SO(3) by considering the composition of a basic
potential function on SO(3) and the map I'. In particular, it
would be interesting to consider the modified trace function

Va(R) = tr(A(I — R)) as the basic potential function due to
its nice properties. The following technical lemma gives some
of the useful properties of the potential function V4.

Lemma 2. Let A = A" and V4(R) = tr(A(I — R)), such
that W := tr(A)I — A is symmetric positive definite. Let
{v1,v2,v3} be an orthonormal eigenbasis, where v; is a unit

eigenvector associated to the eigenvalue /\Z-A. Then, for all
R € SO(3), the following properties hold:

VVA(R) = RP,(AR) € TrSO(3),
Ty, = {I}URL(m, E(A)),

(16)
a7

where E(A) denotes the set of (real) unit eigenvectors of A.
Moreover, for all (0,u) € R x S?, one has

Va(Ra(0,u)) = 2sin*(0/2)u" Wu, (18)
Va (Ra(m,0)Ra(0,1)) = 22" — 25in?(0/2)A(v,u), (19)

where N\ denotes the eigenvalue of W associated to the
eigenvector v € E(W) = E(A) and A(v,u) is computed as
follows.

DIFA=M5 (M=), i=1,2,3), then £E(A) =S? and

A(v,u) = AW cos?(¢), &= Z(u,v)

2) If A has two distinct eigenvalues N = \5' # )\?, then
E(A) = {v12,v3}, v12 € span{vy,v2} NS and

A(vig,u) = (1 — (uTvg)z)[)\gV - )\gv sin?(¢)],
A(vz,u) = (/\g" — )\gv(l — (uTvg)Q)) ,

such that ¢ = Z(via,u™) and ur is the projection of u
on the plane span{vy, vs}.

3) If A has three distinct eigenvalues 0 < \{ < \3' < A4,
then E(A) = {v1,v2,v3} and

A(vy,u) = A‘fv - (uTvg)z)\gV - (uT03)2)\gV7
Avg,u) = A — (uTv3)2 AW — (u"v1)2\Y,
A(vs,u) = A}f’ — (uTvl)Q)\gV — (uTvg)zx\‘fV.

In [14]], using the transformation I' defined in (@]) the
authors derived sufficient and necessary conditions such that
the potential function V4 oI is synergistic in the case where A
has distinct eigenvalues. In the following theorem we provide
sufficient and necessary conditions, using our transformation
I" defined in @]) such that the potential function V4 o I' is
synergistic for an arbitrary spectrum of A and a general angle
function 6,(-).

Theorem 1. Let A = AT such that tr(A)I — A is a symmetric
positive definite matrix. Let @ C N be an index set of finite
cardinality greater than or equal to 2. Consider the transfor-
mation T defined in and assume that det(O(R,q)) # 0
for all (R,q) € SO(3) x Q and T 1({I}) = {I} x Q. The
potential function
u(Rv q) = VA(F(R, Q)) =tr (A(I - F(R, Q))) )
is synergistic if and only if
A(v,u) >0,

Sorall ve&(A), (20)

where A(v,u) is given in Lemma



Theorem [1| provides necessary and sufficient conditions of
synergism for the family of perturbed modified trace functions
Va(T'(R,q)). The condition A(v,u) > 0, Yv € E(A),
imposes a constraint on the choice of the direction u of the
angular warping and the spectrum of the weighting matrix
A. The following proposition discusses the feasibility of the
synergy conditions of Theorem

Proposition 1. Let A = A" such that tr(A)I—A is a symmet-
ric positive definite matrix. Let 0;; = (\{* + (—1)7\") /(M4 +

)\‘24). Then, the synergy condition is
o not satisfied if A = M\ (/\i =\ i= 1,2,3) for all
u e S

o satisfied if A has two identical eigenvalues 0 < /\f =
Aot < N and

0< o33 < (u'vs)® <1

o satisfied if A has distinct eigenvalues 0 < )\‘14 < )\‘24 < )\‘34
and

—Q33(UTU1)2+Q23 < (UTU2)2 < —932(UTU1)2+922,

where v; is the unit eigenvector of A corresponding to the
eigenvalue ).

Proposition [I] suggests that a necessary condition for syner-
gism of V4 (I'(R, q)) is that the weighting matrix A must have
at least two distinct eigenvalues. Furthermore, the direction
u of the angular warping should be carefully chosen with
respect to the eigenvectors of A in order for the potential
function V4(T'(R, q)) to be synergistic. Later in Proposition
we will provide an optimal choice of the unit vector u € S?
that satisfies the feasibility conditions of Proposition [T] while
maximizing the synergistic gap.

When the synergism condition (20) is verified, it is im-
portant to explicitly compute the value of the synergistic
gap required for the implementation of a synergistic hybrid
controller. To do so, one needs to calculate the undesired
critical points of V4 (T'(R, ¢q)) to evaluate the expression of the
synergistic gap in (12). These undesired critical points are ob-
tained by solving equation for the unknown R € SO(3).
Equation (#0)), along with the result of Lemma [2] yields

Va(R) = 22" —2sin? (6,(R)/2) A(v,u), (R, q) € Uy \A.
20
In [9], the warping angle was chosen as 6,(R) = k,Va(R),
thus the above equation leads to the following nonlinear
algebraic equation for the unknown V4 (R),
Va(R) = 2A" — 2sin? (k,Va(R)/2) A(v, u).

The above equation can be solved numerically but an explicit
solution is hard to obtain. Instead, we propose the following
choice of the warping angle 6, : SO(3) — (—m, ),

0,(R) = 2arcsin (k,Va(R)), kq#0, (22)

that leads, in view of (2I)), to a quadratic equation in V4(R)
which can be solved to obtain

1+ \/1 + 16AWE2A(u, v)
4k2A(u,v) ’

Va(R) = (R,q) € Iy \ A.

(23)

Once the value of V4 (R) is obtained at the undesired critical
points of U = V4(I'(R, q)), one can compute these undesired
rotations as follows

R =TRa(m,0)Ra(0g(R),u)",
04(R) = 2arcsin (k,Va(R)), (R,q) € ¥y \ A

Note that the scalar gain k, needs to be selected to ensure that
0,4(-) is well defined for all R € SO(3). Also, one must make
sure that the conditions of Lemma |l| are verified to guarantee
that V4(T'(R, q)) is a suitable potential function on SO(3) x
Q with respect to {I} x Q. This is the purpose of the next
proposition.

(24)

Lemma 3. Let u € S? be a unit vector and A = A" such

that W = tr(A)I — A is a symmetric positive definite matrix.

Consider the transformation ' as defined in (14) where 0,(-)

is given by @22). If the scalar gain k, satisfies the inequality
kgl < k=

1
2 /6 — max{1,4¢%}
where ¢ = AV /AW Then T7Y({I}) = {I} x Q and
det (O(R,q)) # O, for all R € SO(3) and q € Q.
Furthermore, the gradient of the angle warping function 0,
is given by

(25)

2k, RP,(AR)

V0,(R) = .
1— k2V(R)

(26)

As a consequence of Lemma E], if the scalars k, satisfies
(25) then, by Lemma [I] the composite function Y = V4 o T’
is a suitable potential function on SO(3) x Q with respect
to A = {I} x Q. Once the set of critical points for the
potential function U = V4(T'(R, q)) is determined from (24),
the synergistic gap defined in can be evaluated. In the
following theorem, we explicitly provide the expression of the
synergistic gap of U/ in the case of Q = {1,2}. Note that,
one of the features of the angular warping approach is that a
synergistic family can be generated using only two potential
functions on SO(3).

Theorem 2. Letu € S> and A = A" such that W = tr(A)[—
A is a symmetric positive definite matrix. Let Q := {1,2} and
let ky = —ko = k, with k satisfying condition ([25). Consider
the transformation T as defined in (14), where 0,(-) is given
by 22). Assume that A(u,v) > 0 is satisfied for all v € E(A),
then U = VA(T'(R, q)) is synergistic with a gap & given by

6= min o(k, A\, A(v,u)) > o(k,\, A) 27)
veE(A)
such that
o(k, A Av,u)) = 8K2VZ(1 — k2V?) A(v, u) (28)
=141+ 16AWE2A(v,u)
= 2
v 4k2A (v, u) (29)
where A = min AW and A = min A(v,u).
veE(A) vEE(A)

It is interesting to figure out the optimal vector u € S* such
that the synergistic gap given in (27) is maximized while the
condition of synergism mi(n) A(v,u) > 0 is verified. Since

veE(A



o(k, A\, A(v,u)) is a strictly increasing function of A (v, u)
as shown in the proof of Theorem [2] we perform the following
maximization with respect to u € S%.

max A = max ( min A(v, u)> (30)

u€es? u€esS? \ve&(A)

Proposition 2. The unit vector u € S? solution of the
maximization (30), satisfies the following:
o if A has two distinct eigenvalues 0 < A = \§ < A4,

o if A has three distinct eigenvalues 0 < \{ < \§ < \{,

)\A
)\A )\A ’

)\A
)\A )\A’
if A3 > A0 -

solution is

ulvy =0, (u'v)? = (u'v3)? =

). Otherwise, the optimal

Hﬁfz /\34
)

z] #k /\34 >‘A

Proposition 2] gives an optimal choice of the angular warping
direction u € S* that maximizes the synergistic gap. Moreover,
it is straightforward to verify that this choice of w satisfies
the feasibility conditions of Proposition [} Consequently, a
complete construction of a synergistic potential function via
angular warping with an explicit maximized synergistic gap
has been achieved.

(u'v)>=1-4 i€{1,2,3}.

IV. HYBRID VELOCITY-FREE ATTITUDE STABILIZATION
USING VECTOR MEASUREMENTS

We assume that the rigid body is equipped with sensors that
provide measurements in the body-attached frame, denoted by
b; € R? of constant and known inertial vectors 7; € R,
1,2,...,n > 2, satisfying the following assumption:

i:

Assumption 1. At least three vectors, among the n inertial
vectors, are not collinear.

It should be noted that this Assumption [I] is needed in our
analysis and does not exclude the case where measurements
of only two non-collinear inertial vectors are available, say b;
and by corresponding to the non-collinear inertial vectors rq
and ro. In this case, one can always construct a third vector
bs = by x by which corresponds to the measurement of r3 =
r1 X ro. The rigid body rotational dynamics are governed by

R = R[w]«, (3D
Jw = [Jw]xw + T, (32)

where R € SO(3) represents the attitude, w € R® being
the angular velocity of the rigid body expressed in the body-
attached frame and J € R3*3 is the constant inertia matrix
of the rigid body. The control torque, expressed in the body
frame, is denoted by 7 € R3.

Our objective is to design a hybrid control input torque T,
using only vector measurements, guaranteeing robust global
asymptotic stabilization of the attitude R € SO(3) to a desired

constant reference Ry € SO(3).
Let us define the following auxiliary dynamic system

R= R[], (33)

with an arbitrary initial condition 2(0) € SO(3) and a design
variable 3 € R3 to be defined later. Let X, = RYhT,
h € {1,2}, with Y7 = R and Yo = R, The rotation
matrix X describes the discrepancy between the actual rigid
body orientation and the orientation provided by the auxiliary
system (33), and the rotation matrix X» describes the dis-
crepancy between the actual rigid body orientation and the
desired orientation. Let Q@ C N be an index set of finite
cardinality and let our state variables be X = (X, X5) €

x = S0(3) x SO(3), and ¢ = (ql,qg)ne Dy = Q x Q.

= E pihririT, where

pin > 0 are some positive scalars . Asszarlnption 1 ensures
that Ay, h = 1,2, are positive definite matrices. For some
arbitrary unit vectors uy, € S?, h = 1,2, and a set of arbitrary
scalars ky, satisfying the conditions

1
2 /6 — max{1,4€2}

with &, = A2 /AWh “and W), = tr(Ax)] — Ap, h = 1,2.

We define the following maps I'j, : SO(3) x Q — SO(3) such
that

For h € {1,2}, let us define A

|khq| :1727 qe Q7

Fh(Ra Q) = RRa(th(R)v uh)»
Onq(R) = 2 arcsin(kpyVa, (R)),
Va,(R) = tr (An(I - R)),

for h = 1,2. According to Section and in view of the
above definition of the maps I',, h = 1,2, one ensures that

uh(R7 Q) = VAh o Fh(Ra q)7

are both two potential functions on SO(3) x Q with respect
to {I} x Q. We propose the following hybrid switching law
for the control input 7 and the input 3 of the auxiliary system
(33)

2

T=-2 Z YhT@h(X/u qh)Tw(AhFh (Xh, Qh))7
h=1

B = YIT(_)I(XD (]1)T¢(A1P1(X1, Ch))
g=0
(X,q)eC (34)
=7
5+ =p
= g(X)
(X,q9)eD
.
where @h(R7 q) = Ra(ghq(R), uh)T-l- 4khquh1/J(AhR) and
1—k; Vi, (R)
9(X) = {(q“‘h) €QxQ:gn= argimin Un(Xn,p),
h=1,2},



and the sets C, D C Dx x D, are given by

C:={(X,q) € Dx x Dy : p1(X1,q1) < 01 and
p2(Xa2,q2) < 02}

D = {(X,q) € DX X Dq : Ml(Xl,ql) > 51 or
p2(X2,q2) > 02}
such that jup,(Xp, qn) = Un(Xn, qn) — Hélél Un(Xn,p), h=

p
1,2. The hybrid controller (34) results in the closed-loop
system

and l;ih(q) = YhTRa(th(Xh),uh)ri, for h = 1,2, then

2
; (38)

b; — i)ih(Q)‘

1 n
Un(Xn,q) = By > oin ‘
=1
1
Y (Aph (Xn,q)) = §Ra(9hq(Xh),uh)TYh
> pin(bi x bin(q))-
=1 (39)

We devote the next section to prove all the Lemmas,

X, = X, [Ylw — 01Xy, q1) V(AT (X, ql))} = X1 [wi]x, Propositions and Theorems presented throughout the paper.
X

X, = Xo[Yaw]x = Xawa]x,
2

Ji = [Jwlxw =2 Y3 On(Xn, qn) " O(ATh(Xn, 1)),
h=1
¢=0

(X,q)eC
Xt=X
w+ = w
q" =g(X)
(X,q)€D
(35)
Since Y7 = XlT X5Y5 and Y5 is constant, it is clear that the
closed loop dynamics are autonomous. The goal of this
hybrid controller is to ensure global asymptotic stability of the

set
A={(X,w,q) €Dx xR¥*xD,: X1 =Xy =1, w=0}.

Theorem 3. Consider system (GI)-(32) and the auxiliary
system (33) under the hybrid control law given in (34). Assume
that n vector measurements b;, corresponding to the inertial
vectors ri, 1 = 1,--- ,n > 2 are available, and Assumption
holds. If the potential function U,, respectively Us, is
synergistic with gap exceeding 61, respectively §s, then the set
A is globally asymptotically stable for the closed-loop system
(33).

In practice, it is useful to explicitly express the control
inputs in terms of the available vector measurements. Such
measurements can be obtained, for instance, from an In-
ertial Measurement Unit (IMU) that typically includes an
accelerometer and a magnetometer providing, respectively,
measurements of the gravitational field and Earth’s magnetic
field expressed in the body frame. The following Lemma
shows that the terms involved in our hybrid control scheme can
be directly expressed in terms of the available inertial vector
measurement.

Proposition 3. The following relations hold:

1 T 2

Va, (Xn) = 52% b =yl G36)
1 n

¥ (ARXy) = 5V Y pin(bi x Yy 1), 37)

i=1
for h =1,2. Furthermore, for q € Q let
Ong(Xp) = 2arcsin(kpyVa, (Xn)),

V. PROOFS

A. Proof of Lemma

First, using the product rule and the fact that R[v]x R’ =
[Ru]x for all R € SO(3) and v € R3, it is straightforward to
show that if Ry = Rgs[ws|x, s = 1,2, then

d
%(Rle) = R1Ry [R) w1 + wo]

On the other hand, using (Z) and (), one has

(40)

x

04(R) = dby(R) - R = (V8y(R), Rlw]x)r = 2 (R V6,(R)) " w,
d .
which, using the fact that ﬁea(tm = fWAY(1) A, yields

D Ru(0,(B). ) = Ra0,(R), w)iy(R) )
= Ra(0(R),u) [2u Y(RTVI,(R)) "w] .

(41)

Since I'(R,q) = RR.(04(R),u) then, in view of (40) and
, one obtains I'(R,q) = T(R,q)[O(R,q)w], where
O(R,q) = Ra(0y(R),u)" + 2uvex(R"VO,(R))".

For some ¢ € Q, let us define the mapping 7,(R) =
I'(R, q). The time-derivative of the map 7, is nothing but the
differential of 7, in the tangent direction £ = R = R[w].
Replacing w = vex(R"¢) in equation shows that

X

dTy(R) - € = Ty(R)[O(R, q)vex(R"&)]x, & € TrSO(3).

It is clear that when the inverse of the matrix ©(R, q) exists
for all R € SO(3) the map d

mathcalT,(R) - £ is an isomorphism (bijective). In fact, for
all y := dTy(R) - € € Tr,(r)SO(3), the inverse is explicitly
given by

£=R [(@(R, )" vex (Q(R)Ty)} € TrSO(3).

Consequently, the inverse function theorem [29] guarantees
that 7,(R) is a local diffeomorphism for all R € SO(3).
Furthermore, when I' is everywhere a local diffeomorphism
on SO(3) and V : SO(3) x R is a smooth positive definite
function, the composite function & = V o1’ is a differentiable
positive function on SO(3). If in addition T~'({I}) = A
then U (R, ¢q) = 0 if and only if (R, q) € A which shows that



U € P(A). In this case, the time-derivative of i/ = V o can
be computed as follows

U(R,q) = dV(T(R.q)) - T(R.q)
= (VV(I(R, ). [(R. @) r(ra
=29 (P(R,q) V(I (R,0)) ¥ (T(R, @) TT(Rq))
=24 (N(R,0) VV(T(R,0)) O(R,q),
(42)

where and @ have been used. Consequently, since the
matrix ©(R, q) is full rank, the set of critical points of I/ is

Ty = {(R, q) € SO(3) x Q : ¢ (P(R ,q))) _

Also, the set of critical points of V(R) is given by Uy :
{R € SO(3) : ¥(R"VV(R)) = 0}. This shows that R
Uy, if and only if I'(R,q) € Uy, which proves that ¥y,
1(Ty).

,0) VV(I(R

o

Im

B. Proof of Lemma [2]

Recall from Section [[I-A] that the gradient VV4(R) can
be computed using the dlfferentlal of V4(R) in an arbitrary
tangential direction £ = R{) € TrSO(3), such that

DV4(R) - & = (VVa(R), RQ) r = ((RTVVa(R),Q)).
(43)

On the other hand, one can compute DV,4(R) - £ by direct
differentiation pf V4(R) = tr(A(I — R)) as follows

DVA(R) - € = —tr(A€) = —tr(ARQ) = ((AR, Q).

Thus, one has DV4(R) - £ = ((P,(AR), )) since 2 is skew
symmetric. Therefore, in view of @3), yields (I6). The proof
of (17) is given in [[9], Lemma 2]. Now, let Q@ = (n,¢) € Q
and (f,u) € R x S? be the quaternion and the angle-axis
representation of the attitude matrix R, respectively. Using the
Rodrigues formula (8) one obtains

Va(R) = tr(A(=2[e]% — 2ne]x)) = —2tr(A[e]%),

where we used tr(Ale]x) = ((4,]€ex))
symmetric. Also, using [e]2 = —||¢]|°] + e
tr(Aee '), one obtains

= 0 since A is
and €' Ae =

Va(R) = 2tr(e"eA — Aee") = 2¢ " We,

which yields (T8) by noting that € = sin(6/2)u.

Let Q, = (7, €,) be the quaternion representation of the
attitude P, := Rq(m,v)Rq(6,u) such that P, = Rg(Qy),
for some # € R and u,v € S? Making use of the
quaternion multiplication rule (@) and (I0), and the fact that
Ra(m,v) and R, (0,u) correspond to the quaternion (0,v)
and (cos(6/2),sin(6/2)u), respectively, the quaternion vector
part of P, is given by

€y = cos(0/2)v +sin(0/2) (v x u). (44)

We let o; := uTvi denotes the coordinates of u in the
eigenbasis {v;}icq1,2,3}-
1) A= )3

In this case, using the fact that v (v x u) = 0 and |jv x u|* =

}

sin?(¢) = 1 — cos?(¢) where ¢ = A(u v), one can compute
the value of V4 (P,) from equation and (44) to obtain

Va(P,) =2\"e €,
=22 [cos®(0/2) + sin?(8/2)]jv x u||2]
= 22" — 25in%(0/2)A(v, u),
where A(v,u) = AW cos?(¢).
2) A has two distinct eigenvalues \j' = \5! # )\{34
Since {vjvg,v3} is an orthonormal basis, one can decompose
R® = Es; @ Ey, where F3 := span{vs} and F3 :=
span{vy,vo}. Therefore, each vector v € R? is uniquely
decomposed as v = v!l + v such that v/l € B3 and v+ € Ei.
Consequently, W (vz x u) = W(vz x ut) = A (vz x ut)
which, in view of {@4), yields
We,, = W (cos(8/2)vs + sin(0/2)(vs x u))
=AY cos(0/2)vs + AN sin(0/2) (v x u’t).
Now, making use of and the fact that v (vs x u’) =0
and |jvz x ut||? = ||uT]]? = of + a3, equation yields
Va(Py,) = 26 Wew,
=20} cos?(0/2) + 2\Y sin?(0/2)(a? + a3)
=2\Y — 2sin?(0/2)A(vs, u).
Let v12 € B3 NS? and ¢ = Z(v19,u™). In view of (44), and

using the fact that u = ull +u, the quaternion vector €vqy 1S

— L
decomposed as €,,, = €, , + €,,, wWhere

el =sin(0/2)(v12 x ut) € Es,

U12

el = cos(0/2)v1a +sin(0/2)(v12 x ull) € EF.

V12

(45)

Making use of the identity ||ux v|* = ||ul|?|lv||? sin®(¢), such

that ¢ = Z(u,v), the norms of €, , and ¢, can be computed
as follows
el 17 = sin(/2) o1z x u*|®
= sin®(0/2)||via||*||u ||* sin® (o)
= sin?(0/2)(a? + a3) sin?(¢),
and

lew, 17 = cos?(8/2)[[via||? + sin® (8/2) vz [l |
=1-sin*(0/2) (1 — a3).

where the fact that ||v12|| = 1 has been used. Therefore, since

Wey,, = A3 6!,12 + A\ €, one obtains
VA( '012) = u12W€v12
=22 [lel, 1P + 20 e, 1P

=2\ — 25in? (0/2) (a2 + a2)[\Y — A sin?(¢)]
=2\ — 2sin? (0/2) A(via, u).

3) A has three distinct eigenvalues 0 < Aj' < A3 < A4l
Using (3) one has v,, X u = Zamnlanvl, which allows to

n,l
write

We,, =W (cos(8/2)v, + sin(0/2) (v, X u))
= cos(0/2)A\Y v,,, + sin(6/2) Z Emni0n Y vy,
n,l



where the fact that Wu,, = AW v,, for all m € {1,2,3} has
been used to obtain the last equality. Now, in view of (I8) and
using the fact that v;’ul =0 for m # 1, one gets

Va(P,,) =26, We,,
= 2cos” (0/2) A} + 2sin” (0/2) Y €2, a2\

n,l

=2X\) = 2sin®(0/2) (A =D el an N
n,l

=22 _25in%(0/2) A(vy, u).

C. Proof of Theorem ]|

According to Definition [T} the potential function ¢ is
synergistic if

U(R,q) — géig U(R,p) >0, Y(R,q) € Iy \ A

According to Lemma [2] the set of critical points for the
function V4 is Uy, = {I} UR,(m,v), v € E(A). Invoking
Lemma [I] the set of critical points for f = V4 o I is given
by

Uy = A UvEE(A) Fil(Ra(ﬂ" ’U))

Let v € E£(A) and let (R,q) = I'!'(Ru(m,v)). Thus,
I'(R,q) = Rq(m,v), which in view of (14), yields

R =Ra(m,v)Ra(0,(R),u) . (46)

Therefore, for a given p € Q, one has
['(R,p) = RRu(0,(R),u)
= Ra(m,v)Ra (eq(R)a U)TRCL <9p (R),u)

= Ra(m,v)Ra (épqm), u) ,

where 0,,(R) = 6,(R)—6,(R) and identity (7) has been used.
Consequently, invoking Lemma [2} one obtains

U(R,p) = Va (T(R,p)) = 22" ~2sin? (6,4 (R)/2) A(v, ).

On the other hand, one has U(R,q) = V4 o I'(R,q) =
Va(Ra(m,v)) = 20" Wv = 2AW. Therefore, at any undesired
critical point (R, q) € ¥y, \ A, one has

. o . 2(7
U(R,q) — min U(R,p) =2 max sin (%(R)/?) A(v,u).
(47

Since 6,(-) is injective with respect to g, one has p # ¢
implies that 6,,,(R) # 0. Consequently, in view of @7), the
necessary and sufficient condition for I/ to be synergistic is
that A(v,u) > 0 for all possible v € E(A).

D. Proof of Proposition ]|

Since A is a symmetric matrix, it follows that the eigenvec-
tors of A can be chosen to form an orthonormal basis of R3*3,
denoted {vy,v2,v3}. We let o; := u " v; define the coordinates
of u in the eigenbasis of A. We have three possible cases:

) A=X; A\ =) i=1,2,3)

?
In this case, the set of unit eigenvectors of A is £(A) =

2)

3)

=]

S? and according to Lemma [2 one has A(v,u) =
MW cos?(4), where ¢ = Z(u,v) for all v € E(A).
However, for any chosen u € S? there exists v € £(A)
such that Z(u,v) = 7/2, or equivalently A(v,u) = 0.
Therefore, the synergy condition of Theorem [I] can not
be verified in this case.

A has two distinct eigenvalues A\ = Ag‘ #* /\é4

In this case, the set of unit eigenvectors of A is E(A) =
{v12,v3}, where v12 € span{vy,va} N S2. Thus, accord-
ing to Lemma [2] the synergy condition of Theorem [I] is
written as

A(vzg,u) = (A =N (af +a3)) >0
A(vig,u) = (af + 03)[Ay — Ay sin®(¢)] > 0,

for all ¢ = Z(vi2,u") such that u' represents the pro-
jection of u on the plane span{vy, v, }. Since sin?(¢) < 1
and ai+a3 = 1—a3, the above conditions are equivalent
to 0 < AY (1 —a?) <A\ < A\ which leads to
Ay >

O<<1_>\§"><a3<1' (48)
A has three distinct eigenvalues 0 < A\{ < A5' < A4
In this case, the set of unit eigenvectors of A is £(A) =
{v1,v9,v3} and, according to Lemma [2| the synergy
condition of Theorem [] is written as

A(vp,u) = )\WM{—ZE%MCV%/\IVV >0, Vme{l,2,3}.
n,l
Using the definition of the Levi-Cevita symbol given in

section (II-B), it is straightforward to verify that A (v, u)
can explicitly be written as

Alvy,u) =AYV — s\ — a2\,
Avg,u) = AV — a2\ — a2\lV,
Avs,u) = A —a2\V — 22\,

(49)

Since u is a unit vector it verifies the unit constraint a3 =
1 — af — a3. Thus, equations are rewritten as

A(v,u) = (A = AY) + a3(AY = AY) + afAy
Avy,u) = (A = A )ed + A a3 — (A = AY)

Avz,u) = AV a2 = \Va2 + \Y.

Note that, since the eigenvalues of the matrix W =
tr(A)] — A are given by AV = tr(4) — A2, it is
obvious that A\}Y > A > AV > 0 which implies that
A(vy,u) > 0. The conditions A(vy,u), A(vs,u) > 0 are

equivalent to y(af) < a3 < y(af) where

)\W _ )\W )\W _ )\W
X(a%):_(l W3)a%+(1 W2)
- AY AY
AV AV
2y 2 2 3
X(ay) = —W% + IV
Now, since Ay + AV — AWV = a4 > 0, it is

easy to verify that A} /A > AV — AY)/AY and
MV AY > AV = A /Y — A). A sketch of the
feasible region is given in Figure[T] which shows that there
always exist o7 and a3 such A(vy,u), A(vz,u) > 0.



Replacing AV = tr(A)—\{" in the above inequality leads
to the item 3 of Proposition |1} Finally, one can conclude
that in the case where the matrix A has arbitrary distinct
eigenvalues, one can always find a unit vector u € S?
such that a synergistic family of potential functions (via
angular warping) is constructed.

2
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Fig. 1: The feasible region of the synergy condition
in the case where A has distinct eigenvalues.

E. Proof of Lemma [3]

In view of (18) one has V4(R) < 2AY.  which, in view
< 1. Therefore the function

of 25), implies that |k,Va(R)| <

0, is well defined. Let (R, q) € SO(3) x Q such that
I'(R,q) = I. This implies that R = Ra(04(R),u)" which,
using (18) and the fact that sin(6,(R)/2) = kqVa(R), yields

Va(R) = 2sin®(0,(R)/2)u’ Wu = 2kVi(R)u' W,

or equivalently (1 — 2k2Va(R)u' Wu)Va(R) = 0. How-
ever, since u € S? and |kq| satisfies l| one has
2k2Va(R)u TWu < 4k2()\}ﬁ/&x) < 1/2. Therefore, we must
have V4(R) = 0 and thus R = I since V4 is positive definite
on SO(3). This shows that I "' ({I}) = {I} x Q. Using the
fact that the differentiability interval of arcsin is (—1,1), and
the fact that |k, V4(R)| < 1, it is clear, by composition rule,
that the function 6,(R) = 2 arcsin(k,V4(R)) is differentiable
on SO(3). The gradient of §,(R) is computed using the chain
rule and is given by

2%k, VVa(R)
V1= (kgVa(R))?

2k, RP,(AR)

J1-RVAR

where (I6) has been used. Now, we prove the following
inequality

||1/}(AR)|| < /\max min{lv V 5— 452/2}3

where & = AV /AW Let (n,e) € Q be the quaternion

representation of the attitude R. In view of (8) and identity

V0,(R) =

(50)

[€]% = —|€e|*I + €€", one has
1
Po(AR) = 5 (AR — RTA)
= Ace” —cc” A+ nAldx + e A
= [e x Ae]x +n[Welx,
where equalities yz' — zy' = [z X y]x and AT [z]y +

Alx]x + [Az]x = tr(A)[z]«, for all z,y € R3, have been
used. Consequently, one obtains
PY(AR) = e X Ae +nWe = (nl — [¢]x)We.
Therefore,
[ (AR)|* = IW(U§+ (el ) (I — [e]x)We
=c I — €5, )We
='W EZ - eeT)]VV)e Gl
< (M) lell® = i) el
which yields the fact that [|/(AR)||?> < (A%, )? and also
[ (AR < o) *llell® (1 — llell® + [lel]* — €2 lel|)
< (e el (1 = [lel®) + \ma) *llell* (1 — €%)

< ( max) /4 + ( mmx)2(1 - 52)a

where we used the fact that 2%(1—2?) < 1/4 for any z € [01].
We just proved (50). Consequently,

2kq |l (AR)|
1 — k2V2(R)
AW
<

w .k min{l, Vb — 482 /2}
— Ak ()
B min{l, Vv —482/24 1
/5 — max{1,4£2} 2’
where inequalities (50) and have been used along with
Va(R) < 2\Y. . Now, making use of the matrix determinant
lemma det(I +zy') = 14 2"y, for all z,y € R>, one can
compute the determinant of ©(R, ¢) as follows:

det (O(R, q)) = det (Ra(04(R),u) " [I+
2up(RTVO,(R))T])

=1+ 2u"$(R"VI,(R)),
where R, (0,(R),u) v = u, det(AB) = det(A)det(B) and
det(R) = 1 for all R € SO(3) have been used. Since u
is a unit vector and in view of (32), it is obvious that the

term |2uT¢(RTV0q(R))’ is strictly less than 1. Therefore
det (©(R, q)) # 0 for all R € SO(3).

1o (RTV0,(R))I =

(52)

F. Proof of Theorem

If A(u,v) > 0 is satisfied for all v € E(A), then
by Theorem [I} the potential function U = V4 (T'(R,q)) is
synergistic. In order to compute the synergistic gap of I/, one
needs to evaluate the expression in (@7). Making use of the
following trigonometric identity

arcsin(x) — arcsin(y) = arcsin ( Vi —yVl-z )




it is clear that, for all R € SO(3), one has

Opa(R)/2 = 0p(R)/2 = 04(R)/2
= arcsin(k,Va(R)) — arcsin(ky,Va(R))

— arcsin (k,,VA(R). /1 - k2V3(R)—
ko Va(R)\/1 — kgvj(R)) .
Therefore, since k, = —k, for p # ¢, one obtains
sin? (épq(R) /2) — 4K2V2(R) (1 - K2VE(R))®.

At any undesired critical point (R, q) € Uy, \ A, in view of

and (33)), one has

5=

(53)

min

U(R, q) — min U(R
(R’q)e%\A{ (R,q) min ( m)}

=2 min {max sin

2 (g 5) A
(R,q)€ETL\A | pEQ ( pa(R)/ ) (v, u):|
== 8k2‘72(1 — k2‘_/2)A(’U7u)’

where we used the fact that V4(R) = V at (R,q) € ¥y \
A (see equation (23)). By direct differentiation of with
respect to A(v,u), one obtains

0o 8k212 {

_ v
90 _ BV Jy gepry Vo saVi2a
A ~ 11 4PAV +oa (1F

2A
1+ 16>\Wk2A>} .

NO}V, using the fact that 1 + = > /1 + 2z for all x > 0 and
|kV| < 1/V/2, one concludes that o /DA > 0. Also, one can
verify that

do 16k2AV
ONV 1+ 4k2AV

Consequently, one has § > o (k,\A),

min A" and A = min A(v,u).
veEE(A) veE(A)

(1-2k*V?) >0

such that A\ =

G. Proof of Proposition

The term A(v,u) depends explicitly on the square of the
coefficients a; = uTv,-, coordinates of u in the eigenbasis
{v1,v2,v3}. Therefore, the maximization (30) can be per-
formed with respect to a? subject to the unit constraint
o2 + a3 + a2 = 1. Depending on the spectrum of A and
excluding the case where A = AI (since no synergistic family
can be constructed), we have two possible cases.

1) A has two distinct eigenvalues A = )\QA #+ /\f,,4
According to (48), our maximization problem is trans-
formed into finding (1 — A} /AY) < a2 < 1 such that

A (1= a3)),
(A7 = A1 —ad)) },

is maximized. Figure gives a plot of néi& : A(v,u)
ve

A = Ay -
Ug}gl&) (v,u) = min { (A]

with respect to ag (green line). It is obvious that the
maximum (top vertex of the green triangle) is attained at

2)

W W
Ayt — A3

min  A(v, u)
€E(A)

2
7?
=< L
Y
Ay Y
Fig. 2
the intersection Ay — A\ (1—a2) = (A = A¥)(1-a2),
which leads to
W) g
NN A4

A has three distinct eigenvalues 0 < \{' < \5' < \§
In this case, the maximization problem is formulated as

w 2 2\W
)‘m - E Emnlan)\l

n,l

max A = max min
a? a? me{1,2,3}

i

(54)
3

subject to Z a; = 1and A > 0. The above optimization

problem can be formulated as a standard linear program-
ming problem as follows:

maximize Ty
subject to x4 + xg)\gv + nggV — )\YV <0,
w w w
T4 + x1/\¥v + x2A¥V — )\gV <0,
xr1 + a9 + r3 =1,
T1,T2,T3 > Oa
xzy > 0.

where the variables z; = a? for j € {1,2,3}. Conse-
quently, one can use the simplex algorithm [30] to solve
this optimization problem, leading to the following result:
If the condition

Mg

AQ_AA o (55)

is satisfied, then the optimal solution to the maximization
in (54) is given by

pY< pY<
a; =0, a%z 2 2 = 3

— 2 a2=
A9+ Ag A9+ Ag
and the maximum is max A = )\‘14. Otherwise, the
a5
optimal solution is
/\A
a2=1—4nj’é7” i€{1,2,3}

1 A A7
>k AN



Y
with the maximum being max A = 4 <~——7

o] Zj;ék )‘f)‘ﬁ
H. Proof of Theorem 3|

Let us define the following sets:

Ay = {(X,q) € Dx x D, : X1 =T},
Ay = {(X,q) € Dx x D, : Xo =1},

X ={(X,q) € Dx xDg: (X1,q1) € Yy, },
Xy :={(X,q) € Dx x Dy : (X2,q2) € Vipp },
Cr:={(X,q9) € Dx xDy: p1(X1,q1) <1},
Cy:={(X,q) € Dx x Dy : p2(X2,q2) < 02} .

Assume that U}, is synergistic with gap exceeding 6;, for h =
1,2. Then, in view of (I2), one has

0<d, < min

Xn,qn).
(X;anh)G‘I’u,L\A'uh( )

Therefore for each pair (X,q) € A} \ Ap, one obtains
wn(Xn,qn) > Op, which implies, in view of the definition
of the set (U}, that one has

Cp,NA, = Ah,
where we used the fact that Aj, is entirely contained in Cj,.
Consider the Lyapunov function candidate

2

1
V(X,w,q) = Zuh(X}“qh) + inJw.
h=1

(56)

Since U, are two potential functions on SO(3) x Q with
respect to {I} x Q and J is positive definite, it follows that
V is positive definite on Dx x R*® x D, with respect to A.
In view of (@), the time derivative of Uy, (X}, gr) along the
trajectory Xj, = Xp[wn]« is given by

Un(Xn,qn) =2 % (Th(Xn, qn) " VVa, (Ch(Xa, %)))T
On(Xn, qn)wn

= 20 (AnTn(Xn, 1)) " On(Xn, qn)wn,

(57)

where we used VV4(R) = RP,(AR) for all R € SO(3).
Therefore, making use of the above result and (35), the change
in V along the continuous flows of C is given by

2

V(X,w,q) =2 w) On(Xn,qn) Y(AnTn(Xn, qn))+
h=1

T <[Jw]xw — 23 Y, O0n(Xn, qn) "(ARTH (X, qh)))

h=1
= =201 (X1, q1) "V(AT1(X1,q1))|* < 0.

Thus V is non-increasing along the flows of (33). Moreover,
for any (X,q) € D and s € g(X), one has
2

D

h=1

2
=> pn(Xn, qn)
h=1

> min{&l, (52} >0,

V(X,w,q) — V(X,w,s) = {Uh(Xh,qh) man/{h(Xh7 )}

which shows that V is strictly decreasing over the jumps of
. Using [[31], Theorem 7.6], it follows that A is stable.
Moreover, applying the invariance principle for hybrid systems
given in [[31], Theorem 4.7], one can conclude that any
solution must converge to the largest invariant set contained
in

I={(X,w,q) €Dx xR*xD,:(X,q) € C,
01(X1,q1) "p(AT1(X1,q1)) =0} .

It follows, in view of , that for all (X,w,q) € Z, one has
(X1,q1) € Uy, . Consequently, the set Z can be rewritten as

:(X,q) Gcle}.

Moreover, from (]3_3[), one has C; N X; = A; and hence C'N
X1 = (CiNCy)NX; = CyN Ay, where we used the fact that
C = C1 N Cs. Since the solutions converge to Cy N Ay, it is
clear that X; — I which leads to X1 — 0. Hence, one can
conclude from (33) that w — 0. Since w = 0, it follows from
(32) that 7 must converge to 0. Using this last fact, together
with the fact that 5 = 0, one can conclude from @) that

02(X2,¢2) " (AsT2(X2, q2)) = 0.

Again using (57), one has (X3,q2) € Wyy,. Therefore, the
solutions must converge to Cy N A; N Xy = A3 N Ay = A,
where the fact that Co N X5 = As has been used. Finally, the
set A is globally attractive and stable which shows that A is
globally asymptotically stable.

I={(X,w,q) € Dx xR*x D,

L. Proof of Proposition [3]

Let us define the attitude error P := RPT, for some P €
SO(3). For h € {1,2}, making use of the identity u' Au =
tr(uu" A), one obtains
1 n 5
5> pllei = P2 = T(I—PT) (I~ P)r,

i=1

Z PinT;
= Zpihtr(rir;r (I - ]5))

Consequently, equation (36)), respectively @) is obtained by
substituting P for Y}, respectively P for 7?, (Ong(Xn), un)Yh.
Furthermore, one has

1 - -
3 > pin {W"ZTP — PTririT]

i=1

=V, (P).

]P)a(Ahp)

% > pinP [PTrir/ R—RTrir] PI PT (58
=1

1 n

B Z pin [P
i=1

where we used the following property (see [24]]):

Rlyz" —zy"|RT [R(z x y)]«

Taking the vex operator on both sides of (58) and substituting
P for Y}, respectively P for R (Ong(Xn),un)Ys, yields

equation (37), respectively equation (39).

(bz X PTTZ'):I o

= Rz x y]xRT =



VI. SIMULATION RESULTS

In this section we illustrate the procedure to follow for
the implementation of the hybrid scheme derived in Section
We, then, compare between the smooth feedback law,
proposed in [20], and the hybrid feedback of Section Let
Q = {1,2} and let the scalars k1 = —kpo = kp, for h = 1,2
where kj has a specific value to be tuned later. Let also
Ay = diag(][1, 3,5]) and A5 = diag([0.1,0.3,0.5]). The value
of ky, is chosen to verify inequality (25). We picked k; = 0.03
and ko = 0.3. Moreover, with this choice of matrices A;
and A,, one can see that condition (]3_3]} is verified for both
matrices. Therefore, the optimal choice of the rotation vectors
w1 and ug is given by

uir = [0’ \/%a \/%]’ u; = [07 \/3/787 \/%}

The maximum values of the hysteresis gaps d; and o can
be computed, using the result of Theorem 2] Therefore, it is
sufficient to pick 6; = 0.5 < 0; and dy = 0.05 < & to
implement the switching conditions of the set C' and the set
D. Once all the parameters have been designed, the hybrid
controller (34) can be implemented. We recall the following
smooth feedback law proposed in the paper [20]

2 n
T=— Z Zpih(bi x Y, 1),
h=1i=1

B=Y palbixY'r;).

i=1

(59)

Both controllers, hybrid and smooth, were implemented in
Simulink. The desired rotation as well as the initial condition
R(O) for the auxiliary system were both chosen equal to the
identity matrix, i.e., Rgy = R(O) = I3y«3. The inertia matrix
has been taken as J = diag ([1, 1,2]) and the inertial vectors
as r; = e;, for ¢ = 1,2, 3. The performance of the controllers

was evaluated by means of the normilized errorE|

1
e(Xn) = ﬁ”—’— XnlF-

To simulate the worst case for the smooth controller, the
initial conditions for the rotational dynamics are taken as
follows: w(0) = [0,0,0]" and R(0) = R, (7 + €, cos(e/2)ey)
for some ¢ < 1. Thus, under the smooth feedback (]3_9[) the
closed-loop system starts sufficiently close to the undesired
equilibria X; = Xy = R(m, e1). Figure [3| shows the evolution
of the error e(X3) with respect to time. At early times,
the convergence is slower for closer initial conditions to the
undesired equilibria (smaller choice of €). This phenomenon
is the main drawback of the smooth controller. On the other
hand, for ¢ = 0, Figure [ depicts how the hybrid controller
reacts immediately to correct its offset rotation, whereas the
smooth controller does not react at all, being seemingly unable
to correct its rotation.

3This error can be shown to be equal to e(X},) = ||ep||2 where ep, is the
quaternion vector part corresponding to the orientation described by X; €
SO(3).

—e=10"°
—e=10710
—e=10"1%] |

IR

m \/\
o i

(] 5 0 15

Fig. 3: Error between the current state and the desired
reference for different initial conditions close to the
undesired equilibria R, (7, e1)-Smooth controller-

T
—a
—e

o6l \

] r \

_____________

Fig. 4: Comparison between smooth and hybrid feedback
responses with the initial condition X2(0) = R, (m,e1)
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Time.

Fig. 5: Comparison between smooth and hybrid feedback
responses with the initial condition
T
XQ(O) = Ra(’fra el)Ra (191, Ul)

For a second comparison, we changed the initial rotation
matrix to

R(0) = Ry(m,e1)Ra (1917161)T )

-1+ \/1 + 16)\}”1 (/ﬂu)zA(Ul; ul)
4k11A(v1, ur) ’

thus 1 ~ 0.47, so as to start from one of the critical points
of the potential function U; (X1, q1) (see equation (Z4)).

where ¥ = 2 arcsin



Fig. 6: Plot of the torque applied by the hybrid feedback
with the initial condition X5(0) = Rq(m, e1).

Figure [5] depicts the performance of the proposed hybrid
feedback law. Starting from an initial configuration ¢(0) =
(1,1), the system immediately jumps to the configuration ¢ =
(2,2) since the initial condition (X (0),¢(0)) lies inside the
jump set D. It is shown in Figure [5] that the hybrid controller
still achieves better performance than the continuous controller
for this particular initial condition.

In Figure [6] we give the plot of the torque (control input)
applied by the hybrid controller in the first case of X5(0) =
R (7, e1). We observe that the torque is “quasi-smooth” with
only three discontinuities which occur during the first few
seconds of the control in order to avoid the critical points.
The second jump (red) affects only the second component of
the torque vector.

VII. CONCLUSION

Synergistic potential functions are instrumental in the design
of hybrid control systems on SO(3) that achieve global
asymptotic stability results. This paper presented a systematic
approach to generate synergistic potential functions on SO(3)
via angular warping. By introducing a new warping angle
function, the synergistic gap-necessary for the implementation
of the hybrid controller- was explicitly computed. The feasi-
bility of the synergism conditions and the maximization of the
synergy gap are discussed. We also proposed a hybrid attitude
stabilization control scheme without velocity measurements
relying only on inertial vector measurements. The proposed
control scheme leads to global asymptotic stability results. We
presented some simulation results that illustrate the advantage
of the hybrid control scheme over the standard continuous
feedback strategies.
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