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Abstract—In this paper, we consider distributed optimization
problems where the goal is to minimize a sum of objective func-
tions over a multi-agent network. We focus on the case when the
inter-agent communication is described by a strongly-connected,
directed graph. The proposed algorithm, ADD-OPT (Accelerated
Distributed Directed Optimization), achieves the best known
convergence rate for this class of problems, O(1"),0 < p < 1,
given strongly-convex, objective functions with globally Lipschitz-
continuous gradients, where k is the number of iterations.
Moreover, ADD-OPT supports a wider and more realistic range
of step-sizes in contrast to existing work. In particular, we show
that ADD-OPT converges for arbitrarily small (positive) step-
sizes. Simulations further illustrate our results.

Index Terms—Distributed optimization, directed graph, linear
convergence, DEXTRA.

I. INTRODUCTION

In this paper, we consider distributed optimization problems
where the goal is to minimize a sum of objective functions over
a multi-agent network. Formally, we consider a decision vari-
able, z € RP, and a strongly-connected network containing n
agents, where each agent, ¢, only has access to a local objective
function, f; : RP — R. The goal is to have each agent
minimize the sum of objectives, > ., f;(z), via information
exchange with the neighbors. This formulation has gained
great interest due to its widespread applications in, e.g., large-
scale machine learning, [} 2], model-predictive control, [3],
cognitive networks, [4} 5], source localization, [6} [7], resource
scheduling, [8], and message routing, [9].

Most of the existing algorithms assume information ex-
change over undirected networks (graphs), where the commu-
nication between the agents is bidirectional, i.e., if agent @
sends information to agent j then agent j can also send
information to agent ¢. Related work includes Distributed
Gradient Descent (DGD), [10-13], which achieves O(%)

convergence for arbitrary convex functions, and O( %) for
strongly-convex functions, where k is the number of iter-
ations. The convergence rates can be accelerated with an
additional Lipschitz-continuity assumption on the associated
gradient. For example, see DGD [14] that converges at O(%)
for general convex functions but within a ball around the
optimal solution, whereas, it converges linearly to the optimal
solution for strongly-convex functions. The distributed Ne-
strov’s method, [[15], converges at O(l%) for general convex
functions. Of significant relevance is EXTRA, [16], which
converges to the optimal solution at O(%) for general convex
functions and is linear for strongly-convex functions. The work
in [17] improves EXTRA by relaxing the weight matrices
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to be asymmetric. Besides the gradient-based methods, the
distributed implementation of ADMM, [18-20]], has also been
considered over undirected graphs.

The aforementioned methods, [10-20], are applicable to
undirected graphs that allow the use of doubly-stochastic
weight matrices; row-stochasticity guarantees that all agents
reach consensus, while the column-stochasticity ensures that
each local gradient contributes equally to the global objec-
tive, [21]. On the contrary, when the underlying graph is
directed, the weight matrix may only be row-stochastic or
column-stochastic but not both. In this paper, we provide
a distributed optimization algorithm that does not require
doubly-stochastic weights and thus is applicable to directed
graphs (digraphs). See [22, 23] for work on balancing the
weights in strongly-connected digraphs.

Optimization in continuous-time over weight-balanced di-
graphs has been studied earlier in [24} 25]]. Existing discrete-
time algorithms include the following: Gradient-Push (GP),
[26H29], that combines DGD, [10], and push-sum consen-
sus, [30, 31]]; Directed-Distributed Gradient Descent (D-
DGD), [21l 132]], which uses Cai and Ishii’s work on sur-
plus consensus, [33], and combines it with DGD; and [34],
where the authors apply the weight-balancing technique, [35],
to DGD. These gradient-based methods, [21, 26-29 [32}
34], restricted by the diminishing step-size, converge rela-
tively slowly at O(%) When the objective functions are
strongly-convex, the convergence rate can be accelerated
to O(2E), [36].

A recent paper proposed a fast distributed algorithm, termed
DEXTRA, [37, 38|, to solve the distributed consensus op-
timization problem over directed graphs. By combining the
push-sum protocol, [30, 31, and EXTRA, [16], DEXTRA
achieves a linear convergence rate given that the objective
functions are strongly-convex. However, a limitation of DEX-
TRA is a restrictive step-size range, i.e., the greatest lower
bound of DEXTRA’s step-size is strictly greater than zero. In
particular, DEXTRA requires the step-size, «, to follow « €
(o, @), where o > 0. Estimating « in a distributed setting
is challenging because it may require global knowledge. In
contrast if a = 0, agents can pick a small enough positive
constant to ensure the convergence. In this paper, we propose
ADD-OPT (Accelerated Distributed Directed Optimization) to
address the step-size limitation inherent to DEXTRA. In par-
ticular, ADD-OPT’s step-size follows « € (0, @), i.e., « = 0,
ensuring that the lower bound of ADD-OPT’s step-size does
not require any global knowledge. We show that ADD-OPT
converges linearly for strongly-convex functions.

The remainder of the paper is organized as follows. Sec-
tion [[I] formulates the problem and describes ADD-OPT. We
also present appropriate assumptions in Section [lIl Section



states the main convergence results. In Section we present
some lemmas as the basis of the proof of ADD-OPT’s conver-
gence. The proof of main results is provided in Section [V| We
show numerical results in Section [V and Section contains
the concluding remarks.

Basic Notation: We use lowercase bold letters to denote
vectors and uppercase italic letters to denote matrices. The
matrix, [, represents the n X n identity; 1,, and 0,, are the n-
dimensional column vectors of all 1’s and 0’s, respectively. We
denote by A ® B, the Kronecker product of two matrices, A
and B. For any f(x), Vf(x) denotes the gradient of f at x.
The spectral radius of a matrix, A, is represented by p(A). For
an irreducible, column-stochastic matrix, A, we denote its right
and left eigenvectors corresponding to the eigenvalue of 1 by
7 and 1., respectively, such that 1, 7 = 1. Depending on its
argument, we denote || - || as either a particular matrix norm,
the choice of which will be clear in Lemma [2} or a vector
norm that is compatible with this particular matrix norm,
ie., ||Ax| < ||A||||x]|| for all matrices, A, and all vectors, X.
The notation || - ||2 denotes the Euclidean norm of vectors and
matrices. Since all vector norms on finite-dimensional vector
space are equivalent, we have the following: /|| - || < || - [|2 <
el < 1d|l -l < |-l <4 -2 where ¢,¢,d’,d are some
positive constants.

II. ADD-OPT DEVELOPMENT

In this section, we formulate the optimization problem and
describe ADD-OPT. We first derive an informal but intuitive
proof showing that ADD-OPT enables the agents to achieve
consensus and reach the optimal solution of Problem PI,
described below. After propose ADD-OPT, we relate it to
DEXTRA and discuss the applicable range of step-sizes.
Formal convergence results are deferred to Sections

Consider a strongly-connected network of n agents com-
municating over a directed graph, G = (V,&), where V
is the set of agents, and £ is the collection of ordered
pairs, (i,j),4,j € V, such that agent j can send information to
agent ¢, j — 1. Define j\/;i“ to be the collection of in-neighbors,
i.e., the set of agents that can send information to agent <.
Similarly, V" is the set of out-neighbors of agent 7. Note
that both NV;" and N*" include node 4. Note that in a directed
graph when (i,7) € &, it is not necessary that (j,i) € &.
Consequently, NI # NP in general. We assume that each
agent ¢ know its out-degree (the number of out-neighbors),
denoted by |[N"|; see [39] for details. We focus on solving
a convex optimization problem that is distributed over the
above multi-agent network. In particular, the network of agents
cooperatively solves the following optimization problem:

Pl: min f(z) =) fi(2),
=1

where each local objective function, f; : RP — R is known
only by agent i. We assume that each local function, f;(z), is
strongly-convex and differentiable, whereas the optimal solu-
tion of Problem P1 exists and is finite. Our goal is to develop

ISuch an assumption is standard in the related literature, see e.g., [21l 26~
29\ 32} 341 [37].

a distributed algorithm such that each agent converges to the
global solution of Problem P1 via exchanging information with
nearby agents over a directed graph. We formalize the set of
assumptions as follows. These assumptions are standard in
the literature for optimization of smooth convex functions, see
e.g., [14, [16] 37].

Assumption Al. The communication graph, G, is a strongly-
connected digraph. Each agent in the network has the knowl-
edge of its out-degree.

Assumption A2 (Lipschitz-continuous gradients and strong—
convexity). Each local function, f;, is differentiable and
strongly-convex, and the gradient is globally Lipschitz-
continuous, i.e., for any 1 and 71,22 € RP,

(a) there exists a positive constant | such that

IV fi(z1) — Vfi(z2)|2 < |21 — z2l|2;

(b) there exists a positive constant s such that,
s
fi(z1) = fi(2z2) < Vfi(z1)" (21 — 22) — 2 llz — 2 )5

Clearly, the Lipschitz-continuity and strongly-convexity con-
stants for the global objective function f(z) are nl and ns,
respectively.

Assumption A3. The optimal solution exists and is bounded
and unique. In particular, we denote z* € RP the optimal
solution, i.e.,
X .
z" = min f(z).
- z€RP f( )

A. ADD-OPT Algorithm

To solve Problem P1, we describe the implementation of
ADD-OPT as follows. Each agent, j € V, maintains three
vector variables: x7, zj, wy, all in R?, as well as a scalar
variable, y], € R, where F is the discrete-time index. At the kth
iteration, agent j assigns a weight to its states: aijxi, aijwi,
and aijyi; and sends these to each of its out-neighbors, ¢ €
/\/}’“‘, where the weights, a;;’s are such that:

>0, i€NM i
a;; = 7 > a =195 (1)
0, otherwise, =1

With agent ¢ receiving the information from its in-neighbors,
it updates xj 4, Y, Z;; and wy ; as follows:

xzﬂ = Z aijxi - Ozw?67 (2a)
JEND
Vit1 = D iV, (2b)
JEN
) x!
Zhp =—1 (2¢)
Yi+1
i J i i
Wit1 = Z aijwy, + V fi(2zi 1) — Vfi(z}). (2d)
JENT

In the above, V f;(z}) is the gradient of f;(z) at z = z.. The
step-size, «, is a positive number within a certain interval.
We will explicitly show the range of « in Section For any



agent i, it is initialized with arbitrary vectors, x{, and z}, w} =
Vfi(z}), and yj) = 1. It is worth noting that y; # 0, Vk,
given its initial condition and Assumption [40]. We note
that Eq. (T) leads to a column-stochastic weight matrix, 4 =
{a;;}, by only requiring each agent to know its out-degree. It
is indeed possible to construct such weights, e.g., by choosing

1/|j\/'qut|, Z'E./\/'J(»)m,

0, otherwise,

) V5. 3)

For analysis purposes, we now write Eq. (2) in a matrix
form. We use the following notation:

X} W zj

X = , W = y L = 3 “4)
X Wy zy
Vii(z}) Vi

Vi, = : cye=| .
Vi, (2f) i

Let A € R™ " be the weighted adjacency matrix, i.e., the
collection of weights, a;;; define

A = A®I, (6)
Y, = diag(yx) ® Ip. (7N

where ‘®’ is the Kronecker product. Clearly, we have A,Y}, €
R™>*"P and A is a column-stochastic matrix. Given that y =
1,, the graph, G, is strongly-connected and the correspond-
ing weight matrix, A, is non-negative, Y is invertible for
any k, [40]. Then, we can write Eq. @I) in the matrix form,
equivalently, as follows:

Xpt1 =Ax, — awg, (8a)
Yit+1 =Ayr, (8b)
Zg11 :Y;;rllka, (8¢)
Wiy =Awy + Vi — Vi, (8d)

where we have the initial condition wyg = Vfy, yo = 1,.

B. Interpretation of ADD-OPT

Based on Eq. (), we now give an intuitive interpretation
on the convergence of ADD-OPT to the optimal solution. By
combining Egs. and (8d), we obtain that

X1 = Axp — « [AW]C71 + Vi, — kafl] s

Axp 1 — Xp

= Axk —aA |: :| - [ka - ka—l] 5

«
= 2Ax;, — A’x;_1 — o[V, — VE,_1]. ©)

Assume that the sequences generated by Eq. converge to
their limits (note that this is not necessarily true), denoted
bY Xoos Yoo» Woos Zoos Vs, respectively. It follows from

Eq. (9) that

Xoo = 24X — A%Xoo — a [V — VE], (10)

which implies that (I,,, — A)*Xe = 0y, or [(I, — A)? ®
I))xe = 0,,. Considering that yo, = Ay, we obtain
that xo, € span{y., ® u,} for some arbitrary p-dimensional
vector, u,. Therefore, it follows that

Zoo = Yo 'Xo € span{l, @ u,}, (11

where u,, is some arbitrary p-dimensional vector. The consen-
sus is reached.
By summing up the updates in Eq. (9) over k from 0 to oo,
we obtain that
oo
)X, — Z(A2 — A)x, — aVf..
r=0

Xoo = AXoo + i(A — Iy

r=1

Noting that X, = AX, it follows

aVi, = i(A — Lnp)x, — 5.3(142 — A)x,.
r=1 r=0

Therefore, we obtain that

a(l, @ 1,) Vs

UL e L)Y e - (A o) S .
r=0

r=1

= Opa

which is the optimality condition of Problem P1 consid-
ering that z., € span{l, ® u,}. To summarize, if we
assume that the sequences updated in Eq. have lim-
itS, Xoo, Yoo» Woor Zoo, Vs, We arrive at a conclusion
that z., achieves consensus and reaches the optimal solution
of Problem P1. We next discuss the relations between ADD-
OPT and DEXTRA.

C. ADD-OPT and DEXTRA

Recent papers provide a fast distributed algorithm, termed
DEXTRA [37,138], to solve Problem P1 over directed graphs.
It achieves a linear convergence rate given that the objective
functions are strongly-convex. At the kth iteration of DEX-
TRA, each agent ¢ keeps and updates three states, xy i, Yk,
and zy ;. The iteration, in matrix form, is shown as follows.

Xk+1 = (Inp + A) X — AVX]C,1 — [ka — ka,ﬂ s (123)
Yit+1 =Ayk, (12b)

-1
Zi+1 =Y 1 Xkt1, (12¢)

where A is a column-stochastic matrix satisfying that A=
01, + (1 —0)A with any 6 € (0, 1], and all other notation is
the same as from earlier in this paper.

By comparing Egs. (9) and (124), (8b) and (12b), and
and (I2d), it follows that the only difference between ADD-
OPT and DEXTRA lies in the weighting matrices used when
updating x;,. From DEXTRA to ADD-OPT, we change (I, +
A) in (TZ3) to 2A in @), and A to A2, respectively. Math-
ematically, if A = 1I,,, (equivalently A = 1I,,), the two
algorithms are the same. With this modification, we will
show in Section [lII| that ADD-OPT supports a wider range of
step-sizes as compared to DEXTRA, i.e., the greatest lower



bound, o, of ADD-OPT’s step-size is zero while that of DEX-
TRA’s is strictly positive. This also reveals the reason why
in DEXTRA constructing A to be an extremely diagonally-
dominant matrix is preferred, see Assumption A2(c) in [37].
The more similar A is to I,,, the closer « approaches zero.
However, in DEXTRA, « can never reach zero since A
cannot be the identity, I,,, which otherwise means there is no
communication between agents. In Section we provide a
totally different proof, that is further more compact and elegant
when compared to DEXTRA’s analysis, to show the linear

convergence rate of ADD-OPT.

III. MAIN RESULT

In this section, we analyze ADD-OPT with the help of
the following notation. From Eqgs. @)-(7), we further de-

fine Xy, Wi, z*, gk, hy, € R™ as
%= (1@ L)1) Lx, (3
Wi = (1, © 1,)(1] © L)wi, (14
ge= (1, @ 1,)(1] © )V, (16)
ngan®mal®@Wﬂn% (17
where
Vfl(%( ® Ip)xk)
VE(Xg) = : )

Vi (2(1] @ I,)xy)

stacks its components in a column. We denote constants, T, €,
and 7 as

T= A= Ly, (18)
€= |Inp — Ac|ly, 19)
7 =max (|1 — nal|, |1 — nas|), (20)

where A is the column-stochastic weight matrix used in Eq.
@), Ao = limp 00 Ak represents A’s limit, « is the step-size,
and [ and s are respectively Lipschitz and strong-convexity
constants from Assumption Let Y, be the limit of Y} in

Eq. (7)),

Y, = lim Y, 1)
k—o0

and y and y_ be the supremum of ||Y}||2 and ||Y; ' |2 over &,

respectively, i.e.,

y= Sl;pl\Ykllz’ (22)

Y zsngYkAHQ. (23)
Note that the existence of the limits, A., and Y., will
be clear in the following lemmas. Moreover, we define two
constants, o, and, 7y, through the following two lemmas,
which are related to the convergence of A and Y.

Lemma 1. (Nedic et al. [26]) Let Assumption hold.
Consider Yy and its limit Y as defined before. There ex-
ist 0 <7y <1land 0 <T < oo such that for all k

Ve = Yacll, < T (24)
Lemma 2. Let Assumption Al hold. Consider Y, in Eq. (1))
with A being the column-stochastic matrix used in Eq. ().
For any a € R"P, define a = +(1, @ I,)(1,, ® I,)a. Then,
there exists 0 < o < 1 such that for all k

|Aa — Yaood]| < o f|la— Yood].

Proof. First note that A = A ® I,. Since A is ir-
reducible, column-stochastic with positive diagonals, from
Perron-Frobenius theorem we note that p(A4) = 1, every
eigenvalue of A other than 1 is strictly less than p(A4), and 7
is a strictly positive (right) eigenvector corresponding to the
eigenvalue of 1 such that 17 = 1; thus limj_,., A¥ =
w1, . Recalling Eq. (6), we have A, = limy_ o, A¥ =
limy o0 (A® I)F = (limg 0 A @ I, = (7)) @ I,. Tt
follows that:
)((ﬂ

Al = (A® T, 1)®1p):(4ﬂ1;)®1p:/100;

o= (D ) (1] o),

= (7 1T7r1T) @1, = Ax

(25)

Thus AA, — A A is a zero matrix. It can also be verified
that 1Y, (1, ®1,)(1) ®I,) = A. Based on the discussion
above, we have

Aa—Y,a=(A—-Ay)(a— Axa) = (A— Ax)(a— Y a).

Next we note that
p(A-A)=p(A-m1])@1,) = p(A—m1]) <1,

and there exists a matrix norm such that ||A — Ay | < 1 with
a compatible vector norm, || ||, see [41]]: Chapter 5 for details,
ie.,

|Aa — Yooa| <[4 - Ax| [la — Yeoal|, (26)
and the lemma follows with 0 = ||A — A O

Based on the above notation, we finally denote ty, s, € R3,
and G, Hy, € R3*3, for all k as

1%k — Yoo Xkl %kl
tp = Xk — 2*||5 ) Sk = 0 ;
| Wk = Yoogill 0
[ o 0 o
G = acly_ n 0 )
cdely_ (T + alyy_) adel>yy_ o + acdely_
[ 0 0 0
H; = aly_TAF* 0 0 27
(ady + 2)dely>TAF=1 0 0



We now state a key relation of this paper.

Lemma 3. Let the directed graph be strongly-connected and
the optimal solution of Problem Pl exist (Assumption and
[A3). Let ty, sk, G, and Hy, be defined in Eq. 27), in which x;,
is the sequence generated by ADD-OPT, Eq. @D over k. Under
the smooth and strong-convexity assumptions (Assumption[A2)),
we have ty, s, G, and Hy, satisfy the following linear relation,

ty < Gtp—1 + Hp_18k-1. (28)

Proof. See Section O

We leave the complete proof to Section [V} with the help of
several auxiliary relations in Section Note that Eq. (Z8)
provides a linear iterative relation between t; and t;_; with
matrices, G and Hy. Thus, the convergence of t; is fully
determined by G and Hj. More specifically, if we want to
prove linear convergence of ||t||2 to zero, it is sufficient to
show that p(G) < 1, where p(-) denotes the spectral radius,
as well as the linear decaying of Hj, which is straightforward
since 0 < ~; < 1. In Lemma [ we first show that with
appropriate step-size, the spectral radius of G is less than 1.
Afterwards, in Lemma [5] we study the convergence properties
of the matrices involving G' and Hj,.

Lemma 4. Consider the matrix G defined in Eq. as a
Sfunction of the step-size, «, denoted in this lemma as G, to
motivate this dependence. It follows that p(G.) < 1 if the
step-size, o € (0, @), where

_ \/A2 +4ns(1 — 0)2cdel?yy? (I+ns) — A 4
m 2cdel?yy? (1 + ns)

a=1m , —
nl

(29)

and A = nscdely_(1—o+7), where ¢ and d are the constants
from the equivalence of || - || defined in Lemma 2| and || - ||2.

Proof. First, if a < nil then n = 1 — ans, since [ > s (see
e.g., [42]: Chapter 3 for details). When o = 0, we have that

o 0 0
Go = 0 10|, (30)
cdeltry- 0 o

the eigenvalues of which are o, o, and 1. Hence, p(Go) = 1.

We now consider how the eigenvalue of 1 is changed if we
slightly increase o from 0. Let Pg_ (q) = det(¢l, — G,). i.e.,
the characteristic polynomial of G,,. Setting det(ql,, — G,) =
0, we get the following equation.

(g — 0)* — acdely_(q — 0))(q — 1 + nas) — acdelPyy*
—a(q — 1+ nas)(cdelty_ + a(cdel*yy?)) = 0.
(31

Since we have already shown that 1 is one of the eigenvalues
of Go, Eq. (BI) holds when ¢ = 1 and « = 0. By taking the
derivative on both sides of Eq. , with ¢ =1 and a = 0,
we obtain that %|a=07f1=1 = —ns < 0. This leads to the fact
that when « slightly increases from 0, p(G,) < 1 since the

eigenvalues are continuous functions of the parameters of a
matrix.

We next calculate all possible values of « for which G,
has an eigenvalue of 1. Let ¢ = 1 in Eq. and solve for
the step-size, o; we obtain three solutions: «; = 0, as < 0,
and

\/AQ +4ns(1 — o)2cdel?2yy® (I + ns) — A
- 2cdel?yy? (1 + ns)

(e%:! > 0.

Since there are no other values of o with which G, has
an eigenvalue of 1, all eigenvalues of G, are less than 1,
ie., p(Ga) < 1, when « € (0, @). O

We note that & depends on the global knowledge and it may
not be possible to precisely compute it in a distributed fashion.
However, this value may be estimated as we will show in
Section see e.g., [16], for a similar approach.

Lemma 5. With the step-size, o € (0, @), where @ is defined
in Eq. Q9), the following statements hold: Vk,

(a) there exists 0 < vy1 < 1 and 0 < I'1 < oo, where 7y is
defined in Eq. 24), such that

1Hll, = Tars
(b) there exists 0 < v < 1 and 0 < 'y < 00, such that
IG*

H2 < vk

(c) let v = max{y1,v} and T' = I'1T'a/7, such that for
al 0<r<k-1,

==, < T+

Proof.
(a) This can be verified according to Eq. and by letting

1
Ty = =/ (ly_T)2 + (ayl + 2)2(dely2 T)>.
7

(b) Note that p(G) < 1 when « € (0, @). Therefore, the value
of some matrix norm of GG, denoted by o, is strictly less
than 1. Since all matrix norms are equivalent, we have
|G¥||2 < T'2v%, for some positive constant T's.

(c) The proof of (c) is achieved by combining (a) and (b).

O
Lemma 6. (Polyak [43]) If nonnegative sequences
{v}, {uwr}, {bx} and {cx} are such that > 7 by <

00, D pep Ck < 00 and

U1 < (L4 bp)vg —ug +cx, VE>0,

then {vy} converges and y ;- uj, < oc.

We now present the main result of this paper in Theorem [T}
which shows the linear convergence rate of ADD-OPT.

Theorem 1. Let the Assumptions hold. With the step-
size, o € (0,a), where @ is defined in Eq. 29), the se-
quence, {zy}, generated by ADD-OPT, converges exactly to



the unique optimizer, z*, at a linear rate, i.e., there exist some
positive constant M > 0, such that for any k,

|z — 2*[|, < M(vy + &)F, (32)

where ~ is used in Lemma [3c) and & is a arbitrarily small
constant.
Proof. We write Eq. (28) recursively, leading to

k—1
tr <GFto + Z GF"1H,s,.

r=0

(33)

By taking the norm on both sides of Eq. @ and considering
Lemma [} we obtain that
k—1
txlly <[|G¥Il, tolly + D> [|GF " H ||, lIsrll,
r=0
k—1
<275 [ltolly + > 17" lIsell,
r=0

(34)

in which we can bound ||s,||2 as

[srlly < ll%r = YooXrlly + (Yool 1Xr = 275 + Yool 27l
<(c+y)lltell, +ylz"], - (35)
Therefore, we have that for all &
k—1
el < (Calitol + T(e+) X 16+ Tkl )
r=0 36)

Denote vy = .0 lltrll2 sk = Tal[toll2 + Tyklz*2,
and b =I'(c +y), then Eq. (36) can be written as

[trll2 = ves1 — vr < (sk + bup )y, 37

which implies that v < (1 + by¥)vp + spy*. Applying
Lemma |§| with b, = bwk and ¢ = sk'yk (here ur = 0),
we have that vy convergesﬂ and therefore is bounded. By
Eq. 37), Vi € (v,1) we have

t bug )k
tig Meellz o (s 4 bue)y®

E = koo /,[,k

Therefore, ||ty |2 = O(u*). In other words, there exists some
positive constant ® such that for all k£, we have:

[trll, <@(y+©)*,

where ¢ is a arbitrarily small constant. Moreover, ||z, — z*||,
and |[ty]|, satisfy the relation that

=0. (38)

k—oco u®

(39)

llzr — 2", < Hkalxk — kalYooikHQ + HkalYooz* —z"
+ ¥ YR — VT Yooz,
<y—(c+y)ltwlly +y-T1 12|,

2

(40)
where in the second inequality we use the relation

1Y, Yoo = Lnplla < 1Yy M2l Yoo = Yall2 < y—TH7,

2In order to apply Lemma @ we need to show that > 77 spyP < oo,
sk+1Wk+1 =~ <1

which follows from the fact that limg_, o e

achieved from Eq. (24). By combining Egs. (39) and @0), we
obtain that

Iz =2, < (y-(c+ )@ +y-Tlz"ll2) (7 + &)",

where £ is a arbitrarily small constant. The proof of theorem
is completed by letting M = y_(c+y)® +y_T|z*||.. O

Theorem [I] shows the linear convergence rate of ADD-OPT.
Although ADD-OPT works for a small enough step-size, how
small is sufficient may require some estimation of the upper
bound, which we discuss this in Section This notion of
sufficiently small step-sizes is not uncommon in the literature,
see e.g., [10, 26]]. Next, each agent must agree on the same
value of step-size that may be pre-programmed to avoid
implementing an agreement protocol. We now prove Lemma
in Sections [[V] and [V]

IV. AUXILIARY RELATIONS

We provide several basic relations in this section, which
will help the proof of Lemma [3] Lemma [7] derives iterative
equations that govern the average sequences, X; and Wg.
Lemma [§] gives inequalities that are direct consequences of
Eq. 24). Lemma 9] can be found in the standard optimization
literature, see e.g., [42]. It states that if we perform a gradient-
descent step with a fixed step-size for a smooth, strongly-
convex function, then the distance to optimizer shrinks by at
least a fixed ratio.

Lemma 7. Recall X from Eq. (13) and Wy, from Eq. (14).
The following equations hold for all k,

(a) Wi = 8k;

(b) X1 =Xp — Op.

Proof. Since A is column-stochastic, satisfying (1, ®I,,)A =
1) ® I,, we obtain that

W, = %(171 9 1)AT ® 1) (Awp_1 + Vi — VEi_1),
= Wg—1 1 8k — 8k—1-
Do this recursively, and we have that
Wi = Wo + 8k — 80-

Recall that we have the initial condition that wg = V{j, which
is equivalent to Wy = gg. Hence, we achieve the result of (a).
The proof of (b) is obtained by the following derivation,

_ 1

Xk+1 = E(ln ® Ip)(l;zr ® Ip) (Axg — awy,)
=X — QW,
= ik — 08,

where the last equation uses the result of (a). ]

Lemma 8. Recall Lemma [I} Yy, from Eq. (1), and Yo from
Eq. Z1). The following inequalities hold for all k > 1,

(@) ||V, Yoo — Lnp||, < y-Ty ™Y
) |Vt =Yy, <2027y
where y_ is defined in Eq. (23).



Proof. By considering Eq. (24), it follows that
1Yih Yoo = Lupl, < VTl Yoo = Yioally < y-To ™
The proof of (b) follows by
¥t =Yl < IVl 1emn = Yalla [Vl
<22 Ty,
which completes the proof. O

Lemma 9. (Bubeck [42l]]) Let Assumption @ hold for the
objective functions, f;(z), in Problem PI, and let s and 1
be the strong-convexity and Lipschitz-continuity constants,
respectively. For any z € RP, define z, = z — aVi(z),
where 0 < o < % Then

1z — 2", <nllz -2,

where n = max (|1 — anl|, |1 — ans]).

V. CONVERGENCE ANALYSIS

We now provide the proof of Lemma [3] We will
bound ||x3, — Yoo X[, ||Xk — 2|2, and [[wi — Yoogk ||, linearly
in terms of their past values, i.e., || Xg—1 — YooXp—1||, [|Xx—1—
z*||2, and ||wWr—1 — Yoogk-1]|, as well as ||xg—1|l2. The
coefficients are the entries of G and Hy_1.

Step 1: Bound ||x; — YooXk]|-

According to Eq. (8a) and Lemma [7[b), we obtain that

1% — YooXp|| < [[Axp—1 — YooXp—1]|

+oa||wi_1 — Yogr—1]l - 41
Noticing that ||[Ax;_1 — YooXp—1|| < ol|xp—1 — YooXp—1]]
from Eq. (23), we have

Ixx — YooKk || <0 ||xp—1 — YooXKp—1||

+a|wi—1 — Yoogr—1]l- (42)
Step 2: Bound ||Xj — z*||2.
By considering Lemma [7(b), we obtain that
X = [Xp-1 — ahyp_1] — algr—1 —hg_1]. (43)

Let x; = Xj_1 — ahg_1, which is a (centralized) gradient-
descent step with respect to the global objective function in

Problem P1. Therefore, from Lemma E[,
[x+ =2z, < nlXk—1— 2", (44)

From the Lipschitz-continuity, Assumption [A2[a), we obtain

Hze—1 —Xk—1ll,-

1
llgk—1 —hp_1]y < Hn(lnll) ® 1
2
(45)

Therefore, it follows that
Xk =27 [ly < [lx4 =27l + e llge—1 — hiall,,
< |Rp1 =27y + al 261 = Xeall, - (46)
From Eq. (8c) and Lemma [§(a), it follows that

I1Z6—1 — X—1lly <[Vl (k1 — YooXio1)|],

+ H (Yk_—llyoo - [np) ik—ng )

Sy— ||Xk71 - Yooikflng

+y- Ty sl s (47)

where in the second inequality we also make use of the
relation ||Xx_1]2 < ||Xk—1]l2. By substituting Eq. @7) into
Eq. {#6), we obtain that

%k — 271y <acly_ [xi 1 — YaKia | + 1% 1 — 2"

+aly-T7 " xi—1lly - (43)

Step 3: Bound ||wy — Yoogk/|-
According to Eq. (8d), we have

IlWi — Yookl < |AWk—1 — YooBk—1]]
+ |(VEe — V1) — (Yoogk — Yoo8k-1)]| -

With Lemma [7[a) and Eq. (23], we obtain that

[AWg—1 = Yoogr—1| = [[AWk—1 — Yoc Wi ],
<o ||wg—1 — Yoo Wg—1]| . (49)
It follows from the definition of g that
[(VEe — V1) — (Yoogk — Yoo8k-1)ll2
= (1 - e AT 0 1) ) (78 - V)|
(50)

Since LYo (1, ® I)(1,) ® I,) = As, We obtain that

|(VE — V1) — Yook — Yoo8k—1) 5 <€l ||z — Zt—1]|5

where we use the Lipschitz-continuity, Assumption [A2a).
Therefore, we have

Wi — Yookl <o [[Wi-1 — Yoogk—1l

+ del ||Zk —Zk,1||2. (28

We now bound ||z — zg_1||2- Note that

1 _
sl = | 20 )] @ 190G

2

<U[Xg—1 —2z"],. (52)

As a result, we have

[V Wi, <[V (Wit = Yoogio)

+ [V Yoch |,
+ ||V Voo (8h—1 — him1) ],

<y— |[Wi—1 — Yoogk-1ll5
+ Y-yl [[Kp—1 — 2",
+y-yllzr—1 —Xp—1lly,

<y [Wi—1 — Yoo8r—1ll5
+y-yl [Kp—1 — 2",
+ Y2yl lIxe—1 — YooXk1l,

+ 2yl Ty -1 lls , (53)

where the last inequality holds due to Eq. (7). With the upper
bound of ||Y; 'w_1||2 provided in the preceding relation and



the equality that (A—1I,,,)YooXi—1 = 0,,, we can bound ||z, —
Zi—1]|2 as follows.
Iz — zi—1lly <[]V (%K — xk—1) |,
+ H (YI;l - Ykill) Xk—l’ 27
<V (A= Ll + o [ i
+ 1Yt =Y Ikl
<(y-7 + ay?yl) [[xr—1 — YoXi-1]l5
+ay_ [[Wi—1 — Yoo8r—1ll5
+ ay_yl [[Xp—1 — 2",
+ (ayl + 292 T Ixkal, -
By substituting Eq. (54) in Eq. (51), we obtain that

(54)

Wi — Yoo || <(cdelmy_ + acdel®yy® ) | xn—1 — YooXp_1|
+ adelyy_ ||Ki-1 — z*|,
+ (0 + acdely_) |Wi—1 — YooZr—1]|

+ (ayl + 2)dely? Ty~ [[xp-1ll, . (55)

Step 4: By combining Egs. @2) in step 1, @8) in step 2,
and (33) in step 3, we complete the proof.

VI. NUMERICAL EXPERIMENTS

In this section, we analyze the performance of ADD-OPT.
Our numerical experiments are based on the distributed logistic
regression problem over a directed graph:

n m;

z* = argéélpin gHZH% + Z Zln [1 + exp (_bijcisz)}

i=1 j=1

Each agent 7 has access to m; training examples, (c;;,b;;) €
RP x {—1,+1}, where c;; includes the p features of the jth
training example of agent 4 and b;; is the corresponding label.
This problem can be formulated in the form of Problem P1
with the local objective function, f;, being

= el + Yo 1+ e (- (e]e) ).

j=1

In our setting, we have n = 10, m; = 10, for all 4, and p = 3.

A. Convergence rate

In our first experiment, we compare the convergence rate
of algorithms that solve the above distributed consensus opti-
mization problem over directed graphs, including ADD-OPT,
DEXTRA, [37], Gradient-Push, [26], Directed-Distributed
Gradient Descent, [21]], and the Weight Balanced-Distributed
Gradient Descent, [34]. The network topology is described in
Fig. [I} where we apply the weighting strategy from Eq. (3).
The step-size used in Gradient-Push, Directed-Distributed
Gradient Descent, and Weight Balanced-Distributed Gradient
Descent is ap = 1/v/k. The constant step-size used in
DEXTRA and ADD-OPT is a = 0.3. The convergence rates
for these algorithms are shown in Fig. 2] It shows that ADD-
OPT and DEXTRA have a fast linear convergence rate, while
other methods are sub-linear.

@D
DD B—(2)
(10)+—(@)—)

Fig. 1: A strongly-connected directed network.

A Gradient-Push

< Directed-Distributed Gradient Descent
P>WeightBal ancing-Distributed Gradient Descent
B DEXTRA

@ ADD-OPT

Residual

400 600 800

0 200

1000
k

Fig. 2: Convergence rates comparison over directed networks.

B. Step-size range

We now compare ADD-OPT and DEXTRA in terms of
their step-size ranges again with the weighting strategy from
Eq. (3). It is shown in Fig. [3| that the greatest lower bound of
DEXTRA is around o = 0.2. In contrast, ADD-OPT works for
a sufficiently small step-size. In the given setting, we have 7 =
125, e = 111, y = 196, y— = 22,1l =1, and 0 < 1;
resulting into & = @, where we choose ¢ and d to be 1. It
can be found in Fig. [4] that the practical upper bound of step-
size is much bigger, i.e., @ = 1.12. Since the computation of &
is related to the global knowledge, e.g., the network topology,
and the strong-convexity and Lipschitz-continuity constants, it
is preferable to estimate @. According to Eq. (29), we have that

% given that ey(l + s)s(1 — 0)? > (ers)?.
By estimating 7 = ¢ = y = y_ = 1, o = 0.9, and noting

that s <[, we can estimate & as a =

a =
1
101"

C. Convergence rate vs. step-sizes

We note that the convergence rate of ADD-OPT is related
to the spectral radius of matrix G, i.e., p(G), see Eq. (28).
Therefore, it is possible to achieve the best convergence rate
by picking some « such that the p(G) is minimized. In Fig. |5]
we show the relationship between the spectral radius, p(G,,),
of GG, and the step-size; «, as well as the residual at the
200-th iteration, %, and «. We observe that the best
convergence rate is achieved when o = 0.3, at which p(G) is
minimized. Fig. [5] also demonstrates our previous theoretical
analysis in Lemma where we show that p(G) = 1,
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Fig. 3: Comparison between ADD-OPT and DEXTRA in terms of step-sizes.
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Fig. 4: The range of ADD-OPT ’s step-size.

when @ = 0 or & = @, and p(G) < 1 for a € (0,@).
We further note that p(G,) < 1, when « lies approximately
in (0,0.3), which is our theoretical bound of the step-size.

Fig. 5: Spectral radius, p(G«) and the residual at the 200th iteration versus «.

D. Convergence rate vs graph sparsity

In our last experiment, we observe how does the conver-
gence rate change as a function of the sparsity of the directed
graph. We consider three strongly-connected directed graphs
as shown in Fig. [] It can be observed that the residuals
decrease faster as the number of edges increases, from G, to G,
to G., see Fig. m This indicates faster convergence when there
are more communication channels available for information
exchange.

Fig. 6: Three examples of strongly-connected directed graphs.

VII. CONCLUSIONS

In this paper, we focus on solving the distributed opti-
mization problem over directed graphs. The proposed algo-
rithm, termed ADD-OPT (Accelerated Distributed Directed
Optimization), can be viewed as an improvement of our
recent work, DEXTRA. The proposed algorithm, ADD-OPT,
achieves the best known rate of convergence for this class of
problems, O(u*),0 < p < 1, given that the objective func-
tions are strongly-convex with globally Lipschitz-continuous
gradients, where k is the number of iterations. Moreover,
ADD-OPT supports a wider and more realistic range of step-
sizes in contrast to the existing work. In particular, we show
that ADD-OPT converges for arbitrarily small (positive) step-
sizes. Simulations further illustrate our results.
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