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A computationally efficient robust model predictive
control framework for uncertain nonlinear systems
- extended version

Johannes Kohler!, Raffaele Soloperto!, Matthias A. Miiller?, Frank Allgower!

Abstract—In this paper, we present a nonlinear robust model
predictive control (MPC) framework for general (state and
input dependent) disturbances. This approach uses an online
constructed tube in order to tighten the nominal (state and input)
constraints. To facilitate an efficient online implementation, the
shape of the tube is based on an offline computed incremental
Lyapunov function with a corresponding (nonlinear) incremen-
tally stabilizing feedback. Crucially, the online optimization only
implicitly includes these nonlinear functions in terms of scalar
bounds, which enables an efficient implementation. Furthermore,
to account for an efficient evaluation of the worst case dis-
turbance, a simple function is constructed offline that upper
bounds the possible disturbance realizations in a neighbourhood
of a given point of the open-loop trajectory. The resulting
MPC scheme ensures robust constraint satisfaction and practical
asymptotic stability with a moderate increase in the online
computational demand compared to a nominal MPC. We demon-
strate the applicability of the proposed framework in comparison
to state of the art robust MPC approaches with a nonlinear
benchmark example. This paper is an extended version of [1]], and
contains further details and additional considers: continuous-time
systems (App. [A), more general nonlinear constraints (App.
and special cases (Sec. [[V).

Index Terms—Nonlinear MPC, Robust MPC, Constrained
control, Uncertain systems.

I. INTRODUCTION

Motivation

Model Predictive Control (MPC) [2], [3l], [4] is an optimiza-
tion based control method that can handle general nonlinear
dynamics and constraints. There exists a great body of lit-
erature on the design of MPC schemes that ensure rigorous
theoretical properties (such as recursive feasibility, constraint
satisfaction and stability), assuming that an accurate model of
the plant is available. Designing MPC schemes that ensure
these properties despite disturbances and/or uncertainty in the
model is the topic of robust MPC.
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There exist sophisticated methods to account for uncertainty
and disturbances using Min-Max MPC [3], scenario MPC [6]],
[7] and stochastic MPC [8]], [[9]. These schemes enjoy rigorous
theoretical properties and can yield good performance, but
typically suffer from a significantly increased online com-
putational demand. Under suitable conditions, nominal MPC
schemes have inherent robustness properties [10], [[L1], how-
ever, in the presence of hard state constraints this robustness
margin can be arbitrary small or even nonexistent [[12]].

The practical compromise (in terms of performance and
complexity) is robust tube-based MPC, which uses a tube
around the nominal trajectory that confines the actual (un-
certain) system trajectory. Robust constraint satisfaction is
ensured by tightening the nominal constraints based on this
tube. The result is a certainty equivalent MPC, which uses
a nominal prediction model in combination with constraint
tightening. In this paper we present a tube-based robust MPC
scheme that is applicable to a large class of nonlinear systems
subject to general state and input dependent uncertainty.

Related work

In [13]], [14] tube based robust MPC schemes for linear
systems subject to additive disturbances are presented, based
on an auxiliary linear controller in combination with a poly-
topic tube. In order to extend this approach to nonlinear
systems, a corresponding auxiliary controller together with a
simple method to compute a tube is necessary, typically in
form of sublevel sets of some incremental Lyapunov function.
In [15)], [16] no stabilizing feedback is considered and a
tube is constructed based on a Lipschitz constant of the
dynamics or interval arithmetics, respectively. Although simple
to apply, these approaches become very conservative for larger
prediction horizons. In [[17] a quadratic incremental Lyapunov
function with a linear auxiliary controller are computed offline,
which are used to design a robust MPC scheme that is
applicable to nonlinear systems with small nonlinearities only.
In [18] for the special case of feedback linearizable systems,
the tube is parametrized as a hyper cube and a boundary
layer controller is used as an auxiliary controller. In [19]
incrementally stable systems are considered and the sublevel
sets of the incremental Lyapunov function are used to char-
acterize the tube and thus tighten the constraints. Similarly,
in [20] a control contraction metric is determined offline by
solving a sum-of-squares problem, which is used to tighten
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the constraints, compare also [21]. In [22], a tube is computed
online within the MPC optimization problem based on Min-
Max differential inequalities. In [23] a reference tracking MPC
scheme is used as an ancillary controller to stabilize a pre-
computed nominal trajectory with tightened constraints.

Similar problems and methods can also be found in ro-
bust trajectory optimization in robotics. For example, in [24]
complex movements are decomposed into simple maneuvers
and for each maneuver a funnel/tube is computed offline.
In [23], the time-varying (iterative) LQR is used to tighten
the constraints, which is similar to [22].

In general, by using more sophisticated concepts, robust
MPC methods can handle more general nonlinear systems and
reduce the conservatism. However, this comes at the cost of
an increased offline and/or online computational complexity. In
this paper, we consider the quite general class of nonlinear sys-
tems which are incrementally stabilizable [26]]. Instead of di-
rectly using the complex (and possibly unknown) incremental
Lyapunov function in the design of the MPC scheme, we only
use scalar bounds that characterize the stabilizability property.
This enables us to use a simple and efficient implementation
to robustly stabilize complex nonlinear systems.

In addition to the challenges related to nonlinear system
dynamics, the consideration of general state and input depen-
dent disturbance descriptions instead of additive constantly
bounded disturbances is a crucial problem. In the special
case of linear systems subject to parametric uncertainty, a
polytopic tube can be constructed online [27], [28], [29],
[3 Chap. 5]. For nonlinear systems, only very few results
allowing for general state and input dependent uncertainty
descriptions are available. In [30] the method in [15] is
extended to state dependent disturbances by constructing a
simple tube online. Similar to [15], the procedure is easy
to apply but suffers from a prohibitive conservatism. As a
complementary result, in [31] an offline constraint tightening
based on backward reachable sets is proposed. More advanced
methods are based on scenario or stochastic formulations [6],
[71, [8], 9], compare also [32]. These approaches typically
suffer from a significant increase in the online computational
demand and yield probabilistic guarantees, if any.

Contribution

In this work, we present a nonlinear robust MPC frame-
work for incrementally (exponentially) stabilizable nonlinear
systems subject to general nonlinear state and input depen-
dent disturbances/uncertainty. The paper contains two main
contributions. First, we present a simple constraint tightening
for nonlinear robust MPC based on incremental stabilizability.
Second, we provide a framework to consider general nonlinear
state and input dependent disturbances in robust MPC by
including the predicted size of the tube as scalar variables
in the online MPC optimization problem.

Most of the existing design procedures for nonlinear robust
MPC [17], [19], [20] compute a complex nonlinear incre-
mental Lyapunov function and a corresponding incrementally
stabilizing feedback offline and then use them to design
the online optimization problem. In contrast, we only use

the fact that the system is incrementally stabilizable, i.e.,
the existence of a possibly quite complex (or analytically
unknown) nonlinear incremental Lyapunov function with a
corresponding feedback, and then design the robust MPC
based on suitable scalar bounds on these functions, which can
be obtained numerically. This enables a simple and efficient
implementation.

Furthermore, we design a general nonlinear state and input
dependent function that characterizes uncertainty for different
operating points. Based on this description, we augment the
nonlinear robust MPC scheme such that the size of the tube
and correspondingly the constraint tightening are computed
online (depending on the nominal predicted trajectory). The re-
sulting nonlinear robust MPC scheme ensures robust recursive
feasibility and robust constraint satisfaction, while avoiding
highly uncertain areas, thus acting cautiously.

Within the proposed framework, the offline computation
only requires simple scalar functions/operations, and the online
computational demand is only moderately increased com-
pared to a nominal MPC scheme, similar to [15], [30]. We
demonstrate the applicability of the proposed approach and
compare it to competing approaches [[15]], [22], [30] in terms of
computational complexity and conservatism with a nonlinear
example.

The paper is structured as follows: Section [[I] discusses the
problem setup. Section [[IIl presents the proposed scheme and
the theoretical analysis. Section discusses the important
special cases of constantly bounded additive disturbances and
linear parameter varying (LPV) systems. Section [V| provides a
numerical example to demonstrate the applicability of the pro-
posed approach and compare it to competing approaches [[15]],
[22], [30] in terms of computational complexity and conser-
vatism. Section [Vl concludes the paper. In the Appendix, the
results are extended to continuous-time dynamics (App. [Al
and more general nonlinear constraints (App. B). A prelim-
inary version for the special case of additive disturbances
(Sec. can be found in the conference proceedings [33].

Notation

The quadratic norm with respect to a positive definite matrix
Q@ = QT is denoted by |[z]|3, = 2" Quz and the minimal
and maximal eigenvalue of @ are denoted by Apmin(Q) and
Amax (@), respectively. The positive real numbers are R>o =
{r € R|r > 0}. The vertices of a polytopic set © are denoted
by 6% € Vert(©). By K we denote the class of functions « :
R>¢p — R>o, which are continuous, strictly increasing and
satisfy a(0) = 0. By K we denote the class of functions
« € K, which are also unbounded.

II. PROBLEM SETUP: INCREMENTAL STABILIZABILITY
AND UNCERTAINTY DESCRIPTION

This section introduces the assumptions on the nonlinear
system dynamics and the uncertainty. The problem setup is
introduced in Section [[IZAl Section [[I=Bl discusses the system
property incremental stabilizability, which is key for the
proposed simple implementation. An efficient description of
the disturbance bound is introduced in Section



A. Setup

We consider a nonlinear perturbed discrete-time system
Tiy1 = fu(Te, ue, di) = (e, ue) + dw (e, ur, di), (1)

with state x € R", control input v € R™, disturbance d €
D C RY, time ¢t € N, perturbed system f,,, nominal model f
and model mismatch d,,. We impose point-wise in time state
and input constraints

(xtaut) € Za t Z 07 (2)
with some compact nonlinear constraint set
Z = {(x,u) € R"™™| gj(x,u) <0, j=1,...,p} CR"™.

Assumption 1. For each (xz,u) € Z, there exists a compact
set W(x,u) C R™, such that the model mismatch d, satisfies
dy(z,u,d) € W(z,u) for all d € D.

Such a description includes additive disturbances, multi-
plicative disturbances, more general nonlinear disturbances,
and/or unmodeled nonlinearities. We consider the problem of
stabilizing the origin and assume that 0 € int(Z), f(0,0) = 0.
The open-loop cost of a predicted state and input sequence
z.p € RTINFD 1y, € R™ N s defined as

N-1
IN (2., up) = Z C(@pye, ugpe) + Vi(znp),
k=0
with some positive definite stage cost £ and terminal cost V.
One conceptual framework to address this robust constrained
stabilization problem is min — max MPC [5]:

min max Jy (2.1¢, u.|¢) (3a)
u,‘t w.‘t

stxoe = Tt Thgfe = f(Tr|es Urpe) + Wepe,  (3b)
(Thpe, uge) € Z, Ty € Xy, (3c)

VU}k‘t EW(I'k‘t,Uk“), kZO,,N_].

The result of this optimization problem is a control inpuﬂ
u?‘l ;» such that the constraints are satisfied for the worst-case
disturbance realization w*‘ .~ This approach is conceptually
very appealing but suffers from a prohibitive computational
demand. In this paper, we present a framework for tube-based
nonlinear robust MPC that shares many of the theoretical
properties with [5], with an online computational demand
comparable to a nominal MPC scheme.

B. Local Incremental stabilizability

In order to provide theoretical guarantees for robust sta-
bilization, we assume that the nominal system is locally
incrementally stabilizable.

Assumption 2. [206l], [34] Ass. 1] There exist a control law
Kk R* x Z — R™, an incremental Lyapunov function
Vs : R" x Z — R0, which is continuous in the first argument
and satisfies Vs(z,z,v) = 0 for all (z,v) € Z, and positive
constants ¢s,i, Cs.u, Oioc, Kmax> 0, p € (0,1), such that the

Typically, min — max MPC schemes [5] optimize over feedback policies
ug|¢ = Ij(zy)¢) instead of open-loop control inputs wug|y.

following properties hold for all (z,z,v) € R™ x Z with
Vs(z,2,v) < 8o, and all (zF, 21, 0vT) € R" x Z:

esalle — z|? < Vi(z, z,0) <csullz — 2|?, (4a)
||KJ(CE727’U) - UH2 Sﬁmax%(xwza/u)u (4b)
Vs(a, 2t 0) <p?Vs(a, 2,0), (40)

with z7 = f(x,k(z, 2,v)), 27 = f(z,v).

Remark 1. [t is possible to relax Assumption [21 such that
Sor any feasible sequence zi11 = f(zt,vr), (2t,v1) € Z,
t > 0, there exist a time-varying incremental Lyapunov
function Vs (x,2) and a time-varying feedback r(z,z,v),
that (uniformly) satisfy the conditions @). In this paper
we consider the time-invariant description in Assumption
for notational simplicity. This system property is a natural
extension of previous works on incremental stability and cor-
responding incremental Lyapunov functions [26)], [34] Ass. 1],
[33]] and contains various stabilizability properties considered
in existing robust MPC schemes as special cases. In [22]
Vsilz,z) = |z — 2[5, kilz,2,0) = v+ Ki(x — 2) is
considered, with Ky, P, computed online, similar to the
time-varying (iterative) LOR in [25]. In [20] Vs(x,z) and
k(z,z,v) = v+ K,(x — z) are determined offline using
control contraction metrics [36]]. Similarly, in [26] V5(z, z) =
|z — 2|3, and k(x,z,v) = v+ K.(x — z) are computed
offline using quasi-LPV methods. The special case of constant
matrices P, K is considered in [17|], [37]. In [19] the system
is assumed to be incrementally stable with k(x, z,v) = v.

The following assumptions capture the considered condi-
tions on the stage cost ¢ and the constraint set Z.

Assumption 3. The stage cost { : Z — R satisfies

£(r) = ae([|r]),
0(F) = £(r) < ac(|lF =),

(5a)

VreZ7FeR"™™  (5b)

with oy, e € Koo. Furthermore, for any p € (0,1), we havel
e p(€) =Y ey ac(phe) € Kes.

Assumption 4. There exist local Lipschitz constants L;, such
that

(6)

dloc
cs,i”

gj(f) _gj(r) < LjHT —77||7 Jj=1....p,

holds for all r € Z and all 7 € R"™™ with ||r — 7||?> <

Assumptions3H4] are, for example, satisfied with a quadratic
positive definite stage cost £ and a convex polytopic constraint
set Z. More general stage costs are discussed in Remark [3]
(Sec. [M=0). In Appendix Bl we discuss the extension to more
general constraints, which do not satisfy Assumption

The following proposition allows us to compute scalar
bounds that relate the level set of the incremental Lyapunov
function V5 to the nonlinear constraint set Z.

Proposition 1. Suppose that Assumptions2) Blandd hold, then
there exist constants c; > 0, j = 1,...,p, and a function o, €

2For polynomials a.(c) = Z;’il ajcj, aj > 0, with a, > 0 for some
k € N, this condition is satisfied with ac,p(c) := 2272 3572 a; (cp®) =
Z;il ajc? /(1 —p7).



Koo such that the following inequalities hold for all (x, z,v) €
R™ x Z with Vs(z,2,v) < ¢* and any ¢ € [0, /S1c):

g('rvﬁ('rvzvv)) —é(Z,U) SOLU(C), (7)
g;(z, k(x, 2,v)) — gi(2,v) <¢j -c ®)
Proof. Based on and (@b}, we have

1
e — 2% + [5(z, 2,0) — o2 < <_ +nmax) 2. ()
Cs,l

This implies () with

Uz, Kz, 2,0)) —l(z,v)

<. (c (1/esy + Iimax)> =: ay(c).
Similarly, @) is satisfied with
g (@, k(x, 2,v)) — g;(2,v)
ST 2P+ e, 7 0) P

@
<Ljc-y/1/c51 4 Fmax =: ¢j - C.

One of the most important features of the proposed robust
MPC scheme is that the explicit description and/or computa-
tion of the general nonlinear functions Vj, x is not required
for the implementation. Thus, this scheme can also be applied
if an analytic description and/or verification of this system
property are too complex. Indeed, only the scalar variables
Cj, Csl, Csu, Oloc, and p need to be computed. For exam-
ple, control contraction metrics (CCM) [36] provide simple
(analytical) differential Lyapunov functions and differential
feedbacks, which allow for a simple computation of suitable
constants (c.f. [20, Thm. III.2]). However, evaluating the corre-
sponding control law x and incremental Lyapunov function Vs
is, in general, complex and requires the solution of a nonlinear
optimization problem to determine the minimizing geodesic.
The simple description requiring only knowledge of the above
specified constants ensures that the online computational de-
mand does not increase significantly, which is one of the
major advantages of the proposed approach. We are currently
investigating numerical approaches to directly compute these
scalar values without using an explicit analytical description
of V5. In addition, these scalar variables can be easily tuned
to provide safety, compare the numerical example in [38].

O

C. Efficient disturbance description

One of the difficulties of considering general state and input
dependent disturbances is that the future size of the disturbance
depends on the predicted state and input sequence (z.j¢, u.|¢).

A safe and reliable (robust) MPC implementation requires
that a valid upper bound on the magnitude of the disturbance at
the predicted (uncertain) state x|, can be efficiently evaluated.
To facilitate such an efficient evaluation we consider the
following assumption.

Assumption 5. Consider the uncertainty set W(x,u), the
incrementally stabilizing feedback r and incremental Lya-
punov function Vs from Assumptions [l and 2l There exists

a function Ws : Z X R>og — Ryxq, such that for any point
(7,2,v) € R" x Z with Vs(z,2,v) < c2, any ¢ € [0, V1),
any (zt,v") € Z with 2t = f(z,v), and any disturbance
dy € W(x, k(z, z,v)), we have

Vs(2T 4+ du, 2%, 0vT) < wd(z,v,¢). (10a)

Furthermore, ws satisfies the following monotonicity property:
For any point (z,z,v) € R™ x Z such that Vs(x,z,v) <
(c1 — ¢2)? with constants 0 < ¢y < ¢1 < \/Ojoc, We have

ws(x, k(x, 2,v),c2) < Ws(z,v,c1). (10b)

Note that by using the set W(x, ) in Assumption [Il we
can construct a function that upper bounds the uncertainty
at any point (z,u) € Z. In a similar fashion, (I0a) ensures
that ws(z,v,c¢) is an upper bound to the uncertainty that
can occur in the neighbourhood of a point (z,v) € Z,
where the neighbourhood is given by Vs(x,z,v) < c?. The
monotonicity property (I0B) is illustrated in Fig. [Il where we
have that the uncertainty bound based on the set S; needs
to be larger than the uncertainty contained in the set Sa.
This property is crucial to evaluate bounds on the uncertainty
for the online optimization, which remain valid in closed-
loop operation. We refer to this as a monotonicity property
since in the quadratic case S; C Si, and thus the measure-
like function s should satisfy (I0B). Details on the offline
computation/construction of the function ws can be found in
Section =D (Prop. 2H3l Corollary [I)), the numerical example
(Sec. [V) and in Section (Prop.[3) for the special case of
LPV systems.

--8 = {Z| V5(%,2) = 3
S3 = {z| V5(z,2) = (c1 — )%}

Fig. 1. Illustration: Monotonicity property of ws for quadratic functions V.

III. ROBUST MPC FRAMEWORK

This section contains the proposed robust MPC framework
for nonlinear uncertain systems. The proposed framework is
presented in Section The theoretical analysis, including
assumptions on the terminal ingredients, is detailed in Sec-
tion [[II-Bl Section discusses the complexity and conser-
vatism compared to existing robust MPC methods. Additional
details on the offline computation are given in Section [II=D]
and the overall offline and online procedure is summarized.

A. Proposed nonlinear robust MPC scheme

In the following, we present the proposed robust MPC
scheme. The basic idea of the proposed approach is to online
predict a tube size s € R, which (indirectly) characterizes



sublevel sets of the incremental Lyapunov function Vs (Ass.2).
The tube size s is then used to tighten the state and input
constraints in order to ensure robust constraint satisfaction.
The proposed nonlinear robust MPC scheme is based on the
following optimization problem:

Vi (x4) =, ‘“wril?grclms . IN(2.)¢, uge) (11a)

s.t. wo)y = w1, S = 0, (11b)

Lh+1|t = f($k|t, Uk\t)a (11c)

Sk+1|t = PSk|t T Wk|t, (11d)

Wy = w6(xk|tuuk\task\t)u (I1e)

95 (Th)e, Ug)e) + ¢Sk <0, (11f)

Skie <8, wipp S W, (11g)

(Tn|es Snpe) € Xy, (11h)
k=0,....N—1, j=1,...,p

The solution of (II) are the optimal trajectories for the state

;» the input v e the disturbance bound w?,, the tube size S'*I "
and the value function V. The resulting closed-loop system
is given by

(12)

Tep1 = fulTe, up, de),  up = ugy.

The terminal cost Vy, the terminal set Ay and the scalar
bounds 3, w will be introduced in Section =Bl Compared
to a nominal MPC scheme, the state x is augmented with
the scalar variable s, which captures the size of the tube,
while the input v is augmented with the scalar variable w,
which captures the magnitude of the uncertainty. Similarly
to the state = and input u, the additional state s and input
w are subject to nonlinear dynamic equations (I1d), (I1g),
constraints (I1f), and terminal condition (I1h). Corre-
spondingly, the online computational demand of solving
is equivalent to a nominal MPC scheme with an augmented
state (z,s) € R"*!, augmented input vector (u,w) € R™H1
and additional nonlinear inequality constraints on the
decision variable w.

The numerical example (Sec. [V) also shows that the pro-
posed robustification (based on the online computed tube size
s and the constraint tightening) only moderately increases the
online computational demand. This is in contrast to much of
the existing approaches for the considered general setup, such
as [6], [7Z, [9], [22], [32] which often increase the online
computational demand by orders of magnitude.

The scalar w represents a sufficient bound on the uncer-
tainty that can occur in closed-loop operation, such that we
can guarantee robust recursive feasibility of the terminal set
constraint. Note that we do not assume any upper bound on the
model mismatch d,, in Z, instead, the closed-loop system will
automatically avoid regions with uncertainty exceeding w and,
thus, act cautiously. Thus, even in the absence of state/input
constraints, the robust MPC scheme avoids regions with large
uncertainty to ensure robust closed-loop properties, which can
be very advantageous from a practical point of view. Typi-
cally, such a behaviour is only present in scenario/stochastic
MPC [6], (7], [8, [9] by minimizing the expected stage cost
¢, compare Remark [3l Note that due to the general nonlinear

S.t+1

Fig. 2. Illustration: Optimal trajectory z,, candidate trajectory z.|; 1, and

|
corresponding tube size s_‘ . and s.|;4 1, respectively.

dependence of the uncertainty w on the state and input, the
tube size sy; is not necessarily monotonically increasing over
k, meaning that we could potentially have sy 1; < Sgj¢-

B. Theoretical analysis

In the following, we detail the theoretical analysis and
provide the technical conditions on the terminal ingredients
(terminal cost Vy and terminal set A’y). The minimal bound
on the uncertainty Wy, and the max1maﬁ tube size 5 are

5= 0me.  (13)

Terminal ingredients: The following assumption captures
the desired properties of the terminal ingredients.

inf  ws(x,u,0),
(z,u)eZ

Wmin ‘=

Assumption 6. There exist a terminal controller ky : R" —
R™, a terminal cost function Vy : R™ — R, a terminal set
Xy C Rt and a constant W € R>¢ such that the following
propemes hold for all (x, s) € X¢, all w € [Win, W), all sT €

[0, ps — pNw + w5 (x, kf(z),s)], and all d,, € R™, such that

Vs(zT +dy, 2, kf(zh)) < p?Nw? with 2t = f(z, k¢ (2)):
Vi(ah) <Vi(z) — l(a, ky(2)), (14a)

(@ + du, %) €X;, (14b)

ws (2, kf (), s) <w, (14c)
9i(@,ky(x)) +¢;8 <0, j=1,...p, (14d)

s <7. (14¢)

Furthermore, the terminal cost Vy is continuous on the com-
pact set Xy, = {z| 3s € [0,3], (z,8) € Xy}, ie., there
exists a function ay € Koo such that

Vi(2) <Vi(@) + ag(llz = 2[), v,z € Xy (15)

This assumption requires a suitable terminal cost Vy, a
controller k¢, a set Xy and a scalar w. The conditions on
Vi, kg, Xy are similar to standard conditions in (robust) MPC
with a terminal set for the augmented state (z,s) € R"*!,
compare [39]. The terminal set needs to satisfy the tight-
ened state and input constraints (I4d). In addition, a robust

3The bound 5 < +/j,c can be relaxed by introducing two constants
61,02 > 0, such that the contraction (@c) holds for all Vs(z,z,v) < 5%,
while Assumption [3] holds for all ca < c1 < 62, c1 — c2 < 61. In this case
it suffices that 3 < d2 and w < d7.



positive invariance condition of the terminal set needs to
be verified (I4D). Details on the constructive satisfaction of
Assumption 6] based on standard terminal ingredients can be
found in Section Prop. [

The following theorem establishes the closed-loop proper-
ties of the proposed nonlinear robust MPC scheme.

Theorem 1. Let Assumptions[IH6l hold, and suppose that (L1)
is feasible at t = 0. Then () is recursively feasible, the
constraints @) are satisfied and the origin is practically
asymptotically stable for the resulting closed-loop system (12).

Proof. The basic idea is to use the control law x from
Assumption[2]to stabilize the previous optimal solution of (IT))
and thus bound the cost increase and ensure robust recursive
feasibility. This is illustrated in Figure 2l where we see that the
tube around the candidate solution x.;1 is contained inside
the tube around the previous optimal solution 517.*|t- We first
construct the candidate solution and establish bounds on the
size of the tube s and the disturbance w. Then we show that
the candidate solution satisfies the tightened state and input
constraints (I11) and the posed constraints on the disturbance
bound w and the tube size s (IIg). Constraint satisfaction,
ie. (z¢,ur) € Z Vit > 0, follows directly from (IIf) with
k = 0. Then, we establish recursive feasibility of the posed
terminal set constraint Xy (ITh). Finally, we establish practical
asymptotic stability.

Part 1. Candidate solution: For convenience, define

* _ * * _ *
UN |t _kf(‘TN|t)7 UNt1t = kf($N+1|t)7
* _ * * * o~ * * *
TN 1t _f(xN|t7uN\t)7 Wt = w5(‘rN\t7uN|t7sN|t)'
Consider the candidate solution

Tojt+1 =Tt41 = fu(Zg)e, Uy di) (16)
Uk|t4+1 :H(xk\tﬂ,IZ+1|ta“Z+1\t>a

Tpp1)e41 = (Trjeg1, Ukje41)s
Soj¢+1 =0,

Sk+1|t+1 =PSk|t+1 T Wk[t4+1,
W[t 41 =Ws (Thft415 Uk|t+15 Sk|t+1)s

with k = 0,..., N —1. Assumption 3] (I0d) with ¢ = 0 yields

* *
\/%(xt-i-l ) xl‘tu u1|t)

Mz My @@
< w(s(arat,uat,()) < wg\t = Si\t <5< \/gloc-

Using the contractivity (@d) (Ass. 2) recursively, we get

%(xk|t+lu $Z+1|ta UZH\t) (a7
< p%[w3|t]2 < 0ioc;, k=0,...,N.

Part II. Tube dynamics: In the following we show that the

following inequalities hold for £ = 0, ..., N —1 by induction:

— prwge, (18)
W41 SWhq)e- (19)

We first show that (I8) and (I9) hold for k = 0, and then we
proceed by showing that they also hold for k£ + 1.

*
Sklt+1 SSpy1)e

1) Induction start: k¥ = 0: Inequality (I8) is satisfied with

W@, .
Sojt+1 = = S1t — Woy¢-

Consider c2 = sop41 = 0 < 1
Vv 6[00, and
*
\/%($O|t+laxs{‘t7us{‘t) < w0|t =C1 — C2.

Thus, using Assumption [3] (I0B) implies that the distur-
bance w satisfies

Lk _ * —
=Sy = Wy £ 5 <

Wolt+1 2@5($0|t+17 UQ|t415 80\t+1)
N——

=0
@ . . (IIE) .
< w5(x1|t7u1\t781\t) < Wy

2) Induction step k+ 1: Suppose that (I8) and (19) hold for
some k > 0. Based on (I1d), the tube size s satisfies

19

dd *
Skllt+1 = PSk[t+1 T Wkjt41 < PSklt41 T Wiy

* * k+1_  * @ * k+1, %
SPSpqfe T Wig1)e — P Wopp = Spqape — L Wl
@™ [y @
Consider c2 = spyqp41 < € = sk+2|t < 5 <

V/010c. Thus, by using (I0B), the disturbance w satisfies
Wr41]t+1 < wk+2\t‘

Part III. State and input constraint satisfaction:
For k =0,..., N — 2, we have

95 (Tkje+1, Ukje+1) + €Skt
B e ke e
S Gi\ Tyt Upya)e) T P CjWoe T C5Sk|t+1

* * *
< 95 (@hgaper Upgrpe) +€6Spqe < 0.
The terminal condition (ITh) ensures constraint satisfaction

for k = N — 1 with

G5 (TN _1jt15 UN—1jt41) + CSN 141

BTy (IE%)

< gj(:v}“v‘t,uj‘v‘t) +Cj3}k\mt < 0

Part IV. Tube bounds (TTg): Inequalities (I8) and (I9) ensure
that (TIg) hold for k = 0,...,N — 2. For k = N — 1,
(@N)e> Sn|e) € Xy implies

m | @
SNfl\t+1 S SN|t S S,

* ~ * * * —
WN—1|t+1 < wN\t :w‘s(‘rN\ﬂuNﬁ?SN\t) < w. (20)

Part V. Terminal constraint satisfaction (ITh): The terminal
state and terminal tube size satisfy

Vs(x 7 uh ) G<Ib N
SNINIt+1s U N1 UNy1e) = P ot
). Co

* N x *
S PSNiE— P Wor W

Thus Ass. [6l (I4D) ensures (2141, SN ji41) € Xp With dy =
$N+1|t — Tnj¢+1 and w0|t [Winin, W)-

(I
SN|t+1 — PSN-1jt+1 T WN_1|t+1



Part VI. Practical stability: For £ =0,..., N —1 we have:
f(ffk\t+1auk|t+1) - f(¢2+1\ta“2+1|t>
[iwi}
< au(ptwgy,) < au(pw).

Similar to [33| Prop. 5], continuity and exponential summa-
bility of the stage cost £ (Ass. B) in combination with the
terminal cost (Ass. [6) implies

JN(ItJrl, u-\t-i—l) — VN(ZCt) + g(CCt, ut)
N—-1

<ay(pNw/ /1) + o (p*0)
k=0

<ay(wW/\/Cs5;) + ac,p <w\/ 1/es0+ nmax> =: (W),

with «,, € K. Feasibility and standard arguments (c.f. [2}
Prop. 2.16]) imply

ag([lzell]) < Viv(ze) <aw(llzell), o € Koo,
Vi (ze41) = Viv () < = au((al]) + aw ().

Thus, the closed-loop system is practically asymptotically
stable, compare [40, Prop. 4.3]. (|

The online constructed tube size s (I1d) in combination
with the constraint tightening (I1f) ensures that the optimiza-
tion problem is recursively feasible and the constraints
are satisfied. The region of attraction and the bound on the
maximal uncertainty w (compare Proposition 4] below) im-
prove if a larger prediction horizon NN is used. We expect that
similar theoretical properties can also be guaranteed without
terminal ingredients by using a sufficiently large prediction
horizon N and arguments from [4], [33].

C. Discussion

In the following, we discuss the proposed robust MPC
framework in comparison to existing robust MPC approaches
(Remark 2H4) and elaborate on possible extensions and appli-
cations of the proposed robust MPC framework (Remark 5H6).

Remark 2. Most of the existing (nonlinear) robust
MPC schemes consider constantly bounded additive distur-
bances [17], [19|], [20], which are a special case of the
considered framework with ws constant, compare Sec.
and [33|]. While the proposed framework can utilize state
and input dependent bounds on the model mismatch, we
cannot directly utilize dynamic bounds on the model mismatch.
The case of dynamic uncertainty can, e.g., be handled by
imposing additional compact constraints on the input of the
uncertain system in order to obtain a constant (but possibly
conservative) bound on the model mismatch and thus allow
for the usage of standard robust MPC methods, compare [41)].
One existing approach to consider non-constant bounds on the
model mismatch are so called error bounding systems as, e.g.,
used for MPC with reduced order models [42)]. A more general
nonlinear robust MPC framework that can adequately handle
dynamic uncertainty is still an open problem.

Remark 3. A competing (possibly less conservative) method
to deal with general nonlinear robust MPC is given in [22)].

This approach includes matrices Q, € R™"*"™, K € R™*"
in the online optimization that characterize a time-varying
ellipsoidal tube V5. and linear time-varying feedback r
(c.f. Remark [I), compare also [43]. The resulting online
computational demand is comparable to a nominal MPC
scheme with (n + n?)/2 additional state variables Q. and
m-n additional input/decision variables K, which significantly
increases the computational demand for high dimensional sys-
tems, compare [43|]. In contrast, the computational demand of
the proposed scheme is comparable to a nominal MPC scheme
with n + 1 states (x,s) and m + 1 input/decision variables
(u,w) and thus allows for an efficient implementation to
higher dimensional systems, compare the numerical example
in Section M Thus, the proposed method can be interpreted
as a simpler (but also more conservative) alternative to [22)].

Furthermore, there exists a strong parallel between the
tube construction in [22|] with the predicted matrix Q,, and
uncertainty propagation in stochastic MPC approaches [9]
with the covariance matrix Y, € R™ ™. Based on these
similarities, we expect that it is possible to devise a stochastic
version of the proposed method, as a computationally efficient
counterpart to [9|] with probabilistic guarantees, compare also
the recent extension of the proposed framework to chance
constraints in [44]].

Remark 4. The robust MPC method in [I5] based on a
Lipschitz bound L has previously been extended in [30] to
state dependent uncertainties of the form @ = a + b||z||. In
particular, the method and results in [30] are contained as a
special case in our framework with Vs(z, z,v) = ||z — 2|2,
k(x,z,v) = v and p = L. Correspondingly, the design
procedure and online complexity are equivalent. The main
difference is that we use the incremental stabilizability bound
p instead of the Lipschitz bound L to construct the tube.
Thus, the resulting framework is typically significantly less
conservative, compare the discussion in [33|], the numerical
comparison in [45|] and the numerical example in Section [V

Remark 5. The presented approach only minimizes the nom-
inal predicted cost £(z,u) in (D), instead of considering the
uncertainty of the prediction in the minimized cost. A simple
and intuitive way to account for the uncertainty is to consider
the following worst case (min — max) stage cost

@

ly(z,0,8) = £(z,0) + ay(s) > max

z: Vs (z,2,0)<s?

Uz, k(x, 2,0)).

This modified stage cost incentivizes cautious operation. In
case of additive disturbances (compare Section [[IV-A)), this
modification does not change the optimal open-loop trajectory.
In [22)], [28] an alternative cost function based on the gener-
alized inertia (which uses matrix variables) is considered.
Such explicit considerations of the predicted uncertainty in
the cost function become even more relevant in the context
of economic MPC [40]. A more detailed discussion on such
modified stage costs based on min-max, stochastic and average
cost can be found in [46], [47], [48|]. The stability analysis
with the modified cost {,, and the extension to such economic
consideration are, however, beyond the scope of this paper.



Remark 6. The main focus of the presented nonlinear robust
MPC framework is to ensure constraint satisfaction and re-
cursive feasibility despite disturbances/uncertainty. We expect
that the presented ideas for robust MPC can also be used
to extend existing output feedback MPC schemes [49], [50]
and distributed/hierarchical MPC schemes [51|] to nonlinear
systems subject to state and input dependent uncertainty, which
is part of future work.

D. Offline and Online Implementation

In this section, we discuss in detail how to construct the
function ;s (Ass. B)), the terminal ingredients (Ass. [6), and
summarize the overall algorithm.

1) Nonlinear uncertainty bound: In the following we dis-
cuss some approaches to define the function ws (Ass. B) for
practical applications. An analytical description of W can
often be obtained based on prior knowledge of parametric
uncertainty and bounds on the additive disturbance, compare
the numerical examples in Sec. [Vl Alternatively, YV can be
(directly) estimated using experiments. A general function ws
that satisfies the posed conditions (Ass. Q) can be computed
using an appropriate parametrization and the following con-
ceptual optimization problem

min/ / ws(x,u,c) dr de
Ws Je=0Jr=(z,u)€Z

s.t. (I0a), (OB) hold V (z, z,v) € R" x Z, Vs(z,z,v) < 5°.

The following proposition provides a simple way to design a
function ws, based on continuity conditions.

Proposition 2. Let Assumptions [Il and [2] hold. There exists
a function W : Z — Rsq, such that for all (z,v) € Z,
(zT,o%) € Z, (z,u) € R with 2t = f(z,v), dy €
W(z,u), the following bound is satisfied
Vs(2™ + dy, 2", 07) < 0% (x,u). (21a)

Assume that the following continuity condition holds for all
(z,2,v) € R"x Z with Vz(z, z,v) < ¢ and any ¢ € [0, V310

w(z, k(x, 2,0)) —W(z,v) <dw(c), (21b)
with a superadditiveﬂ function &, € K. Then the function
1I)§(Z, v, C) = 11)(2, ’U) + d’w(c)a

satisfies the properties in Assumption [3

Proof. Inequality (4a) ensures that condition (2Iad) is sat-
isfied by w(z,v) = |[Cu(z,v), with w(z,v) =
maxg, ew (=) ||dwl. Given Vs(z,z,v) < ¢ and d, €
W(x, k(z, z,v)), we have

eI
\/VJ(ZJr + dw, Z+,’U+)

< w(z, K(z,z,v))
<

W(z,v) + uy(c) = ws(z,v,¢),

4Any function Guy(c) = Z;’il a;cd with a; > 0 is superadditive, e.g.
Quyp linear or quadratic.

which implies (I0a). Similarly, for any 0 < ¢3 < ¢1 < V0,
z € R", with Vs(z,z,v) < (c1 — c2)* we have

12)5(55, IQ({E, 2, ’U), 02) = ﬁ)('rv IQ({E, 2, ’U)) + dw (62)
e _ ~ B B ~
< W(z,0) + Gup(c1 — 2) + Quy(c2)<w(z,v) + &y (cr),
which implies (10B). O
Corollary 1. Let Assumptions [I| and Bl hold. Suppose there

exists a Lipschitz continuous function w(x,u) satisfying
w(z,u) > ||dw(z,u,d)|| for all (z,u,d) € Z x D. Then

Ws(2,v,¢) := \/Cs.4,W(2,v) + ¢L\/C5.47\/ 1/C5,1 + Fmax,

satisfies Assumption 3] where L is the Lipschitz constant of 1.
Proof. The statement follows from Prop. 2] using (9). O

For the special case of quadratic incremental Lyapunov
functions, the following proposition provides a direct method
to compute wWs.

Proposition 3. Let Assumption Il hold. Suppose Assumption
holds witlf} Vs(z,z,v) = ||x — 2|3 and K(x, z,v) = k() —
kz(z) + v. Then Assumption 3 holds with

Ws(z,v,¢) == sup sup ldwllp- (22)

{z| lz—z||p<c} dweW(x,k(x,2,v))
Proof. Condition (I0a) is trivially satisfied. Note that the
assumed structure of s implies
K(Z, x, k(x, 2,0)) =K (Z) — ke(x) + K(2, 2, V)
=ke(Z) — Ko () + Ko(x) — Ke(2) + v
=k (Z) — K (2) +v = K(F, 2,0). (23)

Using the quadratic nature of Vj (triangular inequality) and
equation (23), the following equivalence holds

sup 11)5((17,/1(17,2,1)),62)

{zlllz—zllp<ci—c2}

@ sup sup sup
{z|llz—z2||p<ci—c2} {Z|||—z| p<c2} dw EW(Z,k(Z,x,k(T,2,v)))

lduwll P

g

sup sup sup
{z]llz—zllp<ci—co} {Z|l|[Z—xl p<c2} dw EW(T,5(Z,2,v))

I8

sup sup ldwllp = ws(z,v,c1),

{Z|[|z—zllp<c1} duw eW(Z,K(T,2,0))
compare Fig.[T] for an illustration. This condition implies (IQB)
and thus satisfaction of Assumption o

The method in Proposition 3] is not applicable to arbitrary
nonlinear incremental Lyapunov functions Vs and feedbacks
k, since the monotonicity property (I0B) does not necessarily
hold.

Propositions [IH2] (and Corollary [I) provide simple proce-
dures to compute ws and cj, which only use scalar bounds
describing the incremental stabilizability property (Ass. 2))
and do not explicitly use the incremental Lyapunov function
Vs. In case of quadratic incremental Lyapunov functions Vg,

5The proof equally applies to polytopic functions of the form

v/ Vs (z, z,v) = max; P;(x — z), as it mainly hinges on using the triangular
inequality, compare norm-like inequality in [52| Ass. 1].

I duwllP



Proposition [3] provides a procedure that uses the shape of
Vs and W to compute the least conservative function ws
satisfying Assumption [3l Furthermore, in Section [V-B| we
consider polytopic incremental Lyapunov functions Vs for
LPV systems and provide simple (linear) formulas for ws, c;
that exploit the shape of V5, W. The direct construction of
ws (using Prop. D) is illustrated in Section [V] with a numerical
example. In general there exists a degree of freedom in the
design of ws that allows for a trade-off between conservatism
and computational complexity, compare also Remark [§ and
the numerical example (Sec. [V).

2) Terminal ingredients: In the following, we illus-
trate a simple procedure to compute terminal ingredients
(Vy, Xf, kg, W) that satisfy Assumption [6]

Proposition 4. Let Assumptions [[H3] hold. Assume that there
exist a feedback ky and a terminal cost Vi, such that the
conditions (I4a), (I3) in Assumption [6 hold for all x € R"
with Vi(z) < 7 and some constant 5 > 0. Without loss of
generalir)ﬁ, suppose that id — o o a;l € IKC, where id denotes
the identity. Consider the terminal set

Xy = {(,T,S) € RnJrl' s € [ngf]v Vf(x) < '7}7

with some positive constants 5y, . There exist functions f; €
Koo» j =1,...,p, such that the following condition holds for
all 5 € 0,7]

( 51)1pX gj(x,kr(x)) +¢js < gj(0,0) + f;(7) + ¢;55. (24)
x,s)eEXy

Suppose that the function w;s and the terminal set satisfy

s) < ag+ a14/7 + a5y, (25)

sup  Ws(x, kr(z),
(z,s)€Xy

with some positive constants ag, a1, az and ay < 1 — p. If
there exists a constant v € (0,7, that satisfies

a0+ a1y _ —9;(0,0) = (1) _ .
1l—p—as ~ j=1,...p Cj o

then Assumption |0l is satisfied with ky, Vi, Xy, v, N > Ny,

(26)

5= min —9;(0,0) = £;(n) 27a)
J:1 »»»»» Cj
W= ﬁ iy (a(ag ' (7)), (27b)
1
N = log, (@azl (_az()a]; (7)))) . 270

Proof. Part I. The robust positive invariance condition (T4h)

6[53] Lemma B.1] There exists a function & € Koo such that & < aloaljl )
id—& € K. Thus, we can replace o oa?l by & in the proof and (27b)-R7Zd).

follows from

Vi(z + dy ) S Vf(il?Jr

(ot )+ as(ldul)
fien¥en N
S Vi(x) = Uz, ky(x)) + op(p W/ \/C51)
<vf<x> crlllel) + as (N )
DV} @) - anla; (V@) + as (V) )

<y —aua; () + ap (Vo) yesr) By

and

sT < ps— pNw + w5(z, kf(2), 5)
e
<pSp+aota/y+asy < 5

Part II. Assumptions 3 ] and (I4d) ensure

gj(x, kg () — g;(0,0) dg)lel(:r, kr(@))ll
& @, .
< Lja, (U(x, ky(x)) < Lja; (Vi(x)) < Lja, (7),

for all (z,s) € Xy. Thus, (24) is satisfied with f;(y) =
Lja; (7). Satisfaction of (14d) follows from (24) and @27a).
Part III. Satisfaction of condition (I4d) follows from

@3
Ws(x, ky(x),8) < ap+ a1y/y + azsy

5, @B NN,

w<w.

Similarly, (274) in combination with 26) implies (I4d¢). O

This proposition provides a simple procedure to compute a
suitable terminal set under few conditions for relatively general
nonlinear systems. For a quadratic stage cost £(z, u) = ||z[|3)+
llu||%, a quadratic terminal cost Vy(z) = ||z||% and a linear
feedback ky(x) = Kyx that locally satisfy (I4a), (I3), can
be computed using standard methods [2], [39]. Condition (23)
requires a bound on the uncertainty close to the origin. The
maximal tube size 5 is defined as large as possible, such that
the tightened constraints (I4d) are satisfied in the terminal set.
In Proposition[3] below, we show how these conditions simplify
for LPV systems. Furthermore, given an additional norm-like
inequality on Vs, simple design for the terminal region directly
using Vs can be found in the recent papers [52, Prop. 1] and
[54, Prop. 6].

Interestingly, equation ([27B) shows that we can consider
arbitrary large w, if N is sufficiently large. The practical
implication is that we can even operate the system in regions
with large uncertainty, if we can be certain that this effects
only an initial part of a sufficiently long predicted trajectory

(N>>1). In particular, the constraints (I1d), and (I1h)
implicitly define the following bound on the uncertainty wy;

N—-1
N—-1—k - =
SN|t = Zp Wy < Sp <S.
k=0

3) Algorithm: The offline and online computation are sum-
marized in Algorithm [Tl and 2] respectively.



Algorithm 1 Offline Computation
1: Choose stage cost £ (Assumption 3) and constraint set Z.
2: Verify incremental stabilizability (Ass. [2, [26, Alg. 2]):
- Obtain scalars p € [0, 1), dj0c, compute ¢; (Prop. [I)).
3. Obtain uncertainty bound ws (Ass. B):
- Describe uncertainty ¥V (Sec. Ass. [I)).
- Compute w; using Prop. 2] or Bl
4: Compute terminal ingredients (Ass. [6] Prop. 4):
- Compute Vy, ky [39].
- Choose v € (0,7], such that condition (26) holds.
- Compute 57, w, No 7).
- Choose N > Nj.

Algorithm 2 Online Computation
1: Measure the state x;.
2: Solve the MPC optimization problem ().
3: Apply the control input: u; = USI 4
4: Sett =1+ 1 and go back to 1.

IV. SPECIAL CASES

This section considers important special cases of the pro-
posed framework. The special case of additive disturbances
is presented in Section Section considers LPV
systems and compares the resulting scheme with some of the
existing methods.

A. Additive disturbances

The simplest and thus most common way to treat uncer-
tainty in MPC is to consider additive disturbances with a
constant bound W, as for example done in [13]], [[14], [15],
[L7], [19], [20], [37]. This is a special case of the previous
derivation, by considering the constant

sup  /V5(f(z,v) + duw, f(z,0),0F) (28)

20,01 ,dy

s.t. (z,v) € Z, (f(z,v),v") € Z, dy € W(z,v).

Wpin =W =

In the following, we show how the problem simplifies in this
case. A preliminaryﬂ version of the following robust MPC
scheme has been presented in [33].

Assumption 7. There exist a terminal controller ky : R" —
R™, a terminal cost function Vi : R" — Rso, and a
terminal set Xy C R", such that the following proper-
ties hold for any v € Xy and all d, € R", such that
Vs(zt + dy, 2, kp(2)) < p?Nw? with 2+ = f(z, ks (z)):

Vi(z ™) <Vi(z) — Lz, kp(2),  (29)
T 4+ dy, €Xy, (29b)
1—pN
T, P <F= v Sloes (29¢)
1-— pN_ )
gi(@, kr(z)) +¢; 11—, <0, j=1,...,p, (29d)

7Compared to [33]], a more general stage cost and nonlinear constraints are
considered. Furthermore, [33] considers no terminal ingredients.
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Furthermore, there exists a function oy € Koo such that

Vi(z) < Vi(@) + ap(lle — 2[l), V2 € Xy

Compared to Assumption[6] the conditions (I4d)-(I4d) sim-
plify to @9d)—@29d), with s = 11_ _p;V W, Wyin = w. Compared
to the nominal conditions for the terminal ingredients [39],
[2], the tightened state and input constraints need to
be satisfied and the terminal set should be robust positively
invariant (RPI) (29B). The corresponding optimization problem
is given by

Vn(xy) = uI‘nile‘ IN (e, uge) (30a)

S.t. Tojp = Tt, Thg1e = S (Trjes Ukje), (30b)
1-— pk .

95 (Tjes uppe) + T, 600, (30c)

enp € X, k=0,...,N—1, j=1,...p. (30d)

The only difference compared to a nominal MPC scheme is the
fact that the tightened constraints (30d) are considered along
the prediction horizon. Compared to the formulation in (L),
the constraint tightening is computed offline, which leads to
a computational complexity equivalent to the corresponding
nominal MPC scheme. However, describing the uncertainty
as additive disturbances instead of state and input dependent
uncertainty can introduce a lot of conservatism. The following
theorem establishes the corresponding closed-loop properties.

Theorem 2. Let Assumptions [IH3 and [A hold, and suppose
that problem Q) is feasible at time t = 0. Then (BQ) is
recursively feasible, the constraints @) are satisfied and the
origin is practically asymptotically stable for the resulting

closed-loop system (12).

Proof. The proof is similar to [33|] and is a special case of
Theorem [1I In particular, Wy, = W implies

k—1
§—
Skt = E pw=
i=0

The remainder of the proof is the same as in Theorem[Il O

k

1—p"_
w.
1—

p

Remark 7. In [13], a constraint tightening for linear systems
subject to additive disturbances is considered. The considered
constraint tightening (30d) can be interpreted as an overap-
proximation of the constraint tightening in [I3|], compare [133|
Remark 14] for details. In particular, the overapproximation
is a result of the simple description of the stabilizability
property using inequality (d), instead of explicitly using the
general nonlinear uncertain dynamics (1). Thus, the presented
framework can be viewed as a simple to implement (cf. [38]])
extension of [13|] to nonlinear uncertain systems, based on
the incremental stabilizability property (Ass. B). In [53] a
more elaborate method to compute an explicit offline con-
straint tightening for nonlinear uncertain systems is proposed.
The resulting constraint tightening often has a similar shape
as BQd), compare [33 Fig. 2], however, the method suffers
from a more complex offline computation.



B. Linear parameter varying systems
We consider the special case of LPV systems
Tiy1 =(Ao + Ag, )7t + (Bo + Be, )ur + Edy, (31

where d; are additive disturbances and Ay € R"*", By €
R™ "™ are time-varying uncertain matrices

q q
Ap, = Z 0;4Ai, B, = Z 0;,4B;,
i=1 i=1

with time-varying unknowrl] parameters 6, € RY. We assume
that there exist polytopes I, O, such that §, € ©, d; € D for
all ¢t > 0. The nominal prediction model f is simply a linear
time-invariant (LTT) system

(32)

f(ze,u) = Agzy + Bouy. (33)

Furthermore, we consider a polytopic constraint set Z @) with

gi(x,u)=Lj,x+Lj,u—1<0, j=1,...,p, (34)

and a quadratic stage cost £(z,u) = ||z[|3), + [|u[|%, with Q, R
positive definite. The following proposition shows how the
design simplifies in this setup.

Proposition 5. Suppose (Ao, Bo) is stabilizable, i.e. there
exists a feedback K such that Ay := Ay + BoK is Schur.

1) There exists a compact polytopéﬁ P={zxeR" Px<
1, 1 =1,...r} with AxP C pP, p € [0,1). Assump-
tion 2 is satisfied with \/Vs(z, z,v) = max; P;(x — z),
k(z,z,v) = v+ K(x — z). Furthermore, constants c;
satisfying @) in Prop. [ll can be computed using (B9).

2) Denote the vertices 07 € vert(©). The following function
satisfies Assumption [3]

Ws(z,v,¢) := W(z,v) + Lyec, (35)
W(z,v) := max P;[Ag; z + Byg;v] + d;,
i,J
L., := max max P;(Ay; + By; K)Axz,
i,j Ax€P
di =maxPFEd, i=1,...,r. (36)
deD

3) Denote cppqqp = Max;—1,..pCj, d = max;—1, . ,d; and
assume further that

0+ Ly + Cmaxd < 1. (37)

Then Assumption (6] is satisfied with W =3 = oo,
kp(z) = Kz, Vi(z) = |]3,, (382)
Py = ALP;Ag +Q+ K RK, (38b)

Xpi={(z,8)|Pz+5<1/cmax, i =1,...,7}. (38¢)

Proof. Part 1. The existence of the contractive polytopic
set P is ensured by [57, Lemma 5]. Furthermore, \/Vs is
the Minkowski functional of P [38, Definition 3.2], and

81n case 6+ has a bounded rate of change and 6; can be measured/estimated
online, updating the nominal system f can reduce the conservatism, compare
e.g. MPC for LPV systems [56] and robust adaptive MPC [54].

°In case of symmetric polytopes 7P, the formulas simplify with
Vs(x, z,v) = ||P(z—2)||co and only half the indices ¢ need to be enumerated
in W(z,v).
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thus satisfies {@cd) with ;. (and thus ) arbitrarily large.
Compactness of P implies that there exists a constant cs,
such that (@a)) holds. The conditions (@a)), (@b} are satisfied with
s i=max; || P||? and kmax = ||K||?/cs,. The constants c;
can be determined by the following linear program (LP)

¢ = Iwnea%[Lj@ + L K]z (39)
The contraction p is computed using min p s.t. AxP C pP,
which can be cast as an LP, compare [58, Thm. 4.1].

Part II. We show the second claim by using Proposition
Condition 213} is satisfied with

VVs(2T + dy, 2+, v) = max P; [Apz + Byv + Ed]

< max P;[Ag; z + Bpiv] + d; = w(z,v).
]

The inequality follows from the fact that 1/Vj is linear in

0, and d, and thus attains its extreme value on a vertex.

Similarly, the continuity condition in (2Ib) is satisfied with
Vs(x, z,v) = max; P,Ax < ¢, Az = x — z and

W(z + Az, v+ KAz)
= maxH[Aej (Z + A,T) + By (’U + KA:T)] + Ei
0.

=max P;[Ag; 2 + Bgsv] + d; + Pi(Api + Bos K)Ax
]

B3
<w(z,v) + Lyc. (40)

Part III. The proof is similar to Prop. Hl but utilizes the the
incremental Lyapunov function Vs to construct the terminal
region, which results in simpler conditions. A similar design
has been proposed in [39]. Conditions (I4a), (13) are satisfied
with Py based on the discrete-time Lyapunov equation (38D).
Conditions (I4d), (I4e) are satisfied by definition, with 5 =
w = 0o. The uncertainty satisfies
s, s,k () )

40D

max

o(x, kyr Ly,
Pﬂ-i-SSl/anax w(x, j (I)) + s

NE|

max

W(0,0) + Ly (s + max Piz) = d + Ly /Cmax-
Pﬂ-i-SSl/anax ?

(41)

For any (z,s) € X, the robust positive invariance condi-
tion (I4B) follows from

sT +max P;(z" + dy) 42)
<st 4 max Pzt + max P;d,,

<ps — pNw + ws(z, kg (z), s) + pmax Pz + p™w
@n — @D
<p(s+max Pix) +d+ Ly/cmax < 1/Cmax-
Satisfaction of (I4d) follows from
gi(x, kp(x)) +cjs = =14+ (Ljz + LjuK)x + ¢;s
® (389
< — 14 cmax(s + max Piz) < 0,
with ¢; from (39). O

Remark 8. The function ws is such that the corresponding
robust MPC optimization problem (L) is a quadratic program



(OP), where the constraint can be formulated as r - p
linear inequality constraints. The computational demand can
be decreased by considering a simpler (but more conservative)
Sfunction ws. For example, with © = [—1,1]7 we can use

q
ws(z,v,¢) =max Py Y (A2 + Bjv) +di + Lyc,  (43)
j=1

q
L, = P S (A + B, K)Ax,
max max ;( i+ BjK)Ax

i Az

which can be implemented with r linear inequality constraints.
Thus, in general the design of ws includes a degree of freedom
that can be utilized to trade off computational complexity
against conservatism, compare also [59]. The results in Propo-
sition 3 can also be formulated with a quadratic incremental
Lyapunov function Vs(z,z,v) = ||z — z||%, however, the
construction of Wws then typically requires either conservative
overapproximations or results in a quadratically constrained

QP (QCQP).

Remark 9. The construction of the terminal ingredients uses
condition (&0, which requires p + L,, < 1 in addition to
a bound on the additive disturbances d w.rt. the size of
the constraint set (as characterized by cmax). The condition
p+ Ly < 1 is a natural condition for LPV systems in the
considered setup, as it ensures that Ag + BgK is stable with
the common Lyapunov function V = max; P;x. The definition

of ws in Proposition [ implies

N-1
snje = Y (Lo + p)N 7 0 (20, 10).

§=0
Thus, p + L, < 1 also ensures that the tube size s does
not increase arbitrarily. This is in contrast to the competing
approaches [15)], [l16l], [30|], where the tube size s can grow
exponentially with the prediction horizon N, compare the
numerical example in Section [V}

Remark 10. The presented design can be also applied to
nonlinear systems affine in parameters 0 with quadratic or
polytopic incremental Lyapunov functions Vs (Prop. [3), com-
pare also the numerical example (Sec. V). The simple condi-
tion 8D is, however, not necessarily suitable for more general
incremental Lyapunov functions V;, since the proof exploits the
triangular inequality in (@2). Recently, the presented method
has been extended to adaptive MPC with online estimated
parameters 0 in [54]].

Remark 11. For the special case of LPV systems, the pro-
posed approach can be viewed as a simplified (and hence com-
putationally more efficient) version of existing methods [27)],
(28], [29], [3| Chap. 5]. In particular, with a polytopic tube
Vs(z,z,v) = max; P;(x — z) the approach is similar
to [27]. The main simplification is that we characterize the
tube and contractivity of this polytope with scalars w, p,
instead of treating each vertex/halfspace of the polytope sep-
arately.
Similarly, in case of ellipsoidal tubes Vs(x,z,v) = ||x —
2, we can formulate a simplified version of [28]. Here,

z|
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the simplification (and thus reduction in the computational
demand) is more pronounced, as we use a scalar s to pa-
rameterize the tube instead of optimizing matrices P € R"*"™
online, compare also Remark [3]

While these approximations can introduce some conser-
vatism, the resulting simplicity is also the main benefit of the
proposed approach. In particular, the considered formulation
is equally applicable to linear and nonlinear systems, additive
disturbance, parametric uncertainty and general nonlinear
mixed uncertainty. The description with ws makes it also easy
to use further approximations, such as [@3)), to reduce the com-
plexity and thus allow an application to higher dimensional
systems. The conservatism and computational complexity will
be further explored in the numerical example in Section[V] A
quantitative comparison for linear systems with a polytopic
tube can be found in [59].

V. CASE STUDY: NONLINEAR QUADROTOR

The following example details how the proposed approach
can also be applied to uncertain nonlinear continuous time
system, compare Appendix [A). Furthermore, we demonstrate
the computational efficiency and performance relative to ex-
isting approaches using min-max differential inequalities [22],
[43] and Lipschitz bounds [15], [30]. In addition, we showcase
that considering state and input dependent uncertainty reduces
the conservatism compared to simple constant bounds on the
uncertainty. The offline and online computation is done using
SeDuMi-1.3 [60] and CasADi [61], respectively. An additional
example with robust collision avoidance for autonomous ve-
hicles using a non-quadratic incremental Lyapunov function
(c.f. [26]]) can be found in [62]. A recent experimental im-
plementation for robust collision avoidance in robotics can be
found in [52].

System model: We consider the following continuous-time
10-state quadrotor model [43]]

0] = gtan((bl)v
Ty =vo +0.3wa, V2 = gtan(¢a),

i?l =v1 + O.lwl,

T3 =v3 + 0.5ws,

o1 = —dip1 +wi,

2 = — dipa + wa,

T
ZZ?:(1’1,(E2,(E3,’U1,’U2,’U3,¢1,W1,¢2,W2) eRlov

U3 = —g + krus,
—do¢1 + nouy,

w2 = —dop2 + nous,

wy =

u= (ul,UQ,U3)T S R3,

where (1,22, x3) are the position, (v1,vs2,v3) are the veloc-
ities, (¢1,¢2) denote the pitch and roll, (wy,ws) the pitch
and roll rates, and (u1,us,us) are the adjustable pitch an-
gle, roll angle and the vertical thrust. The parameters are
do = 10, d1 = 8, nog = 10, kT = 0.91, g = 9.8, and
the constraint set is

Z - {(El S 4-7 |¢z| S 7T/47 |u1,2| S 7T/97 us3 S [0729]}7

which can be written using L;,, Lj;,, compare (34). As
in [43], we consider the problem of stabilizing the steady-
state x,, = [3,3,10,07]7 with the quadratic stage cost



Uz,u) = ||z — |3, Q = diag[1,1,1,07] and the initial
state 2g = [02,2,07] .

Additive disturbances: We first consider quadratically con-
strained additive disturbances w = [wy,wq,w3]", with
|lw]|?> < 1, as in [43]]. For simplicity, we compute a quadratic
incremental Lyapunov function Vs(z, 2) = ||z — 2||%, and lin-
ear feedback x(x) = K offline, such that f,(z,v) = f(z,v+
k(x)) is incrementally exponentially stable (Ass.[2l Ass.[9) and
the sublevel set Vs(z,z,) < 1 ensures (z,k(x) + u,) € Z
and is robust positively invariant for the perturbed dynamics
fr(z,v) + Ew. To this end, we parameterize the Jacobian

of B 2 B of
[8_x] (o) —AO + genl,z(x)Az - Aen” % - 37

0;.ni(x) =tan(¢;)* € O = [0, tan’ (7 /4)].

The desired conditions (Ass. 2) can be ensured by solving the
following linear matrix inequalities (LMIs) offline

min — log det(X) (44)

X 4+ BY + (Ag,,, X +BY)" +2p.X <0,

S.t. Agnl’1 i
(Aenz,iX +BY + (49, , X +BY)T +AX E )

* —/\13

Hnl,i S Vert(®1,nl X @2)71[), 1=1,..., 22,

1 Lj@X + Lj7uY .
( X )207.]_17"'71)7

*

with P = X!, K = YP, and 0, the 2% vertices,
compare [63]][26, Prop. 5]. The constant A > 0 is due to the
application of the S-procedure and can be computed using
bi-section. The resulting constants (Ass. 2, Prop. I @8))
are A = 0.1084, p. = 0.192, §joc = 1, ¢5; = 0.016,
Csu = 23.63, maxjc; = Cmax = 1. In the following,
we only consider the pre-stabilized dynamics fy(x,v). The
continuous-time disturbance bound is given by w, =
max||w||2S1 HE’LUHP = 0.1646.

The prediction horizon is set to 7' = 3 s and we consider
piece-wise constant input signals v.; with a sampling time
of h = 0.3 s (N = T/h = 10). In closed-loop operation,
we apply the input u; = v, + k(2:), 7 € [t,¢ + h]. The
discrete-time prediction model is defined with the 4th order
Runge Kutta method and the step size h. For simplicity, we
only consider the constraints at the sampling instances 7 = hk,
k € N. The corresponding discrete-time contraction rate is p =
e~ Pl = (.944 and the discrete-time disturbances bound (28]
is W = We(1 — e P")/p. = 0.48. As in Section the
tube size is given by s,y = (1 — e™P<7)/p W, with sp; =

5p=0—e*T)/paw, = w = 0.37.

The terminal set is chosen as Xy = {z| Vs(z,z,) < 72},
with v = 1/¢max — Sy = 0.63 (c.f. Prop. B), which satisfies
the RPI condition and thus Assumption [/l The terminal

cost Vi(z) = ||z — a:r||2pf is computed based on the linearized
model and the Lyapunov equation, such that (29a) holds with
v=kys(xz)=0.

We would like to point out that the constants p, w can, as
done here, be obtained based on continuous-time constants

13

Pe, We. Alternatively, given a fixed sampling time h and
a corresponding discrete-time model, the constants can be
directly computed. One of the advantages of considering the
continuous-time formulation is that the Jacobians Ag B
used in the LMI computation are significantly simpler.
Closed-loop simulations: The corresponding open-loop
prediction let with the implicitly defined tube Xj; =
{a| Vs(z,a3),) < silt} and an exemplary closed-loop tra-

nl?

jectory can be seen in Figure 3l

Discussion: The same example@ has been considered
in [43]] with a different robust MPC approach [22], compare
Remark 3 The crucial difference between the two approaches
is that we compute the incremental Lyapunov function Vj
and thus the constraint tightening offline, while the method
in [22] computes the incremental Lyapunov function Vs online.
Although in this example we can consider an equal magnitude
of disturbances, in general the approach presented in this
paper may be more conservative compared to the approach
in [22]. This conservatism is (partially) due to the difference
between the offline chosen incremental Lyapunov function Vj
and the online optimized one in [22]. On the other hand, in
case of constantly bounded additive disturbances, the online

< 0,computational demand of the proposed approach is equivalent

to nominal MPC, while the online computation in [22], [43]
is increased by a factor of 500 compared to the nominal
implementation, compar [43]. This is due to the fact that
the proposed approach requires no additional input or state
variable in case of constantly bounded additive disturbances
(compare Section [V=A), while in [43], (n?+n)/2 = 55 addi-
tional state variables and n - m = 30 additional decision/input
variables are needed.

If a Lipschitz-based approach is considered (Ps = I,,, K =
0, compare [15]), we have Lipschitz constant L = 1.8, w =
0.15 and thus for N > 3 the predicted tube is larger than the
constraint set or, alternatively, for N = 10 the magnitude of
the disturbances has to be reduced by 99% to ensure that the
tube s is contained in the constraint set Z (independent of the
terminal region).

Thus, in the considered scenario the proposed approach has
a computational complexity which is equivalent to [15] and
significantly reduced compared to [22], while the conservatism
is similar to [22] and significantly reduced compared to [15].

Parametric uncertainty: In the following, the parameters
ng, do are subject to a (possibly time-varying) uncertainty of
+10% and we neglect the additive disturbances (w = 0). The
uncertain nonlinear system dynamics can be written as

& =f(z,u) + Ag,,.x + By, u,

par par

2

2
Aepa,‘ = Z Hpar,iApar,iu BGPQT = Z Bpar,i7 epar S [_17 1]2
i=1 i=1

10Compared to [43], we introduced a constraint on ¢;, since the system
is not well defined for ¢; = £7/2. In the nominal case (w = 0), we were
unable to find a feasible solution with the posed constraints and a prediction
horizon of T' = 1.2 s (which is considered in [43]).

"n [43] it is reported that the average computational time per real time
iteration (RTI) with the nominal certainty-equivalent MPC is 159 us, and
81.6 ms with the tube MPC, thus increasing the computational demand by
81.6ms/159us = 500.



Again, we compute a simple quadratic incremental Lyapunov
function Vs(x,z) = ||z — 2||% and a linear feedback x(z) =
Kz offline. Similar to the discrete-time LPV design in Prop.[5

the functio

Ws(z,v,s) =max ||Ag, ...,z + Bo
2

par,i

Ly, = max ||P1/2(A9

(v + K2)|p+ Lus,
K)P~1/2||, (45)

par,i

par,i + Bepani

satisfies the continuous-time condition with the vertices
Opari € {—1,1}?, compare Remark Note that due to
the symmetry in 6,4, the function ws in @3) can be im-
plemented using only 2 inequality constraints with 0,4, ; €
{(1,1); (1,—1)}. For the considered approach p. > L, is
crucial (Prop. 3l Remark B). Thus, we compute the matrices
P, K similar to by enforcing p. > 0.4 and L,, < 0.3,
with the following additional constraint

L,X . Ag,.. X + By, Y > 0.
(AHPMX —+ ngar,iY) L,X
We choose the terminal set Xy = {(z,s) € R""!| s €
0,5/], Vs(z,2,) < A%}, with 5; = L= = (.75,

CmaxPc

= be—Lw _ () 95 (compare Prop. BH3).

CmaxPec

Remark 12. (Continuous-time formulations) The simplicitiy
of the function shows the benefit of considering the
continuous-time model. In particular, as detailed in Prop. [
we can consider the same kind of function in a discrete-
time formulation, if we have a discrete-time model affine in
the parameters. However, while the continuous-time system
is affine in the uncertain parameters (dy,ng), the non-trivial
discretization (in this case 4th order Runge Kutte) results in
a discrete-time model which is nonlinear in the uncertain
parameters. Thus, in case that a physics-based continuous-
time model is considered, it may be easier to also formulate
the design of Ws in continuous-time (App. [A). This is also the
reason why research in robust adaptive MPC (dealing with
parametric uncertainty) is typically formulated in continuous-
time, compare e.g. [|64)].

The only drawback of continuous-time formulations is the
needed discretization for the continuous-time tube predictions
in R0d), RQe), compare Remark in Appendix [A for
details on possible implementations. To allow for a simple
implementation, we assume that (x,u) are constant in the
sampling interval h (which is clearly an approximation).
Thus, the (piece-wise linear) continuous-time dynamic $§ =
(Ly — pe)s + ws(x,u,0) in (BOd) can be exactly discretized
resulting in

—(pe—Luw)h
b (o Lulh, 1—e(p )

sT=¢e ws(x,u, 0),

Pc — Lw
which has been used in the implementation. In the considered
example, this formula is almost equivalent to a simple Euler
discretization of the tube dynamics with s* = (1 — hp.)s +
hs(z,u, s).

Due to the significant increased uncertainty in the pitch/roll

2For the numerical implementation, we use ||z||p ~ v/a T Pz + ¢, with
€ = 10~* and implement max; using 4 inequality constraints.
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dynamics, we now require a larger prediction horizon of
T = 4.5 s (N = 15) to find a safe trajectory. The (continuous-
time) disturbance bound is given by W, = yp.e’<T = 0.6,
which satisfies the conditions on the terminal region. The
resulting predicted trajectory can be seen in Figure 3l The
constraints w,;; < w and sp|; < Sy implicitly constrain the
optimized trajectory to avoid maneuvers which are too risky
(in terms of the uncertainty), while the constraint tightening
enforces a safe distance to critical constraints commensurate
with the predicted uncertainty s.;. The combination of these
features ensures that the MPC acts cautiously and ensures
constraint satisfaction despite uncertainty. In particular, the
peak values of ¢1, @2, u1, us corresponding to the parametric
uncertainty are reduced by 30 — 70% compared to the first
scenario without parametric uncertainty. Alternatively, if one
would like to use a constant bound (Sec. with the
considered terminal region (instead of considering the state
and input dependency of the uncertainty), this would require
wr¢ < 0.36, which is ensured if either the maximal allowed
values of ¢1, @2, u1, us or the parameter uncertainty in dy, ng
is reduced by 85%. Thus, the more detailed state and input
dependent characterization of the uncertainty significantly
reduces the conservatism of the robust MPC.

In this example, the proposed nonlinear robust MPC scheme
requires roughly 1/m ~ 33% more decision variables and
2. N additional nonlinear inequality constraints (43), resulting
in roughly 4.5 times as large computation time compared to
a nominal MPC scheme. By replacing with the simpler
and more conservative formula

W5 (2,0, 8) :=[Agyer 1 2l P + [ Bopari (0 + K2)[| P+ Lu,2s,

Ly :=|P'?A,,,,P'?| + | P"?By,,, . KP'?,

we can reduce the online computational demand by 32%, at
the cost of increased conservatism, compare Remark

Similar to the first scenario, Lipschitz based approaches [30]
(Ps = I,,, K5 = 0) cannot be applied since the propagated
tube size becomes overly large over the prediction horizon
with LY > 6-103.

To summarize, in the considered numerical example we
have demonstrated: (i) the computational efficiency relative
to [22], [43]], (ii) significantly reduced conservatism compared
to [15)], [30] and comparable conservatism to [22], [43],
(iii) reduced conservatism using a state and input dependent
uncertainty characterization, (iv) the possibility to trade off
conservatism and computational complexity in the design of
ws.

VI. CONCLUSION

We have presented a nonlinear robust tube MPC frame-
work based on incremental stabilizability that ensures ro-
bust constraint satisfaction and recursive feasibility despite
disturbances and uncertainty. The scheme is applicable to
nonlinear systems, can incorporate general state and input
dependent uncertainty descriptions and is easy to implement.
Furthermore, the framework allows for an intuitive trade-off
between computational demand and conservatism by using
more detailed, and hence more complex, descriptions of the



Fig. 3. Top: Additive disturbances. Bottom: Parametric uncertainty. Initially

predicted trajectory xf“o (blue, solid), uncertainty tube Xf“o (red ellipse),

terminal set X’y (green ellipse), state constraint (x1 < 4, turquoise plane)
and an exemplary closed-loop trajectory z¢ (black, dotted). The projections
on the t—x1 and x1—x3 plane are also shown for illustration.

uncertainty ws. We have demonstrated the applicability of the
proposed framework in comparison to state of the art robust
MPC approaches with a nonlinear benchmark example.
Recent extensions of the proposed robust MPC framework
to adaptive MPC and stochastic MPC with chance constraints
can be found in and [44]], respectively. Current research
focuses on extending this framework to output feedback [50].
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APPENDIX

In Appendix [Al the main results of the paper are extended
to continuous-time systems. In Appendix [Bl the theory is
extended to general (continuous) nonlinear constraint.

A. Continuous-time systems

In the following, we detail the exact conditions, functions
and properties for the continuous-time formulation of the
proposed nonlinear robust MPC framework.

Setup: We consider a nonlinear perturbed continuous-time
system, which is given by the following ordinary differential
equation (ODE)

d

ax:fc: fw(z,u,d) = f(z,u) + dy(x, u,d),

with state x € R™, control input v € R™, disturbance d € D C
R, perturbed system f,,, nominal model f, model mismatch
d,, and some initial condition 3. We impose state and input
constraints

(,Tt, ut) S Z, t e RZQ, (46)
with some compact nonlinear constraint set
Z = {(x,u) € R"™™| gj(z,u) <0, j=1,...,p} CR"™,

Define the projected state constraint set
Z, ={z eR"| JueR™, (z,u) € Z}.

Remark 13. For the theoretical analysis, we consider the case
where the constraints need to be satisfied for all continu-
ous point in time t € R>q. In a standard implementation, the
constraints are often only enforced at sampling time points
ty = kh, k € N with the sampling time h > 0. Continuous-
time (t € R) constraint satisfaction can be achieved by
enforcing the constraints at sampling points ty, in combination
with an appropriate constraint tightening, compare [|65]], [66]].

Assumption 8. For each (z,u) € Z, there exists a compact
set W(x,u) C R™, such that the model mismatch d, satisfies
dy(z,u,d) € W(z,u) for all d € D.

Such a description includes additive disturbances, multi-
plicative disturbances, more general nonlinear disturbances,
and/or unmodeled nonlinearities.

Local Incremental stabilizability: In order to provide theo-
retical guarantees for robust stabilization, we assume that the
system 1is locally incrementally stabilizable.

Assumption 9. There exist a control law r : R™ — R™, an
incremental Lyapunov function Vs : R™ xR™ — R, which is
continuous in the first argument and satisfies Vs(z,z) = 0 for
all z € R™, and parameters cs 1, Cs.y» Oloc, Kmax> Pe > 0, such
that the following properties hold for all (z,v + k(2)) € Z
with Vs(z,2) < dje:

(47a)
(47b)

sillz — 2|2 < Va(w,2) esalle — 211,
[6(2) = K(2)]|* <hmaxVs(z, 2),
d aV;

dt
< = 2,Vi(z, 2),

. 0Vs .
|(m,z)x + ka,z)z
47c)
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with & = f(z,k(x) +v), 2 = f(z,k(z) +v).

The dynamics and constraints can be reformulated with
Jul@0) = f(a, v+ w(2)). gin(2,v) = g (2, v+ K(z)). Thus,
Assumption [0 ensures that the system f, is exponentially
incrementally stable, similar to [19]. Note that this assumption
is stronger than Assumption (2] due to the parametrization
of x, which will be essential to allow for a simple finite
parametrization of the decision variable v.; in the MPC
optimization problem (30). In the following, we consider the
continuous-time input © = v+ x(x) with a piece-wise constant
input v optimized online.

Efficient disturbance description:

Assumption 10. There exists a function Ws : ZxR>q — Rx,
such that for any (z,z,v + k(z)) € R™ x Z with Vs(x,z) <
c? < Sjoc and any d, € W(z,v + k(x)), we have

d
E ‘/(s(l',Z)S _pc\/ %(,T,Z)—FQI}(;(Z,’U,C),

&= fu(z,v) +dy, 2= fu(z,v).

(48)

Furthermore, s satisfies the monotonicity property in (10D).

Proposition 6. Let Assumption[9 hold. Suppose there exists a
function s that satisfies the monotonicity property (I0B) and
the following condition for any (z,z,v + k(z)) € R" x Z,
dy € W(x,v + k(x)):

oV, ~
8—;|(I’Z)dw <2/ Vs(z, 2)ws(2, v, c).

Then this function ws satisfies Assumption

(49)

1 d
2/ Vs dt

d
Proof. Using E\/Vg = Vs, the condition in As-

sumption [10| follows from

d oV Vs
EV;;(:C,Z) T o |(z-,z)(fm($=v) + dw) + 02 |(oc72)fm(zav)
@79,E@»

< —=2p.Vs(x,2) + 2w5(z, v, ¢)\/ Vs(x, 2).

We consider the problem of stabilizing the origin and
assume that (0, £(0)) € int(Z), f.(0,0) = 0. The open-loop
cost over a prediction horizon T € R of a predicted state and
input sequence .|y, v.|; is defined as

T

Jr()0,0.0) :/
7=0

with some positive definite stage cost £ and terminal cost V.

(271t vrpe) + Vi(opp),



The MPC optimization problem is given by

o wl‘niil‘ . Jr (2165 0.11) (50a)
s.t. o) = Tt, Soi¢ =0, (50b)
Trt = fﬁ(‘rﬂtavﬂt)? (50¢)
Srit = —PcSr|t + Wrt, (50d)
Wr|p = wé(xﬂtavﬂtasﬂt)a (50e)
G (Trjt, Vrpe) + €500 <0, (501)
Sr1¢ <8, wrp W, (502)
(T1)e, 57)0) € X, (50h)

T€0,T], j=1,....p,

We consider a piece-wise constant parametrization of v with
a sampling time h and implement the continuous-time input

Uryt = Uy + K(Tr4e), T € [0,R]. (51

The conditions on the stage cost ¢ and the constraint set Z
are equivalent to the discrete-time case with Assumptions BH4]
with exponential summability replaced by exponential integra-
bility, i.e. fooo ae(re PeT)dr =: ac,p, (1) € Koo. Correspond-
ingly, Proposition [l is also equivalent.

Terminal ingredients: The assumption regarding the termi-
nal ingredients (Ass. [B) changes as follows.

Assumption 11. There exist a piece-wise constant feedback
kr : R® — R™, a terminal cost function Vy : R™ — Ry,
a terminal set Xy C Rt 4 constant W € R>o and a
function oy € K, such that for any (xy,s5) € Xy, any w €
1 — e Peh
——— [Wmin, W), and any trajectories t.,s;, 7 € [0,h]
P

satisjjfing

S7 < — pesSr + @6(337', kf(xf)v 57’)7

&7 =fu(Tr, kf(xf))v
with initial conditions

s0 <sj — e eIy,
Vs(zo, /) <e2pe(T=h)y,2

3

the following properties hold for any T € [0, h]:

h
Vi(an) - Vi(g) < — / Uar kg (g))dr + g (),

(52a)

(xh, sn) €XF, (52b)

W5 (7, ky(xy),s;) <w, (52¢)
Giw(Tr kp(zs)) +ejs, <0, j=1,...p, (52d)
8r <S. (52¢)

Note that the requirement (32d) is stricter than assuming
constraint satisfaction in the terminal set, since (z,,s,) € X ts
7 € (0, h) does not necessarily hold. Furthermore, we restrict
ourselves to piece-wise constant terminal controllers to allow
for a simple implementation.

The following theorem establishes the closed-loop proper-
ties of the proposed nonlinear robust MPC scheme.
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Theorem 3. Let Assumptions BH4) BHIT hold, and suppose
that (30) is feasible at t = 0. Then (30) is recursively feasible,
the constraints @6) are satisfied and the origin is practically
asymptotically stable for the resulting closed-loop system (31).

Proof. The proof is structured analogous to the proof in
Theorem [

Part 1. Candidate solution: For convenience, define vn =
kf(x*T‘t), w:‘t = Ws(Trit, Vr|ts S7)¢)» T € [T, T + h] with ky
from Ass. [I1]and T Sy T € [T, T+ h] according to (30d)—

(50d). Consider the candidate solution

Tojt+h =Tt+h, Soft+h =0, (53a)
Ur|t+h :’U:Jrh\ta TE [OaT]u (53b)
Wr it =Ws(Tr|t4h, Urltah, Skjt+n)s » T € [0,T],  (53c)

with @44, 8.|¢+n according to (50c)-(50d). Assumption 10,
Inequality (48) and (30d) ensure

\/ ‘/J(ItJrh; IZ\t) S SZ‘tSES\/Sloc-

Using the contractivity in Assumption [9] recursively, we get

* —peT
\/%(‘r‘r|t+h7x7—+h‘t) <e s

for any 7 € [0, 7.
Part II. Tube dynamics: In the following, we show by
induction that the following inequalities hold for 7 € [0, T7:

(55)
(56)

?z|t S 6lOC7 (54’)

Sritth <Sryne— € " Shp
Wrlt4h SWT b
For 7 = 0, Inequality (33) is trivially satisfied with %a%

Furthermore, Assumption (I0B) ensures wopip, <

~ * * * * : *
w5(xh|tvvh\t’ Sh\t) < Wh 4 with c3 = sgjp4p, =0, c1 = Shits

Vs (@ojerns Thy) < [s7ye)* = (e1 — ).

Suppose (33) holds at some 7. Consider ¢o = s,j41p, €1 =
The incremental Lyapunov function satisfies

GD

2 sy, D
s € Sh|t S C1 — Ca.

%
ST-HL\t'

\/‘/(S(Iﬂt-i-hv x:+h‘t)
Thus, Assumption (I0B), and (30¢) imply w,|i4p

IN

(CANa Consider the differentiation
i s —s* + e PTs}
dr T|t+h T+h|t hl|t
* *
= C(Sr-i-h\t - S‘r|t+h) + Wr|t+h — Wryp|t

—pPeT %
= pee” sy,
* —PeT %
S = pe(Srjean = Styn €T shy).

Given that (33) holds for 7 = 0, the Inequality (33) holds for
all 7 € [0,T7.
Part III. State and input constraint satisfaction:



For T € [0,T — 4], we have
gj,ﬁ($7-|t+h7 UT|t+h) + CjSr|t+h

* *
ng,ﬁ($r+h|tvvr+h|t)
—peT *
+e T sy + CiSen

0 * * *

< gj,n(xr+h|tv vT+h|t) tCisiine = 0
The terminal condition (30h) ensures constraint satisfaction
for 7 € [T — h,T] with

9.5 (Zr|t4hs Vrjt4h) + CjSrittn
BEHED
< gj,n(xj—+h\ta”i+h\t) + stj—-i-h\t < 0.
Part IV. Tube bounds (50g): Inequalities (33) and (56) ensure
that (50g) holds for 7 € [0,T — h]. For 7 € [T — h,T],
(@y4> S7)¢) € Xy implies

Sritth < Syin)
6D
Wrlt4h < w:Jrh\t

(Gprs)
i

S,

* * * —
=W (T o> Ve pnies Srqnp) < O (7

Part V. Terminal constraint satisfaction (30h): The terminal
state and terminal tube size satisfy

(Rt}
—pc(T—h
\/%(ZCT,]I‘tJrh,(E}It) <e pel )82“7

— e_PC(T_h)S*

*
ST—h|t+h < ST\t h|t

d
a7 Stk < —pescjiin + Wern, TE[T —h,T].

Using w;|; € [Win, W] and the linear dynamics in s (30d), we
have s, € (1—e=?")/p. - [Wnin, W]. Thus Ass. [Tl and (52B)

ensure (Tr|¢yn, ST)e4+hn) € Xf-
Part VI. Practical stability: For 7 € [0,T"] we have:

U |th> Ur|t4h) — €($i+h|t7 U:Jrh\t)

DED 1 — e Peh
< ozu(e_p”s;;‘t) <ay| ——e""w).
pe

Practical stability follows similar to Theorem [Il |

Remark 14. Compared to Assumption [2| Assumption |9 is
stronger, as it requires the explicit knowledge of k to be used
to compute the closed-loop input (51) and we need the special
structure K(x, z,v) = v + k(x) — k(2). It is possible to relax
this assumption to the existence of an exponentially stabilizing
open-loop input sequence for any feasible trajectory, similar
to Assumption 2| (compare also Remark [I). In this case,
recursive feasibility can be shown similar to Theorem [I|
with the stabilizing input sequence as a feasible candidate
solution. This, however, requires that the stabilizing input-
sequence is in the set of considered input trajectories in the
optimization problem (30), which causes difficulties if a simple
input parametrization is considered, e.g. piece-wise constant.
Furthermore, since in this case the feedback is only present at
the next sampling instance the initial propagation of the tube
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changes to

(58)
(59)

S‘r|t = LCST|t + Wr|t, T € [07 h]u
w7'|t = wﬁ,L(xT|t7uT|tu S‘r|t)7 T E [07 h]u
where the (possibly positive) constant L. and function ws,r,

need to satisfy the following condition similar to @8) (in the
absence of feedback k):

d

E\/ V;;((E,Z) SwL V %(x72)+w5,L(27U70)7 (60)
d d
P f(z,v) + dy, P f(z,v).

for all (z,z,v) € R" x Z.

In case of piece-wise constant input sequences u, the
stabilizability condition reduces to Assumption |2l where the
discrete-time model is defined as the integration of the
continuous-time model and p = e~P<". Similarly, the discrete-
time function ws can be defined implicitly based on the
continuous-time function ws and the integration of s us-
ing (R0d). Although the formulations are equivalent, it may
often be more convenient to formulate the function Wws in
continuous-time and define the discrete-time functions implic-
itly based on a suitable discretization, compare the numerical
example in Section ]

Remark 15. The dynamic propagation of s.;; with w.; can
pose numerical challenges, since the decision variable w.; is
a continuous-time trajectory. One solution to this problem is
to replace (30€) with an equality constraint and thus eliminate
w.|¢ as a decision variable. In this case the dynamics of (x, s)
in ROB)-(RQe) can be jointly discretized.

However, for many design choices of ws it is numerically
more efficient to implement (B0€) using multiple nonlinear
inequality constraints, compare e.g. (33), @3). In this case it
is more natural to also impose a piece-wise constant structure
on the decision variable w.);, similar to v.. In this case the
considered optimization problem (30) has the complexity of a
nominal continuous-time MPC with m + 1 inputs (v,w) and
additional nonlinear inequality constraints (30€), similar to
the discrete-time case.

B. General nonlinear constraints

In the following, we show how the proposed approach can
be extended to more general nonlinear constraints. Consider

the following nonlinear constraint set

where the functions §; need not satisfy Assumption 4l

(61)

Assumption 12. The functions g; are continuous, i.e., there
exist functions o € Koo, such that for any v, ¥ € Z

g;(F) = g;(r) < e(lr =7I), j=1,....q (62)
Furthermore, there exist constants \j > 0, such that
a;(pe) < phiag(c). (63)

Condition (63) is satisfied by any polynomial function «;
with positive coefficients. In the following, we show how the



presented approach can be extended to such continuity bounds.
The consideration of the more general bound (62) instead of
the Lipschitz bound (@) can also reduce the conservatism.

Proposition 7. Suppose that Assumptions 2] and [I2] are satis-
fied, then there exist functions &; € Ko, j = 1,...,q, such
that the following inequalities hold for all (z,z,v) € R" x Z
and all ¢ € [0,/ 010c), with Vs(z,2,v) < ¢?:

gj(l', Ii(fL‘, Z, U)) ng(zv U) + dj(c)v
a;(pe) <pMa;(e).

(64)
(65)

Proof. The proof is analogous to Proposition[I] based on (#a)
and @b), with a;(c) := «; ( (1/cs; + ﬁmaw)c). O

In order to ensure robust constraint satisfaction for the more
general nonlinear constraint set Z,, the following constraints
need to be added to the optimization problem (I1):

h, k1|t = Z a;(p wz|t hj,0|t =0, (66a)
j(xk\tvukh) + hj e <0, (66b)
hjng <hjs, k=0,....,N—1, j=1,...,q. (66c)

Assumption 13. Consider the terminal ingredients in Assump-
tion |6l There exist constants h; ¢, j =1,...,q, such that the
following properties hold for any (x,s) € Xy

gj(x, kg (x)) + Ry <0, (67a)
a; (s (z, kp(x),s)) <(1—p)hj s+ pd;(p"  Winin).-
(67b)

The conditions on h; s can be viewed as an extension of

the conditions on the tube size 5 in (14b), (14d), (14¢€).

Lemma 1. Suppose that the conditions in Theorem [Il and
Assumptions and are satisfied. Consider the closed-
loop system (12) based on the optimization problem (1) with
the additional constraints (66). Then this optimization problem
is recursively feasible, the constraints (1) are satisfied and
the origin is practically asymptotically stable for the resulting
closed-loop system (12).

Proof. The proof follows the arguments of Theorem [Il
Part 1. Candidate solution: analogous to Thm. [I] with R je41

according to (66a)).
Part II. Tube dynamics: The following inequality holds for

k=0,...,N—1:
_
h;, k|t+1 = Z lwi|t+1) (68)
O . .
< a;(p* 1wi+1|t) s Sy — @ (PR wg )
1=0

Part III. State and input constraint satisfaction (66b):
For k=0,...,N — 2 we have

G5 (@kjer 1 Ukjer1) + P rjen
@TD,6D. 68 _ . . .
< G @hgyes Wegae) T A kg < 0
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The terminal condition (66¢) ensures constraint satisfaction for
k=N —1 with

g'(IN—1|t+17 uN—lIt-i—l) +hjN_1)i41
™,EA (T, @6
S QJ @Nppun) +hine <0
Part IV. Terminal tube constraint (66d). Given (@Ne Shpe) €
X and h;mt < Ejyf, we have

h; N|t+1 = wz|t+1)
@ N—i-1, % = . N—i ~
< > a(pN T ) = Y a0 T wy,) + g (wivy,)
1=0 =1
‘ N-1 i o i
<ph aj(PN ’ lw:|t) +qj (wN|t)
1=1
B B —
< pM[h; Nt a;(pN ! wore )+ a(wyye) < hyg
~—~
&5d_ o
S hj,f Zwmln

Remark 16. Lemmalll shows that the proposed framework can
also ensure robust constraint satisfaction for general nonlinear
constraint. If &; is of the form é,(r) = éjr’\f with positive
constants ¢j, \j, the constraints (66d) can be replaced by

A ~ Aj
hjksafe = P70 hjkje + Cwyys e = 0.

In this case, the computational demand with q general non-
linear constraints and p Lipschitz continuous constraints is
equivalent to a nominal MPC scheme with n + 1 + q states
(x,s,hj) and m + 1 inputs (u,w). Thus, the computational
complexity of the robust tube MPC increases with the number
of nonlinear constraints q (which are not Lipschitz continu-
ous). The proposed framework can also be extended to robust
collision avoidance, which requires additional (dual) decision
variables, compare [62]].
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