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Event-based boundary control of a linear 2 x 2 hyperbolic system
via backstepping approach

Nicolds Espitia, Antoine Girard, Nicolas Marchand and Christophe Prieur

Abstract—In this paper, we introduce an event-based boundary control
for a 2 X 2 coupled linear hyperbolic system. We use a well established
backstepping controller which stabilizes the system along with a dynamic
triggering condition which determines when the controller must be
updated. The main contributions rely on the definition of an event-
based controller under which global exponential stability of the system
is achieved and furthermore, the existence of a minimal dwell-time
between two triggering times is guaranteed. The well-posedness of the
system under the event-based controller is stated. A simulation example
is presented to illustrate the results.

Index Terms—Linear hyperbolic systems, Backstepping control design,
dynamic triggering condition, event-based control.

I. INTRODUCTION

Event-based control is a computer control strategy which has
become an active research area. One reason is because this new
paradigm on sampled control aims to use communications, com-
putational and actuating resources efficiently by updating control
inputs aperiodically (only when needed). Another reason is due to
its rigorous way to implement digitally continuous time controllers.
Several contributions in this field have been developed for networked
control systems, ranging from seminal works in [2f], [1] until more
recent ones in [[15]], [21]], [23] and the references therein. In general,
event-based control includes two main components to be designed:
a feedback control law which stabilizes the system and a triggering
strategy which determines the time instants when the control needs to
be updated while evaluating continuously the behavior of the system.
Among triggering strategies, a static rule obtained by an Input-to-
State Stability (ISS)-based property is introduced in [27], a dynamic
rule is introduced in [13] whereas strategies relying on the time
derivative of the Lyapunov function are developed for instance in
[221, 125].

On the other hand, for control of infinite dimensional systems,
namely those governed by partial differential equations (PDEs),
digital control synthesis commonly relies on reducing the model by
discretizing the space in order to get ordinary differential equations,
thus finite dimensional approaches can be applied. Although the
design of event-based control, by tackling directly the PDE, has not
been widely studied, few approaches on sampled data and event-
triggered control of parabolic PDEs, are considered in [12] and [24],
[31]]. For hyperbolic PDEs, close frameworks to event-based control
are the work on switched hyperbolic systems as in [14], [20] and
the work on sampled-data systems as in [18]. However, a recent
work has introduced two event-based boundary controllers for linear
hyperbolic systems of conservation laws. Indeed, inspired by two
of the main strategies developed for finite dimensional systems, an
extension by means of Lyapunov techniques for stability of linear
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hyperbolic systems has been done in [10]. An extension of it, using
a dynamic triggering condition has been discussed in [11]. It is
worth recalling that stability analysis and continuous stabilization
of hyperbolic PDEs have been considered for a long time in the
literature. Lyapunov techniques ([6], [S]]) and backstepping boundary
control design ([8, [7]], [28]]) are the most commonly used. It is worth
also mentioning that backstepping method was initially developed for
parabolic equations [26] and it was firstly introduced to first-order
hyperbolic PDEs in [19]. In practical scenarios, hydraulic networks
using balance laws are studied e.g. in [3| Chapter 8]. However,
actuation on those systems may be expensive due to actuators inertia
when regulating the water level and the water flow rate by using
gates opening as the control actions. Then, event-based control would
suggest to modulate efficiently the gates opening, only when needed.
As periodic sampling schemes may produce unnecessary updates
of the sampled controllers, which will cause high utilization of
computational and communication resources, as well as actuator
sollicitation, event-based control may show benefits with respect to
periodic schemes.

In both [10] and [11], event-based controllers using output feed-
back are studied by following Lyapunov techniques and taking into
account the dissipativity condition on the boundary for stability.
In this paper, we use rather a full state-feedback control which is
designed following the backstepping approach for stabilizing a system
of balance laws.

The main contribution of this work relies on the study of a event-
based controller using a dynamic triggering condition. We introduce
such a triggering policy using the Lyapunov function candidate for the
so-called target system along with the deviation between continuous
time controller and the event-based one when sampling. We prove
then that a minimal dwell-time between triggering times exists.
Consequently, we prove the well-posedness of the system and finally
the global exponential stability of the closed-loop system.

This paper is organized as follows. In Section[[ll we introduce the
class of linear hyperbolic system, the backstepping transformation
and some preliminaries on stability and backstepping boundary
control. Section [l provides the event-based stabilization results.
Section[[V]provides a numerical example to illustrate the main results.
Finally, conclusions and perspectives are given in Section [Vl

Notation : R™ will denote the set of nonnegative real numbers.
The usual Euclidean norm in R” is denoted by |- | and the associated
matrix norm is denoted || - ||. The set of all functions g : [0, 1] — R”
such that fol lg(x)[>dx < oo is denoted by L2([0,1],R") and for g and
g € L*([0,1],R"), the inner product is < g,§ >2= fol g" gdx and is
equipped with the norm || - ||z2(j,1]re)- Given a topological set S,
and an interval I C R, the set 6" (I;S) (resp. €pw(l;S)) is the set of
continuous functions (resp. piecewise contiuous functions) g: 1 — S.

II. PRELIMINARIES ON BACKSTEPPING BOUNDARY CONTROL OF
2 X 2 LINEAR HYPERBOLIC PDES

Let us consider the linear hyperbolic system

cpv(t,x) )
cou(t,x) 2)

ur (1,x) + Aue(t,x) =
vi(t,x) — Agve(t,x) =



along with the following boundary conditions:

u(t,0) = gqv(z,0) 3)
v(t,1) =U(t) )

where u,v : R x [0,1] — R are the system states with x € [0,1],
t >0, U(t) is the control input and A; > 0, A, > 0. In addition, for
technical issues related to the existence of solutions, we assume that
c1,62#0, ¢#0, cos(w) —q?_—]‘ wsin(w) # 0 if ¢jcp > 0 and cosh(w) +

qﬁ—l‘wsinh(w) #0if cjcp <0, where w = |i:122|

In order to stabilize this system, the backstepping method has
been considered for instance in [30] and [7]. Roughly, the idea of
the backstepping method is to use an invertible Volterra integral
transformation to convert the unstable linear hyperbolic PDE (I)- ()
into a stable linear hyperbolic of conservation laws, which is usually

called rarget system and is given as follows:

o(t,x)+lo(t,x) = 0 Q)
Bi(t,x) —22Bx(t,x) = O (6)
with the following boundary conditions:
a(1,0) = ¢B(1,0) ©)
B(,1) = 0 ®)

where o, 8 : RT x
the transformation.

[0,1] — R. Hence, U(t) can be chosen to realize

A. Backstepping transformation and kernel equations

The following backstepping Volterra transformation has been used
to map the system (I)-(@) into the system (&)-(8):

o(t,x) =
o I RIN: ©)

B(t,x) = v(t,x)— A
- [k o8

It has been shown that by introducing @)-(IQ) into @)-(@), in-
tegrating by parts and using the boundary conditions, the orig-
inal sastem is transformed to the target system with the kernel

(10)

(K5 K (xE)
K= kn(xg) kv(ed)

), of the Volterra transformation, satisfying the
following linear hyperbolic equations:

MK (6, 8) + MKE (x,6) = —c2K"(x,8) (11)
MK (x,&) — Angv(x,é) = —K"™(x,¢&) (12)
MK (x,8) - MK (x,§) = eK"(x¢) (13)
WK (6,8) + MK (r,E) = aK™(x&) (14)
with boundary conditions
K“(x,0) = Z£K"(x,0) (15)
K" (x,x) = Mi‘lz (16)
K™"(x,x) = ﬁ (17)
K"(x0) = ZK"(x,0) (18)

The kernel equations evolve in a triangular domain given by 7 =
{(x,€) :0< & <x<1}. Itis known that there exists a unique solution
to (II)-(I8), that the transformation is invertible, and that the inverse

transformation, which maps the target system into the original system

(D)-@, is given by [7]:

u(tyx) = (x(t,x)+/0xL‘m(x E)alt, E)dE

+ [[1P &) B2 (19)
W) = B+ [ P8l E)ag

+ [ 1P EB(r &) 0)

— LaD’(xsi)L"ﬁ(xsi)) : :
Moreover, the kernel L = (Lﬁ“(xﬁ £) 1P (x.8) of this transformation

satisfies the following linear hyperbolic equations whose solution
exists and is unique:

MLE* (6, &) +MLE* (x,E) = alP*(x¢) @
ML (5,8) = 2oL gP (r8) = alPP(xE) (22)
Wl e ML 8 = —ol®xE @3
Ll 8+l (r8) = —arl®wE) e
with boundary conditions
L%%(x,0) = %Laﬁ(x,o) (25)
Py = o (26)
Py = -3 27)
1PB(x,0) = 4mLP%(x,0) (28)

Definition 1: [L2-norm stability] The linear hyperbolic system (I)-
@) with controller U is globally exponentially stable (GES) if there
exist D >0 and C > 0 such that, for every (u°, V)" € L?(]0,1];R?),
the solution satisfies, for all t in R,

1a(e, ) (e, DT N2 0.2y < Ce 1 (29)

0

) 12 p0,1):22)
As it can be seen in [7], U(¢) is a continuous full-state feedback
control which is designed to ensure that the closed-loop system is
GES in L? norm. The aforementioned backstepping transformation
is used to get U(r) under the form

(t,§)dg  (30)

v = [ K0, 8ute )+ [ K70 Ey

Equivalently, (30) can be expressed as follows:

vin= [ 10,8 eag + [ 190,B0. G

Note that the gains of the controller are the kernels satisfying (21))-
28).

Furthermore, in [7], the following Lyapunov function candidate is
considered to show that the system (G)-(8) is GES:

1
Vip) = [ aew S BP0 @)
with A = e#, B=¢g%* 41 and p > 0. Since the system @)-(8) is
GES, so is the system (I)-@). Indeed, since the transformation (@)-
(IQ) is invertible, when applying either the continuous control (30)
or (BI), the original system has the same stability properties as the
target system.



III. EVENT-BASED STABILIZATION

In this section, we introduce an event-based control scheme for
stabilization of the hyperbolic system (@)-(). It relies on both the
backstepping continuous-time control (3I) that will be sampled on
events and a triggering condition which determines when the event
should occur. For that, we slightly modify the boundary conditions
in both systems (I)-(4) and (3)-(Z) by considering a perturbation on
one of the boundaries. More precisely, let us consider the following
linear hyperbolic system,

u; (t,X) + A ux (t,x) cyv(t,x) (33)
vi(t,x) — Aavx(t,x) = coult,x) (34)
u(t,0) = qv(t,0) (35)
W) = Ua) (36)

where Uy(t) = U(r) +d(r) with U(t) given by (3I) and d(¢) can be
seen as a disturbance that will be rigorously characterized later on. It
is worth remarking that here, d will not be an external disturbance (as
considered for instance in [28] where the equations considered there
are similar to (33)-(@0) but the problem statement is quite different
to the one in this paper) and is not intended to be rejected. Here, d
can be viewed as a deviation between a continuous controller and an
event-based one.

Then, applying the backstepping transformation (@)-(I0D, one has
the equivalent system (Target perturbed system):

o (t,x)+A0(t,x) = 0 37)
Bi(t,x) = A2fc(t,x) = 0O (38)
a(t,0) = ¢B(t,0) (39)
B(z,1) d(t) (40)

In addition, the function (32) will be used in the sequel in order
to introduce the triggering condition. In fact, the event triggering
law can be achieved using a strict Lyapunov condition along with
an ISS property with respect to a deviation between the continuous
controller and the event-based one, as introduced in [10]. Actually,
developing ideas from that work, we can end up with a triggering
condition which depends only on the current state and the deviation
between controllers. For that reason, it can be called static triggering
condition. However, in the present framework, it turned out that it
is very difficult to find a minimal dwell-time between two event
times when considering a static triggering condition. To overcome
this problem, we will propose a dynamic triggering condition for
which we are able to prove the existence of a minimal dwell-time
and in turn, the well-posedness of the system under investigation.

It is worth mentioning that guaranteeing the existence of a min-
imal dwell-time avoids the so-called Zeno phenomenon that means
infinite triggering times in a finite-time interval [ In practice, Zeno
phenomenon would represent infeasible implementation into digital
platforms since one would require to sample infinitely fast.

Therefore, inspired by [13] and [11], let us define the event-based
controller considered in this paper. In the sequel we will call it ¢
and it encloses both the triggering condition and the backstepping
feedback controller. Lyapunov analysis will be carried out for the
target perturbed system.

Definition 2: [Definition of @] Let 6 € (0,1), 6 >0n >0, u >0,
v = pumin{A;, A}, k1,60 >0, m® € R™, B=qg%e* + 1. Let L the
kernel of the inverse backstepping transformation (19)-@Q) which is
solution to the system @I)-Q8). Let t — V(a(t,-),B(t,-)) be given
by (3.

IWe refer the reader to [17]], [21]] for further details and examples.

We define @ the functional from €°(R*;L*([0,1];R?)) 1o
Cow(RT,R) that maps (a,B)T to Uy as follows:
o Let the increasing sequence of time instants (t;) be defined
iteratively by ty =0, and for all k> 1,

fro1 =inf{t e RT|t > A
0Bt (3 LPE(1,6) (@(ne, &) — (1, €))dE
2
+Jo LPP(1.E)(B (1, &) — B(1,8))dE )
> 0ovV(t)—m(r)}
41)
where m satisfies the ordinary differential equation,
mt) = —nm(r)

+(Be“</01 LP(1,E) (a1, ) — au(t,€))dE

+ [ P08 0.8 B )ac)
0

—ovV (1) — K a®(r,1) — K2B2(1,0)> (42)

for a given n > v(1— o) and m(0) = mO.

o Let the control function be defined by:

U = [ 10, 0 + [ 10,8

(43)
forall t € [t,tx11).
Remark 1: Let us remark that 4 in (0), given by
d(t) = o LPe(1, &), E)dE + foy LPP(1,E)B (1, &)dE
— Jo LPH(1E)au(t,E)dE — [ LPP(1,€)B(1,E)dE
(44)

for all 7 € [f, ;1 1), can be seen as a deviation between the continuous
controller (BI) and the event-based controller (@3). As in [I0],
we follow the perturbed approach inspired by [27], [21] and [15]
from finite-dimensional systems. In this setting, the event triggering
condition ensures that, for all £ > 0, 8Betd?(t) < OokV (1) —m(r)
which in turn guarantees m(z) < 0 as stated in the following lemma.
In addition, m(r) can be seen as a weighted averaged value of
Betd? — ooV —x a?(, 1) — k2 82(+,0).
Lemma 1: Under the definition of @, it holds that Be*d*(t) —
0ovV(t)+m(t) <0 and m(t) <O.
Proof: By construction, from Definition 2 with (@4), events are
triggered to guarantee, for all + > 0,

6BeHd? (1) — 00V (1) < —m(t) (45)

If 6 =0, we obtain m(t) <O0. In the case 6 > 0, it follows from (@3]
that

Betd?*(t) — oV (1) < —%m(l) (46)

Then, using (42), we have that for all r > 0,
) 1 2 2
mg*nmfgmela ('71)7K2B (70)

Hence, by the Comparison principle, we conclude that m(r) < 0, for
all r > 0. |
Proposition 1: There exists a unique solution (u,v)T €
EO([te,txs1):L%([0,1];R?)) to the system (3)-B8) between two time
instants ty and tyy.
Proof: For a constant input Uy (1) = U(t) for all ¢ € [tg,t511),
the system admits a unique equilibrium point {u*,v*} satisfying:

V*

* __ ¢
U, =

>



v = 52
u*(0) = ¢v*(0) (47)
Vi) =Uy=U(t) (48)

—w2u*(x), with w= 4/ lﬂiliﬂ , whose solution
is given, in the case when c¢jc; > 0, by u*(x) = acos(wx) + bsin(wx).
Similarly, we can obtain that v*(x) = A - (—awsin(wx) 4 bwcos (wx)).
Using @7) and @8) one can umquely obtain a and b, that is,

Ut Ult
+ and b = # In the case when
cosw—gLwsinw 'Wcosw q Ly sinw

cicp < 0, we would obtain u*(x) = acosh(wx) + bsinh(wx) and
vi(x) = f—‘(awsinh(wx) + bwcosh(wx)) with a = q%

1 coshw+q#wsmhw
Ul(t)

b= . vw)
7L]w coshw+gq lll wsinhw
By performing the change of variable i = u —u* and v = v —v*,

we obtain the following hyperbolic system of balance laws, for all
t € [t,tey1):

Let us consider u}, (x) =

a=gq

and

(1, 0) + Mie(t,x) = c9(t,) (49)
Ve(t,x) — v (t,x) = cpi(t,x) (50)
i(r,0) = gv(z,0) (51)
w(t,1) = 0 (52)

This system is a particular case of the system considered in
[9]. Therefore, the classical definition of solution in L? can be
applied, thus (i,7)7 € €0t tr1]);L%([0,1];R?)) (see [, Defini-
tion 1]). Hence, for the original variables, it holds that (u,v)! €
EO([tx, try1]:L%([0, 1];R?)). Tt concludes the proof. [ |
Using @)-(10), it follows straightforwardly that there exists a unique
solution (o, B)" € EO([tx, tes1]: L2([0,1];R?)) to the system (BZ)-
Q) between two time instants #; and #;, . This allows to state the
following result which will be useful for the sequel.
Proposition 2: The function d given by @) and the function V
given by (B2, are continuous on [ty 1].
Proof: On one hand, by the definition of the inner product, it
can be noticed that d in (@4)) is as follows:

de) = <(§’;Z§}§)(ZE§,’§§) >L2<[0,11;R2>

() (6 Do

for all ¢ € [t,fx11). Since a(z,-) and B(¢,-) are continuous with
respect to time due to Proposition [I] and the inner product preserves
the continuity, it follows that d is in €°([tx,#,1],R). On the other
hand, V given by (32), can be viewed as

H Ae o )

2

V((X( Be“ )

L*([0,1;R?)

Again, due to continuity arguments for a(r,-) and B(r,-), and the L>-
norm preserving the continuity, we conclude that V(e(t,-), B(t,-)) is
a continuous function with respect to ¢. |

Lemma 2: For d given by @) and V given by (32, it holds that
(d(1))* < e102(t,1) + &2d*(1) + &3V (1) (53)

for €1,& and &3 >0 and for all t € (ty,t;11).
Proof: From ([@4), let us take its time derivative as follows:

)=~ [ 170,800,818 - [ 1PP(1,)B(1E)a

Using the dynamics (37) and (38), it clearly follows that

0= [ P00, 808 e [ 1P(1,6)B.01, 8
Integrating by parts, one gets
Aa(r, )LP%(1,1) = 4, au(2,0)LP%(1,0)

—M '/OlLfa(l,é)a(t,é)dg Bt )IBB (1, 1)
SaBEOLP (1,042 [ 11,88 E)a

dit) =

(54)
Due to (39), we have
dt) = Ma(, )LP%(1,1) = B, 1)LPB(1,1)
+B(t,0)(— A gLP%(1,0)+ 1, LPB(1,0))
[ 1801, )at g
s [ 180,800 2 3

and LAB(1,0) =

Recalling from @7)-@28) that LP¥(1,1) = 7}»112%
q%Lﬁa(l,O), we replace them into (33), thus

dt)y = Ma(t,1) — B, DLBB(1,1)

o

M+
1

i [ 28%(1,8)a,E)de

s [ 181,08 £)a

Now, taking the square of d and using the Young’s inequality, we can

bound it as follows:
2( Aco
M+

2 [ 10, e

s [ 18 1,0)80.0))
)2+ 40P (1, 1B, 1)

(56)

(d(1))?

2
alr, 1)+,12Lﬁﬁ(1,1)/s(z,1))

Z/ )
A e,

47 (/0 LE“u,é)a(né)d’é)z

-1 2
a2 ([ Paop ez
By the Cauchy Schwarz inequality, one gets

@07 < 44522 (,1) +423(LPP(1,1))2B2(1,1)

st [ (he0.0)) ag [ @ gpag
g [ (80 ae [ B epae

Let us remark that, f()]~(L§a(l,§~))2d§ and [ (Lfﬁ(l,é))zdé exist

and let us call them Lf % and Lf B respectively. In fact, this is due
to the regularity of the Kernels on the domain .7 as proved in [30
Theorem 5]. Therefore,

) < (FAE )P (1, 1)+ (2ALPP(1,1))2B2 (1, 1)

+4 max{llsza , )/ZZLEﬁ }

([ s poge)



In addition, let us remark that for (32), there exists r; > 0 (depending
on pt) such that rllfol((xz(t,x) + B2(r,x))dx < V(a(t,-),B(t,) <
r jol (a®(t,x)+ B2 (t,x))dx (see e.g. [29] for a more general quadratic
Lyapunov function candidate). Hence (d)> is finally bounded as
follows:

) < ()Pt 1)+ aLPP(1,1))%d% (1)
+4max{,1,2L§°‘,A,§L§ﬁ}r1V (57)
with d® = p2(1,1) due to (@D). Setting & = (422 & =
(22,LPB(1,1))? and & = 4max{7leLfa,122L£ﬁ}r1, we finish the
proof. |

Theorem 1: Under the event-based controller ¢ in Defintion
with positive scalars 0, 6, U, v, B, k|, k» and €| (from Lemma 2)
satisfying the following conditions,

k1 > max{20Be€|,2000} (58)

K > 26000 (59)

There exists a minimal dwell-time T > 0 between two triggering times,
i.e. typ) —tx > 7T, for all k> 0.

Proof: From the definition of ¢, events are triggered to guaran-
tee, for all t > 0,

0B d?(t) < OV (1) —m(r) (60)

Let us consider the following function involving the functions in (GQ)).

_ 0Betd? + %m

6ovV — %m

A lower bound for the inter-execution times according to (I) is
given by the time it takes for the function y to go from y(#) to
W(tes1) =1, where y(1) <0 (virtue of m(;) <0 due to Lemma [T]
and d(t;) = 0). Note that y is a continuous function on [f,#;1 1]
thanks to Proposition 2] and the fact that m € €°(R*,R™). Then, by
the intermediate value theorem, there exists t,; > t; such that for all
te [l’]/(,tk+1], y(t) € [0,1]. We have then that for all 7 € [t]/(,tk+1], the
time derivative of y is given as follows:

_ 20Betdd+im  (BoVV — Sm)
~ 6ov—1Im

fovV — Im

Using the Young’s inequality as 2dd < d* + (d)?, and from @2) we
have that
0BeH d? 0BeH (d)?
6ovV — %m 6ovV — %m
N L (=mm+Betd® — ovV — k0% (-, 1) — & B2(+,0))
6ovV — %m
riNY (—nm+Betd? —ovV)
OGDV—%m GO'UV—%m
%(7 K] az('v 1) - KZBZ('vo))
+ i v
8ovV —5m

v

(61)

where V in (&I) is the time derivative of (32) along the solutions
@GD-(B8). Indeed, by integrating by parts and using the boundary
conditions (@B9)-@Q), V is given as follows:

Vo= 7a2(tvl)A67”+B2(170)(q2AfB)

+Betd*(t) — /0 1 (0% (x)Ae M 4+ B2 (x)Bel¥)dx

with A = e* and B = ¢%e* + 1. Replacing V in (&I) and using (33)
we obtain

0BeHd?
OovV — %m

OBete o?(-,1)

6ovV — %m

OBet gy d? OBet g3V

fovV —Im  6ovV—1m

I (—mm+Betd? — ovV — k102 (-,1) — k2 2(+,0))
N 6ovV — %m

60v( — (a2(-1)+B(0)))
a 6ovV — %m v

fov (Be“d2 — 1 f (dPAe 1 4 BzBe’“‘)dx>

6ovV — %m v

(—nm+Betd* —ovV)
1 v
0ovV — ;m
3=k (1) - 0p(,0)
fovV — Im

D=

+

v (62)

Re-organizing terms and knowing that p fol((sze*’” + B2BeH¥) <
umax{A;,A,}V, (@2) is rewritten as follows

OBt (146 + 55)d>  (OBete; — Lxy)a?(-,1)

Vo= 8oV — im 6oVV — 3m
(6Betes — Lov)V Inm 3k2B%(-,0)
8oV —Im ~ fovV — Im ~ fovV — 3m
N (Bova?(-,1) - Tx0%(-, 1))
8ovV — im
L (6008200~ 10°(,0)
ooV —Im
(=600 + 1)Betd?
~ BovV—im
+(961),urnax{7q,7tz}* Jou)v B 3mm
8oV —Im §oVV — 3m

Setting k] > max{20Bete),20c0v} and K, > 2600 in light of (38)-
(59), we have

0BeH (1 4+ + 55 )d*>  (0Betes — Lov)v

v Oovvf%m OovV — %m
Inm (—6cv+1)BeHd?
Oovvf%m Oovvf%m
(Bovpumax{A;, A} — tov)v
+ i v
0ovV —5m
1
,Lml (63)
0ovV —5m

1 1
. 5 OBet'e3—5 o)V
By remarking that ,Lml <, % <
bovV—75m 6ovV—75m
1 1
0Bel'e3—5 00 and (6cvumax{Ai A} —500)V <

6ov Govvf%m -

(6ovumax{A ,/12}7%61))
6ov ’




(&3) yields

OBet (1+& +55)d>  OBetes—Lov

- 8oV — Im 8ov
(60 + 1)Betd?
L —
OcvV — ym

N (ovumax{A;, A} — éov)

960 y+ny

which is rewritten as follows,

(1+& + 54)(0Betd® + tm— Tm)

6ovV — %m
N 8Betes — Lov N
6ov n

(—00v+ 1) (8Betd? + Lm—Lm)

O(GGva%m)
6cv M. —dov
+< umax{i,A2} — 5 +n) "

6ocv

. —Lm(+e+ L
By remarking that %jﬂ:") < (1 + & + 21—9)
1 1 1 } w1
—3m__ (=60v+5) _ (=80v+5) S OBeld*+5m
; =< 2> and that v is given by ———2—,
6ovV—1Im O = ] Visg y bovv—Lm

it can be finally deduced that

8Bete; — Lov
s

1
000 +n+(1+ez+29)>

N (—6ov+1) N fovumax{A;, A} —Lov
0 Oov

—6ov+1
n+(l+e+ 219)> v+ (%02)1//2
This differential inequality has the form

¥ <ag+ary+ay’

where, after some simplifications,

a = BB4nte+]
a = —Gl)-i-,umax{ﬂ,l,ﬂ,z}-‘rrl-ﬁ-c‘:z—i-l—ﬁ—%
a = —GU+%

where ag, a; are ap turn out to be positive scalars (as soon as 6 <

1
v )-

Then, by the Comparison principle, it follows that the time needed
by y to go from y(t,) =0 to y(tx1) =1 is at least

1 1
Y,
0 ag+aps+as?

Thus, t;41 —t,; > 7. Consequently, as x| —tg >t —t,;, we achieve
that #;41 —t; > 7, being then 7 a lower bound of the inter-execution
times or minimal dwell-time. It concludes the proof. |
Now that we have proved that there is a minimal dwell-time, no Zeno
solution can appear. Therefore we are able to state the following result
on the existence of solutions of the system (B3)-(36)) for all r € RT.
Corollary 1: There exists a unique solution (u,v)" €
EO(RT;L2([0,1];R?)) to the system (B3)-(8).
Proof: This is an immediate consequence of Proposition [
and Theorem [1 The solution is iteratively built between successive
triggering times. |

Remark 2: Due to the backstepping transformation (@)-(IQ), the
well-posedness of the target perturbed system (3Z)-(@Q) immediately
follows as well.

Let us state the main result of the paper.

Theorem 2: Ler ¢ € (0,1), >0, v = umin{A;, A4}, A =eH,
B=elq> +1, g (from Lemmal). Let n > v(1—0) and 0 < 6 <
min{ﬁ,wﬁlgl}, K1 and Ky such that

max{20Bet€;,2000} < Kk < 1 (64)

(65)

holds. Let 'V be given by (32) and d given by @4). Then the system
B3)-@6) with event-based controller Uy = @ has a unique solution
and is globally exponentially stable.

Proof: The existence and uniqueness of a solution to the system
(@3)-[@6) with controller ¢ is given by Corollary [Tl Let us show that
the system is globally exponential stable.

Consider the following Lyapunov function candidate for the aug-
mented system (37)-@0) with @2), defined for all (a(z,-),B(z,-)) €
L2([0,1];R?) and m € R~ by

200v <K, <1

W(a,B,m)=V(a,B)—m (66)

Taking the time derivative of (66) along the solutions, it yields,
W = —o?(-,1)Ae * +B%(-,0)(¢’A — B) + Betd?

—u /0 1 (a*(x)Ae ™ 4 B2 (x)BeH¥)dx — i (67)

Setting v = umin{A;,A>}, note that —pu fol (a?(x)Ae M +
B%(x)Bet¥)dx < —v fol(otz(x)A%?'r + Bz(x)B%)dx. Moreover,
setting A = el, B = g%e* + 1, and using @2), from (&7) one gets,
—oV —a?(-,1) = B(-,0) + Betd?
+nm—BeMd? + ooV

+i1 02 (-, 1) + 122 (-,0)

which can be rewritten as follows:

W<
(68)
W < —v(l-o)W+(-v(l—0)+n)m

+(k =10 (-, 1) + (ke — 1)B3(-,0)

Setting k; and k» in light of (G4)-(63) we have that x; < 1
and k» < 1 and that meet the constraints G8)-(9) ie. x >
max{20Bet€,2600v} and k» > 2600V (conditions to be satisfied

to guarantee the existence of a minimal dwell-time).
Therefore, it follows that

W< -v(l-0)W+(-v(l—0)+n)m

From the definition of ¢, events are triggered to guarantee, for all r >
0, OBetd? (1) < O vV (1) —m(t). Then, by Lemma [Il we guarantee
also that m < 0. Recalling that 1 > v(1 — o), we obtain

W< —v(l-0o)W

By the Comparison principle, and remarking that V(a,B) <
W(a,B,m) we have, for all r >0,

V(a(t,),B(t,) < e U=l w (a0 BO,m")
With m® = 0, we just obtain
V(a(t,),B(,-) < e U=y (a0 Bo) (69)

which in fact proves that the system (3Z)-@0) is GES in L? norm.
Therefore, as it has been well established in backstepping approach
for hyperbolic PDEs, using the inverse transformation of (9)-(I0)
(i.e. (M9)-C0)), the system (33)-GE) is also GES in L? norm. More



precisely, an estimate of the the L2 norm of system [33)-(36) in terms
of the L2 norm of system (3Z)-@0) can be done as follows (see e.g.
[8]] for further details):

et -), v ) T 0.2y <
(14 2[|L o) (1 +2]|K|o0)?
xrte O W0 () O ()T I oy

where [|K|j = max, g)c 7 [K(x, )], |[Llleo = max, g)c 7 [L(x,E)]-
Hence, this concludes the proof. |

Comments on the choice of parameters.

Note that while v and B are given by stability issues, and o is related
to the decay rate, 6 is a free parameter to be properly chosen as given
in hypothesis of Theorem 2] then one can set k; and k» meeting (64)-
(63). Let us remark however that in this work, an optimal choice of
parameters regarding conservatism or sampling speed, is not tackled.
We leave the study of the influence of parameters to the performance
of the system for future investigations. In this paper we were namely
focus on the stability result and well-posedness.

Remark 3: Let us remark that if a periodic sampling scheme is
intended to be applied to the system (33)-(36) instead of an event-
based scheme as presented throughout the paper, one suitable period
could be the minimal dwell-time 7 obtained from Theorem [Il

Remark 4: Results in this paper may be extended to systems with
space-varying coefficients (based on e.g. [30] for the computation of
Kernels L to be used in Definition B) or even to m + n hyperbolic
equations (inspired by e.g. [16]). However, the result on the existence
of a minimal dwell-time provided in Theorem [l must be carefully ad-
dressed due to complexity of technical details and some assumptions
that may be given in terms of matrix inequalities.

IV. NUMERICAL SIMULATIONS

Consider the system (@3)-G8) with A, =1, A, =2, ¢; = 1.5,
¢y =2 and ¢ = 1/4. The initial conditions are u°(x) = ¢v°(x) with
0 (x) = 10(1 —x) for all x € [0, 1].

A. Event-based stabilization

The boundary conditions are u(z,0) = qv(¢,0) and v(¢,1) = Uy(¢)
where Uy (t) = U (t) +d(t). In addition, v =0.1, 4 =0.0707 and B=
0.533, £ = 2.745. Concerning the triggering algorithm, we choose
the following parameters: ¢ = 0.9, 8 = 8x 1073, 1 =0.1, Kk =
2.75% 1072 and x, = 7.8723x 10~*. They satisfy the constraints
(6d)-(@©3).

The number of events under this approach is 9 on a frame of 4s
meaning that the control value needed to be updated only 9 times.

Figure [I] shows the second component of solution v(z,x) when
stabilizing with continuous time controller U (left) and the event-
based controller U, (right). Note that attractivity to the origin is
achieved and the overall behavior for both solutions is similar.
Nevertheless, for the continuous case, it is well known that the
system converges to the origin in finite time. In the event-based
case, no conclusion in this issue can be provided yet. Note also
the discontinuities introduced on the right boundary according to
U, and the propagation from the right to the left across the spacial
domain. Figure 2] shows the time evolution of the functions appearing
in the triggering condition @I). Once the trajectory 8Be*d? reaches
the trajectory OonuV —m, an event is generated, the control value
is updated and d is reset to zero. Figure [3] shows the continuous-
time backstepping controller U and the discontinuous backstepping
controller (event-based one) Uy.

-=-=-0ovV —m
O Betd?
* Execution times
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Fig. 2. Trajectories involved in triggering condition @I} for controller Uy =

¢(a,p).
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Fig. 3. Time-evolution of the continuous-time control U (black dashed line)
and the event-based control U, (blue line with red circle marker)

V. CONCLUSION

While in literature it is not sufficiently clear how fast boundary
continuous time controllers of hyperbolic PDEs must be sampled in
a periodic fashion so as to implement them into a digital platform,
event-based control might propose a rigorous way of sampling
aperiodically, by updating control inputs (when needed) while guar-
anteeing stability. In this paper, an event-based boundary controller
to stabilize a 2 x 2 coupled linear hyperbolic system is introduced.
It is proved that no Zeno phenomenon is present and then the
well-posedness and global exponential stability of the hyperbolic
system are obtained. The event-based controller is based on Lyapunov
analysis and backstepping design method. To the authors knowledge,
this is the first event based control for coupled hyperbolic system
under the backstepping design, proposed in literature.

This work leaves some open questions. Since in more realistic sce-
narios, backstepping controllers are designed using observed states,
for event-based control under backstepping, triggering laws should
also include an estimate of the state. Based on [30], the output
feedback control can be used as a continuous control to be sampled on
events. It is important however to guarantee that under the triggering
condition depending only on the observed states, there is no Zeno
phenomenon.

It could be fruitful to study the impact of parameters to the
performance as well as robustness with respect to exogenous distur-
bances while studying carefully the triggering condition along with
the minimal inter-execution time. Indeed, exogenous disturbances



Fig. 1. Numerical solution of the second component v of the closed-loop system with continuous time controller U (left) and with event-based controller Uy
(right).

may introduce Zeno phenomenon. Event-separation properties of the
event-based scheme might be useful to tackle that issue by following
for instance [4]].
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