N
N

N

HAL

open science

Lyapunov Functions for Persistently-Excited Cascaded
Time-Varying Systems: Application to Consensus

Mohamed Maghenem, Antonio Loria

» To cite this version:

Mohamed Maghenem, Antonio Loria. Lyapunov Functions for Persistently-Excited Cascaded Time-
Varying Systems: Application to Consensus. IEEE Transactions on Automatic Control, 2017, 62 (7),
pp.3416 - 3422. 10.1109/TAC.2016.2610099 .

hal-01744604

HAL Id: hal-01744604
https://hal.science/hal-01744604
Submitted on 5 Mar 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-01744604
https://hal.archives-ouvertes.fr

Lyapunov functions for persistently-excited cascaded time-varying systems:
application to consensus

Mohamed Maghenem!

Abstract—We present some results on stability of linear time-varying
systems with particular structures. Such systems appear in diverse prob-
lems, which include the analysis of adaptive systems, persistently-excited
observers and consensus of systems interconnected through time-varying
links. The originality of our statements rely in the fact that we provide
smooth strict Lyapunov functions hence, our proofs are constructive
and direct. Moreover, we establish uniform global exponential stability
with explicit stability and decay estimates. For illustration we address a
brief but representative case-study of consensus of Lagrangian systems
interconnected through unreliable links.

I. INTRODUCTION

The problem of establishing uniform global exponential stability
for linear time-varying systems under conditions of persistency of
excitation was initially motivated by the analysis of adaptive control
systems. A considerable bulk of literature is available, some of which
is nicely presented, e.g., in [1]. Beyond the pure question of stability
and convergence, lays that of performance. Specifically, to determine
explicit exponential estimates that relate the property of persistency
of excitation to the overshoot and convergence rates. For so-called
“gradient” systems explicit bounds were independently provided in
[2] and [3]. For more complex cases, such as that of model-reference
adaptive control systems see [4]. It is to be noted, however, that the
methods of proof in these references is rather intricate since they do
not rely on the construction of strict Lyapunov functions.

As far as we know, the first Lyapunov functions for systems
with a structure reminiscent of model-reference adaptive control
appeared in [5], [6]. The method consists in constructing a strict
Lyapunov function starting from a non strict one that satisfies
V(t,z) < —q(t)V (t, ) where q(t) is a positive persistently exciting
signal. Our study in this note starts with this inequation.

Persistency of excitation also plays a fundamental role in control
design, as for instance, in systems in which the control input is
multiplied by a time-varying function —see [7]. Such is the case of
certain systems in aerospace engineering applications —see e.g., [8],
[9], and [10]. In [7] and [11] uniform global asymptotic stability
is established via the construction of a non-strict control Lyapunov
function.

Another interesting case-study in which stability analysis tools for
linear time-varying systems are useful is that of consensus under the
assumption that communication links are time-varying and the graph
has a spanning tree. In this scenario, stating conditions of persistency
of excitation on the communication channels is particularly useful
[12]. The aim is to guarantee the so-called semistability property
[13], which covers that of set asymptotic stability [14] for systems
having a continuum of equilibria E, in which each solution initially
close to some equilibrium point remains close to one of the equilibria
in E. Although Lyapunov analysis of semistability does not lead
to an intuitive construction of Lyapunov functions, these methods
are useful to address consensus problems where the communication
topology switches between a finite number of time invariant graphs
with certain connectivity property, and over a certain dwell time —see
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e.g., [15], [16]. In [17] the consensus problem for networks whose
topologies switch among time-varying graphs was addressed, that is,
over two time scales.

In much of the existing literature, however, the study of consensus
under time-varying communication links makes use of trajectory
based approaches by means of a non differentiable Lyapunov func-
tions to establish the contraction of trajectories. See for instance the
seminal work of Moreau [18] in which the communication signals
take arbitrarily positive values. Similar problems are treated, for
example, in [19] and [20] under relatively relaxed conditions on
communication signals and on the graph topologies.

In this paper we present several constructions of strict Lyapunov
functions for linear time-varying systems under persistency of ex-
citation conditions that apply in different contexts. In Section II,
we present a preliminary statement for a scalar positive system that
serves as basis for our main results: these hold for cascaded non-
autonomous systems and are presented in Section III. Together with
the comparison lemma, our results may be used to make straight-
forward statements for systems that appear in applications ranging
from state-estimation via Luenberger-type observers to consensus
under time-varying interconnections and with a directed spanning-
tree topology —see Section IV.

From a theoretical viewpoint our consensus result per se is covered
in the literature. However, as far as we know, we provide for the
first time a strict smooth Lyapunov function. The importance of
this can hardly be overestimated; strict Lyapunov functions are a
fundamental step for analysis and design of robust control under
realistic conditions, such as delays and sampling [21]. From a
technical viewpoint, our constructions are inspired by [6], but we
also use the results in [22] and [23], mainly for the strictification of
Lyapunov functions with a non-positive persistently-exciting bounds
on the time derivatives. In Section IV we also provide a concise but
representative example of mutual synchronization of Lagrangian sys-
tems [24] interconnected through a spanning-tree topology. Finally,
some concluding remarks are provided in Section V.

II. A POSITIVE COMPARISON SYSTEM

We start with a simple preliminary statement that, in addition to
setting the basis for our main results, is interesting in its own right.
Consider the differential equation

v = —q(t)v, veR (1)

where ¢ : R>0 — R>¢. Invoking standard results on adaptive control
—see e.g., [1], one may conclude that the origin is uniformly globally
exponentially stable if ¢ is continuous and persistently exciting that
is, if there exist 7', ;+ > 0 such that

t+T
/ q(s)ds >p Vt>0. 2)
t

Remark 1: The requirement that g(¢) > 0 is not necessary —see
[25, Lemma 1]. °
The following statement presents a strict Lyapunov function which
establishes this, otherwise well-known, result —cf. [25].



Lemma 1: Let g : R>9 — Rx>( be essentially bounded and let
inequality (2) hold. Under these conditions, for the system (1), under
condition (2), the function W : R>g X R — R, defined by

2
[1+2qT + Tp(t)]UQ
A
is a strict Lyapunov function hence, {v = 0} is uniformly globally
exponentially stable. O

Remark 2: The function ¢ — p in (3b) was first introduced in [6]
under the equivalent form

W(t,v) = (32)

N | =

s)dsdm (3b)

t+T
0= [ (-t-D)ats)as, @
t

which is obtained by changing the order of integration. °
Proof of Lemma 1: Let g be such that |g(t)| < g for all t > ¢¢ and
define pys := §T2. Since, moreover, q(t) > 0, we have —py <

p(t) < )| < pa for all ¢ > 0 hence,
%vﬁ < W(t,v) < [% +qT v’ 5)

The derivative of W along the trajectories of (1) yields

- [q(t) [1 + 2qT + %p(t)] — %]02

where, by definition, g7 + %p(t) > 0 and, after the fundamental
theorem of calculus, the derivative of p in (3b) yields

W(t,v) =

t+T
B0 =Ta) - [ als)ds, ez ®)
t
Hence,
) 1 [T )
W< — {—/ q(s)ds} v Vi>0 @)
T t
and, in view of (2), we obtain
W(t,v) < —%qﬂ 8)
for all £ > tp and v € R. Now, in view of (5), we obtain
. 2“
< -
W(t,v) < 1 +2qT)TW(t’v) ©)

which, by integrating along the trajectories, yields

_to
®)] < 1+ 24T |o(ts) |exp[ ﬁ] Vt > to.  (10)

|

The simplicity of Lemma 1 should not eclipse its utility in stability

analysis. For instance, along with the comparison theorem, it may be

used to establish uniform global asymptotic stability, with guaranteed

convergence rates, for certain nonlinear time-varying systems. To see
this, consider the equation

i=f(t2) an

and let V' : R>g x R®™ — R be positive definite, proper and
decrescent, that is, assume that there exist a1, as € Koo such that

ai(|z]) < V(¢ 2) < az(|2)). (12)

Assume, further, that there exists a globally Lipschitz continuous
function q : R>9 — R, satisfying (2),

V(t,z) < —q(t)V(t, 2). (13)

Then, let us define v(¢) := V(¢, 2(t)), so that v(¢) < —q(t)v(t)
for all ¢ > 0. In view of the monotonicity properties of V' and the
comparison theorem, Lemma 1 directly establishes uniform global
asymptotic stability of the origin, {z = 0}, with an explicit decay

estimate. Indeed, from (10), (12) and the comparison Lemma, we
obtain

|2(0)] < a7 (kvaa(|zoJe 7)) (142)
Ao = kgT ko := /1t 2qT. (14b)

A. Example: nonlinear observer design

To illustrate further the utility of Lemma 1, consider the problem
of designing an observer for a bilinear system
A(u, y)z + B(u, y)
Cz.

Tz =

(15a)

y = (15b)

Since the system is linear in the unmeasured variable, we may pro-
ceed with a “Luenberger-like” design —see, e.g., [26] and references
therein. To that end, let & denote the state estimate and let us define
its dynamics through the equation

&= A(u,y)Z + B(u,y) —

where the observer gain, L, is to be designed in order to ensure
that the origin of the estimation-errors system is uniformly globally
exponentially stable. This may be accomplished by imposing a
condition of persistency of excitation along the trajectories [27], [28].

Proposition 1: Consider the system (15) and the observer (16). Let
L be continuous, and let u, y be such that there exist a continuously-
differentiable function P : R>¢ X R™ — Rx0, a continuous function
gm : R>0 — R>q and positive constants p.,, par, 4 and T such
that:

(i) defining A(t) := A(u(t), y(t)) — L(u(t), y(1))C(u(t), y(t))

and Q(t) := —P(t) — P(t)A(t) — A(t)" P(t), we have

Q(t) 2 gm(t)I >0 Vit >0;

L(u7y)0(u7y)[i' - LU] (16)

(ii) gm is persistently exciting uniformly in y(¢) and u(t) ie., it

satisfies (2) with p and 7" independent of the initial conditions;

(iii) the matrix P(t) is uniformly positive definite and bounded, i.e.,
pml < P(t) <pml.

Then, the estimation errors z(t) satisfy the bound

|<km/ |z e A (E=te) (17)

where k, and A\, are defined in (14b). O
Proof: Let the estimation errors be defined as z := & — x hence,
z2=A(t)z. (18)

Then, consider the function V' : R>g x R"™ — Rx>q defined by
V(t,z) =z P(t )z This function satisfies (12) with a1 (s) := pm s>
and az(s) := pams®. Moreover, defining ¢(t) := qgl—léj), a direct
computation shows that the time derivative of V' along the trajectories
of (18) satisfies (13). Therefore, by Lemma 1, we see that

Wt 2) = %[1 +2qT + %p(t)} 12T P(t)]?

is a Lyapunov function for the estimation error dynamics (18) and
(14a) holds which, in this case, is equivalent to (17). [ |

The statement of Proposition 1 generalizes some results that rely
on a uniform complete observability condition, e.g., the choice:

—eP — [A(u,y) " P+ PA(u,y)] +2C " C (192)
ptoT, P(to) > pmI,  (19b)

P =
L =
commonly used in observer design for bilinear systems —cf. [26],

guarantees that P(t), hence Q(t) := €P(t), is positive definite and
bounded, for all ¢ > T. The persistency of excitation condition



on @, imposed in Proposition 1, is less restrictive than positivity;
moreover, the gain L(t) as defined in (19b) may reach very high
values [26]. Yet, the advantage of this choice is that it leads directly to
an exponential-convergence estimate and provides a strict Lyapunov
function for the estimation error-system. That is, this construction
naturally lends itself for output-feedback high-gain designs, notably
for systems with Lipschitz non-linearities —see e.g., [29]. On the other
hand, for such systems, notably chaotic oscillators, the main result in
[28] provides an observer of the type of (16), under the less restrictive
persistency of excitation condition on Q(t). Thus, the statement of
Proposition 1 covers all the previously mentioned results by providing
an explicit stability bound under the weaker condition of persistency
of excitation.

III. CASCADED SYSTEMS

In this section, using Lemma 1, we establish a more general result
which applies to cascades of persistently-excited systems. To start
with, consider the 2nd-order system:

(20a)
(20b)

1 = —al(t)xl + az(t)xg

:bg = —a2 (t)xz

under the assumption that a; and a2 are continuous, uniformly
bounded, and persistently exciting, functions taking non-negative
values.

For this system, exponential stability of the origin {z1 = z2 = 0}
may be assessed following a direct cascades argument. Indeed, this
follows, e.g., from the results in [30] observing that, by Lemma 1,
the respective origins of

b1 = —ar (Do ds = —as(t)ze 21

are uniformly globally exponentially stable and a2 (¢) is bounded
hence, the solutions z1(t) of equation (20a) are uniformly globally
bounded. The statement also follows from the fact that (20a) is
input-to-state stable with Lyapunov function W (t,z1) defined by
(3) and input x2. However, even though the cascades argument
is straightforward for the case of two interconnected systems, the
argument is hard to extend to cascades of n > 2 time-varying
systems,

T1=— a1 (t)xl + as (t)l’z

.’i’Q = — CLQ(t):EQ + as (t)$3
s : (22)
i'7171 = - anfl(t)xnfl + an(t)xn
Tn = — an(t)Tn,

relying purely on converse Lyapunov theorems. Our next statement

removes this difficulty by providing a strict Lyapunov function.
Theorem 1: Consider the system (22) under the following hy-

potheses:

Al (Non-negativity): a;(t) > 0 for all ¢ <n and all ¢ > 0.

A2 (Boundedness): There exists @ > 0 such that |a;(t)| < a for all

t>0andall s <n.
A3 (Persistency of Excitation): There exist u, T > 0 such that

t+T
/ ai(s)ds >p Yi<n, Vi>0. (23)
t
Then, defining 51 = 0 and, for each i < n,
T Ta?
B> —[1+al]’ + =B, Vi>2,
2 21
t+T m
pi(t) == 7/ / ai(s)dsdm, (24)
t t

the function V,, : R>¢ X R™ — R, defined as

Vo(t,z) :==z' P(t)x (25)

with 1 9
P(t) := 5diag[l +2aT + pi(t) + Bidl,

is a strict Lyapunov function. Consequently, the origin is uniformly
globally exponentially stable. ]

Proof: The proof is constructed based upon that of Lemma 1.
‘We show that the Lyapunov function candidate V/, is positive definite,
proper and its total derivative satisfies

’ [ —~
' < —a= >l
Va(t,z) < oT 2 x; (26)
Firstly, note that
—aT? <pi(t) <0, Vi<n, t>0 @7

therefore,
1 1
5diag[1+ Bia] < P(t) < Sdiag[1 +2aT + Bia].

Next, we proceed by induction and using Lemma 1. For n = 1
the system (22) corresponds to

2,1 : i‘l = —al(t)azl

and

Vi(t,z1) = - [1+2aT + %pl(t)]x% (28)

N —

is a strict Lyapunov function for X} . The latter follows by mimicking
the proof of Lemma 1 to obtain

N(to) < —Eat 29)

—cf- Eq. (8). Actually, later we shall use the fact that, for any index ¢ >
1, the derivative of the right-hand side of (28) along the trajectories
of &; = —a;(t)x; satisfies an inequality similar to (29), i.e., Vi <
—(u/T)a?.

For n = 2, the cascaded system X5 corresponds to (20), for which
we define the function V5 : R>g x R? — Rxq as

1 2 1
Va(t, T12) = Vi(t,z1) + 3 [1+2aT + Tpg(t)}xé + 562&13 (30)
with Z1; := [z1---2;] " and, according to (24),

T
B2 > =—[1+2aT)>. 31)
2p
Furthermore, using the bound @ > a;(t) > 0, following the proof-
lines of Lemma 1, we see that the time derivative of V5 satisfies

Va(t, #12) < Vi(t,21) — Baaa(t)’a3 — Load (32)

and, along the trajectories of (20a), Vi satisfies
. 2
Vi(t,z1) < —%x? + [1 + 2aT + fpl(t)}xlag(t)mz.

In turn, this implies that

Va(t,@) < — 2= (af + 203) + ¢a(t, 12, B2)

$a(t, T12, B2) = *%fﬂf — Baax(t)’z3

2
+ [1 —+ 2aT —+ Tpl (t)] :rll’zaz(t).

Now, notice that ¢o < 0 if [ satisfies (31). To show this, we

introduce
2 H

<7 T+ 2aT] 33



and we use the triangle inequality

z1az(t)z2 < 25 2+ —ag(t)zxg Ve #0, (34)

as well as the fact that p;(¢) < 0, to obtain

2
¢2(t, T12, B2) S*E [%*62

— x5as(t)? {52——[1+2qT]] Ve # 0.

[1 + 2a7])

From (33) and (31) it follows that ¢» < 0 hence, we conclude that

Vz(t,«fm) < *%(11 + 12) - %333

Next, we proceed by induction. For any j € (2,n], let V; be a
strict Lyapunov function for ¥} —f. (22), and let it be defined as

(35)

Vj(t, i’lj) = ijl(t, f?ljfl) + % [1 +2aTl + %pj(t)]sz + %,BJ(_L’KJQ

(36)

To evaluate its total time-derivative along the trajectories of E; we
first see that

j—1

Vio1(t, Z1j-1) <

_r ,
oT ="' 7 oT
and, in view of (36),

V4
ij_l

2
= [1+2aT + 7Pi-1(t) + Bj-1a)wj—1. (37

Hence, it follows that

i
Vi(t, 215) < — %Z f—*xj + &5 (t, 215, 85, Bi-1)

where

¢;(t, %15, B, Bi—1) = — =771 — Bja;(t)°a;

M2

or "
2

+ {1 +2aT + ij71(t) a;(t)z;Ti—1

+ ijlaaj(t)xj:rjq. (38)

Now, in view of (27), the factor of a;(t)z;x;—1 is non-negative
hence, applying the triangle inequality to the last two terms on the
right-hand side of (38), we obtain that, for any ¢, o # 0,

¢j(t,i‘1j7ﬂj7ﬂj—1) S 2T33] 1 — ﬁjaj(t)giE?
_ 2 a;(t)? 1
+1|1+4 2aT + ij_l} [ J2(e2) zj + *6233? 1]
1 a2
+ 81 [502% (t)*af + ﬁwiq]
which, in turn, since p;(¢) < 0, implies that
2 —~2
= Ti—1 | p a _
¢j(t7x1j7ﬁjvﬁj—1) < - JQ I:T —5—62 [1+2aT]:|
2
_ m?a]( ) {BJ [1 + 2aT} Bj71:|

for all o # 0, € # 0. To render non-positive the factors of :pf

m?,l above, we choose

and

» 2Ta?
ag = .
w

Then, the factor of xf,l equals to zero if (33) holds, while the factor
of —z3a;(t)? is non-negative if

T Ta>
B; > — [L+2aT)* + Taﬂjfl

2p

for all j € (2,n] —cf. (24). It follows that ¢; < 0 and, consequently,

J
Vit #1)) < — g ¥ af - Jnal

<y or (39)

The latter holds for any integer j € [3,n] hence, together with (29)
and (35), the inequality (26) follows. |

Remark 3: From the previous proof it also follows that the trajec-
tories of (22) satisfy

(n/2Tapn)(t—to)

lz(t) > < anrlzo)®e” Yt > to

where oy := 1 4 (2T + Br)a. To see this, we observe that the
Lyapunov function V;, satisfies (since B, > Brn—1 > -+ 51 = 0)
(1/2)anz* > Valt,z) > (1/2)]2]*.
[ ]
An interesting extension of Theorem 1 relies on the use of the
comparison theorem, applied this time in a manner reminiscent of

vector Lyapunov functions, to obtain the following statement for
cascaded linear-time-varying persistently-excited systems

&1 =A1(t)z1 + Bi(t)xz

' (40)
Tn_1 :Anfl(t):vnfl +4 anl(t)a:n
Tn :An(t)xn, T € Rm,
under the following hypotheses:
A4 (Boundedness) There exists B > 0 such that' ||B;|| , < B
AS (Lyapunov Equation) There exist positive definite matrices P;(¢)

and positive semi-definite matrices @;(t), verifying:
Pi+ Al P+ PA; = —Q; (41)

A6 (Persistency of excitation) There exists a positive constants P;z,
Pim, p, T and a function g;m : R>9 — R>¢ such that:

0 < Pinln < Pi(t) < PintIn “2)
0 < gim(t)In < Qi() (43)
t+T
/ Gim(s)ds > p vt > 0. (44)
t

Theorem 2: Under assumptions A4, A5 and A6 there exists a
quadratic strict differentiable Lyapunov function for (40). (|
Sketch of Proof. For each i < n, let us define V;(t,z) = z; P;(t)z;.
The derivative of each V; along the trajectories of (40), satisfies

Vl S — .'I}IQl(t)IE1 —+ 2.131rplB1 (t)xz

B )
Vit € = 2 1Qn1 ()Tn—1 + 221 Pa1 Bpoa (H)2n

Vn < - l';LrQn (t)zn
Then, consider the modified Lyapunov function W; : R0 x R"™ —
R>¢ defined by W;(t,z) = ¢i(t ) with

T
oi(t *f/ /qlm )ds dm

where «; are constants such that ¢; > P + 1. Then, defining
vi : Rsg — R™™ such that P;(t) = vi(t) " wi(t) and M;(t) =

2
¢i(Ovi()Bivig1 ()Y, B = 1, Bit1 = % ||M1HZO Bi, we see
that

n
r) = ZﬁiWi(t: ;)
i=1
constitutes a strict Lyapunov function for (40). |

"'We use || B;||co := sup;sq || Bi(t)|| where || B;(t)|| denotes the induced
L2 norm of B;(t) or any other congruent matrix norm.



IV. ISS CONSENSUS UNDER SPANNING TREE

To illustrate the utility of our main results we consider now a
classical tracking consensus problem concerning n agents intercon-
nected in a spanning-tree topology with time-varying interconnection
gains. That is, each agent communicates only with two neighbors.
Even though here we consider that each agent communicates always
with the same neighbours, in general, this does not need to be the
case —cf. [17]. We limit our case-study to this topology because in
concrete cases of formation control, or follow-the-leader tracking
control for that matter, using such communication topology excludes
communication redundancy. From a strictly theoretical viewpoint,
however, our main stability statement per se in this section is covered
by, e.g., [14]. On the other hand, as far as we know, we provide for
the first time a strict smooth Lyapunov function which, in turn, leads
to establish input-to-state stability (ISS).

Thus, let us consider n dynamical systems defined by

Zi = fi(t, zi) + ui, 2z €R™, i<n (46)

which are required to follow a reference trajectory z* : R>o — R™
generated by an exogenous system z* := f*(¢,z*). We assume
that only the controller for the nth agent has access to the refer-
ence trajectory. Then, the ith agent receives information from the
i+ 1st, thereby establishing a spanning-tree topology, albeit through
unreliable channels.

To recast this consensus-tracking problem into a stabilization one
we introduce the error system with state variables z; 1= 2z; — zi4+1
for all ¢+ < n, with z,4+1 := 2" and fp41 := f*. That is,

&i = fi(t, i + 2i41(t)) — firr(t, 241 (8)) + wi — i
Tn = fr(t,Tn +2"()) — [T (£, 27(t)) + un.
The consensus problem boils down to stabilizing the origin {x = 0},

with & := [z1,---,@n] , for the system non-autonomous system
(47). For this, we use the control inputs

(47a)
(47b)

u; 1= —vyai(t)[zi — zig1] + ws, a;(t) >0, Vt>0 (48)

where the functions a; are assumed to be bounded and persistently
exciting, v > 0 is the interconnection strength, and w; denote
“additional” inputs to be defined. Then, the closed-loop system is

i = —ya;(t)xi +yait1(O)Tipr + it ) v (49a)

jfn = _’Yan(t)mn + wn(t7 mn) + Un (49b)
with v; := w; — wi+1 and

Vit i) == filt,xi + zig1(t)) = firr (8, 202 (t)), i <n. (50)

Note that the system (49) may be regarded as a “perturbed” version of
(22) hence, the following statement, which implies robust consensus-
tracking of (46), follows as a useful corollary of Theorem 1.

Lemma 2: Consider the system (49) under assumptions A1-A3.
For each 7 < n, let v; be measurable functions, let 1; : R>g xR™ —
R™ be such that there exist once-continuously-differentiable class
Ko functions L; such that

i (t, @i)| < Li(lzil).- (51
Let R; be such that for all x; € BRI-’ BRi = {.T, ceR: |$1| < Ri},

5 ] <

and the interconnection strength ~ is such that

% > 20;[1+a(2T + Bi)].
Then, the system (49) is input-to-state-stable from the input v :=
[v1, -+, va] ", for all initial conditions ¢, > 0 and ;o € R™ which
produce complete trajectories satisfying x;(t, to, Tio) € Br,. d

Sketch of proof: Following the proof of Theorem 1 the Lyapunov
function V;, defined in (25) is found to satisfy

Va(t,z) < — i [ﬂ—zi [14+a(2T+5;)] ]x?+[1+d(2T+/5'¢)]mvi

pa 2T
(52)
for all z; € Br,. Then, we see that |v;| < £;|x;| implies that
Valt,z) < =5 [% —20,[1 +a(2T + 8] ]x2 (53)

It follows that V,, is an input-to-stable Lyapunov function for all
x; € Bg, and each ¢ < n. Hence, the system is input-to-state stable
for all initial conditions to > 0, z;c € Bg, generating complete
trajectories that satisfy |z; (¢, to, Tio)| < R; for all ¢ > t, > 0 and
all i < n. |

A. Example

For the sake of illustration let us consider the following case-study
of consensus-tracking control of Lagrangian systems,

Di(¢i)G: + Ci(gi, 4i)ai + gi(ai) = i,
The functions D;, C; and g; are, respectively, the inertia matrix, the
Coriolis matrix and the potential forces vector. The control torques
are denoted by ;.

We consider the problem of tracking and mutual synchronisation
—see [24] in which all systems are required to follow a common
exogenous trajectory ¢ — ¢*. Now, we assume that the systems are
interconnected in a spanning-tree topology through unreliable links
hence, on intervals of time the nodes may be isolated.

To each system we apply the preliminary linearizing feedback (this
is possible because D is full rank) 7; = D;(q:)u: + Ci(qi, ¢i)gi +
9i(gi) so that the equation of each node becomes ¢; = w;. Then,
emulating the unreliability of the communication channel by a square-
pulse function a : R>9 — {0, a} the control input becomes

Ti, g €RP. (54)

u; = a(t)[—k1(qi — qit1) — ka(ds — dip1) + Gi1)

that is, the control is active only when a(t) = a > 0.
Now, for each i < n, define ; := [¢; ¢/ | — [¢i1 div1]' - We
see that the error dynamics, in closed loop, takes the form

T; = Al(t)ml + Bi(t)l'¢+1 =+ ’Uz‘(t), 1 <n-—1

where the perturbation v;, which stems from the fact the “feedfor-
ward” term ;41 in w; is not available all the time, is defined as
vi(t) := [a(t) — 1][Gi+1(t) — Gi+2(t)]. Furthermore,

—a(ot)k1 —a(lt)kJ’ Bi(t):{a?t)]

and, for ¢ = n we have &, = A,(t)zn + vy, With v,(t) =
[a(t) — 1]¢" (¢). By Theorem 2, for v; = 0, the origin is uniformly
exponentially stable and admits a strict smooth Lyapunov function
provided that A4-A6 hold. To verify these assumptions, we follow the
second construction in [7] for double integrators with time-varying
peristently-exciting input gain, & = a(t)u, and define

a(t) == o) ,

at)+¢

In the current example we used k1 = k2 = 1 for all agents but
different arbitrary gains may be used. We chose a(t) as a periodic
pulse function of period 1" = 40s, with a duty cycle of 70% and € =
0.01. Hence, a(t) ~ «(t) is persistently exciting —see the bottom plot
in Figure 1, and the conditions A1-A3 hold. The “nominal” dynamics
; = A;(t)x; is studied in [7, Proposition 2]. After the proof of
the latter and some numeric computations we see that Assumptions

Al(t) =

e €(0,1).



A5 and A6 hold with ¢;m(t) & a(t), for the particular choice of
Q; := 0.16255 I. From Theorem 2, with v;(¢t) = 0, we conclude
uniform global exponential stability hence, formation tracking control
of (54). Input-to-state stability with respect to the disturnace v; also
may be concluded.
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Fig. 1. Mutual synchronization of four Lagrangian systems

Some numerical results are illustrated in Figure 1, for the case in
which all systems follow the reference ¢*(¢) =sin(t). The steady-
state error depicted in the zoomed portion of the figure illustrates the
ISS statement. It may be diminished at will by increasing k1 and ka.

V. CONCLUSIONS

The novelty of our work lies in the provided strict Lyapunov
functions; indeed, stability statements for more general classes of
systems have been established before by other means. We believe,
however, that our statements may be used as off-the-shelf results
in a variety of problems appearing in adaptive control systems,
state estimation of bilinear systems, and consensus with persistently-
exciting interconnections. This claim is supported through a concise
but representative example concerning consensus of Lagrangian sys-
tems which, we believe, may serve as basis for future work in the
same direction. For instance, more general graphs, beyond spanning-
tree topologies should be considered. Also, while we adopted here
(due to page constraints) the use of an ad hoc preliminary feedback-
linearizing control loop, applying other control methods is desirable.
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