arXiv:1607.06588v2 [math.OC] 18 Aug 2016

Time-Inconsistent Mean-Field Stochastic LQ
Problem: Open-Loop Time-Consistent Control *

Yuan-Hua Nif  Ji-Feng Zhang*  Miroslav Krstic?

November 5, 2018

Abstract: This paper is concerned with the open-loop time-consistent solution of time-inconsistent
mean-field stochastic linear-quadratic optimal control. Different from standard stochastic linear-
quadratic problems, both the system matrices and the weighting matrices are dependent on the initial
times, and the conditional expectations of the control and state enter quadratically into the cost func-
tional. Such features will ruin Bellman’s principle of optimality and result in the time-inconsistency
of the optimal control. Based on the dynamical nature of the systems involved, a kind of open-loop
time-consistent equilibrium control is investigated in this paper. It is shown that the existence of
open-loop time-consistent equilibrium control for a fixed initial pair is equivalent to the solvability of a
set of forward-backward stochastic difference equations with stationary conditions and convexity con-
ditions. By decoupling the forward-backward stochastic difference equations, necessary and sufficient
conditions in terms of linear difference equations and generalized difference Riccati equations are given
for the existence of open-loop time-consistent equilibrium control with a fixed initial pair. Moreover,
the existence of open-loop time-consistent equilibrium control for all the initial pairs is shown to be
equivalent to the solvability of a set of coupled constrained generalized difference Riccati equations
and two sets of constrained linear difference equations.

Key words: Time-inconsistency, time-consistent solution, mean-field stochastic linear-quadratic
optimal control, indefinite stochastic linear-quadratic optimal control

1 Introduction

Though not mentioned frequently, time-consistency is indeed an essential notion in optimal control
theory, which relates to Bellman’s principle of optimality. To see this, let us begin with a standard
discrete-time stochastic optimal control problem, whose system dynamics and cost functional are given,
respectively, by

{ X1 = fk(Xk;Ukawk)a (1 1)

Xt:ZL'GRn, kETt, tET,
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and

J(t, x5u) = i E[Li(Xp, ur)] + E[R(XN)]. (1.2)
k=t

Here, T, = {t,---,N —1},T = {0,1,---,N — 1}, and N is a positive integer; {Xy,k € Tt} and
{ug, k € Ty} with T, = {t,t +1,--- N} are the state process and the control process, respectively;
{wg, k € Tt} is a stochastic disturbance; E is the operator of mathematical expectation. Without loss
of generality, fi, Lk, k € Ty, and h are assumed to be bounded. Let U[t, N — 1] be a set of admissible
controls. We then have the following optimal control problem.

Problem (C). Concerned with (1.1), (1.2) and the initial pair (¢,z) € TxR", find a @ € U[t, N —1]
such that

J(t,x;u) = inf J(t,x;u).
tzu)= g Iz
Any @ € U[t, N — 1] satisfying the above is called an optimal control for the initial pair (t,z); X =
{Xy = X(k;t,x,u),k € T} is called the optimal trajectory corresponding to %, and (X, ) is referred
to as an optimal pair for the initial pair (¢, x).

By Bellman’s principle of optimality, if @ is an optimal control of Problem (C) for the initial pair
(t,x), then for any 7 € Ty4q = {t + 1,..., N — 1}, @|r. (the restriction of @ on T, = {r,...,N — 1})
is an optimal control of Problem (C) for the initial pair (7, X (7;¢, 2, %)). This property is essential to
handle optimal control problems like Problem (C) and its continuous-time counterpart, which provides
the theoretical foundation of dynamic programming approach. Such a phenomenon is referred to as
the time-consistency of the optimal control, which ensures that one needs only to solve an optimal
control problem for a given initial pair, and the obtained optimal control is also optimal along the
whole optimal trajectory.

However, in reality, the time-consistency fails quite often. For instance, when the initial time or
initial state enters into the system dynamics or cost functional explicitly, or even more, the conditional
expectations of the state or control enters nonlinearly into the cost functional, the corresponding
problems are time-inconsistent. See examples in [13] and [5] about the hyperbolic discounting and
quasi-geometric discounting. The problem with nonlinear terms of conditional expectation in the cost
functional is called as mean-field stochastic optimal control. In this case, the smoothing property of
conditional expectation will not be sufficient to ensure the time-consistency of the optimal control. A

well-known example of this case is the mean-variance utility [3] [5].

To handle the time-inconsistency, we have two different ways. The first one is static formulation or
pre-commitment formulation. If one is able to commit to his/her initial policy and does not revisit the
problem in the future, then this policy can be implemented as planned. This approach neglects the
time-inconsistency and the optimal control is optimal only when viewed at the initial time. Though
the static formulation is of some practical and theoretical values, it has not really addressed the
time-inconsistency nor provided solution in a dynamic sense. Relative to this, another approach
addresses the time-inconsistency in a dynamic manner. Instead of seeking an “optimal control”, some
kinds of equilibrium solutions are concerned with. This is mainly motivated by practical applications
such as in mathematical finance and economics, and has recently attracted considerable interest and
efforts. The mathematical formulation of the time-inconsistency was first reported by [22], and its
qualitative analysis might be traced back to [21]. Following [22], the works [10], [13], [14] and [19]
are for systems described by difference equations or ordinary differential equations (ODEs). Recently,
[6] and [7] studied the non-exponential discounting problems both for simple ODEs and stochastic
differential equations (SDEs), and introduced the notion of time-consistent control. [5] discussed the
problems of general Markovian time-inconsistent stochastic optimal control. [24] and [25] addressed
the deterministic continuous-time linear-quadratic (LQ) optimal control using a cooperative game



approach. Different from [24] and [25], [12] studied another kind of time-consistent equilibrium solution
of a continuous-time time-inconsistent stochastic LQ problem. In [27], the author investigated both
the open-loop and the closed-loop time-consistent solutions for the general mean-field stochastic LQ
problems, and showed that the existence of open-loop equilibrium control and closed-loop equilibrium
strategy is ensured via the solvability of certain sets of Riccati-type equations. It is worth noting that
all these existing results about L(Q problems are focusing on the definite case. Here, by the definiteness,
we mean that in the cost functionals the state weight matrices are nonnegative definite and the control
weight matrices are positive definite. Furthermore, no necessary and sufficient condition is reported
on the existence of time-consistent solutions for time-inconsistent LQ problems.

In this paper, we shall investigate a time-inconsistent mean-field stochastic LQ optimal control
problem, whose system dynamics and cost functional are also dependent on the initial time. No
definiteness constraint is required for either the state or the control weighting matrices, and a class of
open-loop equilibrium control is studied for the considered LQ problem. The main idea and results of
this paper are as follows.

o After giving the definition of open-loop equilibrium pair, we show in Theorem 2.3 that the
existence of open-loop equilibrium pair for a fixed initial pair is equivalent to the solvability of
a set of forward-backward stochastic difference equations (FBSAEs) with stationary conditions
and convexity conditions. Different from [16], the equivalent conditions are proved based on a
formula of cost functional difference (Lemma 2.2).

e If for a fixed initial pair, Problem (LQ) admits an open-loop equilibrium pair, then a set of
constrained linear difference equations (LDEs) is solvable, and the open-loop equilibrium control
admits a closed-loop representation (Theorem 2.8). Here, the closed-loop representation is a
linear feedback of current value of the equilibrium state, whose gains are computed via the
solutions of a set of constrained LDEs (2.27), a set of LDEs (2.33) and a set of generalized
difference Riccati equations (GDRESs) (2.32).

e If for a fixed initial pair (¢,2) Problem (LQ) admits an open-loop equilibrium pair, then for any
(k,¢) with k € T; and ¢ € L%(k;R™), Problem (LQ) is point-wisely convex at (k,¢). In this
case, we equivalently have the solvability of the constraint LDEs (2.27).

Conversely, if a version of (2.27) (with T; replaced by T, i.e., (2.47)) is solvable, then we can
take a perturbation of the cost functional by adding cE [u{uk} to J(k,C; (ug,...,un—1)), k € T;
and the obtained problem is denoted as Problem (LQ)., which admits an open-loop equilibrium
pair (X&0&* 4&6%:*) for any initial pair (¢, ). Furthermore, if {u®%%* ¢ > 0} is bounded, then
Problem (LQ) for the initial pair (¢, z) will admit an open-loop equilibrium pair.

e For any initial pair, Problem (LQ) admitting an open-loop equilibrium pair is shown to be
equivalent to that two sets of constrained LDEs (2.47) (2.56) and a set of constrained GDREs
(2.55) are solvable. It is worth pointing out that if solvable, the set of GDREs (2.55) does not
have symmetric structure, i.e., its solution is not symmetric.

In [16], a simplified version of Problem (LQ) is considered, where there are no mean-field terms in
the system dynamics and cost functional. Hence, this paper is a continuation of [16]. Concerned with
the necessary and sufficient condition on the existence of open-loop equilibrium pair, [16] just gives a
counterpart of Corollary 3.2 of this paper with (3.6) replaced by (3.11). This is because in [16] we do
not have a result similar to Lemma 2.6, which gives the representation of the backward state via the
forward state. If the system dynamics and cost functional are both independent of the initial time, the
corresponding LQ problem will be a dynamic version of that considered in [17], where the conditional
expectation operators are replaced by the expectation operators. For details on mean-field stochastic



optimal control and related mean-field games, we refer to [4] [8] [11] [15] [17] [26] and the references
therein.

Though the equilibrium control (2.35) is of feedback form, it is indeed an open-loop control. To
clarify, the closed-loop expression (2.35) is not a closed-loop/feedback equilibrium solution of Problem
(LQ) at all. Instead, a closed-loop or feedback equilibrium solution of Problem (LQ) is concerned with
the time-consistency of the strategy. Here, by a strategy we mean a decision rule that a player/controller
adopts to select her actions, based on available information. Therefore, mathematically, a strategy is
a measurable function of the information set. When the information set is available and substituted
into the strategy, a control is obtained, which is then viewed as the open-loop realization of that
strategy. Due to their intrinsical difference between an open-loop control and a strategy, the open-loop
equilibrium control of this paper differs clearly from the closed-loop/feedback equilibrium strategy,
which is studied in [18] by the authors.

The rest of this paper is organized as follows. Section 2 introduces the notion of open-loop equi-
librium control of Problem (LQ), and presents necessary and sufficient conditions on its existence for
both the case with a fixed initial pair and the case with all the initial pairs. Section 3 studies two
special cases of Problem (LQ). Section 4 gives an example, and some concluding remarks are given in
Section 5.

2 Open-loop Time-Consistent Solution

Consider the following controlled stochastic difference equation (SAE)

X]i_l,_l = (At,kX}é + At,kEtX]i + By puy + Bt,kEtuk + ft,k)
+ (Ct,kX;i + C’t,kEtX]Z + Dy pup + Dt,kEtuk + dt,k)wk; (2.1)
Xt=2 keT, teT,

where Atﬁk,fltyk,C’t,k,Cf’t,k e Rmxm, Bt,k,Bt,k,Dt,k,Dt,k € R™ ™ are deterministic matrices, and
St di i, € R™ are deterministic vectors; {X}. k € ’ft} 2 Xt and {up,k € Ty} £ u are the state
process and the control process, respectively. The noise {wy,k € T} is assumed to be a martingale
difference sequence defined on a probability space (92, F, P) with

Ers1[wis1] =0, Eppr[(wps1)?] =1, k> 0. (2.2)

E: in (2.1) is the conditional mathematical expectation E[-|F;] with respect to F; = of{w;, | =
0,1,---,t — 1}, and Fy is understood as {0, Q2}. The cost functional associated with the system
(2.1) is
N-1
J(t,z;u) = Z Et{(Xzi)TQt,kX}i =+ (Ethtc)TQt,kEtXi =+ u;‘th,kuk =+ (Etuk>TRt,kEtuk
k=t

+ QQZkXItc + QPEkUk} + K¢ [(thv)TGthtv} + (E XN TGE XY + 2Egf X,  (2.3)

where Q¢ k., Q¢ k, Rik, Ri k, k € Ty, Gy, Gy are deterministic symmetric matrices of appropriate dimen-

sions, and gk, prk, k € Ty, g+ are deterministic vectors. In (2.1), z is in L%(¢;R™), which is a set of

random variables such that any £ € L%(t;R"™) is Fi-measurable and E|¢|> < co. Let further L% (Ty; H)

be a set of H-valued processes such that for any its element v = {vy, k € T}, vy is Fr-measurable and
,iv:_tl E|vk|? < co. Then, we pose the following optimal control problem.

Problem (LQ). Concerned with (2.1), (2.8) and the initial pair (t,z), find a u* € L% (T R™),
such that

J(t,x;u’) = inf J(t, z;u). 2.4
(t, z;u”) weri s gy (t,z;u) (2.4)



Due to the feature of time-inconsistency of Problem (LQ), the notion “optimality” should be defined
in an appropriate way. Therefore, instead of solving Problem (LQ) for a static pre-committed optimal
control, we adopt the concept of dynamic equilibrium control, which is optimal in an infinitesimal
sense and is consistent with the dynamical nature of Problem (LQ).

Definition 2.1. Given t € T and x € L%(t;R"), a state-control pair (X®* ub®*) with u** €
L%(T; R™) s called an open-loop equilibrium pair of Problem (LQ) for the initial pair (t,x) if X =
xz, and

Ik, X s ub ™ g, ) < J(k, X005 (uge, a1, )) (2.5)

holds for any k € T, and any uy € L%(k;R™). Here, u"™*|r, and u"™*|r,,, (with Ty, = {k,...,N —
1}, Tre1 = {k+1,..., N —1}) are the restrictions of ut** on Ty and Tky1, respectively. Furthermore,

t,x,*

such a u is called an open-loop equilibrium control for the initial pair (t,z), and X4%* is the

corresponding equilibrium state.

For any uw € L%(Ty;R™), the requirement that uy is Fj-measurable is parallel to the standard
statement on the admissible controls of continuous-time stochastic optimal control; see [9], [23] for
details. Furthermore, u € L%(T;;R™) can be viewed as an open-loop control [2]. Noting that

ub®* g, = (up™*, ub*|r, ), the control (ug,u®™*|z,,,) on the right-hand side of (2.5) differs from

tCE* tz*

|1, only at time instant k. Intuitively, the cost functional will increase if one deviates from u"

Similar to [16], {u}™*, ..., u’y"} can be viewed as an equilibrium of a multi-person game with hier-

archical structure. Hence, we call u*** an open-loop equilibrium control. By its definition, u>** is

time-consistent in the sense that for any k € T;, u®*|p, is an open-loop equilibrium control for the
initial pair (k, X %).

The following result is concerned with the difference of cost functionals, which is characterized via
the solutions of an SAE and a backward stochastic difference equation (BSAE).

Lemma 2.2. Let ¢ € L%(k;R"), u = {us, k € Ty} € L%(Tx; R™), ag € LE(k;R™) and X € R.

Then, we have
J(k, G (up + Mg, ulr, ) — J(k,Gu) = QA[(Rk,k + Ri)ur + (Bik + Brow) "ERZ0M + pr
_ T ~
+ (D + Dk,k)TEk(Z,’jffwk)} e+ N2 T(k,0;a)  (2.6)

with (noting Ykk’ﬂ’“ =0)

J(k,0; ) Z ]Ek[ VS )T Qu Y™ 4 (BR Y™ )T Qo Br Y™ }
+ Eg [uk (Rk L+ Rk k)uk] + E [( k T )TG Yk uk] + (Ekyjs’ﬁk)TGkEkYﬁ’ﬂk. (2.7)
Here, ult, ., is the restriction of u on Tyy1, and Zkwe YRk gre given, respectively, by the BSAE

Z+1 +1
+Cft eEk( oy we) + Qr, eX Uk Qk,eEka’uk + qre, (2.8)
Zhm — QR X B L GUELX B 4 gr, £ €Ty,

Zp = AL By Zy ' + AT B 2y + OF JEg( 2 we)

and the SAE
YU = Ap Y 4 A (EG Y™ 4 (Crd V™ + CrBe Y, ™ Yw,
Yg]:f (Br.k + Br.i)ur + (D + Dy ) Upw, (2.9)
YEm =0, £ Ty,



where

Xfflk = (Ak,eXf’u’“ + flk,eEka’u’“ + Bious + BieErue + fre)
+ (Ck,éXf’uk + C_'k,éEka’uk + Dy ous + D eErug + di ) we,

XM =¢, L€ Ty,

Proof. See Appendix A. O
From Lemma 2.2, we have the following result, which gives the necessary and sufficient condition
to the existence of open-loop equilibrium pair for a given initial pair.
Theorem 2.3. Givent €T and x € L%-(t;R"), the following statements are equivalent.
(i) There exists an open-loop equilibrium pair of Problem (LQ) for the initial pair (t,x).
(ii) There exists a ut™* € L%(Ty; R™) such that for any k € Ty, the following FBSAE admits a
solution (XFte zktr)
ijrtim = (Ak,eXf’t’m + Ak,eEka’t’z + Byouy™* + By Erpuly ™ + fre)
+ (Ck,éXf’t’m + C_'k,eEka’t’w + Dk,euz’z’* + Dk,ZEkU?m’* + d ) wy,
2y = AT Bo Z050 + AL En 20T + CFEo( 2y we) + CL B (257 we)
+ Qk,éXf’t’w + Qk,éEka’t’m + k05
X}l:,t,z _ X}i,m,*,

ZNUT = GRX T + GREL XN + gi, L€ Ty

(2.10)

with the stationary condition

0= (Rip + R )uy™  + (B + Bk,k)TEkZ,fﬁf + (D + Dk,k)TEk(Z:ffwk) + pr,  (2.11)

and the convexity condition

inf  J(k,0; 1) > 0. (2.12)
apeL2 (k;Rm)

~

Here, J(k,0;y) is given in (2.7), and X5%* in (2.10) is given by

X;i’f’l* = [(Agx + A i) X054+ (Beg + B )ul™ + k]
+ [(Ck,k + Ck7k>X£’z’* + (Dk,k + Dkyk)u};’m’* + dk,k} Wi, (2.13)
Xp™* =g, keTs.

Under any of above conditions, (X%* ub®*) given in (i) is an open-loop equilibrium pair for the
initial pair (t,z).
Proof. See Appendix B. O

To simplify the notations, let

Ao =Ape+ Age, Bre= Bre+ Bry,
Cro = Crys+Cro, Dio=Dre+ Dyy,

" " (2.14)
Okt =Qre+ Qre, Rie= Rie+ Rig,
Qk:Gk+Ck, keT,, (eTyg.
Then, (2.13) can be rewritten as
t,x,* t,x,* t,x,* t,x,* t,x,%
Xpi1l = (A, X0+ Broguy ™™ + frp] + [ConXy™™ + Dieuy ™™ + die | wie, (2.15)
X§7I7* =, k S Tt. .



For any k € Ty, from (2.10) it follows that

{ Xl = [Aer X007 4 Brpup™ + fir] + [ConX™" + Depu™ + di i ] wi,

kit t,x,*
XPte = o

Therefore, we have

Xphr = Xt ke (2.16)

o~

We now study the condition (2.12). The following result gives an expression of J(k, 0; @y).

~

Lemma 2.4. J(k,0;ay) can be expressed as

T(k, 05ux) = @ (Rik + B Prkes1 Br e + Do Prk1 Dr i) (2.17)
with Py g1 and Py p+1 computed via
Pro=Qre+ A&Pk,eHAk,e + CijPk,eHCk,e,
Prie= Qre+ Aagpk,e+1Ak,e + CkT,ng,eHCk,e, (2.18)

P.n =G, Ppn=0r, LTy

Proof. From (2.9), it follows that

K,k kg
Ek}/é+7fk = .AkyeEkYé uk, le Tky,
ki _
EkYkai’“ = Bk Ertur,
ErY,"™ = 0.

By adding to and subtracting
N—1
> E [(%’fﬁ?’“)TPmn’l?’“ — (YT Py
o=k
FERYET)T P BV — (B Y™ )T PEYE™ |

from (2.7), we have

2

Tk, 0s) = 37 Ex{ (V™) Qua¥™ + (BaY™ )T QuuEnY ™ + (V)T P Y/
2
— (VT RY S (BT P BY [ — (BYS)TPEYS 4 al Ryt

Il
e

N-1

= Z Ek{(EkYZk’ﬂk)T(Qk,e + AY yPros1Are + CyPre41Cro — Pk,e)EkYek’ﬂk
(—ht1

+ (ng’ﬁ’“ - Ekng’ﬂk)T(Qk,e + A%:gpk,éJrlAk,é + CkT,gpk,eHCk,e — Pyy) (ng’ﬂk - Ekng’ﬂk)}
+ af, (Rik + By Prok+1Brk + Df x Proos1 D) U

= @z (th + B}zkpk,k-i-l[)’k,k + ngpk,k-i-lpk,k)ak- (2.19)

This completes the proof.
Letting up = 0, A = 1 in (2.6), from Lemma 2.4 we have

J(k, C; (U, ulry,,)) = Uk (Rik + Bk Prokr1Brk + DiPrky1 D k) Uk



T
+2[ e+ BEAERZEL + DEGER(ZELw0)] e+ Tk, G (0, ul, )

2 (M 2y, ay) + 2(My, 1, ay) + J (K, G (0, ulry,,)), (2.20)
where (-, -) is the inner product on R™, and My, 2, My, 1 are defined as
Myo=TRpxr+ B}Ekpk,kJrlBk,k + Dzkpk,kJrle,kv (2.21)
My = BEGERZED + prow + DEGER(Z30 wr).

k,0

In (2.21), Z,]jfl is computed via a version of (2.8) with uy replaced by 0. It can be seen that 7,7 is
a functional of ¢ and ul|r,,, .

Fixing ¢ and ult,, ,, J(k, (; (@, ulr,,)) is a quadratic functional of g, and is convex with respect
to ay if My2 > 0. Throughout this paper, Problem (LQ) will be called point-wisely convex at (k, ()
(with ¢ € L% (k;R™)) if for fixed ulr, .., J(k,(; (@, ulr,,,)) is convex with respect to . By this,
Lemma 2.4 and Theorem 2.3, we have the following result, whose proof is omitted here.

Proposition 2.5. The following statements are equivalent.

(i) The convexity condition (2.12) is satisfied.

(ii) The following inequality holds

M2 = Ris + Bj x Prss1 Brk + D Prir1Drye = 0, (2.22)

where Py p+1 and Py 41 are computed via (2.18).

(iii) Problem (LQ) is point-wisely convex at (k,() with some ¢ € L%(k;R™).

(iv) Problem (LQ) is point-wisely convex at (k,¢) with any ¢ € L%(k;R™).

Furthermore, if Problem (LQ) admits an open-loop equilibrium pair for the initial pair (t,x), then

for any k € Ty and any ¢ € L%(k;R™), Problem (LQ) is point-wisely convez at (k,).

Now let us switch to the stationary condition (2.11). The following lemma gives an expression of
the backward state Z*:t.

Lemma 2.6. Let uz’m’* = \Pgth’z’* + ap, b €Ty, in (2.10) with Wy, cp, £ € Ty, being deterministic
matrices. Then, the backward state Z**% of (2.10) has the following expression
ZpY = PogXPU" 4 PogBp X0 4+ T o Xp"" + T gBu X" + e, €€ Ty (2.23)
Here, pk,g = Pio — Pr¢ with Py, Pre being computed via (2.18), and Tk,g,Tk,g,ij are gien by
T = ALy Trov1Aee + CLTrov1Cop
+ (A@Pk,eﬂBk,e + A{ng,é+1Be,e + C;Igpk,é+1Dk,e + C;Ing,é+1Dé,é) Wy,
Tio = AL Trov1Ave + AL Teov1 Ao + O Tro1Cre
+ (Af,gpk,eﬂék,e + A%:gpk,éJrlBk,é + Agng,l+IBé,é + CkT,ng,eHDk,e (2.24)

+ AL Prv1Bre + AL Tros1Beo + Cffy Prot1 Dre + C;Zng,e+1De,e) Wy,
Ten =0, Typn =0,
! e ’]Tk,

and
T = A{gpk,e+1 (Br,eou + fre) + A£4E,2+1 (Beece + foe) + Aggﬂk,e+1
+ CkT,ng,éH (Drpove + die) + CkT,ng,éH (Depowe + dee) + Qe
Tk,N = Jks
le Ty

(2.25)

with Tre = T + Tkyg,ﬁ € Tg.



Proof. See Appendix C.

O

Noting that Py ¢ and Py, are symmetric, T} ¢ and Tk,é are generally nonsymmetric as Ay ¢, Be.¢, Co e
and Dy ¢ appear in the expressions of T} , and Tk, ¢. Recall the pseudo-inverse of a matrix. By [20], for

a given matrix M € R™ ™ there exists a unique matrix in R™*" denoted by M such that

MMM =M, MMM = M,
(MMHT = MM, (MTM)T = MTM.

This M1 is called the Moore-Penrose inverse of M. The following lemma is from [1].

(2.26)

Lemma 2.7. Let matrices L, M and N be given with appropriate size. Then, LXM = N has a
solution X if and only if LLTNMM?' = N. Moreover, the solution of LXM = N can be expressed as

X =LINM'+Y — LYLYMM?, where Y is a matriz with appropriate size.

Based on above results, we have the following theorem.
Theorem 2.8. Given t € T and x € L%(t;R™), the following statements are equivalent.
(i) There exists an open-loop equilibrium pair of Problem (LQ) for the initial pair (t,x).
(ii) The set of LDEs

Pro=Qre+ Aagpk,é-i-lAk,é + CkT,ng,eHCk,e,

Prie = Qe+ Ab Pris1Are + ClyPror1Croe,

P.n =G, Ppn=0r, (T,
Rii + BkT,kPk,kHBk,k + D,zkpk,kHDk,k >0,

keT,;
is solvable in the sense
Rik + B;kak,kHBk,k + ngpk,k-i-lpk,k >0,k €Ty,
and the following condition
(I —WiW)) (HiXy™ +Br) =0, keT,
is satisfied. Here,
X;ifl* = (Apr — Bk,kW;IHk)X;i’z’* - Bk,kwjiﬂk + frk

+ [(Chyie — Dk,kW;IHk)X;?m’* - Dk,kW,Zﬁk + dpe k| W,
X§7I7*:1’, kETt,

and
Wk = Rii + Bka (Pre+1 + Tropr1) Brp + ng (Pr,k1 + Trookt1) Dy,
Hi = Bl (Prorr1 + Thor1) Ao + D i (Prkt1 + Thoks1)Chok
By = Bka [(Prot1 + Tihs) fik + Thk1] + ng (Prokt1 + Troor1 ) i + Proies
keT,
with
Tip = AL Troy1Ave + CLyTro41Co
- (Af,gpk,eHBk,e + AL Tio11Bee + CF yPrgy1Die + C;ngk,eHDe,e)WgHe,
Tt = AL Tror1Ae + CL g Th 041Co e
- (Aaﬂ’k,eﬂgk,é + AL Trer1Bee + CL 4 Pr oy 1Die + C,Zng,mDe,e)WJHe,
Ten =0, Tpn =0,
0 e Ty,
keTy,

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)



and

e = Af  Proet1 (fre — Bk,eW}ﬂe) + AL o1 (fer — Be,eWgﬂe)
+CLy Prgs1 (die — DieWiBe) + CLyThoor1(dee — DeeW, Be)
+ AL T4 F e (2.33)

Tk,N = Gk,
k e T,.

Furthermore, we have

ZPhT = Pog(XPY" — B X)07) + PraBa X707 4 Thoo (X" — B XJ5)
+ TrBe X[ + g, L€ Ty (2.34)

Under any of above conditions, an open-loop equilibrium control is given by

t,x,*

ul ™t = —WIHL X WIB, ke T, (2.35)
with X% given by (2.30).

Proof. (i)=(ii). Let u>** be an open-loop equilibrium control. From Theorem 2.3 and Proposition
2.5, we have the solvability of (2.27). Furthermore, for any k& € T;, the FBSAE (2.10) admits a
solution, and (2.11) holds. As

ngl’t’z = GN*IX]]\[ViLtyI + GNAENAXJZVVA’M +gn-1,
from (2.11) and (2.16) we have

t,x,* T t,x,*
0=RNn-1,N-1uy 7 +Byn_1 no1GN-1EN_1 X"

+ D%_17N_1GN—1EN—1(Xf\}m’*wN—l) + 317\}_17N_19N—1 + PN—1,N—1-

*

Note that X** is given in (2.13). Then, substituting Xf\’,ci’l into the above equation, from Lemma

2.7 we have

“szj = _W;rvleN—lX}f\’r?; - J]L\/flﬁN—l
2 UN X+ an-1, (2.36)
and
(I =Wy Wh_ ) (v X551+ Bv—1) =0,
where

_ T T
Wrn-1=Rn-1,n-1+Bx_1 y-19n-1BN-1,v-1+Dy_4 y_1GN-1DN-1,N-1,
T T
HN-1=By_1 y-198v-1AN-1,N-1 +Dy_; y_1GN-1CN-1,N-1,

Bn_1= 317\1/,171\/,1 [gN—lfN—1,N—1 + gN—l] + D%,LN,lGN—ldN—l,N—l + pPN-1,N-1-
Noting (2.16) and Lemma 2.6, we have
Z%:f’t’m = (Pn_a,n-1+ TN—2,N—1)X§\}?; + (Pn—2,n-1+ TN—Q,N—I)EN—QX;’/?T + TN—2,N—1,

where Tn_2 n_1, TN_27N_1 are computed via (2.24) with Uy _; and a1 being given in (2.36). From
(2.11), we have for k = N — 2

t,x,* T t,x,*
0=RN-2N-2uy 5+ Bn_on_2 [(,PN72,N71 + Tn—2,n-1)En—2 X" + T2, N—1
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+ DN _on_2(Pr—an-1+Tn_2n-1)En_2 (XN wN—2) + pN_2.N—2.
Substituting vaf; into above equation, by Lemma 2.7 we have
Uiy = ~Wh N2 XG5 — Wi oy
2 UN o XU+ an—2,
and
(I —Wrn—aWi o) (Hn—2 X355 + Bn—2) = 0,
where

Wn_2=Rn_2n-—2+ B%_Q,N_Q(PNlefl + Tn—2,n-1)Bn—2,N—2
+ D%721N72(PN—2,N—1 +Tn-2,n-1)DN—2,N—2,

Hy_2 = 55_271\[_2(771\172,1\771 + Tn—2,n-1)AN—2,N—2
+ D%,ZN,Q(PN—2,N—1 +Tn-2,n-1)CN-2,N—2;

BN-2 = 65_271\/_2 [(PN—2,N—1 + TN—2,N—1)fN—2,N—2

+ D%_QJ\/'_Q (Pv—2,n-1+TN-2,v-1)dN-2,N—2

+ 7TN—2,N—1} + PN-2,N—2-

Backwardly repeating above procedure, by Lemma 2.6 we can get (2.32), (2.33) and (2.35).

(ii)=(i). By Proposition 2.5, Lemma 2.7 and reversing the proof of (i)=-(ii), we can complete the
proof. O

Now let Problem (LQ) for the initial pair (¢,2) admit an open-loop equilibrium pair. For a § # z
with £ € L%(t;R™), we can construct a control of the form (2.35) as

ul st = - WHXPS - WB, ke Ty, (2.37)

where

X;i’f’l* = [(Ak,r — Bk,kW;ZHk)X;i’g’* — B Wi Bk + frk]
+ [(Ark — BexWiHL) X35 — Dy oW Bk + di i Jwi,
X5 =¢, ke,

or equivalently,

X;ifl* = [Ak,kX;i’E’* + Bk,kuff’* + frn)
+ [CkﬁkX]i’g’* + Dkykuz’g’* =+ dk,k} Wi, (238)
XS =¢, keT..

Though similarly defined as (X%, u®®*), we cannot assert that (X*&* u?$*) is an open-loop equi-
librium pair of Problem (LQ) for the initial pair (¢,£). In fact, (2.29) reads as

WIWE (MR X" + Br) = M Xy™ + B, k€ Ty (2.39)
If (X5&* ub$*) was an open-loop equilibrium pair for the initial pair (,£), then there would be

WiWE (M X05" + Br) = HiXp" + Br, k € Ty (2.40)
However, generally speaking, (2.40) cannot be deduced from (2.39). In fact, we have

W (M XES" + Bi) = WL (HXE™ + Bi) + Wi (XS — X1)
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= Hk;X]ivgv* + ﬂk + (WkWZHk; o Hk) (X]i,f,* o X]:_’I’*)7

which is different from HkX,i’f’* + Bk in general. Therefore, under the condition that Problem (LQ) has
an open-loop equilibrium control for an initial pair (¢, ), we cannot assert the existence of open-loop
equilibrium control for other initial pairs.

If (2.27) is solvable, we have from Proposition 2.5 that for any (k,() (k € T¢, ¢ € L%(k;R™)),
J(k, C; (g, u|T,.,)) is convex with respect to . By (2.20), J(k, C; (i, u|T,,,)) can be rewritten as

J(k, G; (U, ulTyy, ) = (Mi2tin, ur) + J(k, ¢ (0,ul,, ) + 2(Mr 1 (¢ ulr, ), Ur)- (2.41)

Here, we have used My, 1((, ulr, ) instead of M} 1 to emphasize the dependence on (¢, u|r, ). Only
with the convexity condition, we cannot get the existence of the minima of a quadratic functional
like (2.41). To see more about this, let us consider a perturbation of the control weighting matrices.
Precisely, for € > 0 and k € Ty, introduce the following cost functional

Je(k, G (an, ulryy,) = J (k. G (an, ) + eE[ay ax]
= (M2 + el ) tig, ) + 2(Mp1 (¢, ulr, ), Ur)
+ J(k, ¢ (0,ult,, . ))- (2.42)
Then, it holds that
M o & Myo+ el =Ry + I + By Prps1Br + D Prps1Dii > €l
By simple calculations, we have
Uy, = arg ﬂkeLrgi(IIi;Rm) Je(k, ¢; (g, ult, )
= — (Mg ,) "My (¢ ulr,,,), k€T (2.43)

In what follows, the version of Problem (LQ) corresponding to {J.(k, -, - ),k € T:} will be denoted
as Problem (LQ)., for which we can adopt a backward procedure to derive the open-loop equilibrium
control. Specifically, letting k = N — 1 in (2.42) and by (2.5) (2.43), we have

u ot = *(MJEV—LQ)AMNle(ng\}t—’?ﬂ (2.44)
with the process X% * being determined below. Substituting (2.44) into (2.5), from (2.43) we have
U?vtfz* - *(MIEV—Q,2)71MN72,1(XJE\}E?*,U;}tizf*)-

Repeating above procedure backwardly, we get the following open-loop equilibrium pair
(Xe,t,z,* ue,t,z,*):

U = (M ) M (XE ), ke T,

and

Xt = [Aa X" 4 B ™™ + fin]
+ [Ck,kXZ’t’I’* + Dy puy """ + di i Jwr, (2.45)
Xf’t’l’* =z, keT,.

By (2.35), u®%** can be expressed as
up "t = —OVRIHEXTT = V)L ke T (2.46)

Here, Wi, 15, and 5 are obtained by replacing Ry, with Ry, + ¢l in (2.31).
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Theorem 2.9. Let

T T

P = Qrye + A o Pror1Ake + Cp y Pro41Ch e
T T

Pre = Qie + Ag Pror1 Ak e + Cp o Preo+1Cr e

Py n =Gr, Pen=0r, €Ty, (2.47)
Rii + BkT,kPk,kHBk,k + D,zkpk,kﬂpk,k >0,
keT

be solvable. Then the following statements hold.

(i) For any t € T and any x € L%(t;R™), Problem (LQ). for the initial pair (t,x) admits an
open-loop equilibrium pair (X©H%* wsH%*) which is given in (2.45) and (2.46).

(ii) If the sequence {u="** ¢ > 0} is bounded in L%(T;;R™), then Problem (LQ) for the initial
pair (t,z) admits an open-loop equilibrium pair.

Proof. (i) follows directly from the comments above.

(ii). As {u®»®* e > 0} is bounded in L%_-(']Tt;Rm), there exists a weakly convergent subsequence
{uwsto* 5 € {0,1,2,...}} of {u‘S b e > 0} with its weak limit o°%*. We can further select a subse-
quence of {uft®* j € {0,1,2,...}} such that the subsequence converges strongly to o5%*. Without
strongly. Denote X

loss of generality, we assume that {usit®* 5 € {0,1,2,...}} converges to v"**

as the solution to the following equation

—t STk ——t,x,* —t,x, %
X5 = [Ax, b X0 Bttt 4 o] + [CeaXy" + Drow®y™ + dio ] wi, (2.48)
Yi7z7* = [L" I{/’ e Tt.
Clearly,
Y;z * _ X}i,z,* + jzv]i,om’ ke Tta (249)

where )A(,iw* and )N(,i’o’* are computed via
X;ifl* (A X" + fon) + [ConXp™" + dig] wi,
XM =, keTy,

and

Xptr = [Aep Xp0" + Bip®y ™) + [Cron Xy + Dist ™ g,
X" =0, keT,.

From (2.49), (2.48) actually introduces an affine operator, which is defined from L%(Ty;R™) to
L%_-(']NTt;R"), fe., X071 = Xt 4 O@"™*) with X"0* = ©(v"**). It can be shown that the op-
erator O is linear and bounded. As u®"*%* converges strongly to v5%*, X&tH®:* = Xtax 4 O (ush®*)
will converge strongly to XUOT = Xtes 4 O(@"H®*). Furthermore, from the definition of open-loop

equilibrium control, it follows that for any k € T; and any uy € L%(k; R™)

J(/{Z, X}jj,t,x,*; ’uej’t’l’*|’]1‘ + EJE|U€] o, *|2

< Tk, X700 (g, w0 )+ € Blun]. (2.50)

Letting j — oo in (2.50), we have for any Vk € T; and any uy, € L%(k; R™)

T K ok —t,x,*
Ik, X050 ) < J (R, X5 (uk, T,y ). (2.51)
By (2.48), we can assert that (Yt’x’*,it’m’*) is an open-loop equilibrium pair of Problem (LQ) for the
initial pair (¢, z). O
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Under the point-wise convexity condition (2.47), above theorem tells us that Problem (LQ) is
“almostly” solvable: for any arbitrarily small e, the perturbation version Problem (LQ). of Problem
(LQ) is solvable for any initial pair. Naturally, we may ask: when will Problem (LQ) be solvable for all
the initial pairs? The following lemma presents a sufficient condition to the existence of the open-loop
equilibrium control of Problem (LQ).

Lemma 2.10. For Wy, Hy, Br, k € Tt (defined in (2.51)), if
WIWIH, — Hy =0, WiW[Be — B =0, keT, (2.52)

are satisfied and (2.27) is solvable, then Problem (LQ) for the initial pair (t,x) admits an open-loop
equilibrium pair.

Proof. Introduce a dynamics

X;ifl* = [(Arx — BkkWII/Hk)X]ij* + frr — Bk,kwgiﬂk]
+ [(Age — Bk,kW;IHk)X;i’Z’* +dii — Dk,ngﬁk]wk, (2.53)
X" =, keTy,

and a control

~t,T,*

W = —WIHL X WG, ke Ty (2.54)

Then, by reversing the first part of the proof of Theorem 2.8, we can show that for any k& € Ty, the
following FBSAE admits a solution

)?fflm = (Ak,e)?f’t’m + z‘_lk,éEkfff’t’z + B otly™" + B (Bt ™" + frr)
+ (Ck,e;(f’t’z + C’k,eEk;(f’t’m + Dk,ea?z’* + Dk,eEkﬂZ’m’* + dk,l)wL
Zéc’t’x = AZ,ZEgZZ_tf + AaéEkZéc_’i_tiz + C;ngEe(ZZ_tizwl) + CV]Z?gEk (Zéc_;’_tixwg)
+ Qk,e)zf’t’z + Qk,eEk)zf’t’z + Q.0
Kkt _ gt

Iy = GRXN"" + GRER XN + g, LE Ty

with properties
Zk,t,z - p )}k,t,m p E )}k,t,m v t,x,* = v i,T,%
7 = Prg X0 A P B X0 T o X 4 T B X007 + e, L€ Ty,
and
~ >k >k
0= Rkﬁku};’m’* + Bzﬂ,kEkaiylm =+ ngEk(Zkl:izwk) + Pk, k-

Furthermore, by (2.28) and (2.19) we have (2.12). From Theorem 2.3, (X5** /%) is an open-loop
equilibrium pair of Problem (LQ) for the initial pair (¢,2). This completes the proof. O

In fact, we have the following necessary and sufficient condition to the existence of open-loop
equilibrium pair for any initial pair.
Theorem 2.11. The following statements are equivalent.

(i) For any t € T and any x € L%(t;R™), Problem (LQ) admits an open-loop equilibrium pair for
the initial pair (t,x).
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(i) (2.47), the set of GDREs

The = Aang,éHAu + C;ngTk,é-i-lCé,é
- (Az,gpk,é—i-lBk,é + Aang,Zﬁ-lBé,é + C;€T7@Pk,e+1Dk,e + C,ﬁng,e+1De,e)W§He,
Tew = AL Teor1Ave + CLyTro41Co
— (Aggpk,z+13k,e + Aagﬁ,e+13e,e + C;zgpk,e+1pk,e + C;ngk,e+1De,e)WgHe, (2.55)
Tk,N = 0) 77C,N = Oa
! e Tk,
WIW,[ My — Hy, = 0,
keT,

and the set of LDFEs

T = AL Proor1 (fre — Bk,eWgﬁé) + AL Trer1 (fee — BMWZ&)
+ C;CT,ng,éH (di,e — Dk,éWgﬁz) + C;ngk,éH (dee — Dé,éWgﬁé)

+ Ag,ﬂk,éﬂ + qk,0, (2.56)
Tk,N = Gk,
WiW, Bi — B = 0,

keT
are solvable in the sense

Rik + B}kak,kJrlBk,k + Dzkpk,k+1pk,k >0,
WWIH, — Hy, =0,

Wi B — Br =0,

keT.

Here,

Wi = Rk + Bg:k(Pk,kJrl + Tee+1) Bk + DkTJC (Prkt1 + Trokt1) Dy

Hi = B/Z,k (Preks1 + Tihs1) Arye + DZ,k(Pk,kH + Tk ie+1) Chy o

Br = sz [(Prot1 + Tikr1) frk + Thot1] + ng(Pk,k+1 + Thkt1) di ke + Phis
keT.

Under any of above conditions, an open-loop equilibrium control for the initial pair (t,x) is given

Proof. The sufficiency follows from Lemma 2.10. As for the necessity, by Theorem 2.8 we need
only to prove

WWIH, —H =0, WWIB, — B =0, keT. (2.57)

Consider Problem (LQ) for the initial pair (N —1,z) with z € L% (N —1; R"). By the proof of Theorem
2.8, we have

0= WN_1U%:?Z7* + HN_lX]Z\\/{:ll’I’* + ﬁN—l- (258)
Noting XN _}"™* =z and taking z = 0 in (2.58), we have

0= WN_1U%:1’O’* + BN-1, (2.59)
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which together with Lemma 2.7 leads to WN,1WJTV_15N71 — Bn—1 = 0. Furthermore, by subtracting
(2.59) from (2.58) we have

N—1,z,* N—1,0,*
OZWN_l(uN_l —Un_] ) + Hy_1x.
Let e; be a R™-valued vector with its i-th entry being 1 and other entries 0. Then, we have
N—1,e1,%* N—1,0,* N—1,ep,* N—1,0,*
():WN,l(uNil Y — w0 Uy —Uyn_] )+7—[N,1(61,...,en).

Noting that (61, - en) is the identity matrix and by Lemma 2.7, we have WN_lVV}LV_l/HN_l —Hy_1 =
0.

Considering Problem (LQ) for the initial pair (N — 2,z) with 2 € L%(N — 2; R™), we can similarly
prove

WN—QW;-V_QHN—Q —Hn_2=0, WN—QW}LV_QBN—2 — Bn-_2=0.

Continuing above procedure backwardly, we then achieve the conclusion. O

Note that Py ¢, Pr e,k € T, ¢ € Tyy1, are symmetric. If Qy e, Qkyg, Ri.e, Rk,é are selected such that
Qk.t, Qke+ Qrey, Rey, Reo+ Ree >0, k € T, £ € Ty, then (2.47) is solvable. Furthermore, as
indicated in (2.23), ©r¢ = {Pr.e, Pt Thes Tht, The} is used to express Zf’t’z. {Px.0,Pre} is then
called the symmetric part of O, and {Tk¢, Tre}, 7re are viewed as the nonsymmetric part and
nonhomogeneous part, respectively.

*

To end this section, we give some comments on the open-loop equilibrium control u*** and its
closed-loop expression (2.35). Generally speaking, for deterministic problems, an open-loop control is a
functional of initial state and the time variable, and a closed-loop control is a functional of the observed
state information. As all the states are essentially functionals of initial state and the time variable,
a closed-loop control is an open-loop control indeed. Concerned with the stochastic case, a control
problem is formulated within a random background, which is characterized via a filtration. It is better
to select the open-loop control to be adapted to the background filtration. For example, an open-loop
control in this paper is selected to be adapted to {Fi}. The closed-loop control is similarly defined
as that for the deterministic case, and also a closed-loop control is an open-loop control. Therefore,

though (2.35) is of closed-loop form, it is indeed an open-loop control.

3 Some Special Cases

3.1 The state matrices and weighting matrices are independent of the ini-
tial time

In this case, the system dynamics and the cost functional are, respectively, given by
X/i-',—l = (AkX}é + AkEtX}é + Brup + BpEsuy + fk)

+ (CkX}; + ékEtXIZ + Dpuy, + DkEtuk + dk)wk, (31)
Xl=xz keT, teT,

and
N—-1

J(t, z;u) = E; [(XE)TQkXi + (EeXp) " QrE X} + ufl Riur, + (Eeug)” ReBrug + 263 X + 2p) up
k=t
+EJ(XR)TGXL] + (B Xi)TGE XY + 2Eig" X}y (3.2)
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Problem (LQ) corresponding to (3.1) and (3.2) will be denoted as Problem (LQ)s1. Now, (2.47), (2.55)
and (2.56) become

and

where

Py, = Qp + AT Pyy1 Ay + CF Py C,
P = Qk + AL Pop1 Ay + CF Piti Cy,
Py =G, Py=6,

Ry + B} Pry1By + Dy Py Dy > 0,
ke,

Ty = AT Ty 1 A, + CETy11Cy,
— (AT Py By + AL Tyo1 By, + CF Proy1 Dy + CT T 1 D) Wi H,
T = A Tii1 A + CF Ty 1 Ci,
- (A{(Pkﬂ + Tit1) B + CE (Pry1 + Tk+1)Dk)WZHk;
Ty =0, Ty =0,
WiWIH, — Hy, =0,
kET,

Tk = AL P (fro — BoWBr) + AL Trgr (fx — BeWiBr) + AL i
+ CF Pegr (i, — DWW Br) + CL Tyir (dy, — DWW Br) + i,

™ =9,

WiW} B — B = 0,

ke,

Wi = R + BF (Pis1 + Tir1) Bi + DE (Peg1 + Tig1) Di,

Hie = B (Prs1 + Tiw1) Ak + DL (Pig1 + Thg1) Ci,

Bk = BE [(Prir + Tir1) fr + Thy1] 4+ DF (Prgr + i1 ) di + pi-
keT.

By Theorem 2.11, we have the following result.

(3.4)

Corollary 3.1. For any t € T and any x € L%(t;R™), Problem (LQ)s1 for the initial pair (t,x)
admits an open-loop equilibrium pair if and only if (3.3), (3.4) and (3.5) are solvable.

3.2 The case without mean-field terms

Consider the following system dynamics and cost functional

and

Xl=xz keT, teT,

{ Xty = (AeuX) + Begug + frr) + (ConXE + Dy g + digo)wy,

J(t, x5 u) = Ee[(X5)" Qe X, + wf Rewur + 2q/ o Xf + 20/ pur]
t

+ B [(XR) TG XY] + 2E9f X

2

=~
Il

17

(3.7)



Problem (LQ) corresponding to (3.6) and (3.7) will be denoted as Problem (LQ)s2. In this case, we
have
Pro=Qre+ Aggpk,é+1Ak,l + C}Z:gpk,lJrle,la
Py =G, €Ty,

T T (3.8)
Ry + By, Pre+1Br,ke + Dy Pree+1 D > 0,
ke,
The = Angk,e+1Ae,e + C,ngk,e+1Ce,e
— (AL ((Prgs1 + Trp1)Beo + CF (P + Tk,é—i—l)Dé,é)WgTHéa
Tk,N = 07 (3 9)
le Tk,
Wi W Hy, — Hy = 0,
keT,
and
Tt = AL ¢ Pt (fre — Bk,ngﬁz) + AL Thopa (fee— Bz,ngﬁé)
+ Cf yProsr (die — Dk,eWgﬂe) + CF yTrpy1 (dee — De,eWgTﬂe)
+ Ag,ﬂk,éﬂ + qk,e, (3.10)
Tk,N = Gk,
Wi W) B — B = 0,
ke,
where

Wi = R + B;Z:k(Pk,kJrl + Thjt1) Brye + ng(Pk,k+1 + T k1) Die i,

Hy = B]z—:k (Paje+1 + Thopr1) Ao + DkTJC (Prks1 + Tros1) Choks

Br = B,Ik [(Proot1 + Toks1) frk + Thps1] + Dak(Pk,k-i-l + Thir1) Ak + Preies
keT.

Corollary 3.2. For any t € T and any x € L%(t;R™), Problem (LQ)s2 for the initial pair (t, )
admits an open-loop equilibrium pair if and only if (3.8), (3.9) and (3.10) are solvable.

In Theorem 2.2 of [16], a necessary and sufficient condition to the existence of open-loop equilibrium
pair is presented for the following system

{ Xiy1 = (AxXp + Brug + fr) + (Cu Xk 4+ Dyur, + di) wy, (3.11)

Xt::Ea I{?eTt, te .

The matrices in (3.11) are independent of the initial time. Hence, Corollary 3.2 is an extension of
Theorem 2.2 in [16].

4 Example

In this section, we will use an example to illustrate the theory on solving Problem (LQ).

Example 4.1 Counsider a version of Problem (LQ) with N = 2, whose system matrices and
weighting matrices are given blow

3.3 041 512 —-0.35 = 3.34 —-1.01
140,0:{ :|3AO,1:|: ], 0,02[ ],

-1.3 1.9 1.31  2.03 143 2.03
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dos = 31..425 72'3 } By = { 5,052 1:;)6 ] By, = [ f.fz 2.536 ] |

Boo = ?? 0'??2 } » Doy = { j))(')(.34{1)2 ;963 } »Coo = [ 05.:763 7%8 ] ’

Co = 705_47 05.723 ]  Coo = [ 05.:763 7%8 } » Coa = { —05.47 05.723 } ’

Do,o = f16_37 1'763 } > Doa= [ 1.%7 0'53 } » Doo = { :i-657 06?43 ] ’

o 28] e[ 25 3] aee [ 2]

s[5 ) e[ 5] o] B 2]

R ol B TR oSl P P I £

an=[on Wl e[ p] en= 57 V] ans[ 5]
Ro,0:8'5 (1)], RO,l{(l) 02}, Ro,o{g 8}, R0,1{02 (2)}’

R R e (T I i

e[ 2] e[ 4y 2] e (32 e[ 2]

0 2 0.3 3 0 3 —-0.2 1
[ —0.5 —1.34 1.32 —0.35
Joo = - }  Jor = [ 95 } ; doo = { 979 } ; doq = { 3.9 ] ;

f 1 di o — 0 | —0.85 2 32
LL= 1 9 |> L= | 9007 18 v do,1 = 7 v POO= 9 o

[ 1.42 |6 | 6.2 | 5.6 9
pO,l*_2.71 y qi,1 = 8 » PL1 = 57 » 9o = 78 y 91 = 8.7 |-

Note that Qg.¢, Qk.e, Rie, Rie, k=0,1,£ =k, 1, are not fully nonnegative definite, since for example
Qo,0 is negative definite and Ry is indefinite.

By the iterations of (2.47), (2.55) and (2.56), we can get the values of the solutions with

400.8004 —330.6524
Rl,l + B’11:1P17261,1 + ,Dflzjlpl,QDl’l = |: :| 0,

—330.6524 673.2241

24209 11560
Ro,o + Bg,opo,lBo,o + D0T70P0_’1D0_’0 = { } 0,

11560 28652

Wy — | 400.8004 — 330.6524 [ 12637 932
L7 2330.6524 673.2241 |° " | —6334 3464 |’

The sets of eigenvalues of Wy an W, are {179.4026,894.6219} and {11940,4160}, respectively. Hence,
Wi and W are both invertible. Therefore, the corresponding (2.47), (2.55) and (2.56) are solvable, and
for any initial pair (¢,2) with ¢ = 0,1,z € L%(¢;R?) the considered LQ problem admits an open-loop
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equilibrium pair. Furthermore, an open-loop equilibrium control for the initial pair (0, ) is given by

ud T = CWIHL XD W B,k =0,1,

where
1.1320  0.1179 0.8661  —0.4704
Ty, — tay
With = [ 0.0254  1.0388 ] » WotHo = [ 0.0520 0.9824 |’
i, [ —0.3381 i, [ —0.2003
Wlﬂl{ 01433 |° V0= _o1ss2 |
and

Xl = [Are X0 4 Brpuy™ + fior]
+ [Ck,kX;S’z’* + Dk,kuﬁ’x’* + djo 1| W
Xg"* =x, ke{0,1}.

5 Conclusion

In this paper, the open-loop time-consistent equilibrium control is investigated for a kind of mean-field
stochastic LQ problem, where both the system matrices and the weighting matrices are depending
on the initial time, and the conditional expectations of the control and state enter quadratically into
the cost functional. Necessary and sufficient conditions are presented for both the case with a fixed
initial pair and the case with all the initial pairs. Furthermore, a set of constrained GDREs and two
sets of constrained LDEs are introduced to characterize the closed-loop form of open-loop equilibrium
control. Note that this paper is concerned with the time-consistency of open-loop control. For future
research, the time-consistency of the strategy should be studied.
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Appendix

A. Proof of Lemma 2.2

Proof. Let us replace uy with ug + Mg in the forward SAE of (2.8), and denote its solution by X*A.
Then, we have

Xk pY Xk sU L Xk-)\_Xk,u ]EkX
e+1/\e+1 :(Ak,é ¢ +A
XW—X’“’” = ]Eka A g, Xk
+(Ck,é —t— + Crye S )wé;

XEA =X X“—X’“'“ T B XFA_E xFr _ =
k+1)\ k+1 (Akk k k +A kg )\k k +Bk,kuk+Bk,kUk)

k,A kg Ky _
+ (Ck ku + Ck $ + Dy, Uy, + Dk,kEkﬂk)wk,

X"’*—Xk’”k
Sk =0, (€ Thy1.

k,u
X k kuk
) by Y,

Denotmg , we get
Y“l = A ZY Ay eEkY (Ck,ngk’ﬂk + C’k,eEkYek’ﬂk)wev
YkkJqu - (Bk7k + Bk,k)'uk + (Dk,k + Dk,k)akwk, (51)

Y =0, £&Thy.
Here, we have used the fact Exur = ur. Note that Xf’A = Xf’" + )\Yék’ﬁ’“, V0 € Ty. Then, we have

J(ka C; (uk + )\'ak, U|Tk+1)) - J(ka C; u)

N-1 ) ) ) B )
_ Z Ek{(Xéc,uk + )\Yvék,uk )TQk,é(Xécyuk + )\Yvek,uk) + [Ek(Xéc,uk + )\Yvek,uk )]TQk,eEk(Xéc,uk + )\Yvek,uk)

1=k

+ 2‘1%:@ (Xéc,uk + )\Yék,ﬂk> _ (Xk uk) Q Xk Up [EkXéC,uk]TleEeXfyuk _ 2(]]1;@)(57“)6}

+ (ur + )\ﬂk)T(Rk,k + Rk,k)(uk + A\ug) + 2p£e(uk + \ug) — uZ(R;mk + th)uk — 2p£euk

+ [Er (X" + AV )T GRER (XN + AYA ™) + Ei [(X N + AY’“’ﬁ’“)TGk(Xk’“k + AV

+ 2B [gF (XN + AV ™)) — B (X0 )T GR X v ] — (B X 5" )T GRER X " — 2Ergf X"

_ 2>\{ Z B | ( { X ) Qu oYy ™ + qf Y + [Eka’uk]TQk,eEkng’a’“] +uf (Rg g + Ryr.)
+ pk oty + Ey [( Xy uk)TG Yk k} + Exlg kTYJI\C/ﬁk] + [Esz]ifuk]TGkEkYz@M}
+ )\2{ z_: Er {(ng’ﬁk)TQk,éng’ﬂk + (Ekygk’ﬂk)TQk,éEkng’ﬁk} + Ei [k (Ri i + Rk )tix]
=k
+ B[R GRYR™] + (B E™)T GRE Y™ | (5.2)

On the other hand, we have
N—-1 ) ) )
Eg [(Xf’uk)TQk,ngk’uk + qkT,gygk’uk + [Br X )T QuyBr Y™ | + ul (Rix + Rii)un,

+pr otk + Ey [(leifuk)TGkY]s’ﬂk] + [Er X 5T GRELY ™ + Er[gf Yo ™]

=) B [(Qk,E(Xf’uk —ExXpM) + AL (Be 2y — ExZg})
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k,u k,u T k,u k,u
+ Ol (Be(Zpwe) = Ba(Z)wn) — (20" —EpZE™)) (V)™ — By[™)
+ ((Qk,e + Qk,z)Eka’uk + qre + (Ake + flk,e)TEkaff
~ T k,ug k,ug T k,ug
+ (Ck,l + Ckﬁz) Ek(z@-{-l we) — Ekzg ) Ekyg }
_ _ _ T
+ [(Rk,k + Rix)uk + (B + Brx)” Ekaff + (Dig + Dri)” Ek(Zkf{‘ w) + Pk,k} g,

_ _ _ T
= [(Rk,k + Ry k)uk + (Br g + Bk,k)TEkZ,fff + (Di.is + Dk,k)TEk(Z;]:ffwk) + Pk, k} Ug,.

This together with (5.2) implies the conclusion. O

B. Proof of Theorem 2.3

Proof. (i)=-(ii). Let (X“** u"**) be an equilibrium pair. As (2.10) is a decoupled FBSAE, (2.10) is
solvable. From (2.6) we have

J(k, Xt L. (uzm* + Ny, ub O, ) — J(E, X,i’z’*;ut’””’*)

_ T
= QA[(RIC k4 Ry p)uy ™" 4 (B, + Br) EkZ,fff + (D + Dy i) Ek(Z;]:Jffwk) + Pk, k} .

+ )\2{ Z Ex { T Qp eYk 4 (B Y’c )T leEkaﬁ’“} + Ex [af(Rkk + Ry 1) ]

+ Eg [(Y/\Cf’uk )TG}CY]@’U’C} + (Ek Y]\]i’ﬂk )TGkEk Y]]\?ﬂk }
> 0.

(5:3)
Noting that (5.3) holds for any A € R and @, € L%(k; R™), we have (2.11) and (2.12). In fact, if (2.12)
was not satisfied, then there would be a u such that lim Tk, X7 s ul ™ A Xy ) — J (ky, X055 up™) =

ade el

—oo. This is impossible. Furthermore, for any given uy € L%_—(k:; R™), denote

01 2 |:(Rk7k + Rkyk)u};’l’* + (Bk,k + Bkyk)TEkZ:if

_ T
+ (Dii + D) TEL(Z +’1 “wi) + pr, k:| uy # 0,

and

N-1

02 = Z Ex {(Yek’ﬁk)TQk,ngk’a’“ + (Ekyék’ﬁk)TQk,eEka’ﬁ’“}

=k
+ E, [uk (Rk k+ Rk k)uk} + E. [( k uk) GkYﬁ’ﬂk] 4+ (Ekyzs’ﬂk )TGkEkY]@ﬁk.
When d; = 0, we select A\ = —d1, which together with (5.3) implies
T (ky X055 (u ™ 4 Mg, ub™*|py ) — J(ky Xp™ %5 ub™") = =67 < 0.

This is impossible. When 02 # 0 (which is positive), we select A = 057 < 0 with 6 = fé. In this case,
we have

J(ky X055 (g™ 4 Mg, ul*|p, ) — J(ky X005 ub™*) = 2007 + 626165 = 036 < 0,

which contradicts (5.3).
(ii)=-(i). In this case, for any A € R and uy, € L%(k; R™) we have

J(k,Xliaw,*; (uzm,* + )\ak7ut,z,*|'ﬂ‘k+l)) . J(k,Xli’m’*;ut’z’*)
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,_.

{ Ek{ Yk’ﬂk)TQk Yk,ﬂk + (IE nk’ﬂk)TQk,éEkng’ﬂk}
=k
+ By, [af (Ri g + Rigo)an] + Ex[(YA™)TGRYy™] + (EkYﬁ’ﬁ’“)TG‘kIEkYﬁ’ﬁ’“}

> 0. (5.4)

For k = t, from (2.1) we have

Xt+1 [(Att +Att)Xt+ (Btt +Btt) Rl +ft,t]
[(Ct,t + Cre) X{ + (Dey + Dt,t)'ut’m’* =+ dt,t)wta (5.5)
xt= —a,
and for any u; € L%(t; R™),
J(t, 2 ub™*) < J(t @ (ug, ub |, ). (5.6)

We now move to the case of £ =t + 1. In this case, the starting point of the state is Xffl’ Hence, we
have

X5 = (A1 + A ) X 4 (Beger + Bt—i—l,t-{-l)uifi* + fre1,041]
+ [(Cogr,041 + Cvt+1,t+1)Xf::11 + (Dig1,041 + Dt+1,t+1)uifi* + dit1,041) Wig1, (5.7)
Xif =X,
and for any w41 € L%(t + 1;R™)
J(t+ 1, X ut ™ ) < T+ L X (e, ub ™y, ,)- (5.8)
Continuing the above procedure of obtaining (5.5)-(5.8), we have for any k € T

XFo = [(Akk + Ak ) XE + (Big + Br)uy™ + frk]
[(Ck,k + Cr k) XFE + (Di i + Dk,k)ui’m’* + dk,k)wk,
XF =X

and for any uy, € L%(k;R™)
‘](ka Xllj;ut’m’*hk) < J(klelcc’ (ukvut’$’*|'ﬂ‘k+1))'

t+1 t+2 N—1 N t,x,% t,x,% t,x,% t,x,% N t,x,*
Denote {z, X;1|, X; 15, -, Xy 1, Xy} by {2, X077, X057, - XR0L, XG0 & X0%* Then,

(X6%* yb®*) is an open-loop equilibrium pair. This proves the theorem. O

C. Proof of Lemma 2.6
Proof. Let ul,™* = U, X,"™* + ay, € Tj,. Then, we have
X0 = Ap N X0+ Ay B XY 4 Ben U 1 XN+ By 1 U E X 50

+ Bn_a.N—1aN-1+ fn—2,n-1+ {Ck N L XENT 4 Cr v Ep XY
+ DN UN A XN 4 D N1 U By XY 14 Den—1an—1 + dp N1 JWN-1.

To calculate Z;ﬁ;igf, we need some preparations. Noting that
ZWT = GRXN"T + GRER XN + i,
we get

A;N_lEN,lz]’ﬁ;t’z = AaN—lENfl [GkX]]f[’t’l + GkEkX]]ff’t’z + gk]
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- Af, ~1GRAR N~ 1XN 1t [A%:N—leAk,Nfl + AaN_1GkAk,N71}EkX§fif
— Ak,N_leBk,NA‘PNAX}:\}?;
— AL N1 [GrBrn-1 + GrBin—1| Uy 1 Ep X307
- A;{,N_lgk [Brn-10n-1— fen-1] + Ag,zv—lgk-
Similarly, we have the expressions of AszlEkZJ’i;t’z, CEN,lENfl (Z]li,’t’mwN,l) and
CkTN 1Ex (ZNt’ WN— 1) Furthermore,
Zy5% = [Qeve1 + AL N 1GrApn—1 + OF 1 GrCrn—1] X M"Y
+ [Qrv—1+ ALy 1GrArn—1 + ALy 1 Gr Ak N1
+ OF N1 GiCrn—1 + ALy 1 GrArn—1 + Oy GiCrov—1 | Er X555
+ [AL N 1GkBrn -1+ Oy 1 G Di 1| N 1 X7
+ {Ak,Nﬂ [GrBr,n-1+ GiBrn-1] + Aknylngk,N—l
+ CZN,leDk,N_1 + CEN,leDk,N—1}WN—1EkXE@T
+ A N1k [Brv—1an—1 + frn—1] + CLn_1Gr[Dr,n—1an—1 + di, n—1]
+ AL N_19k + Qe N—1

k,t,x D k,t,x t,x,* e t,x,*
=P na Xy + Pe v Ep Xy A T N1 X2 + T N1 B X2 + T v—1

We now calculate Z;ﬁ,ig Note that

Ak U YA Ak N2 |Pr, NEN o XhT 4 Py v By XY
+ TN AEN o XN T4 TN B XN 4 me v 1]
= AfN_ng,N_lAk,N_zX]’f;ﬁé
+ (AL Ny Pon—1 A n—2 + AL NPy N1 Ak n—2) ER X 055
+ [Af N2 Pe,N—1Ben—2¥ N2
+ Al N 2Tk N—1(AN—2.n—2 + By_2n—2¥n_2)] X35
=+ [A£N72Pk,N713k,N72\I/N72 + AgﬁN,ka,Nle’kyN,Q\I/N,Q
+ Af y_oTin—1(AN—2N—2 + B2 n—2¥n_2)]
x Ex X575 + Ag,N_QPk,NA (Br,n—2an—2 + fr,N—2)

T T
+ Al nv_oTen—1(By-an—20N_2 + fn_2N—2) + Aj N _oTh N1,

and similar expressions for CF y_,En_o(Zy"Twn_2), AT y_ErZy"7 and CF v, Er(Z3"Twy—2).
Then, from (2.10) we have

Z]’“th; = (Qr,v—2+ AaNfgpk,NﬂAk,Nfz + C;ZN,QPk,N71Ck,N72)XJ®i§
+ (Qrv-2+ ALy oPen—1Ak N2+ AL N o Prn-1AkN-2+ ALy oPr N1 Ak N2
+ Ci N2 Pen—1Ckn—2 + Cf n 9 Pe,Nn—1Ck,N—2) X Ev X 5% + [AL N o Pe,N—1Brn—2Vn_2
+ AZN,QTIC N—1 (AN—2 N—2+ Bn_2 N—2‘I’N—2) + CkTN,ng N-1Di, N2V Nn_1
+ C 0Tk, N—1(CN—2,n—2 + Dn_2 N—2 U N — o) | X+ (A} N2 Pr,N—1BrN—2¥N_2
+ Af o P N—1Brn—2V N2 + AL y_oTi n—1(An—2,v—2 + Bn_2,N—2¥N_2)
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+ Cf N9 PoN—1 D n—2 WV 2+ AL v o Pr N—1Ben—2Vn—2 + A y_5TkN—1
X (An—2,v—2 4+ By_2n—2¥Nn_2) + C n o3 Pen-1Dre,n—2Vn_1+ C{ y_oTh n—1

X (Cn—o,n—2+ ’DN—Q,N—Q‘I]N—2)}E1€X§\’[?; + A%:N_Qtpk,N—l (Br,n—2an—2 + fr,N—2)

+ Ag,N_gﬁ,Nq (BN—2,N—204N—2 + fN—2,N—2) + Ag,N_Q’Pk,Nq (Bk,N—QaN—2 + fk,N—2)
+ AZ’N_QE,N—l (Bn—2,N—2aN—2+ fN—2,n—2) + CkT7N_2Pk,N—1 (Di,N—20n—2 + di,N—2)
+ Ok ny_oTk,n—1(Dn—2,N—20n—2 + dv—2.n—2) + Cf ny_oPe.n—1(Dr,n—2an—2 + di n—2)
+ C'kT,Nqu,N—l (Dn—2,N—20N—2 + dN_2,N—2) + AzN,QWk,N—Q + qr,N—2

k,t,x D k,t,x t,x,* 7 t,x,*
=P N2 XN 5+ PN oEr X oo + T N2 XN 25 + T N—2Eu X575 + T N—2.

By deduction, we achieve the conclusion. This completes the proof.
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