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Abstract

In this paper, we describe sufficient conditions when block-diagonal solutions to Lyapunov and Ho
Riccati inequalities exist. In order to derive our results, we define a new type of comparison systems,
which are positive and are computed using the state-space matrices of the original (possibly nonpositive)
systems. Computing the comparison system involves only the calculation of H ., norms of its subsystems.
We show that the stability of this comparison system implies the existence of block-diagonal solutions
to Lyapunov and Riccati inequalities. Furthermore, our proof is constructive and the overall framework
allows the computation of block-diagonal solutions to these matrix inequalities with linear algebra and
linear programming. Numerical examples illustrate our theoretical results.

1 Introduction

Block-diagonal solutions to Lyapunov and Riccati inequalities are preferable in many control theoretic ap-
plications, e.g., structured model reduction (cf. [1]), decentralised control and analysis (cf. [2]). A class of
systems that is known to admit block-diagonal solutions to these matrix inequalities is the class of positive
systems (cf. [3, 4]), which is one of the reasons why generalisations of this class of systems is an active area
of research [5, 6].

In this paper, we focus on a generalisation of positive systems based on diagonally dominant matrices
since it is known that for this class of systems separable Lyapunov functions exist [7] and can be computed
using linear programming [8]. Recently, the diagonal dominant approach was applied to block-partitioned
matrices, which lead to conditions for the existence of block-diagonal solutions to Lyapunov inequalities [9].
In this paper, we generalise the existence results from [9] and derive conditions on the existence of block-
diagonal solutions to H., Riccati inequalities. The main idea of the approach is to partition the state-space
and compute a comparison system, which is positive and its dimension is equal to the number of clusters
in the state partition. Hence its dimension can be substantially smaller than the dimension of the original
system. The computation of the comparison system reduces to the computation of H, norms of the systems,
whose size is determined by the size of the individual clusters. We show that the stability of the comparison
system implies stability of the original system (the converse is generally false), and guarantees the existence
of block-diagonal solutions to Lyapunov and Riccati inequalities. The proof of this result is constructive and
computing these solutions can be performed using linear algebra and linear programming methods.

Even though we took inspiration from the linear algebra literature, in our previous work [9] we recon-
structed and generalised some existing control theory results, in particular, the stability criteria in [10].
Therefore, our comparison system approach is tightly related to previous work on comparison systems re-
ported in [11, 12] and more recently in [13]. However, the computation of comparison systems in [11, 13]
requires constructing Lyapunov/storage functions for individual systems in the network, and the overall pro-
cedure is typically non-convex. Our approach, on the other hand, is constructive and provides an algorithm
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to compute comparison systems without Lyapunov function computation. Furthermore, in the context of lin-
ear systems, the existence and construction of block-diagonal solutions to Riccati and Lyapunov inequalities
are not discussed before.

The rest of this paper is organised as follows. In Section 2, we cover some preliminaries of control
theoretic tools, positive systems theory and define a new type of comparison systems. In Section 3, we
derive sufficient conditions for the existence of block-diagonal solutions to H., Riccati inequalities. We
illustrate our theoretical results in Section 4. Additional minor technical results and numerical simulations
are available in Appendix.

Notation. The minimal and maximal singular values of a matrix A € R™*"™ are denoted by o(A) and
7 (A), respectively. For a matrix A € R™*" AT denotes its transpose. The H., norm of an asymptotically
stable transfer function G(s) is computed as ||G||,, = maxyer ||G(ww)||2, where ¢ is the imaginary unit and
[|All2 = T(A). A positive semidefinite (resp., positive definite) matrix X is denoted by X = 0 (resp., X > 0).
We denote the matrices with nonnegative (resp., positive) entries as A > 0 (resp., A > 0). The nonnegative
(resp., positive) orthant, i.e., the set of all vectors > 0 (resp., # > 0) in R”, is denoted by RZ, (resp.,
RZ,). For matrices X;;,j =1,...,n with compatible dimension, we use X, _; to denote B

Xii=[Xin - Xiic1 Xigw1 - Xinl. (1)

Finally, a block-diagonal matrix with matrices A;,i = 1,...,n, on its diagonal is denoted by diag{ 41, ..., A, },
i.€.,

Ay
diag{A;,..., A} =

2 Preliminaries

In this section, we present some preliminaries on positive systems and introduce a new comparison system
that is positive by definition.

2.1 Control Theoretic and Positive Systems Tools
In this paper, we study linear time-invariant systems

x(t) = Ax(t) + Bu(t), @)
y(t) = Ca(t) + Du(t),

where A € RVXN B € RVNXNi 0 ¢ RNoXN and D € RNeXNi| System (2) is asymptotically stable if and
only if A is a Hurwitz matrix, i.e., all its eigenvalues have negative real parts [14] or equivalently there exists
a positive definite matrix P > 0 such that

PA+ATP <0. (3)

Using the linear matrix inequality (LMI) (3) (usually called Lyapunov inequality), one can define a Lyapunov
function of the form V(x) = z(t)"Pz(t) for system (2) with u(t) = 0. In the context of input-output
behaviour, dissipativity is considered as a typical analysis tool and in particular H., analysis is enabled by
the Bounded Real Lemma [14].

Proposition 1. Consider a system (2) where A is Hurwitz. We have

(a) |C(sI — A)™ B + D|3., < 0 if and only if 5(D) < & and there exists P = 0 such that the following
Riccati inequality holds

PA+A"P+C"C — (PB+C"D)(D"D - 6*1)"Y(D"C + B"P) < 0. (4)

(b) if (C, A) is observable, then |C(sI — A)™'B + D||3_ < d implies that there exists P = 0 such that (4)
holds with equality instead of inequality.



We refer the interested reader to Corollary 13.24 in [14] for a detailed proof. Note that the converse to
the point b) holds only with additional spectral constraints on the solution P and the system matrices A, B,
C, D. As the reader may notice both analysis methods rely on LMIs with a generally dense positive definite
matrix P > 0. In some cases, analysis can be significantly simplified using vector inequalities, which happens
in the case of positive systems. A system is called (internally) positive, if for any nonnegative control signal
u(t), and any nonnegative initial condition x(0) = ¢, the state x(t) and the output y(t) remain nonnegative.
In order to avoid confusion, we will use a different notation for positive systems, namely:

£ = F¢+ Gu,

v=H¢+ Ju, (5)

where F € R"*" G € R"*™ H € R™*" and J € R™ %™ Internally positive systems are fully characterised
by conditions on the matrices ', G, H and J: System (5) is internally positive if and only if the matrices
G, H, J are nonnegative (all their entries Gy, Hyj; , Ji are nonnegative) and the matriz F is Metzler (all
its off-diagonal elements F;; for ¢ # j are nonnegative) [15]. In terms of stability and H, analyses, two
well-known results, which can be found in [4, 16, 17, 18], showcase the simplification.

Proposition 2. Consider a Metzler matriz F'. Then the following statements are equivalent:
(a) F is Hurwitz;

(b) There exists d € RY, such that —Fd € RZ;

(c) There exists e € R% such that —FTe € R%;

d) There exists a diagonal P > 0 such that PF + FTP < 0.
( g

Proposition 3. Consider system (5) where G, H, J are nonnegative matrices, while F is a Hurwitz and
Metzler matriz. Then the following statements are equivalent for a scalar §:

(a) |H(sI = F)7'G + Tl <9
(b) 6 >3(J) and there exists a diagonal matriz P > 0 such that
PF+F'P+H'H—(PG+H"J)(J"J —-81)"Y(JTH+G"P) <0; (6)

(c) G(~HF1G + J) < §;

(d) There exist vectors d,e € RZ,, g € RYg, f € RY such that

Fd+Gf <0, Hd+Jf <g, (7)
Fle+ H'g <0, Gle+ JTg < §%f. (8)

Note that condition (d) can be obtained from condition (1.4) in Theorem 1 in [16] in the case of strict
inequalities. If a certain g = 0, then the whole row of the matrices H and J is equal to zero. Therefore,
without loss of generality, we can assume that g is a positive vector.

2.2 Definition of a Comparison System

We say that a matrix A € RN*N has o = {kq, ..., k, }-partitioning with N = """ | k;, if the matrix A is
written with A;; € RFi%k; as follows
Ay ... A,

Apr ... Apg
The matrix A € RN XV is a-diagonal if it is a-partitioned and A;; = 0 for i # j. The matrix A is a-diagonally
stable, if there exists an a-diagonal positive definite P € RV*¥ satisfying (3).



Our goal is to perform analysis of partitioned systems (2) using only meta-information about the system,
such as, the norms of the blocks A;;, B;j, C;;, where the indices of B;; take the values i = 1,...,n,
Jj =1,...,n;, while the indices of C;; take the valuesi =1,...,n,, 7 = 1,...,n. Using this meta-information,
we define an internally positive system (5) with n < N, n; < N;, n, < N, that we will call a comparison
system. If we take n; < N; and n, < N, it means we lump some of the inputs and outputs into one signal.
The main question is how to choose F, G, H, J so that analysis of the comparison system yields meaningful
properties of system (2). We first present a new comparison matrix inspired by [9, 19].

Definition 1. Given an a-partitioned matricx A with Hurwitz A;;, we define a comparison matrix M as

follows:
~1 ifi=3,
Mo — 9
Y {H(S—’—Aii)_lAzﬂHw otherwise. )

Definition 1 is in the spirit of the generalisations of scaled diagonally dominant matrices discussed in [20,
21, 19] and is a direct generalisation of the definition in [9]. In order to streamline the presentation we
discuss the connection to [9] in the Appendix.

Based on the comparison matrix M“(A), we define the comparison system as follows:

F = M*(A), Gir = ||(sI — Aw)" ' Balln...,

(10)
Hyj = ||Crjll2, Jer = | Drall2,

fori,j=1,...,n,k=1,... . n,,l=1,...,n;.

3 Block-diagonal Solutions to the H,, Riccati Inequalities

Our main theoretical result states that the H, norm of a system is bounded above by the Ho, norm of its
comparison system.

Theorem 1. Consider system (2) with the comparison system (5) defined in (10). If F is Hurwitz and
|H(sI — F)"'G + J||p. <9, then ||C(sI — A)™'B+ D| .. <6 and there exist P; = 0 such that (4) holds
with P = diag{P1,...,P,}.

Besides the norm estimation, Theorem 1 provides a sufficient condition for the existence of block-diagonal
solutions to H, Riccati inequality (4). The proof of Theorem 1 is constructive and will illustrate how the
block-diagonal P can be constructed using linear programming and linear algebra. It is also straightfor-
ward to show that stability of M*(A) implies the existence of a block-diagonal solution to the Lyapunov
inequality (3). Again these solutions can be explicitly constructed. To prove Theorem 1, we first present the
following lemma.

Lemma 1. Consider system (2) with the comparison system (5) defined in (10). Let
’Ci = {k‘ S [1, AN 7no” ||C]m”2 75 0} s

Ei = {l S [1,...,7’”” HBil||2 75 0}7
Li={jell,....n]| [|Ailla #0,j #i}.

If F' is Hurwitz and
|H(sI — F)™'G + J||n.. <4,



then there exist P; = 0, Zpi, L'y, Pij, Yir, Agr = 0 such that:

n
Vi:PAi+ALPi+ Y @i+ > CLEL Cri+ P [ Y Ay® AL+ ) Buly'Bi | P <0, (lla)
j=1,j%i keK; JETL; leL;
T —Dj

e
|:_Dkl A

} =0, (11b)

ng

Vk:ZEM—’_ZAMjI’ (11C)
i=1 =1

VoY Tu+ Y Tw =61 (11d)
=1 k=1

Proof. According to Proposition 3 there exist positive scalars e;, d;, g;, fi such that (7, 8) hold. Let
My = Hijd;/gr, va = Gaei/ fi, ¢ij = |Fijlei/dj, M = Jufi/ged, and pp; = Jrge/fil. Since we need to
show the existence of a feasible solution to (11), assume that ®;; = ¢;;I, Zp; = i d, Ty = val, T = prd,
and Ay = A l, where lower case variables denote scalars. Note that by construction the matrices ®;;, Zp;,
Ty, Ty, Ay are either zero or positive definite. Let

Bi=[Ba - Bw]. cl=[cf - cL].
Tk = diag{Tkl, ceey Tkm}; Al = diag{Au, ey An,,l}a
[ = diag{Ti1,...,Din, },  Zi = diag{Z1,...,Zn,i}s

and let A; _;, ®, _; be defined as in (1). We define the matrices <i>7;7_1v and /1,;7_i by removing all blocks from
®, _; and A; _; with j ¢ Z;. Similarly we define the matrices B;, I';.
First, we prove the following H,, norm bound for all i:

I(s1 = A)™" A0 BT i < 03 (12)

This can be shown by recalling (7):

(5T — i)™ [A; @72 BET] I
=max7 (D (s = i) Ay AT (ST — Aa) /iy + 3 (8] — Aw) " BaBJ(sI — A) T )

jGL lE£1
— - T -T — - T -T

< , Igé%]%go’ ((SI* A“) 1A¢inj(SI* An) )/¢lj + Igé%féo' ((SI — A”) lBilBil(SI — A“) )/'Yil

JETL; leL;
=D max(F((s] — Ai) "' Ai))? /i + ) max(@((sT — Aii) ™" Ba))* /i

ieT, s€E leLs s€
= Z Fijdj/e; + Z Gifi/ei

JETL; leL;

<di/6i = ¢;Zl
Since (I, A) is always observable, the bounded real lemma (Proposition 1) and (12) imply that for all ¢
there exist P; = 0 such that

Pidii + ALP; + ¢l P | > Aijoi Al + > By "By | Pi=0. (13)
JE€L; lel;



Next, considering (8), we have:

n

bl = T - Z Fjdlejl—kz H’”gkI - Z diil + Z CiCrigr

di j=1,5%#1 v ’L ji= 1,]751 keKC; szdz (14)
Cl.Chi
= Y g Y e
j=1,7#1 keKc;
Substituting (14) into (13) leads to
P Ay + ALP; + Z Gl + Y Ol Cri+ P | Y Ao Al + > Buvy "By | Pi < 0.

j=1,5#i kelC; JE€EL; leL;

This means (11a) holds with ®,; = ¢i;1, Ex; = ki, Ty = vyl. The coupling constraints (11b)-(11d)
are straightforward. O

We are now ready to prove the main result of this note.
Proof of Theorem 1: Using Schur’s complement we can obtain the following LMI for a sufficiently small
g1 >0:

n
PiAii+A;I;-ZDi+51I+ >, ¢, PA,_; BB CiT

j=1j#i
* 0 0 _Ei

The inequality is not strict, since some of the columns and rows can be equal to zero. By rearranging the
matrices so that left most corner lies on the i-th diagonal entry, summing the resulting matrices for all i, we
get

PA+ATP 4] PB cT
BTP > 0 < 0. (15)
C 0 - Z?:l 5

Multiplying the resulting LMI from the right with

and from the left with its transpose results in:

PA+A"P+el [PB+C™D (7]

[BTP + DTC] v <0,
c

where

e S el )

We can complete the proof if we show that for a small positive 5 the following inequality holds:

v {DTD— (62 — &)1 0}
= 0

—I|- (16)



In this case, we get

PA+ ATP+ &1 PB+C'D cT
BTP+D'C D'D—(02-e)I 0| =<0,
C 0 I

and § > 7(D). Setting e5 = 0, application of the Schur complement and Proposition 1 will complete the
proof. Multiplying condition (16) from the right with

I 0
-D I
and from the left with its transpose we obtain an equivalent condition:

(5 gt ][5 %)

According to (11c) and (11d), for a small e3 > 0 we have
— ZI) —+ (52 762)1 t Zrka
i=1 k=1

- 251‘ +1>- Zil\l,
i=1 =1

and we need to show that

e Yy —DT
k=1 n; = 0.
[ -D 1=1 AJ B
The latter LMI follows from composing and adding the LMIs in (11b) in an appropriate manner. ]

Remark 1 (Construction of Lyapunov Functions). The proof of Theorem 1 provides a constructive way to
find a block-diagonal solution P = diag{Py,...,P,} to the Hoo Riccati inequality, provided the comparison
system is stable:

Step 1: Compute the comparison system (10) and its Hoo norm;

Step 2: Solve the linear program (7) and (8);

Step 3: Solve the individual Riccati equation (13) to find P;.

This procedure clearly shows that a block-diagonal solution P = diag{Py,...,P,} can be constructed
using linear programs and linear algebra if the comparison system is stable. This requires less memory and
computational power than solving an SDP (e.g., (4) or (11)), which will be demonstrated using numerical
examples in Section 4.2.

Remark 2 (Small-gain Interpretation). If B, C, D are zero matrices, condition (11a) leads to the following
small-gain type condition: The matriz A is a-diagonally stable if there exist ®;; = 0 such that

193/ (sT — Aii) ™" A i@, P e < 1,94,
where A; _;, ®; _; are defined as in (1), flz,z &)Z,l are obtained by removing all blocks from ®; _;, A; _;
with j € Z; (i.e., zero blocks), and ®;; - Z?:1,j¢i ;. This interpretation shows that our conditions can
take implicitly into account scaling factors, which are common in small-gain type results.

Remark 3 (SDP Conditions (11)). These conditions are clearly less conservative than the comparison
system approach, as in the proof of Lemma 1 we used several relaxations to obtain the SDP conditions from
LP conditions (7) and (8). On the other hand, solving (11) is more computationally expensive as it involves
SDP constraints. We note that conditions (11) are of lower dimensions than (4), which can be potentially
taken advantage of. However, how to exploit the structure in (11) is not trivial and requires further research.



We conclude this section by presenting some additional results for positive systems, which are straight-
forward to show using the proof of Theorem 1.

Corollary 1. Consider a stable positive system (5), then the following statements hold:

(a) The solution to the Riccati inequality (6) can be computed as P = diag{ei/dx,...,en/dn}, where e; and
d; satisfy (7, 8);

(b) Given positive vectors d, e satisfying Fd < 0 and e > —F~TH"Hd, we have FTQ + QF + H'H < 0
with @ = diag{e1/dx,...,en/dn};

(c) Given positive vectors d, e satisfying F'd < 0 and e > —F~'GG"d, we have FP + PFT + GGT < 0
with P = diag{ey/d, ... ,e/dn}.

Note that in points (b) and (c), the computed solutions are not generally minimum trace solutions to
these Lyapunov inequalities.

4 Numerical Examples

4.1 H, Performance Analysis with a = {2,3}

Since the comparison system is computed using linear algebraic tools in a completely distributed manner,
the scalability of the approach cannot be questioned. However, the conservatism of the obtained solutions
is a valid concern. In order to illustrate some issues, consider a simple example with a {2, 3}-partitioned
system matrix. We consider systems with state-space matrices A%, B, €7 and D = 0.

, 4 2
i _ | Al | A 1 _ [—60 30 2 _ a1 _|6 65 _
4 _|:A21 Ao |1 20 o) A =AW A=y 5] An = _71 _15 ’
—-90 20 20 .
Ap=1|0 -10 5(,B=[3 2 5 1 0],
-1 1 50

cC'=[2 151 2],c*=[-2 1 5 1 2].

One can easily verify that the corresponding comparison systems are all stable. Therefore, Theorem 1
guarantees the existence of a block-diagonal solution to the Riccati inequality for all these systems. Now,
we compute several estimates on the H ., norm using block-diagonal solutions to the Riccati inequalities. In
particular, we consider the following optimisation programs:

Oba = ngglé (17)

subject to: P >~ 0 is a-diagonal and satisfies (4),

Table 1: Relative Errors of Sparse Estimates with Respect to Hoo norm

Aty ot AL C? A% A% 7

Obd
: : 1 1.2914 1 1.7652
[Ci(sI — AT)=1B||n.,
Osdp 1 1.9448 1 4.6133

[C*(s] = AI)~1Blln.,

6scal
[CH(s] — A7)~ Bl|3..

1.0747  2.0948  1.2545  5.9495

[H (s] = F)~'Glla.,
[C*(sI — A)"'Blln.,

1.2947  3.3578  1.6210 12.4408




Osdp = i 1) 18
sdp Pi,Ekir%}z‘rLl,@ijﬁ ( )

subject to: P; = 0,Zx;, [y, @55 = 0 satisfy (11),

Jscal = min 0 19
sea Py &riyvit,$ig,0 ( )

subject to: P; > 0, Z;, [y, ®;; = 0 satisfy (11),
Eri = &eid, Uit = vad, @35 = @451

Table 1 lists the values dud, dsdp, Oscal, as well as |H(sI — F)7'G||y.., normalised by the Ho, norm of
the system. The results in Table 1 indicate that the values provided by the program (17) are significantly
less conservative than the comparison system approach. However, by employing the program (11) we can
bridge the gap between the values dpq and ||H(sI — F)~'G||3;.. Note that for some systems the values sqp
are equal to ||C*(sI — A7)~ B||3., while for others the gap between §,q and dsqp is not substantial. The
SDPs (11) are of lower dimensions than (4), which can be potentially exploited by distributed optimisation
methods. However, this work is not trivial and requires further research. We perform additional simulations
in Appendix.

4.2 Computational Time Comparison

To demonstrate the scalability, we compare the CPU time required for computing a block-diagonal solution to
the Riccati equation using 1) the comparison systems and 2) the direct approach using the systems matrices.
We assume that D = 0 and generate the matrices A, B and C randomly where B and C' are block-diagonal,
the block sizes k; are random integers between 2 and 5. For the comparison system approach, we first
compute the scalars ¢;;, vii, Mk €, di, gk, fi as described in the proof of Lemma 1. Then, we compute a
positive-definite solution to the following Riccati equation

P A+ AP +ei/dl+ P Z AijA;l;-/Qbij + Z BuB}/vau | Pi=0. (20)
jeT; €L,

According to Theorem 1, the solution to (20) gives us a block-diagonal solution P = diag{P1,..., P,} to the
Riccati inequality for the original system.

Figure 1 shows the computational time required for various number of subsystems N. We note that all the
computations for the comparison system approach can easily be parallelised, while the direct approach does
not generally allow for parallelisation. As shown in Figure 1, even without parallelisation, the comparison
system approach scales significantly better with the number of subsystems taking at worse 77.3 seconds
to compute versus 92.2 minutes for the direct approach. The computational results are obtained using
Sedumi [22] and YALMIP [23] on a 4-core Intel i7 3GHz processor with 16GB of RAM. Due to heavy
numerical computations for 200 subsystems we compute every H., norm only once, however, the overall
trend in these curves did not significantly change when we repeated the computations.

4.3 Distributed Stability Tests

In [9], it was proposed to use the comparison matrices and related Riccati equation in (11) to derive stability
tests. In this note, we generalise these tests and let

®; _; =diag{[¢i1] - Gii1l Giial -+ Ginll},

where ¢;; with ¢, = 1,...,n and i # j are nonnegative scalars. The diagonal elements ¢;; are defined as
follows:

bii = [|(s] — Aii)ilAi,—i(i)‘_l/QH;Li +é,

i,—1

where € > 0, &)1-7_1» is obtained by removing all blocks from ®; _; with with j ¢ Z;,. Now we compose the
matrix F' = {¢;;}}';_;. If the matrix F' is Hurwitz then the matrix A is Hurwitz and a-diagonally stable.
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Figure 1: Computational time comparison in Subsection 4.2. The black and magenta curves with triangle markers
depict the total computational time for the comparison system and direct approaches, respectively. The black curve
includes the computational time for the composition of the comparison system itself and the matrices P;. The blue
curve with square markers depicts the computational time for the Riccati equations and the scalars e;, d;, gk, fi,
which are obtained using a linear program.

Note that stability of F' can also be verified in a distributed manner using the conditions in Proposition 2
(see [4] for details). Our stability tests are obtained by choosing appropriately ¢;;; we present a few ad-hoc
choices.

Test I. The matrix M(A) is Hurwitz, which implies that ¢;; = ||(s] — A;) "' Aijl|n..ei/d; for j # i,
¢ii = 1 and the positive scalars d;, e; are such that 337, o, [[(sT—Ay) " Aijlla.dj < diand 37, o, [|(sT—
Ajs) M Ajillres < ei

Test II. ¢ij = ||(SI — Aii)_lAinHOO fOI‘j 7é i.

Test III. (,Zﬁw‘ = E(Al]) for j ;é 7.

1 E(Aij> >0,
0 E(Aij) =0.

In Tests I and II, we need to compute at most O(n?) H, norms, while in Tests III and IV we need to
compute at most O(n?) matrix norms and n Hs, norms. We note that if a = {k1,ko} then all the tests
are equivalent. Note that there is no contradiction with [9] since the presented tests are not equivalent to
the tests in [9]. However, in general, the set of matrices satisfying Test I, II, IIT and IV intersect without
inclusions, which we show by providing examples. Consider the matrices Ay, A;r, Arrr and Apy:

Test IV. For j # i ¢;; = {

-2 6 6 2 0 2 -4 2 |=1 =10 -1
0 —-8| -5 —4| 1 0 9 -16| 3 8 |—-1 -1
2 —1[-12 =8| 0 2 1 —1[-3 —1]1 =2

Ar=1 17 -5 —6| 1 1 ' Amr=1 7 4 —2|-2 1 |
0 1] -1 0 |—-11 -7 -1 210 1]-9 4
01 1 -2 -9 =10 -2 2 |-1 0 |-3 -4
[—5 3 | -1 —-1]-1 -1 -9 7|-3 3 1 2
9 —14]8 1 |—-1 0 -6 -4 2 -3|/-1 0
2 -1 |-7 70 1 -1 —1|-2 51 0
Amr=1 17 1|4 -9l-1 2 | Av=1 9 o4 4|2 1
1 —11 0] 0 4 2 —1] 0 3]-9 —4
0 -1 |-1 1 |-4 -5 0o 210 o01]2 -7

Every matrix satisfies the test with the corresponding letter and fails the other ones. For instance, matrix
Ay satisfies Test I and fails Test II, ITT and IV. We note that it was harder to generate matrices failing either
of Tests I and II, and satisfying any other test.
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Note that all the tests also guarantee that a block-diagonal solution to Lyapunov inequality exists and
can be constructed using Riccati equations similar to (13). Similar ideas can be used to derive other algebraic
conditions for the existence of block-diagonal solutions to H, Riccati inequalities.

5 Conclusion and Discussion

In this paper, we have considered a comparison system approach to the analysis of a class of systems.
The comparison system is positive and can have a much lower dimension than the original system. If the
comparison system is stable, then we can guarantee several strong properties of the original system: the
existence of block-diagonal solutions to Lyapunov, Riccati inequalities; efficient, but conservative estimates
of norms. The gap between the set of systems admitting block-diagonal solutions to Lyapunov and Riccati
inequalities and the set of systems satisfying our sufficient conditions is not entirely clear. In fact, a similar
gap is not characterised in the more studied diagonal case either and still constitutes an interesting theoretical
question. Nevertheless, our conditions are relatively easy to verify as they require only linear algebra and
linear programming methods. We present several examples illustrating our theoretical work. We provide
additional, but minor theoretical results, as well as additional numerical examples in Appendix.

Our definition of the comparison matrix results (under additional assumptions) in a decomposition of
the Lyapunov and Riccati inequalities into a set of smaller LMIs. This decomposition is similar to the
decomposition obtained by chordal sparsity [24, 25]. However, there are a few crucial differences between
these decompositions. The major one being that chordal decomposition cannot be applied to dense matrices,
while diagonal dominance can. On the other hand, chordal decomposition provides necessary and sufficient
conditions for the LMI to hold, which is not the case with diagonal dominance. Nevertheless, such a
connection can potentially be exploited to derive efficient computational algorithms for large-scale system
analysis using the techniques in [25, 26] and the recently proposed methods in [27, 28].

Finally, some generalisations of our results were not discussed in the note due to their triviality. Instead
of the 2-norms in the definition of comparison matrix M*(A), one can also use other p-induced norms
for off-diagonal terms. However, we would need to compute the p-induced norms of the transfer matrices
obtained by the matrices on the block-diagonal, which by itself is not an easy task in general unless @ = 1,
or the blocks A;; are Metzler.
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A Relating Comparison Systems

In this appendix we present an explicit relationship between our new comparison matrix (10), the optimisation-
based comparison matrix obtained from Lemma 1, and the comparison matrix from [9].

Definition 2. Given an a-partitioned matriz A with Hurwitz A;;, we define the matriz M (A) as follows:

—ll(s = Au) M5 ifi=,

21
| Aijll2 otherwise. (21)

M (4) = {

Our second comparison matrix comes from contraction theory for nonlinear systems [29].
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Definition 3. Given an a-partitioned matriz A with Hurwitz Ay, we define the matriz N*(A) as follows

A/;C;(A) _ {min{ﬂ2(Aii)>0} Zfl =17 (22)

[Aijll2 otherwise,

where p2(X) = limpso4 3 (1Ix +hX |2 —1) = XX + X7)/2 and X € R¥** where X(Z) denotes the
maximum eigenvalue of a symmetric matriz Z.

We also consider the class of matrices A satisfying Lemma 1, that is, the matrices for which there exist
P, =0, ¥;;,®;; = 0 satisfying the following constraints:

\I’ij PZ‘Aij . .
[A;'l;'Pi B, ] =0 Vi #j, (23b)
n n
D, - Z (I)jiy W, = Z \I’ij Vi. (23(3)
Jj=1,j#i J=1,j#i

In order to formalise how these comparison matrices are related, we define the following classes of matrices
C = {A e RV*N|N*(A) is Hurwitz},
Cy = {A e RV*N|M®(A) is Hurwitz},
Cy = {A e RN*N| M*(A) is Hurwitz},

Cs = {AeRV*NIIP, = 0,T;;, ®;; = 0: A satisfies (23)},

Co = {A e RV*N| A is a-diagonally stable}.
Proposition 4. We have the following inclusions:
C§ CCY CCy CCy CCy.
for a given o. If a« =1, then C§ =C{ =C§ =C§'.

Proof. (i) Since MQ(A) is Hurwitz there exist positive scalars d; such that

n

oI = A) " llodi > D7 IAullads.

=15
Now it is straightforward to get:
n n
di > Y T = A) Ml Allads = (T = Aw) T Ayl d, (24)
J=1,j#i j=1,j7i

therefore M®(A) is Hurwitz.

(ii) The inclusions C§ C C$ C CY follow from Theorem 1.

(iii) Since N *(A) is Metzler and Hurwitz, then pg(4;;) < 0. We can show that with P = —pua(A;;)1, the
following inequality holds:

PAji + AP + (u2(Ay))* 1 + P? 0.
Indeed, using the inequality A;; + Al < 2ua(Ay) 1, we get

—(Aii + Al pa(Aii) + (p2(Ai)) 2T + (12(Aii))°T 2 =2(pa(Aii))* T+ (n2(Aii)*T + (p2(Ai))*T = 0.
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Therefore, ||(sI — Ai;) o < —1/u2(Ay), where the equality is attained, e.g., for scalar A;. This
leads to N'®(A) > M®(A). Since N*(A) is Hurwitz, there exists v > 0 such that N®(A)v < 0. Due to
N?(A) > M(A) the same vector v can be used to show stability of M®(A).

(iv) In the trivial partitioning case, N(4) = M*(A). Furthermore, the nonstrict inequality in (24)
becomes an equality. Therefore, if the matrix M*(A) is Hurwitz, so is the matrix M*(A). O

Since in the trivial partitioning case the comparison matrices are equivalent, the comparison matrix

N?(A) can also be seen as a block-generalisation of scaled diagonal dominance.
Finally, using Proposition 4 we have the following implication from Theorem 1.

Corollary 2. The results of Lemma 1 and Theorem 1 hold if we set F = MVO‘(A) (or F = N*(A)) and
G = || Bitll2, while H and J defined in the same way. In particular, if

|H(sI = F)7'G + J|n.. <3,
then ||C(sI — A)™1B + D||n.. < & and there exist P; = 0 such that (4) holds with P = diag{Py,...,P,}.

B Bounds on the Outputs and States

Using the matrix N'¢, we can define another comparison system
F=N*(A),Gu = ||Bill2, Hij = [[Crjll2, Jix = || Drall2- (25)

As we will show below the comparison matrix N® provides additional relations between the original sys-
tem (2) and the comparison system (5).

B.1 Main Results

As shown in Corollary 2, the result of Theorem 1 applies to the case of a comparison system with the matrix
N@. Moreover, this case opens the door of exploiting additional properties of the comparison systems. For
instance, it is possible to bound the state and the output of system (2) using its comparison system.

Theorem 2. Consider system (2) with x(0) = 2° and its comparison system (5) defined in (25) with
F = NO‘( ), &(0 ) «EO = [|2%2 and v(t) = |lw(t)||2 with i = 1,...,n, Il = 1,...,n;. Then for all
i=1,....,n, k=1,.

i (®)ll2 < &), [lyn@)l2 < vi(t), V¢ > 0.

Proof. For all i, x; € R¥, xj € R¥i and a small € > 0, we have

Zm chﬁZw Biw < (Fy +¢)|il|3 + Z Fw||$z||2H$aH2+ZGlesz||2||ulH27 (26)

j=1 =1 Jj=1,4#1 =1
where we use the bounds
Xz = 2T(X + XT)2/2 € —pia(X)=T2 = —pa(X) 2113,

and
2"Yy <Y 2llzll2llyll2

for all vectors z, y and matrices X, Y of appropriate dimensions.

1d(&5(t))? =
5%4&#5)“@@)”% > Fie +ZGll§
j=1,5#i
= (Fyi+ o)zl + Z Fijllai(8)[1265 (¢ +ZG1zllwz ()|2 /|2 (27)
Jj= 17375%
> (Fyi +¢)|lzi(t)]3 + Z Fijllai(8) 2] ( )”2+2Gil”xi(t)”2”ul”2-
Jj=1,5%#i =1
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Consider now the system & = (F + eI)é + Gv and let £°(t) denote its solution with £5(0) = ||z9]|,.

Using (26), we get
dlz:()lI3) _ A& @)
dt t=0 dt t=0’
which means that there exists T' > 0 such that [|z;(t)||2 < & (¢) for all ¢ € [0, T] and all 4.
Let there exist s such that [[z;(c)[l2 < &5(o) for all o € [0, s) and all j, however, ||z;(s)|[2 < &5(s) for all

j and there exists an index ¢ such that ||z;(s)|l2 = & (s). This implies that

> d((& (1) — [l=:(£)[13)

0 . 28
dt t=s ( )
On the other hand, the inequality shown in (27) leads to
Ld((&(1)% — ||lza(t)]13
L0 ~ =0
2 dt t=s

We arrived to the contradiction with (28). Therefore, £5(t) > ||z;(¢)]| for all ¢ > 0 and all i. Letting e — 0
we get &(t) > ||zi(¢)||2 for all ¢ > 0 and all i.

Now we will show the second part of the statement. According to triangle and Cauchy-Schwartz inequal-
ities we have

n

lye(@ll2 = || Y Cryzs(8) + Y D] <> [|Cjlly o (t ||2+Z||Dkl|| [P
j=1 I=1 j=1 =1

2 =1
Z Hy & + Z Juvr = vi(t),
j=1 1=1
which completes the proof. O

Using the flow bounds we can use stability analysis tools for positive systems such as 5 = F¢ to study
nonpositive systems such as £ = Azx.

Corollary 3. Consider the system (2) and its comparison system (5) defined in (25) with F = N*(A). Let
F be Hurwitz and let the vectors d, e € R be such that —Fd, —e'F € R%, then

Vo) = wmax {lailla/di}, Vil Zezuxznz, Va( Zez/dnxzuz,

are Lyapunov functions for & = Ax.

Proof. According to Theorem 2, with & (t) = ||zi(t)||2, @ = Az and € = F¢ we have that [|2;(s)]2 < &(s)
for all s > ¢. Let W(§) = max {&/d;}, then we have

Vin(x(s)) <W(E(s)) < W(E(H)) = Vi (2(1)),

for all s > t. This implies that

<0.

V() = lim inf Vin(@(t + 1)) = Vi (2(t) _ . o WIEC + h)) — WIE(H))
" h™\0 h ~ A\O h

Therefore, V;,,(2) is a valid Lyapunov function with Vm(m) < 0 in the points of differentiability. The cases
of Vs and Vj are treated similarly. O
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B.2 Relation to Network Input-to-State Stability

We will show that the Lyapunov function V; has an input-to-state stability (ISS) interpretation. Consider a
fully observable system:

#(t) = Ax(t) + Bu(t), (29)

and its comparison system £ = F¢ + Gu, where F = N*(RAR™'), Gy = |R;Bi||2 for some invertible a-
diagonal R = diag{ Ry, ..., R, }. Using the inequality (26) in Theorem 2 and completion of squares technique
that given P; = e;/d; RI R;, viy = Giei/qi, ¢i; = |Fijlei/e; with positive e;, d;, g; satisfying (7) and (8), we
can obtain the following inequalities:

n T n Uz
T T T T T
E z; P Az + E z; P By < —¢ix; Pxy + g Gija; Pixj + E Yirug ur, Vi, g,
=1 =1 j=1,j#i =1

> by < bu-

j=1.j#i

(30)

Such systems are said to satisfy ISS small gain conditions, see [13] and the references within. Stability of
the interconnected system is shown using a comparison system with Fij = ¢;; and Gy = ;1. Construction
of max- and sum-separable functions will also follow from the ISS conditions. However, in general, the
relationship between the flows of the full and comparison systems can be more complicated than the ones
described in Theorem 2. Furthermore, the linear case is considered in [13] and only a nonlinear comparison
system was derived. Therefore, our results preserve linearity of comparison systems, which is beneficial in the
linear case. The matrix M“(A) can also be used to derive ISS-type small gain conditions, however, in this
case we cannot derive a linear comparison system as in the case of N'®, where the state-space transformation
R is the key to build P.

Condition (11) from Lemma 1 can be used to derive a similar to (30) set of condition. In particular,
Lemma 1 implies that there exist P; >~ 0, Zxi, L'y, Psj, Tit, Agg = 0 such that for all z; € R¥i, y; € R™, we
have:

n n ni
Z.’EIPZAUI'J < —SL';I—CDM.’EZ + Z (E;——CI)Z']'(EJ' + Zu}Filul, (31&)
j=1 j=1,#i 1=1
> i 2Dy (31b)
j=1,j#i

Note that the right hand side in (31a) does not depend on the Lyapunov functions x] P;z;, which makes
conditions (31b) conceptually different from the conditions (30) as well as the conditions in [10, 11, 13]
(for nonlinear systems). We note that the conditions (30) (as well as the conditions in [10, 11, 13]) require
optimisation over the gains 7;;,¢;;, and storage functions x] P;x;. These optimisation programs to our best
knowledge are typically non-convex, our approach, on the other hand, leads to polynomial time algorithms.

C Application to Dissipative Networks

In the context of input-output behaviour, dissipativity is considered as a typical analysis tool, which is
defined with the help of the storage function V(x) = " Pz and the supply rate w(y,u):

-
22" P(Azx + Bu) < —w(y,u) = — {Z] 14 Lﬂ Ve, u,y,
where P is a positive semidefinite matrix and W is symmetric:

W= |:W11 Wiz ] -

Wi —Wa
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Figure 2: Network of systems modelled by a feedback interconnection

In particular, if we set Wia = 0, Wiy = I, Way = 621, then we can estimate the oo norm of the system
using the Bounded Real Lemma [14].

One can see the partitioned system (2) as an interconnection of n systems, where the Hurwitz matrices
A;; model the dynamics of individual subsystems, while the terms A;; for ¢ # j model their interconnections.
There are a number of ways to model an interconnection of linear systems. For example, consider the setting
in Figure 2, where G; = C;(sI — Ai)*l& and the constant matrices M, K and N are partitioned according
to the inputs and the outputs to G;. Let the diagonal block entry M;; equal to zero, meaning that we forbid
direct feedback loops. This setting was considered in [30] and the conditions on dissipativity of the network
were derived using local dissipativity conditions, i.e., dissipativity of the subsystems. Assume that the rows
of the mapping [;] — w; are linearly independent. Let the local dissipativity conditions for subsystems with
the supply rate defined by Y; and the storage function x] P;x;:

P;A; + A;I—Pz + CZTYflCZ PiB; + C;ryliQ <0
* —Y5 -
Y} Y} (32)
Yi:YiT:|: 1_11 12i:|7
= o v,
where * stands for the transpose of the upper right corner of the matrix.
Consider the centralised coupling constraint
MT NT I 0],.¢ MT NT 1 0]"
=<
where Q = diag{—-Y"',..., Y™ W}, W = WT is fixed in advance and specifies the global supply rate, and

the matrix T is a permutation matrix such that
-
[wlT P2 N AN T yT] = [wT ut 2T yT] T..

In particular, if Y}, and Wiy are zero matrices, then TJQT, = diag{)s, W11, —V1, —Was}, where Y, =
diag{Y{},..., Y3} and Vo = diag{Ysh, ..., Ya5}. One of the main result in [30] states that under some mild
assumptions (32) and (33) hold if and only if the network is dissipative with a storage function > | 2] P;z;
with respect to the supply rate specified by W. These conditions can only be verified with semidefinite
programming with the decision variables P; = 0, Y = (Y?)T.

Our framework can also be applied to this case. One can set A; = A;;, A;; = B;M;;C; for i # j, while
Crj = Ni;iCj and By = B; Ky with 4,5 =1,...,n, k=1,...,n,, l = 1,...,n; and simply apply the theory
to the resulting system. However, we consider the following comparison system

[y -1 if i =7,
Y NCi(sT — Ai) T BiMij|.,.  otherwise, (34)
Gy = ||CZ(SI — Ai)_llgiKilHHooy ij = E(Nkj).
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In order to decouple the system information from interconnection information, one can use:

= =lCi(sI = AT Bl ifi=,
v M2 otherwise, (35)
Gy = E(Kﬂ% ij = E(Nkj)7

which would lead to more conservative estimates. A positive aspect of these representations is the inde-
pendence on the state-space representations of subsystems G;. The following result is the consequence of
applying our techniques in this setting.

Proposition 5. Consider the network of the stable subsystems G; = C;(sI — A;)~B; (the matrices A; are
Hurwitz) interconnected through matrices M, N and K as in Figure 2. Consider the comparison system (5)
with the state-space matrices defined in (34) and let there exist positive vectors e, d, g, f, and a scalar §
satisfying (7,8). Then

(i) the network also satisfies conditions (32, 33), with Y| = ¢ul = 0, Yoy = 0 Yio = 0, Wy; = I,
W22 = —521, and W12 =0.

(ii) there exists P = diag{ P, ..., P,} such that

PA+ATP+C"C+ PBB'P/§* <0
and ||C(sI — A)™1B|ln., < 3.
Proof. (i) We will only sketch the proof due to similarity to the proof of Theorem 1. We set n; = Hy;d;/ gk,

Yil = Gilei/fl, ¢ij = Fijei/dj, where the scalars €, di, fl, gk satisfy (7,8) We define (i)i, fi, Ii, ,Ci, ICl as in
Lemma 1, and obtain the bounds

lCist = A) '8y [ MM NEV2 R < 0t

36
> dil + > NENgi/mi < il (36)
JETL; keK;
Using these relations, we get the following Riccati inequalities with coupling constraints:
PA; + Al P+ CI Y Co 4+ PBi(Ys,) ' Bl P, <0, (37)
Yii= Y @i+ Y NLE Ni, (38)
JETL; keEK;
(Vo) ™h = > M@ MY+ > Kl K, (39)
JETZ; leL;
n n
Lit, @45, Zpi = 0, ZEM =1, Zril < 61, (40)
i=1 i=1

where Y{| = ¢, ®;5 = ¢i;1, ki = niil, and Ty = v;1. The conditions in (38) imply that Yy = P +NTN,
where ® = diag{}"7,; ;1 Pj1,- s 2y o1 Pin}, Vi = diag{Y7y, ..., Y{{}. While the conditions in (39)

imply that
-1

Vo' = MM+ K (> T KT - MM 4+ KK, (41)

j=1

where I'; = diag{>>7_; Tj1, -+, > j_) Djn, }, Vo = diag{Ys,, ..., Y35}. Applying Schur’s complement twice
to (41) and using Yy > d+NTN yields the following chain of inequalities

R T 1 -1
Y1 — N"WiN = & = ﬁﬂ [Jf)?T Vfa Hﬂ (42)
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Performance of the Comparison System Approach
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Figure 3: Mean values (solid lines) and 90% confidence intervals (dashed lines). The left panel: the values 6% (red
lines with cross markers), 4, (blue lines with diamond markers), and J2¢ (black lines with circle markers) against
the number of nonzero elements in 20 x 20 matrices. The centre panel: the values d5q (red lines with cross markers),
6ﬁd_p (blue lines with diamond markers), and 620 (black lines with circle markers) against the number of nonzero
elements in 20 x 20 matrices. The right panel: the values di, against the size of the full matrices.

where W, = I, Wy = §%1. Using Schur’s complement again we get:

Yy NT MT 0 ]

N w7t 0 0 Vi 0 M N [Y. 0][M N
M0 V' K *0‘:’_{0 wol Pk o] [0 wi|x of =9
0 0 KT W

which after some algebraic manipulations leads to (33) with the matrix ) specified above.
(ii) the proof is straightforward. O

As with our previous results, the H,, norm of the network can be estimated using linear programming
or algebra. The constraints (32, 33) with @ described in Proposition 5 are necessary of stability of the
comparison system. For sufficiency, at least the existence of an a-diagonal P satisfying (42) is required. On
the other hand the constraints (37-39) can be relaxed by replacing scalar variables with positive semidefinite
matrices. Note that all the constraints can be transformed to convex ones using Schur’s complement.
Finally, assume that the systems G; are single-input-single-output and such that C;||(sI — A;)"'B;||ln.. =
I —Ci.Ai_lBi |l2, for example all subsystems are internally positive. In this case the constraint (36) is tight, that

is for any valid choice of ¢;;, vi; We can set ¢;' to be equal to ||C;(s] — A;)~'B; [M(i);lﬂ Nf‘;l/2 [E

D Additional Examples

D.1 H, Performance Analysis with a =1

We consider random systems with A € R2°%29 such that M*(A) is Hurwitz, B* € R20xF Ok ¢ Rk*20
and D = 0. We first generate a random matrix A with the fixed number of nonzero entries where all the
nonzero entries are distributed according to the uniform distribution & on the interval [0, 1]. We then define
M (A) = A—((1+¢) max(0, max; (Re(\;(A)))))I, where A\;(A)’s are eigenvalues of A and ¢ is a scalar larger
than zero. After that we obtain the matrix A by flipping with probability 0.5 the signs of the nondiagonal
entries of the matrix M®(A4). We generate full matrices B* and C* with entries distributed according to
U(—1,1) for two cases k = 1 and k = 20. The dominant eigenvalue of M?*(A) will lie close to the origin, but
similar results were observed if the spectrum is shifted farther to the left. We then compute the following
quantities

k
(Sk _ (sbd—p 5bd _ 5ll§d 61{2 _ ||g§6||Hoo 5o = HgszHoo
—p — = s—p — cs —
PP G 1G% e " NG5l 1G¥ 1o’

where GF = C¥(sI — A)~'B* Gk = HF(sI — F)~'G*, Q;f = |C¥|(sI — A)~Y|B*¥|, where |X| stands for
the entry-wise application of the absolute value function to the matrix X, while 5{§d and Jlgdfp stand for
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solutions of the program

Oba = min 5 (43)

5

subject to: P > 0 is a-diagonal and satisfies (4)

with matrices A, B¥, and C* and matrices A, |B¥|, and |C*|, respectively. We remind the reader that k
denotes the dimension of the matrices B¥ and C*. Since we compare the relative norms of the systems,
we recover the loss of generality by restricting the support of distributions of the entries of the matrices
A, B¥ and C*. That is, similar results are obtained while generating the entries of A using U ([0, amax]),
ij ~ U([—bmax, bmax]) and C’fj ~ U([—Cmax; Cmax]) for some positive amax, bmaxs Cmax-

For each number of nonzero elements, we generated 10000 matrices as described above. The mean values
of 845y 0o and 02 are depicted in the left panel in Figure 3, while the mean values of 6}, 814, and 62 are
depicted in the centre panel in Figure 3. There were two not entirely expected results in these simulations.
Firstly, the values 5k1)d_p7 512)?1 converge to the values close to 1 on average with the number of nonzero entries
increasing, while the values d}, start increasing again with the number of nonzero entries larger than 80.
Secondly, the relative errors Séd_p, 6L4, 629 peak between 40 and 50 nonzero entries, and later decrease. We
do not depict the results for dpq_, dec
remarkably has a quite similar performance to 9,

since 623, has a quite similar performance to &g, while 620
1

cs—p*

It is not entirely clear why sign-indefinite low-rank matrices B¥ and C* add conservatism to the solution of
the Riccati inequalities on average, however, we can elaborate on the conservatism peak for sparse matrices.
Let B* and C* be diagonal matrices, hence PB*(B*)TP/§? + (C*)TC* is diagonal. In this case, the
conservatism should originate with matrix A. If the matrix A is full and scaled diagonally dominant, then the
values on the diagonal generally have larger magnitudes than the off-diagonal terms. In contrast to sparse
matrices, the off-diagonal elements can have comparable magnitudes with the elements on the diagonal.
Therefore rescaling with a diagonal P may not be sufficient to compensate for PB*(B*)TP/§? + (C*)TC*
in the case of sparse matrices more often than in the case of full matrices.

Our observations lead to a conclusion that for sparse scaled diagonally dominant matrices using diagonal
matrices P in Lyapunov/Riccati inequalities may not be advisable, even though such P exist. Instead one
should use block-diagonal P in order to reduce the conservatism. Naturally, two questions arise: (a) what
is the size of the blocks on the diagonal of P, and (b) how to choose the pattern of P. Some indications on
how to approach these questions are provided in [24, 25], where chordal sparsity can help to determine the
size of the blocks of P and the pattern of P. In the case of a), we can provide further analysis. Consider
the right panel in Figure 3, where we plot the relative error against the size n of the full matrix A. Note
that the conservatism reduces considerably as n grows and with n approaching 20 disappears with a high
probability. Therefore, it appears that for the block sizes up to 10, it is beneficial to use similar size blocks
in the matrix P. However, if the dimension of the full blocks is larger than 20, then we can employ a sparse
P without a significant loss of performance.

We also note that 6Igd7p is not always smaller than 6F,. For example, set k = 1 and

5 0 0 4 617"
A=|-7 =7 0| Bl=|-4|,Cc'=|3
6 3 —4 1 4

In this case, however, we have that c%d_p < b4, but at the same time |G} [l < |G"[|%., and c%d_p > 0Ly
Therefore, positivity of B* and C! is still beneficial for solvability of the LMI in (43). We conclude this
example by indicating that further studies of the systems with Hurwitz M%(A) can lead to scalable, but less
conservative analysis methods than the comparison system approach.

D.2 Time and Frequency Responses with a =1

To illustrate the result in Theorem 2, we consider the time and frequency responses of the following system
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Figure 4: Responses of Systems G1 and G2 in Subsection D.2: (a) Frequency response; (b) Initial condition response.
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12 0 0 8|1
where M'(A;) is Hurwitz and hence a diagonal solution to the Riccati inequality (4) exists. We also flip a
sign of the (5,1) entry of the matrix A; and get the system Gy = fé,z g . First, we perform a similar

analysis as above and compute the norms ant their estimates. In Figure 4(a), we plot the singular values
of the systems and the bounds 5,§d, 62,4, which are the solutions to (43) for systems G; and G2. Our main
observation is that a flip of a sign drastically changes the magnitude of the frequency response of the systems.
Yet the bounds dpq are still surprisingly close to the actual H, norm.

Next, we evaluate the flow bounds provided by Theorem 2. We compute the initial condition responses
of the systems G; and G5 and their comparison system to the initial conditions xg; = [—1 0 0 O 0]
and gz = [-1 1 —1 1 —1]. As shown in Figure 4(b), the initial condition responses (with u = 0) can
be conservative also for the system G, especially if the initial state does not belong to the orthants R%, or
—RY,, where the bound is tightest. -
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