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Abstract—Backstepping design for boundary linear PDE is
formulated as a convex optimization problem. Some classes of
parabolic PDEs and a first-order hyperbolic PDE are studied,
with particular attention to non-strict feedback structures. Based
on the compactness of the Volterra and Fredholm-type opera-
tors involved, their Kernels are approximated via polynomial
functions. The resulting Kernel-PDEs are optimized using Sum-
of-Squares (SOS) decomposition and solved via semidefinite
programming, with sufficient precision to guarantee the stability
of the system in the £?-norm. This formulation allows optimizing
extra degrees of freedom where the Kernel-PDEs are included
as constraints. Uniqueness and invertibility of the Fredholm-type
transformation are proved for polynomial Kernels in the space
of continuous functions. The effectiveness and limitations of the
approach proposed are illustrated by numerical solutions of some
Kernel-PDEs.

Index Terms—Distributed Parameter Systems, Backstepping
PDE design, Convex Optimization, Sum-of-Squares.

I. INTRODUCTION

N the field of Distributed Parameter Systems (DPSs),

continuous-time Backstepping for linear Partial Differen-
tial Equations (PDEs) is a well-established methodology in
boundary control/observer design [1], [2], [3], [4], [5]. Its
fundamental idea, the Volterra transformation [6], [7], traces
back to the application of the method of Integral Operators
for solving initial-boundary problems [8] derived from the
boundary control of parabolic equations [9]. It stands out
for its elegant and simple systematic methodology, which:
(1) does not involve spatial discretization of the PDE model
(see [10] for fundamental disadvantages of early lumping),
(ii) carries out a collective treatment of the system modes
instead of a finite analysis of them based on their spectral
characteristics (see [11] and references therein), (iii) does not
require to formulate the problem in abstract Hilbert spaces,
apply semigroup theory, nor solve operator-valued equations
(see [12], [13], [14] for extension of classical control theory
to infinite-dimensional systems).

Backstepping design for PDEs involves two main problems:
(i) the solution/well-posedness of the so-called Kernel-PDE
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and (ii) the invertibility of the integral transformation. This
methodology has mostly been applied to systems known
as “strict-feedback” systems on the basis of a Volterra-type
transformation, invertibility of which is a well-know property
[4], [15], [16]. It exploits the causal structure (causal in space
[17]) leading to a kind of Kernel-PDE which is simple to
solve in comparison with the operator Riccati equation derived
from the linear quadratic regulator (LQR) approach [12], [18].
For some classes of these systems, the resulting Kernel-PDE
can be reduced to a standard form, which allows obtaining a
closed-form solution [19], [20]. For general cases a closed-
form analytic solution is hard to find and simple numeric
methods cannot be applied directly [5].

A common methodology used to solve the Kernel-PDEs (as
well as to prove their well-posedness), consists in transforming
these differential formulations into integral equations to be
solved via the Successive Approximation method. This way
of solution has the objective to find a closed-form or provide
a recursive computation of the integral Kernels [1]-[5], [6],
[71, [19], [20], [21]. This kind of analysis is framed in the
context of the Banach’s contraction principle [22], tools also
typically used to prove existence and uniqueness [7], [21],
[23], [24]. Since, for strict-feedback systems, this type of
analysis has provided a useful and simple numerical tool,
somewhat reduced research efforts have been devoted to solve
the Kernel-PDE in alternative ways.

Recently, Backstepping for PDEs has been implemented
on systems with “non-strict” feedback structure on the basis
of a Fredholm-type transformation, for parabolic [25], [26]
as well as hyperbolic PDEs [27], [28]. These kind of sys-
tems arise from multiple sources. For instance, naturally, in
dynamics with non-local terms involving the whole spatial
domain, in PDE models [25] or in finite-dimensional systems
with distributed delays [29]. Additionally, in design-oriented
problems such as: control of coupled PDE-ODE (Ordinary
Differential Equations) systems by under-actuated schemes
[27], [28] (fewer actuators than spatial states [30]; it avoids
an additional control action to cancel the non-strict feedback
term [20]), or observer design for systems the output of which
(sensing) comprises the states on the whole domain [31]. In
these cases, a Volterra-type transformation cannot be used (at
least directly) and the application of a Fredholm-type trans-
formation leads to new and intricate mathematical problems
(operator invertibility, Kernel solvability) [30]. For instance,
from the application of the concepts of fixed point theory
(Picard sequence of successive approximations [32]) arises
some system parameters constraints to guaranty the uniqueness
of the Kernel-PDE solution, and thus the convergence of
an approximate solution and the invertibility of a Fredholm-



type transformation [27], [28]. This is due to the necessary
condition of contraction of the resulting operator (Kernels
with small spectral radius), one of the main drawbacks of this
methodology of analysis for addressing general cases [23]. On
the contrary, if a particular Kernel structure is proposed, such
as partially separable Kernels, a simplified analysis can be
carried out based on the the method of separation of variables
[26]. However, under this approach the invertibility of the
integral transformation and the solvability of the resulting
Kernel-PDE are limited to a specific class of coefficients of
the system.

In this article a novel methodology to solve approximately
the Kernel-PDEs for both Volterra and Fredholm-type ope-
rators is presented. The proposed methodology recasts the
Kernel-PDE as a convex optimization problem which: (i)
obtains approximate Kernel solutions with sufficient precision
to guarantee the stability of the closed-loop system, (ii) is not
subject to the spectral characteristics of the resulting approx-
imate operators, and (iii) allows optimizing extra degrees of
freedom where the Kernel-PDE is included as a constraint.
Assuming the well-posedness of the Kernel-PDEs, the main
objective of the proposed approach is to determine Kernels
to guarantee the stability of the system, which allows relaxing
the exact zero matching condition on the differential boundary
problem. Polynomial Kernels are proposed as approximate
solution of the resulting Kernel-PDEs and the minimization
of the residual functions is addressed by means of polynomial
optimization tools. In particular, a Sum-of-Squares (SOS)
decomposition problem is formulated — equivalent to a con-
vex optimization problem — readily implementable resorting
to semidefinite programming tools. Moreover, existence and
invertibility of the Fredholm-type transformation proposed
in [26], [27] is proved in the Banach space of continuous
functions and in the Hilbert space of square integrable real-
analytic functions.

The paper is organized as follows. In Section II the essential
background, definitions and technical results are briefly intro-
duced. In Section III the problem of stabilization of parabolic
PDE via the Volterra-type transformation is presented, while in
Section IV the aim of determining an optimal target system is
addressed. In Section V the stabilization of hyperbolic PDE via
the Fredholm-type transformation is analysed. In Section VI
numerical results for specific examples related to Sections III,
IV and V are presented. Concluding remarks are given in
Section VII.

A preliminary version of this paper has been published in
[33]. Its application to the adaptive observer design problem
has been presented in [34], [35].

II. PRELIMINARIES
A. Notation

A(Q), C"(2) and £2(2) stand for the space of real-analytic
functions, continuous functions with continuous first » deriva-
tives and square integrable functions on the domain 2, respec-
tively. I, A, V and F denote the identity, integral, Volterra-type
and Fredholm-type operator, respectively. R[x]| denotes the
ring of real polynomials in n variables x = [z1, 22, ..., 2,]7
and P[x] = {p € R[x] : p(x) > 0,Vx € R™} stands for the set

of non-negative real polynomials. The notation R, ,[x] and
P, -[x] explicitly indicates polynomials in n variables with
degree at most r, whereas X5 represents the subset of polyno-
mials with Sum-of-Squares (SOS) decomposition. In particular
P(K) represents the non-negative polynomials on the set K.
@, =[l,21,...,0n, 23,2129, ...,2%] " is the standard vector
basis of R,, ,[x]. Polynomials are expressed by multi-index

Z(T)_lpjxaj = (p,®,), where r € N

notation: p(x) = > 774
is the polynomial degree, z(r) = ("!") is the number of

polynomizil coefficients p = [po, p1,- . - ,pz(,.)_l]T e R=*("),
X% = 2 re he j-th ial with

= n’ represents the j-th monomial with powers
— e n
a; = [af,...,a}] such that [a;|= Y,  0f < r, o €

N. An abstract form of this notation is given by p(x) =
Y aenn PaX® with powers o € N7, where N = {@; €
N la;|< r,Vj =0,...,2(r) =1} = {@o,..., 0 ()1} ST
denotes the set of symmetric positive semidefinite matrices of
dimension m x m.

B. Integral Compact Operators

Linear differential equations, ODEs and PDEs (boundary-
value or initial-value problems), can be transformed into
linear integral equations, the operators of which are frequently
bounded or compact (completely continuous) [23], [36], [37].
In fact, every linear integral operator A : X — X

A0 = [

QCR™

K(x,y)u(y)dy (1)

with continuous Kernel or weakly singular Kernel K, is
compact on the Banach space of continuous functions (X =
(C(2R), |I]lo)) and on the Hilbert space of square integrable
functions (X = (L2(Q;R),(-,-)2)). Likewise, for square
integrable Kernels, A is compact on this Hilbert space [23],
[38]. This is the case for the integral operators derived from
the Kernel-PDEs in the Backstepping PDE design, as pointed
out in [2] (page 19, footnote 2), where the Kernel is bounded
and twice continuously differentiable.

In infinite-dimensional spaces bijectivity is a sufficient and
necessary condition for (bounded) invertibility of bounded
linear operators [16], [37]. For linear equations of second kind;
namely

(I=A)u()](x) = w(x), 2

two approaches are commonly carried out to determine
whether there exists a bounded inverse. The first method is
framed in the context of the “Banach contraction principle”
[22], [32], based on the so-called Neumann series, for bounded
operator with small spectral radius (]| A||< 1) [23]. This is the
essential tool in the standard Backstepping PDE methodology,
which relies on the inherent contraction property of the
Volterra operator [39], guaranteeing the uniform convergence
of the Successive Approximation method [6], [7], [21], [23].
The second method is a re-statement of the celebrated Fred-
holm Alternative theorem [23], [37], based on the compactness
property of A, which is the core of the proposed approach. In
this case the existence of a unique trivial solution v = 0 of
the homogeneous equation v — Au = 0 implies invertibility
and thus the uniqueness of solutions.



Compact operators resemble the behaviour of operators in
finite-dimensional spaces. In most of the traditional Banach
spaces and for all Hilbert spaces, every compact operator is a
limit of finite rank operators [38]. For continuous Kernels, a
simple option for establishing this sequence are polynomials,
which are a particular class of degenerate Kernels [23]. For
instance if Ky := Zjv:o kjz®iyPi then Ak, [u(-)](z) =
Jo En(z,y)u(y)dy is a polynomial in the span of {z®/ };V:O
so that Ak, is a finite rank operator and hence compact
[38]. Moreover, since K € C(2 x Q) (2 = [0,1]), based
on the Weierstrass approximation theorem [40], there exists a
sequence of polynomials { K }77_, such that:

[Ax —Aryl = sup [[Ax_ryul|[< [K=Knleo= 0 (3)
|<1 N—oco

llell

with k; € R, a; € Nand 3; € Nfor j =0,..., N. Equivalent
results can be obtained for square integrable Kernels [6], [41].

C. Polynomial Optimization: Sum-of-Squares

In general, the global polynomial optimization problem:

p* = sup vy
P: { p* = inf p(x) & ¢ subj. to: p(x)—y>0, 4
xeK
xe K

where K := {x € R%y¢;(x) > 0,j = 1,...,m}, g; €
R[x] and p € R[x], is NP-hard!. However, the problem P
can be efficiently approximated by a hierarchy of convex
(semidefinite) relaxations (Pg;p}), with p} global optimum
for (p(x) — v) € P, 24[x], using SOS representations for non-
negative polynomials [44], [45], [42] or the theory of Moments
[46], [47], [48].

Theorem 1. ([42], [47]) Let @, be the standard vector basis
of R[x] with z(r) = ("™!") monomials in x with degree < r. A
multivariate polynomial p € R[x] is SOS (p € £5 C Py, 24[x])
if and only if there exists a matrix Q) € Si(d) satisfying p(x) =
OTQd,, v = 2d.

For K compact basic semi-algebraic set, the so-called
Positivstellensatz of Schmiidgen [49] and Putinar [50] allows
formulating the hierarchy of semidefinite relaxations of (4) as:

Pg = supy
Qk N sk (%)
—_—
Py : q subj. to: (p(x)—’y—z <I>;-z (x)QrP;,, (x) H;g(x)> ex,
k=1
QreST™ i =d—di, Vk=1,...,N,

®)

based on the existence of s, € X, where? d, = [deg(H},)/2]
and maxy(deg(p),deg(Hy)) < 2d ; N = 2™ and Hy =

IThe right hand side of (4) sets forth the dual formulation of P, which
cannot be solved in polynomial time for quartic or higher degree polynomials
[42]. However, its non-negative constraints can be approximated, amongst
others [43], via SOS, providing a convex formulation with computational
tractable solution via semidefinite programming (interior point method, small-
medium size problems).

2The function [a], commonly referred to as the ceil function, rounds to
the nearest integer greater than or equal to a.

[Ircsgr for J C {1,...,m} if Schmiidgen’s Positivstellen-
satz is considered; N = m and Hj = g; for Putinar’s Pos-
itivstellensatz3. Moreover, the approximate optimal solutions
p; form a monotone nondecreasing sequence (pj; < pj +1)
such that p}; — p* as d — oo [51].

D. Convex Formulation of Differential BVPs

Let v = u(x) € C¥(2) be the solution of a linear PDE-
Boundary Value Problem (BVP):

{ Liu()](x) = f(x), ¥x € Q,
Bi[u()](x)|xes, =w, i=1,...,7€N,

in a compact domain 2 C R™, where L and B; are linear
differential operators with polynomials terms, f € R[x], 90 D
(J;_, 9%, represents the boundary of Q = Q U 89, with § the
interior of €2, and u; € R is the value of B;[u] on the boundary
0%);. Based on the Weierstrass approximation theorem [52],
the solution u can be uniformly approximated by polynomials
with theoretical arbitrary precision.

Let

P: (6)

da(x) = Z PaL(x¥) — f(x) ], Vxe€ O

aeNy

)

be the residual function due to the polynomial approximation
u(x) & pylx) = EaeNg Pax® € R[x] in (6), of degree
d in n variables x = [r1,...,7,]" € R" and coefficients
P = [Pags - - - T e R#9),

The main idea to solve (6) as a Polynomial Optimization
Problem is based on a notable result from Real Algebraic
Geometry: the Positivstellensatz [42]. Peculiarly, this result of
positivity certification does not depend on the characteristics
of the polynomials involved in the problem. On the contrary,
this result only relies on the kind of algebraic representation
of the domain €2. Thus, if €2 can be described by

Q={xecR"g1(x) >20,...,9m(x) > 0}, (®)

with m € N and g, € R[x], V j = 1,...,m, and this
description is a compact basic semi-algebraic set, based on
the representation theorems of Schmiidgen or Putinar, the non-
negative function h(x) = £d4(x) F ~, for some v > 0, can
be formulated as:

? po‘z(n,d)fl

+da(x) Fv — Z s;(x)Gy(x) | €Xs, sy€X,, 9)
J#0

V x € (), where GGy denotes a particular combination of
polynomial constraints g;’s in accordance with the Schmiidgen
or Putinar representation selected. Thus, (9) is a SOS decom-
position problem equivalent to a convex optimization prob-
lem, numerically implementable via semidefinite programming
[42], [48].

Minimax Approximation
Due to the axiom of completeness and its consequence on
the generalized Min-Max theorem [53], the residual function

3Putinar’s refinement requires that the quadratic module generated by
gi,--.,9gm be Archimedean, which is not very restrictive [48].



(7) is bounded by § < §4(x) < &, where § is the minimum
and & is the maximum of §; on § compact domain. In
addition, the exact solution of (6), i.e. 63 = 0 in (7), can
be approximated using the simple idea of imposing § — 0
and § — 0 (64 — 0 in Q) on the extreme values of &g.
Intuitively, to achieve this objective, the optimization problem
min {max,cq{[d], 6]} <~} can be formulated. This can be
seen as the standard Uniform Best approximation approach
used to approximate the zero function by 4 in terms of
L%-norm (uniform error) in €2, a scheme also denominated
Minimax approximation [54].

Similarly, a Least Squares approximation, namely
min,,, [, 87(x)dx, can be carried out based on polynomial
matrix inequalities and the Schur’s complement.

E. Definitions and Technical Results

For the representation of bivariate polynomial Kernels
P(z,y) = Zzgflpkx“kyﬁk of degree d € N, coefficients
pr € R and powers oy, € N, §; € N, the following standard
basis of monomials is considered:

@d = {17xaya xzaxya 92a$37$2%$92a y3’ te

d .d—1 d—1 ,d
cee, L, T Yoo Y Y }7

(10)

with 2(d) = (d+1)d+2)/2 terms ordered according to the
monomials ®4(k)=27"%y* V¥ k=0,...,j and j=0,...,d.
Lemma 1. The Backstepping design for 1-dimensional PDEs
with Volterra or Fredholm-type transformation involves the
domains: Q :={0 <z <1} Qr:={0<2<1,0<y <z},
Qu = {0 <z <1,z <y <1} [1], [28], which can be
formulated as:
Q={z e R;g1(x)=2(1 — ) >0},

QLE{(x7y) € R27gl($)20792($,y):y($ - y) 20}7 (11)
Qu={(z,y) € R* g1 (2) >0, g3(z,y)=(y — 2)(1 — y) > 0}.
These domain representations are compact basic semi-

algebraic sets and their associated quadratic modules are
Archimedean.

Proof: See the Appendix. ]

III. PARABOLIC PDE AND THE VOLTERRA OPERATOR
A. Problem Setting

In this section a class of parabolic PDEs with strict-feedback
structure and spatially varying reactivity is considered [1], [2]:

ug(z,t) = euge(z,t) + AM(z)u(z, t)
u(0,t) =0, wu(l,t)=U(t),

where u(z,t) = ug(x) € C(2;R) is the initial condition. The
objective is to find a control action U = U () so that the origin
of (12) is finite-time stable in the topology of the £2-norm.
For this class of systems the Backstepping PDE methodology
proposes a Volterra-type transformation (here referred to as
Volterra operator):

(12)

x

w(z,t) = u(x,t) —/ K(z,y)u(y,t)dy

o (13)
= ([ = Vg)lu(-, )] (z)

where I is the identity operator and Vg : C(;R) — C(; R),
to transform the system (12) into the target stable system:
we(2,t) = ewgzy(x,t) — c(x)w(z,t),
w(0,t) =0, w(l,t) =0,
where c(z)/e > —7?/4, V x € , with a boundary feedback
control determined by U (t) = fol K(1,y)u(y, t)dy. Following

the standard Backstepping PDE design procedure detailed in
[1], the transformed system (12) takes the form:

Wi (T, 1) — ewgg(x,t) + c(x)w(z,t) = eK(x,0) uy (0,t) +

0o ()

(@) + clw) + 24 K w,2) ) ute) 4

(14)

5)

- 01 (z)
A@&Maw—w@@m—u@+mmemM@@@,
02 (x,y)

so that the target system (14) is achievable if the continuous
bounded Kernel K = K (x,y) satisfies the so-called Kernel-
PDE:

(52(%‘,:/./) = Oa 61(33) = Oa 50('1:) = 07 (16)

YV (z,y) € Qr where the §; are defined in (15). In this
article 0; are denominated as “residual functions”. This linear
hyperbolic PDE (Klein-Gordon-type) is well-posed and, for
constant reactivity terms A = A\g and ¢ = ¢, it can be solved
in closed-form [1], [2], [19]:

K*(z,y) = —A\yI1(VO)/V6,

ill terms of the first-order lnodiﬁed Bessel function I; with
A= (Ao +co)/e and © = \(2? — y?).

a7

B. Kernel-PDE as a Convex Optimization Problem
Proposition 1. Let

uet) =w(o )+ [ Lyl 08)
0
be the inverse transformation of (13) [1], [15] and:

L(z,y) = L(z,y) — 0, L(z,y) >0, 020 (19

a positive decomposition of L in the triangular domain €y,
Let mg,g be the 0-order moment of L in accordance with

1 x
m;; 12/ / o'y Lz, y)dyda.
0 0

Let c(z) > ¢ > —en?/4, V 2 € Q, 6 = max,cq|d (7)),
0y = max(y,)eq, [02(2,y)| and do(x) = 0, the transformed
system (15) is exponentially stable in the L*-norm topology if
the residual functions satisfy:

(20)

(T +1) + (c—e) e(1—0)

01 + d2 < min

(1+o0) ’ (mo,o n a+41/2) ’
(21)

Sfor some scalar 0 < 6 < 1.
Proof: See the Appendix. [ ]

Motivated by the result of Proposition 1, which sets forth
a margin of clearance in the stability of this transformed



system, a relaxation of the exact zero matching condition for
the residual functions d; and do can be considered. It allows
formulating an approximate solution for the Kernel-PDE (16).

Proposition 2. Let N(x,y) = Z(:d())*lnkwakyﬁk be a

polynomial approximation of K of arbitrary even degree
d > d, = max{dy,d.} € N in accordance with (10). Let
01 = 61(x) and 6y = 02(x,y) be the resulting residual
functions according to (15) with polynomial degrees di = d
and do = 2 {W], respectively; let Py Py P and
Py be lower and upper bounds of these functions in Qp;
v; >0, 7 = 1,...,4. For reactivity terms \ = \(z) and
¢ = ¢(x) described by polynomial functions of degree d and
d., respectively, the Kernel-PDE (16) can be formulated as
the convex optimization problem:

mini]rgzize: Y1+v2+93+ M (22)
VisdVsSj
subject to:
(61@) = p, = :1(2) (@) € B, 23)
(P1 — d1(z) — s2(2) g1(2)) € Es, (24)
(2(w.9) = p, — [s6(@,) sa(w,9)] gulw,9)) € 2, 25)
(g = 02(x,y) — [s5(x,y) se(x,9)] gr(z,y)) € By, (26)
5; €8s,V ji=1,...,6, 27
|: Al p1:| ~ 0 |: 22 p1:| >0 (28)
[ty e R -
{73 ”2} >0 {74 pﬂ -0 (29)
Py 3] 7 P2 o] T
€Nz (@, y) —€Nyy (2, y) — (A(y) +c(y))N (2, y) =b2(2,y)
(30)
(A(@) + c(@)) + 2eNe (2, 2) = b1(), (31)
do(z) = N(z,0) =0, (32)
Y (z,y) € Qp, for some polynomials s1,se of degree dy —
2, 83,84,85,56 of degree do — 2 and gr, = [g1,92]". The

optimal minimal bounds for the residual functions are: &, =
max{vy1,72} and o2 = max{ys,y4}-

Proof: Since N is a polynomial approximation of K,
as which is indicated above, the residual functions in (15)
have a polynomial structure determined by (30)-(32). In ad-
dition, the quadratic module associated to the representation
of the domains 2 and €y, are Archimedean (see Lemma 1).
Based on Putinar’s Positivstellensatz [51], [48], via the SOS
decomposition (23)-(27), the unknown extreme values of §;
and (P P15 Py> P2) can be determined via a polynomial
optimization problem, which is convex in terms of polynomial
coefficients and solved via semidefinite programming [42].
The absolute value of these upper and lower bounds are given
by means of (28)-(29), so that the linear cost function (22)
yields 67 — 0, §o — 0 in  and €, respectively. [ |

IV. PARABOLIC PDE AND TARGET SYSTEM
OPTIMIZATION

A. Problem Setting

This section addresses the problem of optimizing the reac-
tivity coefficient ¢ = ¢(z) in the target system (14) to achieve

the smallest £2-norm of the Kernel acting as control action in
(12) designed via the Volterra transformation (13), namely

1
minimize: / K2(1,y)dy (33)
c=c(z),zeN 0
subject to:

dK
K@0)=0, 25 (0.2) = ~(A@) @), G4

V (z,y) € Q1. Due to the quadratic term K? in the cost func-
tion (33) and the product ¢(y) K (x,y) in (35), this optimization
problem is nonlinear, and in general, non-convex.

B. Convex Formulation of the Target Optimization Problem

The complexity of the problem (33)-(35) can be circum-
vented if the following relation is considered. Let P € C be a
Kernel such that:

R g+ 2P y) =

d
K(z,y) = i (36)
dK dK 2 dK
K(x,y)dfy(y,y) = <dy(y,y)> +2P(x7y)7y(y,y)+
P2(£L',y) - Pz(xvy)a
dK 2
(|5 2P| - Plan) - P
= (K(z,y) — P(z,y))> - P*(z,y). (37)
——
ha(z,y) ha(z,y)
Thus, since from (34) (A(y) + c(y)K(z,y) =
dK (y y)K(x,y), the product ¢(y)K (z,y) can be con-
51dered via the term %(y,y)K(x, y) = hi(z,y) — ha(z,y)
as in (37). In addition, the functions
hi(x,y) = (K(x,9) = P(2,9))*, ha(z,y) = P*(2,y),
fly) = K*(Ly), (38)

in (37) and (33), respectively, can be obtained as solution of
an optimization problem based on the following proposition.

Proposition 3. Let ¢ € C(Q) : Q — [0,00) and ¢ € C(R) :
Q — R. The function q = ¢, ¥ x € Q, is the optimal solution
of the optimization problem:

minimize: /q(x)dQ 39)
qeC() Q
subject to: [5(();)) 1/1(1x)] = 0. (40)

Proof: On the basis of the Schur’s complement,

the inequality (40) is satisfied if and only if
Alx) = q(x) —¢*(x) > 0, V x € € Thus,
ming { [, q( q dQ} = ming { [, (A(x) + ¢?(x)) dQ}—
ming { [, Ax)dQ} + [¢*(x)dQ2 = 0+ [, 1/12

Therefore, since g > 0, this equahty is verified if and only 1f
q=1%Vxec ]
Based on the non-negativity of the functions in (38), if poly-
nomial functions are considered, the problem (33)-(35) can
be approximately solved via SOS decomposition and convex
optimization.



Proposition 4. Let N € Ry 4[(z,y)] be a polynomial approxi-
mation of K of arbitrary even degree d > max{dy,d.} € Nin
accordance with (10). Let 0; be residual functions, with dg, d1,

and b3 as in (15) and 63 = N(z,y) — (%(y,y) + 2P(z, y))
according to (36) for some Kernel P € Rg q4[(x,y)], where
L, and p; are their lower and upper bounds, respectively. Let
P, be the lower bound of ¢ = c(x). For reactivity coefficients
N = A(z) and ¢ = c(x) described by polynomials of degree
dy and d., respectively, (33)-(35) can be formulated as the

convex optimization problem:

nminimize.

inimize: ao/f dw—i—al/ /hlxydydy-i-
75N, Pye(x),hj, f,s;

02/ /hgxydydx—i—nyj, 41)
subject to:
(51@) = p, = 511@) g1(@)) € =, “2)
(p1 — 01(z) — s12(x) g1(x)) € Xy, (43)
(59 = o, = [551(29) s52(,9)] gu(,9)) €5, (@44)
(p; — 6 (2, y) — [sjs(z,y) sja(x,y)] golz,y)) € By, (45)
Vj=23,
[% pj] = 0, [” pﬂ} =0, Vj=1,23, (46)
P] Vi Pi 5
7]207 Vi SI‘Ov VJ_]-aQa'?’v (47)
61(z) = (M) + ¢(x)) + 26Ny (z, x), (49)
52($7y)=Nm($7y)_Nyy($ay)+2(hl(%y)_hz(%y))
50
AN (°0)
B () = N () — (dy@,y) ¥ 2P<x,y>) , 1)

-hl('xay) —841(-T,y)gl($) N(a:,y)—P(x,y)} c ZQXQ
N(z,y) — P(z,y) 1 — sa2(z,y)g2(2) s
_ (52)
hQ(‘ray) - 351($,y) (1‘) P(Ivy) c EQXQ
P(z,y) 1= s52(%,y)g2(x) s
(53)
[F(y) = s6(m)ar(y) NLy)| _ goxa
N(Ly) Ve oY
(c@) —p, = s7(2) g1()) €4, p, =T, (55)
51178127Sjk6253vj:2737 k:17"'747
sil7867876287vi:4753 Z:1;2, (56)

Y (z,y) € Qp, for some polynomials s11, s12 of degree d — 2,
Sor. of degree 2d — 2, s3i of degree d — 2, s;, sg and st
of degree 2d — 2, ¥V k = 1,...,4, 1« = 4,5, | = 1,2 and
g1, = [g1,92]"; where Ty is selected to achieve a required
precision in the approximate solution of the Kernel-PDE (34)-
35, I't > 76772/4, V x € (), is selected according to the
threshold of stability for (14), o9 > 0, 01 > 0 and o2 > 0
are weigh factors in the cost function, and hy € Ra 24[(x, )],
ho € R ogl(x,y)] and f € Ry 24[(x,y)).

Proof: The convex formulation of (42)-(50) follows sim-
ilar arguments as the ones given in the proof of Proposition

2. The residual 5 in (50) is an equivalent formulation of (35)
by means of substituting the boundary condition (34) into (35)
and using the relation described in (37). The residual 3 in (51)
sets forth the condition (36), which is a necessary condition
to use the relation (37). Based on Proposition 3, the matrix
inequalities

= ha(z,y) N(z,y) — P(z,y)
Al B _N(xvyl) - P(J?,y) 1 = 07 (57)
Ay = flbj((;fyy; P(:{fy)} 0, 8
A= |y N(i’y)} -0, (59)

V (z,y) € Qr, allow finding the functions hq, he and f given
in (38) via the objective defined in (41). The semi-definite
conditions (57)-(59) are made computationally tractable via
the matrix-polynomial version of Putinar’s Positivstellensatz
[48], [55], based on the representation of €y, as in Lemma 1,
namely, for some p > 0, A(z,y) = pI = 0, V(z,y) € Qp,
then:

(A(xyy)—gl(x)&(m, y)—g2(z,y)Sa2(x, y)) € X (60)
Sy, Sy € u2X2, (61)

Thus, conditions (52) and (53) are obtained if the following
particular forms for S; and Ss are considered:

S, = {Sl(g’y) 8] en2? s ex,, (62)
_ 0 0 2%2
Sg = |:0 52(x,y)] S ZS , So € ZS, (63)
the SOS matrix condition of which is immediately verified
since S; = BBT, S, = CC7T with:
_ by ('T7y) bWL1 (l',y) 0 2% (ma+l)
B = [ 0 0 ol € R[x] , (64)
0 0 e 0 9
C = e R[x|>*(m=t) (65
[0 C1 (IZ’ y) Cmey (xay):| [ } ( )

where 51 = 37" b3 (z,y) € ¥, and 55 = Y7 i(2,y) €
Yss bjER[ ]Vj—l ,ma, CjER[X],Vj:L...,mQ,
for some finite my; € N and my € N. Following the
same arguments, condition (54) can be deduced from Aj
as in (59). On the other hand, (55) constrains the reactivity
term ¢ = c(z) to satisfy the threshold of stablhty in (14),
V z € ). Therefore, by means of the term fo x)dzx, the
optimization objective (41) minimizes the £2-norm of K (1,y),
for a selected precision I' in the approximate solution of the
Kernel-PDE (34)-(35). |

V. HYPERBOLIC PIDE AND THE VOLTERRA-FREDHOLM
OPERATOR

A. Problem Setting

In this section a class of first-order hyperbolic PIDEs (Par-
tial Integral Differential Equations) with non-causal structure
is considered (see details in [27], [28]); namely

= ug(x,t) + f(z)u(0,t) + /0“7 hi(z, y)u(y, t)dy

ug(z,t)



+ / ha(, y)uly, )dy,
u(l,t) = U (1),

where u(z,0) = ug(z) € C(R) is the initial condition and
f,h1, ho are real-valued continuous functions. The aim is to
find a control action U so that the origin of (66) is finite-time
stable in the topology of the £2-norm. For this class of system,
[27], [28] (see also [26] for parabolic systems) have proposed
a Fredholm-type transformation (here referred to as Fredholm
operator), namely

wlet) = utat)- [ PGty [ Qi
= (- Fpo)lu(- 1)), 67

where Fp g: C(2;R) — C(;R) is a linear operator in terms
of Kernels P and @ in the lower 2y, and upper Qy triangular
domain, respectively, to transform the original system (66) into
the target stable system:

(66)

wi(z,t) = wy(z, t),

w(l,t) =0, %)

w1th a boundary feedback control determined by U(t)
fo y,t)dy. Following the standard Backstepping
PDE demgn procedure (detailed in [28]), the transformed
system (66) takes the form:

wt(xat)fwr(xat)zéo(x)u(ovt) - 53(x)u(17t)
x 1 (69)
+/ U(yvt)51(x,y)dy+/ u(y,t)02(z, y)dy,
0 x
where the residual functions are:
do(w) = 1)+ Ple.0) = [ Pl sy
/ Q(z,y)f(y)dy, Ve l0,1], (70)

512, y) = hn (2, )+ Py (2 y)+ P (2 ) — /O P, 5)hs (s, )ds

— /mP(x,s)hl(s,y)ds—/ Q(z, s)h1(s,y)ds, Y(z,y) € Qr,
! ’ ) an
52(1:,y)zhg(m,y)—i—Qm(m,y)—l—Qy(a:,y)—/O P(z,s)ha(s,y)ds

Y 1
- / Qs $)ha(s, y)ds— / Qe s)ha (s,y)ds, Y(x,y) € U,
xT Yy
(72)

d3(x) = Q(z, 1). (73)

Thus, the target system (68) is achievable if the continuous
Kernels P and (Q satisfy the so-called Kernel-PIDE*:

61($7y) = 0) v (xay) € QL;
62(3773/) = 01 v (l’,y) € QU’ (74)
do(z) =0, d3(x) =0 Vel

4For these coupled hyperbolic PIDEs, a method of analysis, computation
and an equivalent sufficient (conservative) condition for a unique solution
have been given in [28].

B. Existence, Uniqueness and Invertibility

In contrast to the Volterra Operator (13), existence, unique-
ness and invertibility of the Fredholm operator (67) have
been proved for specific conditions, most of them relying
on the Banach contraction mapping principle (see [24] and
references therein). In this context [27], [28] proposes a
contraction mapping in terms of a system of integral equations
equivalent to (74), which is used to calculate the Kernels
by Picard’s iterative method. This kind of (in some sense
conservative) conditions can be circumvented, if the analysis
is restricted to the space of continuous functions and Kernels
with polynomials structure.

Lemma 2. If the solutions u u(-,t) of the integral
equation (67) are real-analytic functions, ¥ t > 0, and the
Kernels P and Q) are polynomials (with bounded coefficients
and finite degree), P # @, then the homogeneous equation
(I—=Fpg)u(-,t)](x) =0 has only the trivial solution v = 0.

Proof: Let P(z,y) = Z?fop)_l pjz®iy’i and Q(z,y) =
Zjﬁ? -1 qjz®iy?i be polynomials of degree dp, dg € N,
respectively, in accordance with (10); d = max{dp,dg},j =

.,d,pj =0, V(Oéj-i-ﬁj) > dp or g; =0, V(Oéj+ﬁj) > dQ
as required. For each ¢ > 0, since an analytic function has a
unique series representation u(x) = >_p- ; axz® [56] (without
loss of generality, the analysis considers this function real-
analytic at x = 0), the homogeneous integral equation (67)
(with w = 0) can be formulated as:

(d)—

Pt ( ﬁj+k+1

_ 4 a | _
; R ) 0. (75)

This expression is equivalent to a linear (independent) com-
bination of monomials of the polynomial basis W,

1, 2,. .., 0d 23+t gd+2  pd+N+L ] namely
o0
k(= T
T (yk[ao, A1y AN, - ):O S U, Va=0, (76)
k=0
here a=| JT and 7 =| ]
where a=|ap,a1,...,an,...] and Up=|vko,...,VkN,.-.
is the k-th row of the matrix:
[ 10,0 10,1 Vo,N T
Vd,0 Vd,1 Vd,N
/ qéjjrpf Vd+1,1 Vd+1,N
J=Jo
S~ 4P
V= 0 > ey Vd+2,N e, (T
Jj=jo -
0 0
Z _49;—Pj
55, BTN+
) 0 0 |

VEkeN,m=z(d) —1, jo=m — d, the elements of which
are given by:



i—k—1

, ; Qs(i,j,k) — Ps(i,g,k)
Vi = 1) + ? g -
k, XW() mewﬂﬂ)jj) Jy
, 4r(i,4)
— E _ 78
Xpo.) (@) etk l—i (78)

w1thX[a()—{1z = a;0,i # a} and x[ (i) = {1, €
[a,b];0,% ¢ [a,b]} indicator functions, s(i,j, k) = j + (i —
k)(i—k—l)/Q,Vi >k+1landr(i,j) =4(j+3)/2—i,Vi<
d sub-indexes of polynomial coefficients. Thus, considering
u(z) = Z,ivzo arz® as a finite series, due to the particular
upper triangular structure of the matrix V' in (77), it is clear
that rank(V) = N + 1 = dim(a) (below the horizontal line
of V, for p; # q;,Vj = jo, ..., m, only one diagonal element
could be zero, i.e, there are at least IV independent rows. The
extra row can be taken from above this line). In addition, it
can be verified that Vg y1,d+x+1 = 1,VE=0,..., N, so that
limpy 00 rank(V) — dim(a). Therefore, the unique solution
of (76) is the trivial one a = [0,0,...]" [57], equivalent to
u(-,t) =0, vVt > 0. [ |

Lemma 3. If f € B(Q\{0}), B (C .A) is a continuous
real non-analytic function then F(z) = o’ fo v f(y)dy is a
continuous real non-analytic functwn vV x € (Q\{0}), with
1€Nand j €N

Proof: By contradiction (contrapositive), assuming
F(z) = 2" [ 4/ f(y)dy € A(Q\{0}) as a continuous real
analytic function, since %= (z) € A(Q\{0}) (derivative of a
continuous real analytic function is continuous real analytic
[56]), by the second fundamental theorem of calculus [58]:

AOVOD 3 @) = ia ™ [y )+ ),

0
(@\{o}) (-“ﬂ”flf(x)):
Ay
Ag
7 x_(”j_l) zt : J x).
( )( / y f(y)dy>+f( ) (79)

B, B,

Since the terms A; and B; are continuous real analytic
functions in Q\{0} (functions with convergent Taylor’s series
and radius of convergence: 0 < x < 2x,V xo € 2), and by
hypothesis Ay € A(Q\{0}) and By € A(2\{0}), based on
the property that the product of analytic functions is also an
analytic function [56], it is inferred that f € A(Q\{0}). ®

Lemma 4. [f the solutions of the integral equation (67) u =
u(-,t) € C(Q), V't > 0, and the Kernels P and Q) are
polynomials (with bounded coefficients and finite degree), P
Q, then the homogeneous equation (I—Fpq)[u(-,t)](z) =0
has only the trivial solution u = 0.

Proof: Consider v = u(-,t) € B(2), ¥V t > 0 with
B = (C—.A) (the case v € .A(f2) has been proved in
Lemma 2), with Fp o : C(;R) — C(;R) as in (67). For
polynomial Kernels P # () formulated according the standard
bivariate basis (10), with polynomial degrees deg(P) = dp,
deg(Q) = dg, d = max(dp, dg), it is straightforward to verify

that the homogeneous equation (I —Fp g)[u(-,¢)](z) = 0 can

be written as’:

d z dq
=) ta(x) / yruly)dy — Y 0a' =0,  (80)
n= 0 7=
0 0
T T>
with do . |
k=i 0
d
’lﬁn(l‘) = Z <QT(k,n) _pr(k,n)) xk—n7 81)
k=n
Cr(k,n)
s(k,i) =k(k+3)/2—1i, r(k,n)=n+k(k+1)/2.

As for the term 77, consider the following set of functions:

S} —{1/)0($), wl (.Z’)y, EERE ¢H(I)yn7 s 71/)(1—1 (z)ydilv 1/)d(l’)yd},

:{ (co+crz+esa®+...+ cr(dﬁ)xd) ,

(02 + cux + 671'2 +...+ Cr(dyl)xd_l) Yyounsy
d
<Z cm,n)x’“") Yy (82)
k=n
(¢r(a—1,d-1) + Cr(d,a—1)T) y Cr(d,d):l/d

Since O is a linearly independent (LI) set of functions (bivari-
ate polynomials of different degrees),

© =Bou(y) = {%(x), cesUn(@)y" %(I)yd} ou(y),
(83)

is also a LI set of functions V u € C(Q2), u(z,t) # 0,V x € £,
t > 0, where o denotes the Hadamard product (element-wise).

Let V: C(%; R) —> C (Q R) be the standard Volterra operator
given by: V[f( = [, f(y,t)dy, f € C(Q). Due to the
Volterra operator V is hnear and 1n]ectlve [59], this maps (83)
to

=V(O) = { (cot+ 12 + ...+ coama?) / u(y)dy, ...,
0

d T x
<Z Cr(k:,n)xkn> / ynu(y)dy7 -5 Cr(d,d) / ydu(y)dy}
— 0 0

(84)

which also is a set of LI functions (a linear injective operator
preserves linear independence) [60]. In addition, based on
Lemma 3, restricting the domain 2 to Q = Q\{0}, 'y is
a set of continuous real non-analytic functions.

Thus, since the term 75 in (81) is a linear combination of
elements of the standard LI univariate polynomial basis I'y =

SFor notational simplicity the time-dependence in the functions is dropped.

)



{1,2,22,..., 2%}, and this basis cannot span the space B(),
it is inferred that I'y U T is a set of LI functions, V x € €).

Moreover, it is immediate to verify that if u € B(f2), u is not a
linear combination of the elements of I';. Similarly, regarding
Iy, for ag,as € R, aqu(z) + aoa? f; yruly) =0 & oy =
as = 0oru =0,V z € (, since it is an homogeneous
Volterra integral equation of the second kind (this can also be
obtained including u, to © and then applying V. However it
requires u € C'). Therefore, I' = {u(x)} UT; UTy is a set of
LI functions in 2.

Finally, since u = 0 is solution of (80) for x = 0 (6 = 0),
and (80) is a linear combination of LI functions in I', with
u € B(),V x € Q, and considering Lemma 2, it is concluded
that (I — F)[u(-,t)](x) = 0 has only the trivial solution u =
u(+,t) =0, withu € C(Q), Ve Q, Vi >0. [ |

Theorem 2. Let T = 1 —-Fpg : X — X be the linear
operator in (67), where X = Xe = (C(;R), ||||ec) is the
Banach space of continuous functions or X = Xy = (A C
Lo(SGR), (-, ) g2) is the Hilbert space of square integrable
real-analytic functions. If v = u(,t) € X, V t > 0,
and the Kernels P and @) are polynomials (with bounded
coefficients and finite degree), P # (@), then the integral
equation T[u(-,t)](z) = w(x,t) (67) has a unique solution
and the operator T is boundedly invertible in X.

Proof: Let Fpg be the linear operator with P and
@ bivariate polynomials (bounded coefficients) as in (10).
Reordering terms, these polynomials can be alternatively ex-
pressed:

dp dp

y) = Z anOn(y)a @n(y) = Zps(k,n)yk_nv (85)
kd:Qn

Zw Yn(y = qu@ " (86)

where s(k, n) = k(k +3)/2 —n. Takmg d = max{dp,dg}
and assigning p,(x,n) = 0,V s(k,n) > z(dp) — 1 or qy(n) =
0,V s(k,n) > z(dg) — 1 as required, the linear operator can
be written as:

FPQ /
n, k—n

X[z.1] (y)q‘;(k ) 2"y
1
— [ Pl
0

u(y, t)dy
d

)y => x / n,y)u(y, t)dy, (87)

n=0

where X[q.)(y) ={1,y € [a,0];0,y ¢ [a,b]} is the indicator
function ([a,b] C R) and F = ZZ:n yk_"(X[o,z] (Y)Ps(e,n) +
X[2,1](¥)Qs(k,n))- Since F is a bounded polynomial Kernel (a
special class of degenerate Kernels [23]), it is immediate that
Fp,q is a finite rank operator, as (87) shows®. Its compactness
can be proved in some Banach and Hilbert spaces. In the
case of the Banach space of continuous functions, since F' is
bounded in S = [0, 1]? and continuous except possibly along
the curve z = y (also known as mildly discontinuous Kernel
[62]), Fp ¢ is a compact operator [39], [61] (also denominated

X[O,:c] (y)ps(k,n)+
0 k=

oF P, maps into a finite-dimensional space [23], [37], [61].

as completely continuous operator [41]). In the Hilbert space
of square integrable functions, since Fp o is a finite rank
operator [16], it is a Hilbert-Schmidt operator (Fp g[u](-,t) =
970 U (1) (65(x), uly, 1)) £2(a). for some {¢;}, {1} finite
orthonormal systems in L? (©2)) and therefore compact [38],
[41], [61], [63]. Thus, based on Lemma 2, Lemma 4 and on
the property of compactness of IFp 5, according to a particular
feature of the Fredholm Alternative Theorem ([23, Corollary
3.5],[37, Corollary 7.27])7, the solution of (67) is unique and
the operator T is boundedly invertible in Xz and X%. [ ]

C. Kernel-PIDE as a Convex Optimization Problem
Proposition 5. Ler

ule, ) =w(, t)+ / e, gy, )dy+ /

1
S(x,y)w(y, t)dy
(88)
be the inverse transformation of (67) in terms of the Kernels
R and S (as it is proposed in [26], [27], [28] under specific
conditions on the system (66)). Let A1 = fo Jy 63 (z,y)dyda
and Ny = fo f 82(x,y)dydx be the mean square of the
residual functions (71) and (72), respectively. Considering
do(z) = 0 and 63(x) = 0 in (70)-(73), the transformed system
(69) is exponentially stable in L?-norm topology if the residual
functions satisfy:
o1

VAL VR S (e

where o1 :fol I3 R*(z,y)dydx and Uzzfol f; S?(z,y)dydz.

(89)

Proof: See the Appendix. [ ]

Based on this result, similarly to Proposition 2, a relaxation
on the zero matching condition for the residual functions §;
and &, can be considered and the Kernel-PIDE (74) can be
solved approximately in terms of polynomial Kernels.

Proposition 6. Let N(z,y) = Z(zdg_l

M(z,y) = Zi(:d())_lmkxakyﬂk be polynomial approxima-
tions of P and Q, respectively, of arbitrary even degree
d € N, with coefficients ny, and my, and powers in accordance
with (10). Let 6 = d1(x,y) and 6o = dx(x,y) be the
resulting residual functions according to (71) and (72), re-
spectively, with degree ds =2 [(max{d+dp,,d+dp,}+1)/2]
and v1 > 0, o > 0. For any functions f,hq, ho described by
polynomials of degree dy,dp, ,dp,, respectively, the Kernel-
PIDE (74) can be formulated as the convex optimization
problem?:

npx®*y  and

minimize: v+ Y2 (90
5, N,M,T1,T2,5;
subject to:
2y =T (x,y)—s1(z,y)g1 () o1(,y) € 32x2
61(z,y) Y1—s2(2,9)g2(2, y) s
on

TThe uniqueness of Fp gu = w (trivial solution) implies the existence of
the solution of (I —Fp g)[u(-,t)](z) = w(x,t).

8The expression § = §(x) ‘gz% indicates that in the function ¢, the
Kernels P and @) has been substituted by the polynomials N and M,
respectively.



{272—T2(I»Z/)—SB(lf,y)gl(ﬁ) d2(,y) } € n2x2
da(z,y) Y2 — s4(2,y) g3 (2, y) s
(92)
51,52, 583,54 S 287 (93)
//Tlasydydx—() //Tgxydydx—o 94)
81 = 01(z,y) 5;% as in (71), (95)
82 = ba2(z,y) |G as in (72), (96)
S0 = bo(x) |G=hr =0 as in (70), (97)
03 = 03(x) |gams = M(z,1) =0 as in (73), (98)

for some polynomials s;,7 = 1,...,4 of degree ds — 2, T
and Ty of degree 2ds, g1(x) = z(1 —x), g2(x,y) = y(z —y)
and gs(x,y) = (1 —y)(y — z). The optimal root mean square
bounds of the residual functions are: /A1 < y1 and /A2 < 7a.

Proof: The convex optimization problem formulation
follows similar arguments as the ones given in the proof of
Proposition 2. Regarding the optimal mean square bounds for
01 and 6o, let

271 - Tl(x7y) (51(1’,y) “ 0 v(
(51(115,?/) 71 ’

be a symmetric real polynomial positive definite matrix on €2y,
(pointwise condition). Taking the Schur’s complement of A,
its integration on the domain Qj, yields

Ay = z,y) €Qr (99

A -0& 27% —mTi(z,y) —

1 =z 1 =z
//5%(x,y)dydx < 'yf—yl//Tl(x,y)dydx.
0 0 00

If there exists a polynomial function 7 satisfying (94), it is
clear that v, is an upper bound of the root mean square value
of 61 in . The matrix conditions (91)-(92) are obtained via
the matrix-polynomial version of Putinar’s Positivstellensatz as
it has been detailed in the proof of Proposition 4. Following
the same arguments, conditions for - in 2y can be deduced.
Therefore, according to the optimization objective (90), the
root mean square error of ¢; and J, are minimized. [ |

(100)

D. Approximate Inverse Transformation

For known Kernels P and @, the inverse transformation of
(67) can be found by means of the direct substitution of (88)
in (67), which yields

T 1
/ w(y, )61 (2, y)dy + / w(y, )5, y)dy = 0, (101)
0 T

with the equality satisfied if the residual functions
y

51(2,)= Rlav)~Pl.y)— [ Pla.5)S(s.0)ds
0

f/z P(a, 5)R(s,y)ds— / Q. 5)R(s,y)dy, ¥(x,y) € Q.

(102)

do(x,y)=S(z, Q(z,y) / P(x,8)S(s,y)ds

/ Q(z,5)S(s,y)ds— / Q(z,s)R(s,y)ds,V(z,y) € Qu,
! (103)

are identically zero in their respective triangular domains.
Since (101) does not depend on any original and target
systems, it can be used to find an approximation of the inverse
Kernels R and S, given the approximate direct ones P ~ N,
Q=~ M.

Proposition 7. Let A(r,y) = Zzg_l
B(z,y) = Z(:‘i()fl brx® yP* be the polynomial approxima-
tions of R and S, respectively, of arbitrary even degree d € N,
with coefficients ay, and by, and powers in accordance with
(10). Let 61 = 61(z,y) and d3 = d2(z,y) be the resulting
residual functions according to (102) and (103), respectively,
with degree ds = 2 [(max{dn,dy}+d+1)/2] and ~; >
0,7 = 1,...,4. For given direct approximate Kernels N
and M of P and @ with degrees dn and dy;, respectively
(solution of (90)-(98)), the integral equation (101)-(103) can
be formulated as the convex optimization problem:

arz®*yP*  and

minimize: (104)

Y1 +72+ 73+ 74
’y]‘,A,B,Sj

subject to:

(w y) = p, — [s1(2,y) sa(2,9)] gu(@.y)) € By, (105)

(P1 — 01(w,y) — [s3(x,y) sa(z,y)] gr(z,y)) € Xs, (106)
(62<x y) = p, — lss(,9) s6(w,9)) gu(w,9)) € T, (107)
(P2 — 02(z,y) — [s7(z,y) ss(z,9)] gu(w,y)) € s, (108)
S1, 52,53, 54, S5, 56, S7, S8 S Esa (109)
[”1 ”1]50, [”2 ”1]&0, (110)
P, M Py 72
[73 p?]zo, [”4 ”Q]zo, (111)
51:51(x,y)’§:ﬁ; QEM s in (102), (112)
52=52(x,y)’§:% Q=M s in (103), (113)

for some polynomials s;,j =1,...,8 of degree ds — 2, g, =
91, 92), gu = [91, 98], 91(x) = 2(1 =), g2(2,9) = y(z —y)
and gs(z,y) = (1 — y)(y — x). The optimal minimal bounds
for the residual functions are: 6 = max{vy1,v2} and Oy =

max{vys, Y4}

Proof: The proof follows the same arguments of the one
of Proposition 2, hence it is omitted. [ ]

VI. NUMERICAL RESULTS
The numerical solution of the convex optimization problems
proposed in this article has been obtained via the Yalmip
toolbox for Matlab [64] using the SDP package part of the
Mosek solver [65].

A. Parabolic PDE with constant reactivity term

To illustrate the precision of the method proposed with
respect to the polynomial degree selected for the Kernels, this
example considers the case of A = 20 and € = 1 in the system
(12) and ¢ = 0 in the target system (14). The Kernel K in (13)
is approximated solving the convex optimization problem (22)-
(32). The bounds of the residual functions d; and J», and the
approximation error with respect to the closed-form solution
(17) are depicted in Figure 1.
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Fig. 1: Bounds for the residual functions in (15), solution of
(22)-(32), as a function of polynomial degrees d.

B. Parabolic PDE: Target System Optimization

This example considers the optimization problem described
in Section IV for the system (12) with e = 1 and two cases for
the reactivity term \. C1: A = A\ (z) = 25—80(z —0.5)%, C2:
A = A2(z) = 80(x — 0.3)(z — 0.7) — 2, which are plotted in
Figure 2 (a). The numerical optimization has been carried out
via Proposition 4 using a polynomial Kernel N = N(z,y)
of degree d = 16 to approximate K in (13), a polynomial
function for the reactivity coefficient ¢ = c¢(z) in (14) of
degree d. = 10 and weight factors o9 = 10, 03 = 1 and
oo = 15 in the cost function (41); Ty = 1076 as precision
in (47) and Ty = —0.5(w2/4) to guarantee the threshold
of stability for ¢ in (14). Figure 2(a) shows the optimal
polynomials functions ¢;* and ¢y determined for the cases
C1 and C2, respectively. Figure 2(b) depicts the polynomial
Kernels N(1,y) obtained for both cases, considering ¢ = 0
and the optimal functions found for the target system (14).

C. Hyperbolic PIDE: Fredholm-type Operator
This example considers the problem presented in [27][28]:

bo .
flz)=a+ Ve cosh(v/2) sinh (ve(1 — z)) (114)
ho(x) = _cosll)l(a\ﬁ) cosh(v/cx) cosh (Ve(l —y)) (115)

hi(z) = ha(z) 4+ b o cosh (Ve(z — y)) (116)

with ¢ = 1.25, b = 0.1, ¢ = 0.1, ¢ = 10 (the application
of the proposed approach is not limited to this case, which
has been selected for comparison purposes). This problem
(equations (71)-(73) of [28]) corresponds to a first-order PDE
coupled with a second order ODE, equivalent to the 1-
dimensional hyperbolic PDE (66). The direct Kernels P and
@ in (67) have been approximated solving the convex opti-
mization problem (90)-(98). To implement this approach, the
functions f, hy and ho in (114)-(116) have been approximated
by a combination of univariate polynomials of degree 4, with
maximum approximation error < 4.2- 1078, The approximate
Kernels M and N for a polynomial degree d = 10 are shown
in Figure 3(a), with root mean square bounds for the residual
functions: y; = 4.70-1071% and v, = 1.07-107°. Using

28

24r

20

16} —CL 4"

---C2: Xy
- 02

120

Az), e(x)

@i Cl: N for A= XM,c=0
: N for A= /\l,c:CT"t
: Nfor A= X,c=0
: N for A= My, c= '

e ‘ ‘ ‘ ‘ — ‘ ‘ ‘

0 01 02 03 04 OyS 06 07 08 09 1
Fig. 2: Target System Optimization for cases Cl1 and C2.
(a) Reactivity coefficients in (12) and optimal polynomials
functions ¢ = ¢(z) in (14) determined via Proposition 4. (b)

Resulting polynomial Kernels N(1,y).

the previous result, the inverse Kernels R and S have been
approximated solving (104)-(113) for a polynomial degree
d = 10. The result is shown in Figure 3(b) with bounds of the
residual functions: ¥ = max{v;, 72,73, 74} < 8.01-10719.

D. Discontinuous Kernels: Linear Coupled Hyperbolic PDEs

This example considers the set of Kernel-PDEs derived from
the motion planning problem for hyperbolic PDEs presented
in Section V.C of [66], namely

oL , oL ,
" 11(55 y) o 11(96 y)

o 8y = 021L12(x,y), (117)
ALya(z, OLy (z,
1 12(; y) + o 118(; v) = o12L12(,y), (118)
Lii(2,0) = Lia(2,0) = 0, Lio(z,a) = — 12 (119)
M2 — p1
ALoy (2, OLoy (z,
2 2(19(5 v 1 25(; y) _ o1 Loz (2,7), (120)
OLos(x, O0Los (x,
2 2?)(95 v) + L2 228(31 ) =o12L21(2,y), (121)
g
Loy (2,0) = 0, Loy (z,2) = —=—, Lot (1,9) = I(y), (122)
H1— M2



M = M(z,y)

Fig. 3: (a) Direct approximate Kernels M and N for d = 10
(P~ N, Q= M in (67)). (b) Inverse approximate Kernels A
and B ford =10 (R~ A, S =~ B in (8%)).

V (z,y) € Qr, with Kernels L;; € £>*(Qg), ¢ = 1,2, j =
1,2, for an arbitrary function ! = [(y) satisfying I(1) =
o21/(p1 — p2)i w1 = 1, pz = 0.2, 012 = 2 and oy = 5.
As it has been shown in [66], these Kernel-PDEs can have a
closed-form solution in terms of Bessel functions (equations
(101)-(104) in [66]).

Regarding the problem (117)-(119), the resulting solution L
is discontinuous along the line y = (uo/u1)x whereas Li;
is continuous, both with zero value V z € [0, 1],y €
[0, (p2/u1)z]. Due to this piecewise continuous characteristic,
the method proposed based on polynomial Kernels cannot be
applied directly. To obtain a solution the information about the
lines of discontinuity has to be consider to define sub-domains
of Q0 where separate Kernel-PDEs can be posed, including
suitable boundary conditions. For instance, for 2, = Q, U €,
Proposition 2 can be used in each sub-domain, namely Kernels
LY and LYy in Q, = {(z,y) € R%z € [0,1],y €
0, (2 / )]} with L, (ar,0) = Ly (,0) = 0; L}, and LY,
in Q, = {(z,y) € Rz € [0,1],y € [(u2/p1)z,z]} with
LYy (z,7) = o12/(u2 — p1), and a constraint of continuity:
L% (z,y) = L4 (x,y) along the line y = (u2/p1)x. For
this case, the approximate polynomial Kernel solutions are
depicted in Figure 4, for a polynomial degree d = 20 and
maximum error of 3 - 107> with respect to its closed-form

(b)

0.4
y 06 g

Fig. 4: Approximate solution of the problem (117)-(119) via
convex optimization. Domain partitioned as Q2 = Qg U .
(a) Kernels L¢, and L. (b) Kernels L%, and L%,.

solution [66] (the zero value for the Kernels L{; and L{, are
the results of the optimization problem).

As far as the problem (120)-(122) is concerned, for the
function ! = I(y) considered in [66], its resulting Kernels are
continuous and oscillatory (regular Bessel functions), in partic-
ular with strong fluctuations as (z —y) — 0. Under these type
of characteristics, the approach proposed is limited by the high
polynomial degree required to achieve a precise approximation
of oscillatory functions (for example, polynomial approxima-
tions of regular Bessel functions require a degree d ~ 30.
For bivariate polynomials this implies z(30) = (*13°) = 496
polynomial terms, which is computationally tractable). Instead
of using the (arbitrary) function [ = I(y) given in [66], to solve
the problem (120)-(122) by means of the method proposed,
this function has been considered as part of the optimization
problem as follows:

1 1 dl 2

o [ By +os | ((y)) dy (123)
0 0 dy

(120)-(122), (124)

minimize:
1=l(y),yeQ

subject to:

with o1 > 0 and o2 > 0 weigh factors to provide tuning in
the magnitude and fluctuation of the resulting control action in
the motion planning problem. To solve (123)-(124), a convex
formulation based on Proposition 2 and Proposition 4 has



been implemented. This has considered polynomial Kernels
of degree d = 28 to approximate Lo; and Lo, and three
sets of weigh factors: S1: 01 = 10%, 09 = 0, S2: 01 = 10°,
o9 = 10* and S3: o1 = 0, 09 = 10%. Figure 5 shows the
optimal solutions achieved for [ l(y) = La1(1,y) and
Los(1,y) in every case. It is worth noting that for the set
S1, the approximate polynomial Kernel solutions correspond
to the closed-form solution found in [66].

7 ‘
@

of this method is the current state of Sum-of Squares tools,
regarding the type of monomials used in the decompositions,
and the convex optimization tools, in relation with managing
a large number of parameters and parameters with big mag-

nitudes.

APPENDIX
PROOF OF SUPPORTING RESULTS

A. Proof of Lemma 1

By definition the domains representations in (11) are basic
semi-algebraic sets [42]. The equivalence of the sets €2, {27, and
Qu and their respective representations in (11) is immediate,
following the feasible solution set of the inequalities involved.
Moreover, €2 is a closed and bounded subset of R as well as
the sets €27, and Q are in R?, and hence compact [67]. The
Archimedean property is verified since the quadratic modules

o ]
50 Ly (1,y) closed-form sol. 4
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Fig. 5: Approximate solution of the problem (120)-(122),

formulated as (123)-(124), via convex optimization. Solutions

for the set of weigh factors: S1, S2 and S3. (a) L12(1,y). (b)
L22(17 y)

01 02 03 04

VII. CONCLUSIONS

In this paper a convex optimization approach to Back-
stepping PDE design for systems with strict and non-strict
feedback structure, involving Volterra and Fredholm operators
has been presented. The approach proposed allows obtaining
approximate solutions with sufficient precision to guarantee
the stability of the system in the £2-norm topology. For
polynomial Kernels and continuous functions, uniqueness and
invertibility of the Fredholm operator have been proved, which
allows applying this methodology to a wide class of problems,
without restriction on the spectral characteristic of the resulting
approximate operators. The numerical examples illustrate the
performance of the approach proposed and the flexibility of
SOS-convex optimization to manage problems with operators
of different structure and objectives. The method is restricted
to systems involving functions which can be approximated by
polynomials with computationally tractable degree and Ker-
nels continuous or piece-wise continuous. The main limitation

For instance, for ) =
selecting N =1, s1 =2 >0 and 59 =
lower triangular domain Qp,
0,92 = y(x — y) > 0}, using:

N =2eN,;51=4>0,80=22>0,

Likewise, in the case of the upper triangular domain gy
{(z,y) e R?, g1(2) = x(1 —2) > 0, g5(z,y) =
y) > 0}, considering:

NU:3€N81:4>082:2>0

associated to these sets satisfy [51], [48]:
INeNst: N-Y" 2 {so + 2018595 (85)]og € Es}.

= z(1 —z) > 0},
(x — 1) > 0. For the
={(z,y) eR: g1 =a(1-2) >

{z € R,g1(x)

0= 3552 - 2Iy74$+y2 +2= [l,l',y]QL[l,Z',y]T € Zsa

2 -2 0 2 2
NL—(E -y =
=|-2 3-1|>0=
O (0_1 1)— 50(2,) + 5191(2) + 5202(3, ).

(y —=)(1 -

s0 = 312 =20 —2y—2xy+y°+3 = [1,2,y|Qu[l,z,y]" € s,

Q —(j_;,j) Ny —a? -y =

T\L 50(, ) + 5191(2) + 5205(, ).
B. Proof of Proposition 1

Let V =35 fo (z, t)dz = (1/2)[|w(z )||2 be a Lyapunov
functional®. Its time-derivative V = fo (x)w¢(z)dx along
the trajectory (15), with do(x) = 0, is given by:

V= 6/0 W(T)Wey (v)dx —1—/0 w(z)u(x)d (z)de  (125)

- /Olc(:(;)w;(ac)dx—i—/ / 02 (z,y)u

With respect to the term 73, using 1ntegrat10n by parts,
the boundary conditions in (14), and splitting the resulting
expression by a factor 0 < § < 1, yields:

Ty =w(x)w, () |(1) —/0 wg(x)dx,

9For a clearer description, the time-dependence in the functions is dropped
(w(z) = w(x,t)). The norm is the usual in the space, of square integrable
=[0,1] : [lw(@)|*= [qw?

y)dydz .

functions on the domain 2



< —efljwe(@)]? — e(1 = 0)|lwa ()| . (126)

Tia

Ty

Then, applying the Wirtinger’s inequality on the term 77, and
the Agmon’s and Young’s inequalities on the term T, [1], [2],
[68], [69], [70], yields:

2

<- 69%\|w($)ll2+6(1 = 0)(|lw(@)|I*~w?),

2

T (127)

= max,ecq w?(x), which leads to:

2
V<— <ee (7;+2> —|—2(c—e)> V(t)—e(1—0)W0* + Ts + Ts.
(128)
with ¢ = min,cq ¢(x). As for the term 75, substituting u =
u(x,t) from (18), the inverse Kernel L from (19), taking an
upper bound by means of the maximum absolute value of some
integrand functions and the maximum value of the residual
functions, yields:

1 1 x
T< / W @)l51(@)lda+ [ (o)1 () / L (&, )| [w(y) | dyd:

1 xT
< Fllw()|P+5w? fF L(x,y>dydx+051/ ()| / [ (y)|dyd,
0 0

where w

_ Taq
where 01 = maxgeq|di(x)|. Then, using the identity

f f(@) [T fy)dyde = (1/2)(]1;7 f(x)dz)? for f continuous
function [58] on the term 75, and the Griiss’ Integral inequal-

ity [71] on its resulting term, leads to:
To < (2+0)0 V() +31 (3 +moo) (129)

Changing the order of integration in the term 75 and following
a similar procedure as described above for the term 75, yields:

[ w0 [ wtorsateasay

T3 =

o [ "l ()|[62(z,y)|dydz

+ / / " Ey, 5)ls)\ds / @) 162(a, )l dedy
+o / 1 / (s ds / 0(@)l|6az, ) ldady

— —(1+2
< (1 + 20)(52V(t) + do ( t2o +m070) @2, (130)

with 0, = max(, y)eq, |02(z,y)|. Finally, using in (128)
the upper bounds (129) and (130) for the terms 75 and T3,
respectively, grouping terms with respect to V = |jw(z)|?/2
and w2, the condition V < 0 is satisfied if:

— = 00+ (/A1) 4 (c—¢
—((51+52)+2(1+0) (ito) >0,
(131)
e 5i(1+0) (1-6)
R J— 1 +0' € -
~ O ) T 20) (m NEZVAR
(132)

which leads to the expression (21), i.e. a sufficient condition
for exponential stability of (15) in the £2-norm topology.

C. Proof of Proposition 5
LetV =3 f e**w*(x,t)dr be a Lyapunov functional for

some a > 0. Its time-derivative V = fo e w(z)wy(x)dx
along the trajectory (69), with dp(z) = 0 and 53( ) =0, is

given by:

Vﬁ/ e w(x)wy( d:v—i—/ / (y)o1(z,y)dydx
0

T T

1 1
+ / e“Tw(x) / u(y)da(z, y)dydz.
0 T

Ts

(133)

Using integration by parts and the boundary condition in (68)
on the term 7 yields:

Ty < e ()| (134)

— /2 fo e“Tw
Regarding the term 75, changing the order of integration and
plugging in u = u(y,t) the expression given by the inverse
transformation (88), this can be written as:

T, = /0 " wiw) / () (2, y)ddy

as) ( / 1 () ) dy

[ ([
+ /01 (/yl S(y, S)w(s)ds) (/yl 6”w(x)61(ar,y)dx) dy.

Toe

Using the Cauchy-Schwarz’s integral inequality [72], yields:

73, < (Jo i (@)dz) (fy (Jy ww)i (e, y)dy)” de)
< m{}m{ “HAVEQ > |
(o Uy e (m)dy) (fy 63 (z,y)dy) dr) =
Toa < 2e*2V (t)\/Aq, (136)
T3, < (Jo( (y, s)w(s)ds)"d )(jo (j e*w(x)d (z, y)dr) dy)
< glgg{ew}max{ff“} (o (U B2, s)ds) :
(i esw?()ds) dy) (. (Jy emew?(e)dar) -
(J; 3@ p)dz) dy) =
Toy < 222V (1) /B (fy f) B2 (9, 5)dsdy)

and

Ti < <f01 (fyl S(y, s)w(s)ds)Qdy> (jbl <f; e w(z)o1(z, y)da?>2dy>
< 4€QV2(t) (fol (fyl S2(y, s)ds) ) (fol (fl 5%(z,y)dx) dy) =
Ty < 22V (0B (J3 ) (0. s)dsdy)

where A; = fo Jy 8% (x, y)dydx. With respect to the term T},
this can be written as:

z— [ "w(y) [ e ot@sateduay

T3a

x)dx < —aV (t).

(135)

Nl

(137)

(138)

(139)




+ /01 (/Oy R(y,s)w(s)ds) (/Oy eamw($)52(x7y)dx) by

T35y

+ /01 (/yl S(y,s)w(s)ds) (/Oy eazw(ib)tSz(x,y)dm) &,

Tsc

where upper bounds for every term, in relation with Ay =
fol f; 82 (x,y)dydx, can be found following the same proce-
dure described above in (136)-(138). Finally, using in (133)
the upper bounds for the terms 7%, 75 and T3, the condition
V <0 is satisfied provided:

o =272 (VAL +VA) (1+ Vo + o) 2 0,

with o1 = fol I3 R*(z,y)dydx and o3 = fol fll S?(z, y)dydz.
Since the factor (1/2)ae™/? reaches the maximum value of
e~ ! at o = 2, the expression (89) is obtained, i.e. a sufficient
condition for exponential stability of (69) in the L£2-norm

topology.
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