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Social Optima in Robust Mean Field LQG Control:
From Finite to Infinite Horizon
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Abstract — This paper studies social optimal control of
mean field LQG (linear-quadratic-Gaussian) models with un-
certainty. Specially, the uncertainty is represented by a un-
certain drift which is common for all agents. A robust op-
timization approach is applied by assuming all agents treat
the uncertain drift as an adversarial player. In our model,
both dynamics and costs of agents are coupled by mean
field terms, and both finite- and infinite-time horizon cases
are considered. By examining social functional variation and
exploiting person-by-person optimality principle, we construct
an auxiliary control problem for the generic agent via a class
of forward-backward stochastic differential equation system.
By solving the auxiliary problem and constructing consistent
mean field approximation, a set of decentralized control strate-
gies is designed and shown to be asymptotically optimal.

Index Terms — Linear quadratic optimal control, mean
field control, model uncertainty, social functional variation,
forward-backward stochastic differential equation.

I. INTRODUCTION
A. Background and Motivation

Mean field games and control have drawn increasing at-
tention in many fields, including system control, applied
mathematics and economics [4], [6]], [10]. The mean field
game involves a very large population of small interacting
players with the feature that while the influence of each one
is negligible, the impact of the overall population is significant.
By now, mean field games and control have been intensively
studied in the linear-quadratic-Gaussian (LQG) framework
(L6, [L7], 221, [32], [27], and there is a large body of works
on nonlinear models [19], [21], [7]. Huang et al. designed
e-Nash equilibrium strategies for LQG mean field games
with discount costs based on the proposed Nash certainty
equivalence (NCE) approach [16], [17]. The NCE approach
was then applied to the cases with long run average costs [22]]
and with Markov jump parameters [33], respectively. Lasry
and Lions independently introduced the model of mean field
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games and studied the well-posedness problem of the limiting
partial differential equations [21]]. For further literature, readers
are referred to [[15]], [33]], [34] on mean field games with major
players in continuous- or discrete-time, [[7] on probabilistic
analysis of mean field games, and [36] on the oblivious
equilibrium in dynamic games.

Besides noncooperative games, social optima in mean field
models have also drawn much attention. The social optimum
control refers to that all the players cooperate to optimize the
common social cost—the sum of individual costs, which is
usually regarded as a type of team decision problem [11]].
Huang et al. considered social optima in mean field LQG
control, and provided an asymptotic team-optimal solution
[18]. Wang and Zhang investigated a mean field social op-
timal problem where a Markov jump parameter appears as a
common source of randomness [35]. Also, see [20] for social
optima in mixed games, [2] for team-optimal control with
finite population and partial information, and [24] for social
optima of static mean field games.

Mathematical models can only be approximations of the real
world. Actually, some parts of a model may be inexact. Thus,
it is worthwhile to study the mean field control with model
uncertainty [3]. The works [13[], [14], [31] investigated the
mean field games and control with a global uncertainty term.
The “hard constraint” case (the disturbance is specified with
a bound) was considered in [13]] under which the substantial
difficulty arises after the Lagrange multiplier is introduced.
Authors in [14], [31] adopted the “soft constraint” approach
(131, 151, [81) by removing the bound of the disturbance
while the effort is penalized in the cost function. The works
[30], [27] considered the case that each agent is paired with
the local disturbance as an adversarial player, and provided
an e-Nash equilibrium by tackling a Hamilton-Jacobi-Isaacs
equation combined with a fixed-point analysis.

B. Challenge and Contribution

This paper investigates mean field LQG social optimum
control with a common uncertain drift, where both dynamics
and costs of agents involve mean field coupled terms. To
address the model uncertainty, a minus quadratic penalty term
of drift is incorporated into the cost functional. There exist
some substantial challenges in studying the problem. First,
the socially optimal control with respect to drift uncertainty
is a high-dimensional optimization problem with indefinite
state weights. The corresponding convexity condition is very
hard to verify. Second, by social variational derivation, the
resulting limit system is governed by a controlled forward-
backward stochastic differential equation (FBSDE). To design



decentralized strategies, we need to solve the auxiliary optimal
control problem subject to an FBSDE system. Meanwhile, the
asymptotic optimality analysis is different from the general
mean field LQG problems. Third, for the social optimum
problem in the infinite horizon, we are faced with tackle
infinite-horizon FBSDEs and the relevant optimal control
problems.

In this paper, the social optimum control for the robust mean
field LQG model is tackled by using stochastic maximum
principle [38], [39], [40]. For the finite-horizon problem, we
first obtain some low-dimensional convexity conditions and a
set of FBSDEs by analyzing the variation of the centralized
maximization cost to drift uncertainty. With the help of the
Riccati equation, we further obtain a feedback type of the
“worst-case” drift for the social optimum problem. Next, we
construct an auxiliary optimal control problem based on the
social variational derivation and the person-by-person optimal-
ity principle. By solving the auxiliary problem combined with
consistent mean field approximations, a set of decentralized
control laws is designed and further shown to be asymptot-
ically robust social optimal by perturbation analysis. Finally,
from asymptotic analysis to FBSDEs we design decentralized
strategies and show their robust optimality for the infinite-
horizon social optimum problem.

The main contributions of the paper are summarized as
follows. (i) Social optimum control is studied for mean field
models with a common uncertain drift, where coupled terms
are included in both costs and dynamics of agents. By FBSDE
and Riccati equation approaches we design a set of decen-
tralized feedback control laws. (ii) By examining the social
cost variation, we give low-dimensional convexity conditions
and asymptotic convexity analysis for robust social optimum
problems. (iii) From consistency requirements in mean field
approximations, a system of differential equations is derived.
The existence condition of solutions to consistency equations
is characterized by a Riccati equation, instead of a fixed-
point analysis. (iv) From the perturbation analysis to FBSDE,
the decentralized strategies are shown to have asymptotic
robust optimality. (v) By analyzing the asymptotic behavior
of FBSDE, decentralized strategies for the infinite-horizon
problem are designed and further shown be robust social
optimal.

C. Organization and Notation

The organization of the paper is as follows. In Section
II, we consider the finite-horizon social optimization problem
with drift uncertainty. By variational analysis, the centralized
control with respect to drift uncertainty is obtained. Then
an auxiliary optimal control problem is constructed based on
person-by-person optimality. By solving this problem com-
bined with consistent mean field approximations, a set of
decentralized strategies is designed and further proved to be
robust social optimal. Section III tackles the infinite-horizon
social optimum problem. In Section IV, a numerical example
is provided to verify the result. Section V concludes the paper.

Notation: Suppose that (Q, F, {F; }o<i<1,P) is a complete
filtered probability space. Throughout this paper, we denote by

® the Kronecker product, I,, m-dimensional identity matrix
(I, abbreviated as I). We use || - || to denote the norm
of a Euclidean space, or the Frobenius norm for matrices.
For a symmetric matrix  and a vector z, ||z]|3, = 2TQz;
for two vectors z,y, (z,y) = xTy. For a matrix (vector)
M, MT denotes its transpose, M > 0 means that M is
positive definite. Let L2 (0, T; R¥) denote the space of all R*-
valued F-progressively measurable processes x(-) satisfying
]EfOT |lz(t)||?dt < oo, and L%}g(Opo;Rk) denote the space
of all R¥-valued F;-progressively measurable processes z(-)
satisfying E [ e ?t||z(¢)]|?dt < oo. C([0,T],R¥) is the
space of all Rgc-valued functions defined on [0, 7] which are
continuous; C,,/5([0,00), R¥) is a subspace of C([0,00), R¥)
which is given by {f| [;~ e || f(t)||?dt < oco}. For conve-
nience of presentation, we use C' (or C',Co,...) to denote a
generic constant which may vary from place to place.

II. MEAN FIELD SOCIAL CONTROL OVER A FINITE
HORIZON

Consider a large population systems with N agents. The ith
agent evolves by the following stochastic differential equation:
das(t) =[Az;(t) + Bu;(t) + Gz™N(t) + f(t)]dt

+odWi(t), 1<i <N, (1)
where z; € R™ and u; € R" are the state and the input of agent
i, respectively. 2N (t) = & Z;.V:lxj(t). {W;,1 <i < N}
are a sequence of mutually independent d-dimensional Brow-
nian motions. f € L%(0,T;R™) is an unknown disturbance,

which reflects the effect imposed to each agent by the eternal
environment. The cost function of agent ¢ is given by

Pt =22 [ () — T (51 — 2

TE(w) =58 [ {Jlau®) =10 ],
s, — 10, b
+ Sl (T3, @

where @Q, Ry, Ry, H € R™*"™ are symmetric, [' € R"*™ and
n € R uw = {ui,...,un}. Take {Fi}o<i<r as the natural
filtration generated by the Nd-dimensional Brownian motion
(Wy,--+ ,Wy). The decentralized control set is given by

U = {u | ui(t) € o(xi(s),0 < s < 1),

T
IE/ s (9] %d < oo }.
0

For comparison, define the centralized control set as

ur = {ui| wi(t) € o(2:(0), Wi(s),0< s < t, 1 <i < N),
T
]E/ Hui(t)||2dt<oo}.
0

Denote JE _(u) = S, JF(u). Let the social cost under the

soc i=1"Y1
worst-case disturbance be

JWO (U) —

sSocC

sup J&.(u, f).
feur



Problem (PF): Seek a set of decentralized control laws
(i1, -+ ,Gn) to minimize the social cost under the worst-case
disturbance for System (I)-(2), i.e., inf, cpr J352(w).

Remark 2.1: Different from [14], [30], we assume the
disturbance f is a common stochastic process. f may stand for
the impact from tax, subsidy or natural disaster. In this case,
agents may be pessimistic to suppose the disturbance would
use the information of all the agents to play against them.

We make the following assumptions.

(A0) {z;(0)} are independent random variables with the
same mathematical expectation. z;(0) = z;0, Ez;(0) =
Tog,1 < i < N. There exists a constant Cy such that
maxi<;<nN E||$i0||2 < Co. Furthermore, {xio,i = 1,...,N}
and {W;,i =1,..., N} are independent of each other.

(A1) @ >0, Ry >0, Ry >0, and H > 0.

From now on, the time variable ¢ might be suppressed if
necessary and no confusion occurs.

A. The Control Problem with Respect to Model Uncertainty

Let u; = @; € U¥,i = 1,--- N be fixed. The optimal
control problem with respect to drift uncertainty is as follow:

(P1) maximize je v JE (1, f).
Clearly, (P1) is equivalent to the following problem:
(P1') minimize ;e 3,0 (f),
where
T =g 38 [ { =l a 151
5N =52 |l =™ =+ 111, e

1
~ SEli(T)

Let X = (${7 oo ,I’%)T, u = (u,{7 e ,’U,%)T, 1 =
1, DT, W= WL WIDT, A = diag(A, -+, A),
B = diag(B,---,B), 6 = diag(o,---,0), H =

diag(H,---  H), Q = diag{Q,- - ,Q}—+11" @V, and i) =
17, where ¥ 2 TTQ + QT — TTQT and 77 2 Qn—TTQn.
We can write Problem (P1’) as to minimize

. 1 T .
JE (f) ==E —x7 27"x + NfTRyf )d
felf) =5 /O (= x"Qx+20"x+ N T Raf ) dt
— SENT(TRX(T))
subject to
dx(t) = Ax(t)dt + Bu(t)dt + 1@ f(t)dt + 6dW(t).

where A 2 A + Lm"eaq).

For the further existence analysis, we introduce the follow-
ing assumptions:

(A2) Problem (P1’) is convex in f;

(A2') Problem (P1’) is uniformly convex in f.

Below are some necessary and sufficient conditions to
ensure (A2) or (A2).

Proposition 2.1: The following statements are equivalent:

(i) Problem (P1’) is convex in f.

(i) For any f € U,

T
[ (= ¥y + N Rag )t~ IOl = 0,
0
where y € R™V satisfies

dy = (Ay +1® f)dt, y(0) = 0.
(iii) For any f € UF,

T
B [ { =l = ol + 11 it = DI > 0
where for ¢ =1, 2, ---, N, y; satisfies
dy; = [Ay; + Gy™ + fldt, 4:(0) =0. 3)
Proof. (i) < (ii) is given in [14], [23]. From (3), we have
y1=y2 = =yn =y, Thus,

T
/0 (= ¥" Qv+ NTRuof )t = V(D)1
N T ) N
;/0 (=l = Twallg, + f||%2)dt;|yi(T)|§,

N[ (=Pl ST )
4)

which implies that (ii) is equivalent to (iii). ]
Proposition 2.2: The following statements are equivalent:
(1) Problem (P1’) is uniformly convex in f.
(ii) There exists § > 0 such that

T T
| (=¥ QN Ras)at ~ Iy = 5 | 17|t
0 0
(iii) The equation
P+A"P+PA—Q-P1®I)(NRy) 17 @ I)P =0,
with P(T) = —H admits a solution in C'([0, T]; R™Y).
(iv) The following equation admits a solution in
C([0,T);R™),
P+(A+G)TP+PA+G)—PR;'P
~(I-0fQU-1)=0, P(T)=-H.
(v) For any t € [0, 7], det[(0, I)e2t(0,1)T] > 0, where

A+G+Ry'H —R;!

A =
Aoy

with Ag; = HRy ' HH(I-T)T Q(I-T)+(A+G)" H+-H (A+G).
Proof. (1)<(ii) is implied from [14], [23]. (1)< (iii) is given
by Theorem 4.5 of [28]]. By @) and (ii), we have

~(A+G+Ry'H)T

T T
) .
B [ (il e T, DI > 5 [ 1Pt

By [28, Theorem 4.5], we obtain (ii)<(iv), which further
implies (1)<>(iv). (iv)<(v) is given by [14], [23]. O

By examining the variation of JE , we first obtain the nec-
essary and sufficient conditions for the existence of centralized

optimal control of (P1).



Theorem 2.1: (P1’) has a minimizer in &Y if and only if
(A2) holds and the following equation system admits a set of
adapted solutions (z;,p;,i =1,--- ,N):

di; =(A%; + Bu; + GE™) ~ Ry 'p)dt +odw,
dp; = — [ATp; + GTp) — Qi; + wa™) + it
N
+ Y plaw;,

j=1
%;(0) = 0, pi(T) = —Hzy(T), 1 <i <N,

®)

vyhere pV) = % Z;\Ll p;, and furthermore the minimizer is
f=—Ry"p™.

Proof. Suppose that f = nglp(N), where p;,7 =
1,---, N are a set of solutions to the equation system

dp; = cudt + B{dW; + Y p1dW;, pi(T) = —Hz;(T), (6)
J#i

where i =1, ---, N; o; and 55 are to be determined. Denote
by &; the state of agent i under the control @; and the drift f.
Forany f € U and € € R, let f© = f +cf. Let x5 be the
solution of the following perturbed state equation

N
o G
da§ = (Aa§ + Bi; + f +ef + N2m§)dt+adwi,

with 25(0) = x40, i =1, 2, -+, N.
Let y; = (a5 — &;)/e, and y™) = Z7N:1 yi/N. It can be
verified that y; satisfies (E[) Then, by It6’s formula,

=E[(pi(T),y:(T)) — (pi(0), v:(0))]

T
:]E/ [(ovi,yi) + (piv Ay + Gy + fldt. (D)
0
We have
2
Joe(f +ef) = Thel) = eha+ S A ®)

where

N T
AléEZEEA [(~@(@— (2™ ), s~y ™)
=1

N

+ (Rof. )] dt = Y B(HE(T), (D),

i=1

N T
MQE:PA{—Mm—MWWé+W%Jﬁ.
i=1

Note that

N T
SE [ (@ 0 ) Ty
=1 v N

= /0 <—FTQZ (x — (I‘a‘:(N) +77)), N Zy]>dt
N T T

:ZE/O (- FNQZ (7; — (T2 + 1)), y;)dt
J;] . =

:ZE/O (-TTQ((I —T)™ —n),y;)dt

From (7), one can obtain that
T
M=EY [ [(- Q- @ ).
0

i=1

yi — Ty ™) + (Ry f, f>}dt
N T
+Z]E/ [{cvi, ys) + (pi, Ayi + Gy™ + f)]dt
0

i=1

T N
=E NRof + i, F)dt
/o < o f ;p f>
N T
+Z]E/ <7Q(iif(Ffv(N)+77))+ATpi
i=1 0
+ITQ(I = T)E™ =) + a; + GTp™),y: t,

From , f is a minimizer to Problem (P1’) if and only if
Az > 0 and Ay = 0. By Proposition 2.1} A, > 0 if and only
if (A2) holds. A; = 0 is equivalent to

a; =— [ATp;i + G"p™M) +TTQ((1 - )™ — )

—Q(z; — (Tz™) + )],
f=-Ry"p".

Thus, we have the optimality system (). Namely, Ay = 0 if
and only if (5) admits a solution (&;,p;,i = 1,--- ,N). O

Let a™) = % Zf\; i, and pV) = % Zf\il p;. It follows
from (3] that

di™) =((A+ &)z + Ba™) — Ry 'p™N))dt

1 N
+ N;O’sz,

dp™N) = — [(A +G)TpN) 4+ (T - Q)2 + ﬁ} dt

1 N N )
+ 2D Bldwy,

i=1 j=1

N
1
(N () — — o s(N) — V)
I (O)fNiEﬂxw,p (T) = —Hz\""(T).

(€))

Proposition 2.3: The FBSDE (5) admits a set of adapted
solutions (x;,p;,i = 1,---, N) if and only if @[) admits an
adapted solution (z(N), p(N)),



Proof. Tf (9) admits an adapted solution (z(™), p(")), then
is decoupled. The existence of a set of solutions to (3] follows.
The part of necessity is straightforward. ([

We further discuss the optimal feedback control of (P1).
Let pV)(t) = P(t)a™N)(t) + 5(t), t > 0, where P € R"*"
and § € R™. Then by (9) we have

dp™) :P[(A +@)a™ + Ba™ — Ry N)ydt

+ = ZO’

=— [(A +&)T(Pe™) + 3)

} 7N dt + ds

+ (¥ - Q)™

This implies

P+(A+G)TP+P(A+G)—- PR,'P
~(I-D)'Q(I ~-T)=0, P(T)=-H, (10)
ds + [(A+G)T'+PBa<N) + 7] dt

S (- s -

=1 j=1

0, 3(T)=0, (1

where G 2 G — R;'P.

By the local Lipschitz continuous property of the quadratic
(matrix) function, @ must admit a unique local solution
in a small time duration [Ty, T]. The global existence of the
solution for ¢ € [—oo, T or [0,T] can be referred to [9], [1].
From Proposition we obtain that under (A2'), has a
unique solution in C([0, T], R™*™).

Theorem 2.2: Under (A0), (Al), (A2), Problem (P1’) has
a minimizer

ft)=-Ry'PHEM () +51), t=0, (12

where P and $ are solutions of (I0) and (TI), respectively.
Proof. Under (A2, (10) admits a unique solution P, which
implies (11 has a unlque solutlon $in C([0,T R” By [25,
Theorem 24 1], admits a unique solutlon p(N
where pV) = Pz (M) 45, From Proposmonu is solvable
This with Theorem [2.1] completes the proof.

Remark 2.2: From the above analysis, (A2') is sufficient for
solvability of FBSDE . Indeed, from [23]], (A2') is also a

necessary condition to ensure that the solvability of (5) holds
for any 1; € UF.

B. Distributed Strategy Design

After the “worst-case” drift f is applied, we have the
following optimal control problem.

(P2) Minimize JE

soc( 7.]E(u)) over {ui
-, N}, where

e Ui =

dz; =[Ax; + Bu; + Gz™) — Ry Y (P2 + 5)]dt
L odW;, 1<i<N,
ds =—[(A+G)s + PBu™) + 7] dt

1 NN ; o
+ % >SS B - ) dW;.s(T) = 0.

i=1 j=1

soc ZE/ { |l’1*F$(N) *77||2Q+HU1||%1

1
|| Pz +s||;;1}dt+§EHxi(T)||§1.

13)

(14)

15)

We first show that Problem (P2) has the property of uni-
formly convexity under certain conditions.

Lemma 2.1: Assume that AQ), A1), A2) hold. There exists
a sufficiently large Cy > 0 with Ry > Cyl and Ry > Cyl
such that Problem (P2) is uniformly convex in u.
Proof. Denote Q = diag{Q, - - ,Q}—%IIT (UV+PR,'P),

R, = diag{R1, -+ ,R1}, A = diag{A,--- , A} + +11" ®
(G — Ry ' P). By a similar argument with [23], we obtain that
Problem (P2) is uniformly convex if for any u; € UF,

T
E / (zTQz +u"Ryu— NgTRglg)dt
0

T
+Emaw%zaﬁ/ Jul2dt
0

where z € R™Y and § € R" satisfy

dz =(Az+ Bu — 1® R, *3)dt, z(0) =0, (16)
_ 1
ds=—[(A+G)Ts+ NPB(IT ® Iuldt
1 N N ,
+NZZ,Bgde, 3(T) =0 (17)
i=1 j=1
By [38| Chapter 7] and (17),
r Cl r T 2 2
E ; 13()]1? dt <+ ; 117 @ I]*|lu(t)||"dt
Cl T 2
<— .
<TE [ o) ()

This with leads to ]EfOT l|z||?dt < Cy fOTEHuHth. Note

that

mln(Q)f [)\maz(\P)+>‘maI(PR2_1P)]
Nz (¥) + Amaz (PRy T P))],

where A\pin(Q) and A, (Q) are smallest and largest eigen-

values of @, respectively. From this with (I8), there exists
6 > 0 and Cy > 0 such that for Ry > Col and Ry > Cyl,

mML (Q) Z
> —

T
E/ (zTQz+uTR1u - NgTRgls)dHEHz(T)H%{
0

T T
> E/ [UT(Rl — CoInN)ll} dt > 6]E/ (llTll)dt.
0 0



1) The Social Variational Derivation: Note that the social
optimum implies the person-by-person optimality [[L1]]. If the
social cost is convex, then the socially optimal solution exists
and coincides with the person-by-person optimal solution [35]].
We now provide a transformation of the original social opti-
mum problem by variational derivation and person-by-person
optimality. Suppose that & = (@1,--- ,4y) iS a minimizer
to Problem (P2), where ; € UY. Let #; correspond to ;,
j=1,---,N and #V) = %Zjvﬂ Z;. Let § correspond to
Uy, -+, Uy. Fix 4—; = (U1, -+ ,Ui—1, U1, - ,Un), and
perturb u;. Denote du; = u; — Uy, 6x; = xj — &, daN) =
N Z] 1 0x; and s = s — 3. Let the strategy variation du;

be adapted to F; and satisfy Efo ||6u;]|?dt < oo. Let 6.J; be
the variation of .J; with respect to du;. By (I3)) and (T4),

dox;

=Adx
at i+

G G _
(5.%‘1- + N Z(Sxk - R, 15,
k#i
J 7& i, 655](0) =0,

dés =—[(A+G)"ds + %PBéui]dt

1 N N )
+N225deWj, 5s(T) =

i=1 j=1

19)

where G 2 G — R, 'P. This implies Sx; = by, for any
j.k #i. Thus,

= A —_—
dt (A+ N

G)(S% + Eéxz—

¥ Ry '8s,02;(0)=0,

which gives that

t ]
b (1) /0 (A2 (D7) - Ry os(r))

We further have

1 N-1 [ :
6™ (t) :N&vi( )+ —— A+ G) (=)

N Jo

X (%53:1(7) - R2_158(7')>dr.

By this with (I4), one can obtain

8.J;(u, f) E/OT {[x _

— (Pi™) 4+ )T Ry (Pox™) + 4s)
+ @l Rydu; fdt + Bl (T) Howy(T)),

rz) — " Q[6x; — F§I(N)]

and for j # i,
5Jj (u’ f)

T
:E/ [(&; — Te™) — )T Q(d2; — roz™))
0

— (P + )T Ry Y (P2 ™) + 65 dt
+Elx] (T)Héx;(T)).

The above equation further implies that

> 6J;(u. f)

J#i

g (N) T
“E /0 (29 — XA 2™ 1) T Q[(7 — XT)

t
. / e
0

—(Pi(N)+s)TR2_1{ (D2 ft o(ariste

_1é)(t_7)(6_¥5mi — NR;'6s)dr — F(sz}

G)(t—s)

T ~ _
: H/ e(AJr%G)(T*t)(G&L’i - NR;lés)dt} ,

where 2 = L >4 &5 Let 0); = Nés. Then from ,

déyp; = — [(A + G)"6¢; + PBouy)dt

+ZZ§/M

=1 j=1

i(T)=0.  (0)

For large N, it is plausible to approximate () by a deter-
ministic function Z. The zero first-order variational condition
combined with the mean field approximation gives

E/T {(5% — Tz —n)"Qdz; — [(I -T)z — )" QT
+ (OPi: +38) Ry 'Plox; + [(I -T)z —n)"Q( —T)
—(Pz+3)TRy' P / " 4t @ - (Gox;— Ry 6uy;)dr
—(Pz+ E)TRgl&/i + 4] Rydu;

+ 7T (T) HeA+OT=0 (G, — R;lm)}dt

+ Elz] (T)Héz;(T)] = 0, (1)

where # € C([0,T],R") is an approximation of (). From
observation, the equation (ZI) is the zero variation condition
for the optimal control problem with the cost function:

Ji (u;)
T
:%E/O {x?@azi +2[—(I-D)z—-n)" QT
—(Tz+n)"Q — (Pz+35) "Ry ' Pla;

2[(I -T)z —n)"Q( ~T) -

t ~ —
X / AT (G — Ry Yy )dr
0

+ 2T (T)HeAT DT (Ga; — Ry ')

(Pz+35)" Ry ' P]

1
+uT Rlui}dt + 5ER] () Hay(T)

1 T
:51[43/ {xiTQxi —2[Vz + 7+ (Pz+35)" Ry Pla;
0

+ 2’UT(G$Z' - R2_1¢z) + uzTRluZ}dt

+ ST (1) Ha(T)), e



where the second equality holds by an exchange of order of
the integration, and

A

mw=/¢A&mV“4Wu—rf0«I—nf—m

t
— PRy (P& + 5)]dr + A+ (T Hz(T).

2) Mean field approximation: Based on (13), (20) and (22),
we construct the following auxiliary optimal control problem.

(P3): minimize J;(u;) over u; € U;, where

d¥; =[A%; + Bu; + GT — Ry ' (PZ + 5)]dt

=+ O'dWi, i’l(O) = 50, (23)
dip; = — [(A+ G)"; + PBu]dt
+ 2EdW;, ¢i(T) = 0. (24)
_ 1 T
Ji(ug) :§IE/ [a‘;iTQ;‘vi —2(Pz +5) Ry Pi;
0
— 200z +7)Ta; + 20T (G — Ry ')
—2(Pz 4+ 3)TRy " + ul Ryu;|dt
1
+ 5B (T)Hai(T)). (25)
Here 5,v are determined by
§=—(A+G—-Ry;'P)"5— PBu—1, 5(T)=0, (26)
v=—(A+G)Tv—[I-T)"Q((I-T)z —n)
— PRy (Pz +5)], v(T) = Hz(T), (27)

and z,u € C([0,T],R™) are given for approximations to
# M) 4(N) | respectively.

Theorem 2.3: Assume that (A0)-(Al), (A2") hold. Problem
(P3) has a unique optimal control

w;(t) = —R{'BT[k;(t) — P(t)I(t)], 1<i< N, (28)

where (I, k;,¢;) is a unique adaptive solution to the following
(decoupled) FBSDE

dl =[(A + G)l + Ry *v + Ry '(PZ + 5)]dt,1(0) = 0, (29)
dk; = — {AT/@ +Qi; — (VT +17) — PRy (P + )
+ GTubdt + GdWi, ki(T) = Hiri(T). (30)

Proof. Since Q > 0 and R; > 0, then from [23], [14], (P3)
is uniformly convex in wu; and there exists a unique optimal
control for (P3), denoted as ;. Then

0 =87, (1;)
T
:E/ {(chi—\l’fc—ﬁ)%ﬂ‘ci — (Pz+5) TRy Pox;
0
+ 0T (Goxi — Ry ') — (PT + 5)Ry s

+ ul Rydu; | dt + B[] (T) HSw,(T)], (31)

where 5Ui = U; — ﬂi, 51\32 = ii — i‘i, and 51/)1 = d)z — 7]},’. Note
that and are decoupled. Given z,u € C([0,T],R™),

(29) is a standard linear BSDE and so has a unique solution
(k;, ¢;). Note that

d(0x;) =(Adx; + Bdu,)dt,
d(6;) = — [(A+ G)"'6vp; + PBéuy)dt
N N .
+3 N 6pdW;, 6ui(T) = 0.
i=1 j=1
By Itd’s formula, we have

2;(T)]
vi(T) — kI (0)02;(0)]

K2

E
—E[k] ()
:E/OT{—[Qﬁci—(\I/x—&-n)

— PRy (P2 +5) + GTo] 6, + k;iTBéui}dt,

[ar(T)H6
(T)ox

and
E[I(T)64i(T) — 17 (0)8¢3(0)]
T
=E / [(Ry'v + Ry ' (Pz +5))" 64 — 1" PBou;|dt.
0
This and (31) gives
T
0= IE/ (Ryu; + BT k; — BT PI)T uydt,
0
which implies 4; = RleT(Pl —k;), 1<i<N. O
Let k; = K%; + . Then by (23) and (29),
dk; =K (Ai; — BR{'BT (Ki; — Pl + ) + GZ
— RyY(Pz +5))dt + KodW; + Ki; + ¢
= {A" (K + ¢) + Qi — (Wa +17)
— PRy (PZ+5) + GTU} + W,
which implies

K+ ATK + KA—-KBR{'BTK +Q =0,

K(T) =H, (32)
¢+ (A—-BR;*'B"K)Tp + KBR,B" PI

+ KG& — KRy '5 — (Vz + 1)

~ PRy;Y (P2 +35)+GTv=0, o(T) =0. (33)

Besides, applying (28) into (23), we obtain

di™) =[A:™) — BR{'BT(K#™N) — Pl + ¢)
1 N
L
+ G — Ry 'sldt + > odW;,

i=1

where 2(V)(0) = & Zszl Z;0. As an approximation, one can
obtain

T =(A+G)z + BR; BT (Pl—p)—R;'5,%(0) = 79, (34)

where A2 A — BR;{'BTK.



By @4), 23), 7). and (33),

T =(A+G)z + BR;'BT (Pl - ¢)
— Ry'5, #(0) = o,

[ =(A+G)l+ Ry'v+ Ry (Pz +5), 1(0) =0,

(A+G)T'5+ PBR;*BY (KZ — Pl + ¢)
—1, 5(T) =0,

¢p=—ATp - KBR;'B"Pl - KGi + KR, 's
+UZ + 7+ PRy (Pz + 5)—G"v,0(T) = 0,
—(A+ )T+ (T -Q)z +17
+ PRy (Pz +35), v(T) = Hz(T).

§=—

(35

For further analysis, we assume:

(A3) admits a unique solution in C([0, T, R®").

Note that (33)) can be taken as an FBSDE without diffusion
terms. The condition of contraction mapping in Theorem 5.1 of
[25] holds necessarily. Thus, @ must admit a unique solution
in a small time duration [Ty, 7]. However, some additional
conditions are needed for existence of a (global) solution to
(35) in the time duration [0,7]. We now give a sufficient
condition that ensures (A3).

Let
N A+G BR;'BTP
11 — RQ 1P A + G )
[ -R;Y —BR'BT 0
Mo = [ R, 0 Ry
[ PBR{'B"K ~PBR{'BTP]
My = | —KG+V + PR;'P 0 :
¥—-Q+PR,'P 0 |
—(A+G) PBR;{'B"K 0
Myy = | (K + P)R;* —A -GT
PR;! 0 —(A+G) |
Then (33)) can be written as
x T 0
I l 0
il = [ %;1 %Z } s |+ -7 (36)
¢ ! ¢ i
v v M

Proposition 2.4: If the Riccati differential equation

Y = Moy + MooV — Y My — Y MyyY,

o o HT]"
Y(T) = [ 0 0 0 }
admits a solution Y € R3"*2" in [0, 7], then (A3) holds.

Furthermore, under the assumption 7 = 0, if the Riccati

differential equation

Z =M+ M1 Z—ZMyy — ZMnZ,Z(0) =0  (37)

admits a solution Z € R?"*3" in [0, T, then (A3) holds.

Proof. Denote m = [z7,1T]T, and 2z = [sT, T, vT]T. Let
o o HT]"
z:Ym+a,a(T):0.ThenY(T):{0 0 0 ]
By (39),
F=Ym+Y(Mpym+ Mpz) +

=(Y + Y My, +YMpY)Z +Y Mo+

=M% + Mo (YZ +a) + [—i7 71,7 |".
Thus, we obtain

Y =Ma1 + Moo — Y My — Y MysY, (38)

& =(Mag — Y M)+ [T, 77, 7T, (39)

1T
where Y(T) = 8 8 h(f) and o(T") = 0. Since

admits a solution, then (39) has a solution. Applying z =

Ym + « into (36), we have
m = Mllm + M12(Ym + O[), m(()) = [,fg, O]T,

which implies admits a unique solution in [0, ).

Zio Z
Denote Z = 1 12 13|, Note that s(T') =
Zoi Ty Zng (1)
©(T) =0, and v(T') = Hz(T). We have
0 0
0 0 { Zn Ziz Zis ]
B 0 Zo Zao Zo
_ 0 0 0
= 0 0 0 # Ig,.
| HZ1W(T) HZ1o(T) HZ3(T)
By the modified Radon’s Lemma (see e.g., [1, Theorem
3.1.3]), the proposition follows. (]

C. Asymptotic Optimality
For Problem (PF), we may design the following decentral-
ized control:
ai(t) = =Ry BTIK (t)ai(t) — P(OU(E) + ()], (40)

where K, P are given by and (I0), respectively, and I
and ¢ are determined by (33)). After the control laws are
applied, we obtain the state equations of agents as follows:

=[A#; + G&™ + BRT'BT (Pl — ¢) — Ry '5)dt
+0dW;, i=1,---,N. (41)
ds = — [(A +G)"s+ PB4 ) at
N N
Z (87 — =)dW;, 3(T) = 0. (42)

1j=1

For further analysis, we assume
(A4) The Riccati equation admits a solution:

P+P(A+G)+(A+G)"P-PR;'P
+ PBR;'BTK =0, P(T)=0.

Lemma 2.2: Assume that (A0)-(A1), (A2'), (A3)-(A4) hold.
For the system (I)-(2), we have

M —z|?+5-5)*) =0(1/N). 43

sup E(Hi"(
0<t<T



Proof. Tt follows by (@I) and (@) that
di®™) =[(A+ @)™ + BR 'BT(Pl - ¢)

1, 1
— R; s]dt—i—N;odWi,
75+ PBa™Y) +q)dt

dWJ, 3(T) = 0.

Denote & = 2 #(N) _ 7 and X £ 5 5 From the above two

equations and (33)),

N
d¢ =(A + G)¢dt — Ry 'xdt + — Y odW;,
=1
HUEED DAREE: (44)
dx=—[(A+G)"x+ PBRy 1BTK§]
1 N
2 2B = AW, X(T) = 0. @5)

Let x(t) = P(t)&(t) + (), t > 0. By It formula,

dx =P¢ + P{[(A+ G)¢ — By (P& + v)ldt

which gives Zfil B! = (P+1I)o, and
P+PA+G)+(A+G)TP—PR;'P
+ PBR;'BTK =0, P(T) =0,
Y+ (A+G=Ry'P)T =0, (T) =

From (A4), we have P is existent and ¥(t) = 0. Thus,

Y (t—p)
N/ p ZadW

where T = A + G — R, ' P. By (A0), one can obtain

t . 9

)

+ [l o}
(]

,un ) satisfies

&(t) =e**¢(0)

2
(max Efjzio

2 £112
Ellé@®)|? <[l

which completes the proof.
Lemma 2.3: If u = (uq,---
sup JW)(u) < C,

feuF soc

then there exists (3 independent of N such that
E [, |lus||2dt < Cy forall i =1,--- , N.
Proof. Let f = 0. Since Ry > 0, then sup, Jo (u) < C

implies ]EfOT ||lus||?dt < Cy forall i =1,---,N. O

Lemma 2.4: Assume that (A0)-(A1), (A2'), (A3)-(A4) hold.
Then there exists a constant Cy independent of /N such that
N

s D

i(aa f) S NCO
c =1

Proof. Under (A0), (Al) and (A2), f = —R; ' (Pz\N) +
s) is a maximizer of ZZ 1 a4, f), ie., Zf;l Ji(a, f) =
sup s Zl 1 Ji(@, f). By Lemma , we obtain

sup ]E||;10(N)||2 sup (QEHi(m —z|? + 2||a_c||2) <C
0<t<T 0<t<

sup Ells(t)|* < sup (2E[5]* + 2El|s - 5]*) < C
0<t<T 0<t<T

Denote g 2 G#™) + BR;'BT (Pl — ) — Ry 's. Note that

I, € C([0,T],R™). Then we have supy;<7 E[g(t)[|* < C.

It follows from (T) that

T 2
E||;] SC+3CHE/ AT e
0

T, _ 2
+3IE/ HGA(T_T)O'H dr.
0

From this with (40), we have

ZsupJ a, f) = Z / ||m1—Fa: —nHQ

+mmﬁ—wm3ﬁgw%.

O
Let k; 2K Z; + ¢, where ¢ is given by l| We have the
following approximation result.
Lemma 2.5: Assume that (A0)-(A1), (A2'), (A3)-(A4) hold.
Then for problem (PF), we have

sup E[&N) — o> = O(1/N),
0<t<T
where k(N = % Zfil k; and v is given by .
Proof. Let ¥ = v — K& — ¢. By (33) and some elementary

calculations, we obtain
di(t) = —AT9(t)dt, I(T) =0,

which implies ¥(¢) = 0. This further gives v = KZ + ¢. By
Lemma [2.2] we have

sup B[N —of|* = S El|K (2 &) —z)|?
0<t<T
< C sup EH:%<N>—x||2= O(1/N).
0<t<T
This completes the proof. ]

We are in a position to state the result of asymptotic
optimality of the decentralized control.

Theorem 2.4: Let (A0)-(A1), (A2'), (A3)-(A4) hold. Assume
that (P2) is convex. For Problem (PF), the set of control laws

4= (ty, - ,4yN) given by has asymptotic robust social
optimality, i.e.,
WO 1 WO 1
N‘]aoc( ) - NUIEHJF Jsoc( ) :O(ﬁ)
Proof. See Appendix A. ]



ITI. ROBUST MEAN FIELD SOCIAL CONTROL OVER AN
INFINITE HORIZON

In this section, we consider social optimum control in robust
mean field model over an infinite horizon. Let

U; = {uZ | u;(t) € o(xi(s),0 < s <t),

IE/OO e~ P ||zi (1) ||2dt < oo},
0
and
1 °° 2
Ji(u, f) = =E Pt i (1) — T2 (¢) —
(wf) = 55 [ e {Jlat) =m0 -,

@), = 11, fdt. (46)

where p > 0.
Problem (PI): Seek a set of decentralized control to
optimize the social cost under the worst-case disturbance

for System ]\aflnd , ie., infy, ey, SUp ey, Jsoc, Where
JSOC(U7 f) = Zi:l Jl(u7 f)a and

U. = {ul\ u;(t) € ft,E/ e PH|ai(1)]|2dt < oo}.
0

A. Decentralized Control Design
Let u; = u; € Ui = 1,--- , N be fixed. The optimal
control problem with respect to drift uncertainty is as follow:

(P4) minimize ;. Jsoc(t, f),

where
. 1 o0
Jsoc v; = 35 E Pty — i -T (V)
@ =538 [ =l 10

=l + 15, far

An example of scalar model. Consider the case of uniform
agents with scalar states. Let A = a,n = 0,G = 0,Q =
1,I' =9, Ry =19, x; € Rand u; = 0,5 = 1,---, N. By
rearranging the integrand of Jy,., we have

. 1

Jsoe = 5IE/ efpt( - J:TQJJ + Nrgf2>dt,
0

(47)

,xn)T, and Q = (gy;) is given by
Gi =14+ (¥ =29)/N, Gy = (" —27)/N, i # .

Introduce the Riccati equation

where z = (z1, -

P 1 T A
2a—z)P——=—P11" P-Q =0.
(= 5P~ 5 Q

p ifi=
q ifi#j.

a = a — §. By solving (#8), we obtain the maximal solution
as follows: p = q + % and

1 1 n
| rog — —
N\*" 2a
The optimal control is given by

1 . 1
—17Pgz = |a+/a2+—(2—27—1)| 2V,
Nrp L F® [a+\/a +r2(’v ¥ )}x

By observation, P has the form p;; =

q= r3a2 +ro(y2 — 2y — 1)) .

f=

O
For general systems, we make the following assumptions:
(AS) Problem (P4) is uniformly convex in f;
(A6) A+ G — £1 is Hurwitz.
Below are some sufficient conditions to guarantee (AS).
Proposition 3.1:
Let (A6) hold. (P4) is uniformly convex in f, i.e., (AS)

holds, if and only if one of (i)-(iv) holds.

(i) For any f € U,, there exists 6 > 0 such that

Jioe(f) = E/OOO 67“( —y'Qy + NfTsz)dt

208 [ eipPa
where y € R™V satisfies
dy = (Ay +1® f)dt, y(0) = 0.
(i) The equation
pP=A"P+PA—Q-PARI)(NRy) (1" @ I)P
admits a solution such that A — (1® I)(NRy) ‘(17 @ I)P —
£(In ® I) is Hurwitz.
(iii) The equation
pP=(A+G) TP+ PA+G)-PR,'P+T—-Q

admits a solution such that A + G — 41 is Hurwitz.
(iv) The real part of any eigenvalue of M is not zero, where

A+G-¢I Ry }
(I-D)T'QU-T) —-AT —GT +2]

Proof. (AS5)<(1) follows by Lemma 1 of [23]. We now prove
(i))=(AS). If (ii) holds, then by the completion of squares
technique, we can obtain

Jéocg)
:E/O e—f'tNHf(t) + %R;l(lT ® I)Py(t)‘

o]

2
dt > 0.
R2

Clearly, J!,.(f) = 0 leads to f(t) = —+ Ry (1" & I)Py(t),
which together with y(0) = 0 further implies f(¢) = 0. From
[14] we obtain that J. .(f) is positive definite, which implies
that (P4) is uniformly convex. Note that (A—£(Iy®1)), IN®
I) is stabilizable. From () and (A5)<(i), (P4) is uniformly

convex if and only if there exists § > 0 such that

[ e (1=l + R > |
0 0

Following the proof of (ii)=-(AS5), we obtain (iii)=-(A5). Since
(A6) holds, it follows by [29] that (A5)=-(iii). Note that (1T®
NA=1"0(A+G),A1®])=1® (A+G),and L (1" ®
NQ @ 1)=Q —Ww. We have +(1" @ )P1" @ 1) = P.
From (3) and y; = y» = --

o0

e P £ |7 dt.

- = yW) we obtain (iii)<(ii).
(iii)<(iv) is implied from [26]. ([l

Remark 3.1: From the proof of Proposition 3.1} Assumption
(AS5) implies

Jioe(f) = E/OO e*"t( -y Qv+ NfTR2f>dt >0,
0



i.e., (P4) is convex in f.

With some abuse of notation, later we still use
P K)Y Z s,5 p,v---. But in this section P, K,Y,Z are
time-invariant and s, 3, ¢, v are functions of time ¢, ¢t € [0, 00).
Following (T0)-(T2), we may construct

f=-Ry'(Pz™) +3),
where P € R"*"™ and s € sz » (0, 00; R™) are determined by
2
P T P
(A+G - 5]) P+PA+G— 5[)

—~PR;'P—(I-T)TQ(I -T) =0,
di+[(A+G—R;'P — pI)"5+ PBa™) + ij)dt

(49)

N
1
+ ; CdW; = 0. (50)

Theorem 3.1: Under (Al) and (AS), Problem (P4) has a
minimizer f = —Ry '(Pz™) + 3), where P is the maximal
solution of (@9) and § is the unique solution of (50) in
LQfV%(O, oo; R™).

Proof. Denote #; = e~ 2z, 1; = e 5tu; and f = e 20 f. It
follows by (I) and @7) that

d;(t) :[(A—gl)a’:i(t)—i—Bai(t) +GEM (1) + f(1)]dt

+e SlodWi(t), 1<i<N,

> 1 N o]
Jsoc(amf) = 5 ZE/O { - Hfi'z(t) - Fiﬁ'(N)(t)

ey 2 :
—e~ 5|5 + £l far.
By a similar argumeng in the proof of Theorem @ we obtain
Jsoc (i, f) = eN} + 5 A, where
A o
Ay :ZE/ [< — Q& — (P& 4 1)), 4
i=1 v0
=14 ™) + (Raf. f) | dt,
A N > 2
Ay =ZE/O {= llgi = T + 1A%, ba,
i=1
and g, satisfies
dj; = [(A - g)y} + Gy + flat,  4:(0) = 0.

By (A5), A}, > 0. Problem (P4) has a unique minimizer f =
—R;'pN) if and only if

dit =[(A = £y + B — Ry + G dt
+ e PladW;, 2;(0) = x40,
dpi == [(A= ED)Tpi + GTPY) — Qi + il (51)
N
+eldt 4+ Baw;,
j=1

admits a set of solutions (#;,p;,¢ = 1,---,N) in

LQR% (0, 00; R™). It follows from that

di™) =[(A+ G - gl)aé(N) + Bu™
— R;lp(N)]dt —+ Gipt('J'ClVVi7 ,131(0) = Z;0,
dpN) =~ [(A+G - gI)Tﬁ(N) + (T - Q)™ (52)

N
+ePhaldt + > BldW;.
j=1
Note that A 4+ G — 51 is Hurwitz. By (A5) and Proposition
[3:1] we obtain that (#9) admits a maximal solution such that
A+G— g[ — R;lP is Hurwitz, which with [?, Theorem 3.3]
gives that |i admits a unique solution in L§,§(07 oo; R™).
Let ;é(N) = P+(N) + 4, where § = e~ 55 Then we have that
(V) 5N is a solution of (52). By a similar argument to
Theorem [2.2] the proof is completed. (|
After the worst-case drift f is applied, we have the following
optimal control problem.
(P2'): Minimize Jyoc(u, f(u)) over {u;,1 < i < N)|u; €
U.}, where s € L;,g(O,oo;R”),

dz; =[Az;+ Bu; + Gz — Ry Y (P2 + 5))dt

+0dWi, z;(0) = 20,1 <i <N, (53)
ds = — [(A+G)Ts + PBu™) + 7] dt
1 NN ; o
+NZZ( L (54)
i=1 j=1
1 o 2
- N
Jsoc(u)2zlE/0 e pt{HzifI‘a:( )anQ
+ il — P2 + 5|13, bt (55)

Lemma 3.1: Assume that A0), AS), A6) hold. Then there
exists C) > 0 such that Ry > C{I and Ry > C{I, then
Problem (P2’) is uniformly convex.

Proof. Let z € R™Y and 3 € R satisfy

dz =(Az +Bu — 1 ® Ry '3)dt, z(0) =0, (56)
ds=—[(A+C) T3+ %PB(IT ® Du]dt
1 N N .
+ % SN plaw;. (57)

i=1 j=1

By a similar argument with [23]], we obtain that Problem (P2)
is uniformly convex if for any u; € U,, there exists § > 0
such that

E / e P! (zTQz +u’Rju — NéTR;15> dt
0
>oE / e=P u|2dt. (58)
0

Note that A + G — £1 is Hurwitz. By [29, Lemma 2.5] and

@’
B[ ersoia s e [ eruoPa. ¢9)
0 N 0



Since A — g[ is Hurwitz, then from and 1' we obtain
E/ e " |lz|*dt < C/ e "'E||ul|?dt.
0 0

Note Amin(Q) > —Amaz(¥ + PRy P). Thus, there exists
Cl > 0 such that for Ry, > CjI and Ry > C}1, holds.
O

Based on the analysis in Section [lI-B] we construct an
auxiliary optimal control problem.

(P5): Minimize .J;(u;) over u; € U;, where

dv;=[A%;+Bu;+ Gz — Ry ' (PZ+35)]dt + odW;,

2;(0) = @0, (60)
dip; = — [(A+ G) s + PBu,|dt + z{dW;
_ 1. [
Jz(uz) :iE/ e Pt [i‘?@jﬁz — Z(q/i‘ + ﬁ)Tﬁ?z
0
— Q(P.f + §)TR;1P.§3i + 2UT(Gi‘i — R;lwl)
— 2Pz + 35T Ry s + uiTRluZ} dt. 61)

Here 3,v € C,/5([0,00),R™) are determined by
—(A+G - pI)T5 - PBu — 1,
—(A+G = pDTv+ (¥ - Q)Z + 7+ PRy (PZ + 5).

By using the method in [38], [33], we can show that if (A6)
holds and @ > 0, (P5) admits the unique optimal control

ii(t) = (1)),

where K € R™*™ and [, ¢ € C,/5([0,00), R™) are determined
by

— R7'BT(Kux(t) — PI(t) + (62)

pK =ATK + KA~ KBR;'B"K + Q,
[ =(A+G)l+ Ry'v + Ry ' (PZ +5), 1(0) =0,
pp=p+ ATo + KBR;'BTPl + KG%
~ KR;'s — (W2 +7)— PRy (Pz +5) + GTw.

By applying the control (62) into (53) combined with mean
field approximations, we obtain the following equation system:

& =(A+G)z+BR;'BT(Pl—¢)— Ry 5, 2(0) =,
l:(A G)l + Ry'v + Ry (Pz + ), 1(0) =0,
=—(A+G—pD)T5+ PBR;'BT (K7 + ¢)—1j
¢:7(A —p)Tp ~KBR;'B"Pl - KGz (63)

+KRy'5+ Uz + 7+ PRy (Pz +5)—GTv,
—(A+G—pDTv+ (T -Q)z+17

+PR;*(Pz + 5).

For further analysis, we assume:

(A7) admits a unique solution (Z,l,s,p,v) in
Cp/2([0a 00)7 R5n)'

The existence and uniqueness of a solution to (63) may be
obtained by using fixed-point methods similar to those in [17]]
and [33]. We now give a sufficient condition that ensures (A7)

by virtue of Riccati equations. Using the notation in Section

ILI-Bl we have

My,
Moy

M;ia

. (64
Moo + plsy, ©4)

@.‘6. ». ~. 8
S 6 »w ~ 8

Proposition 3.2: If the algebraic Riccati equation
M21 + pY + MQQY - YM11 - YM12Y =0

admits a solution Y € R3™%2" guch that both M;; + MY —
212, and — Moy +Y My — £ 13, are Hurwitz, then (A7) holds.

Proof. Denote m = [z7,11]7, 2 = [sT, T, vT]T. Let 2 =
Y'm + a. By (64) and It6’s formula, we obtain

Y =Moy + MaY — Y My — Y M,Y, (65)

=(Moz — Y Mig)a + [-7", ", 7" 7. (66)

Since l) admits a solution such that —Mss + Y Mg — gfgn

is Hurwitz, then (66) has a unique solution

O[(t) = — / exp [( — M22 —+ YM12 - gISn)T]
0

o

Applying z = YT + « into (63), we have
m = (M11 + Mng)m + Mlgol.

Since My1 + MY — 51, is Hurwitz, then [z7,17]7 €
C,/2(0,00),R?"™), and this further implies that admits
a unique solution in C,/5([0, 00), R?™). O

B. Asymptotic Optimality
Let

ii(t) = (),

where [ and ¢ are determined by (63). After the control @; is
applied, the closed-loop dynamics can be written as

di; = [A#; + Gi™) + BRT'BT (Pl — o)
—Ry'3)dt + odW;.

— R7'BT (Kux(t) — PI(t) + (67)

(68)

For further analysis, we assume
(A8) The equation

P(A+G)+(A+G)TP-PR;'P+PBR;'BTK =0 (69)

admits a solution P such that A+ G — 2] — Ry 'P and A +
G — 21 — Ry'P are Hurwitz, where A = A — BR;'BTK
and G =G — Ry 'P.

Theorem 3.2: Assume (i) (A0)-(A1), (A5)-(A8) hold, (ii)
A — £1 is Hurwitz (iii) (P2") is convex. For Problem (PI),
the set of control laws @ = (1, ,Uy) given by has

asymptotic robust social optimality, i.e.,

1 . 1
N sup Jsoc(uv f) - AT uirellgc ngLI:{) Jsoc(u f) (

feu.

0(——)
VN
Proof. See Appendix O



IV. NUMERICAL EXAMPLE

We now give a numerical example for Problem (PF) to
verify the result. Take the parameters A = B = Ry = Ry =
Q=H=1G=-15T1=05n=0,and T = 1. By
solving (10), we can obtain that P(t) = —ﬁ — £, which
is shown in Fig. |1} By Proposition (A2') holds. For
in Proposition [2:4] the curves of all entries of the solution Z
are given in Fig. [2] It can be seen that when ¢ € [0,0.7],
admits a solution. By Matlab computation, the solution blows
up at ¢ = 0.758276. From Proposition [2.4] when ¢ € [0,0.7],
(A3) holds. The curve of P is shown in Fig. |3} It can seen that
the Riccati equation in (A4) adimits a solution P when t €
[0,0.8]. As a conclusion, when ¢ € [0,0.7], (A0)-(Al), (A2"),
(A3)-(A4) hold. By Theorem @ Problem (PF) admits a set
of control laws which has asymptotic robust social optimality.

. . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time

Fig. 1: The curve of P(t)

z(.1) . z(1,2) Z(1.3)

Fig. 2: The curves of all entries of Z € R?*3 when
t € [0,0.7]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
Time

Fig. 3: The curve of P(t)

V. CONCLUDING REMARKS

This paper considered a class of mean field LQG social
optimum problem with global drift uncertainty. Based on
the soft control approach, a set of decentralized strategies
is designed by optimizing the worst-case cost subject to
consistent requirements in mean field approximations. Such
set of strategies is further shown to be robust social optimal
by perturbation analysis.

For further work, it is of interest to consider mean field team
optimization with volatility-uncertain common noise. Due to
common noise and volatility uncertainty, all states of agents
are coupled via some high-dimensional FBSDE systems. An-
other interesting topic is the mean field Stackelberg game with
a leader and many followers [34], [37]. The team problem with
hierarchical structure is worthwhile to study further.

APPENDIX A
PROOF OF THEOREM [2.4]

Proof. Note that we only need to optimize the social cost
under worst-case disturbance J¥°(u). By Theorem we
can restrict to consider Problem (P2) instead of (PF). From

Lemma [2:4] one obtains that for (P2),
T
B [ (il + it < C. A
0

It suffices to consider all u; € Z,{f
J¥(4) < NCy. By Lemma

such that J¥°(u) <

soc —

T
IE/ ||ug||?dt < C, i=1,--- N, (A2)
0

which implies

T

]E/ [u™|2dt < C. (A3)

0

By (T4) and [38| Chaper 7], we have
T T
E/ ||s]|2dt < ClE/ |u™)|2dt < C.
0 0

From (T3),

N

_ 1
(V) _ (N) (N) _ p-1 = :
dz'"™) = [(A+G)z"™) + Bu Ry 's|dt+ ;:1 odW;,



which together with li implies E fOT |[«(™)||2dt < G This prove ZfV:1 I = O(f) By straightforward computation,

with (A.2) leads to

T
E/O (lll* + flual® + [Is]1*)dt < C.

N N
_ o ) "
;Ii_;E/O {xl [Q(-T —F:I;( )_77)

(A4) —1TQ(UI - T)a™ — )] + aleﬂi}dt
T
— NE / (PE™) 4 8) "Ry (PF ™) + 5)dt
Let 2, = x; — 24, 43 = u; — Uy, 2. = 1,-++, N, .’f?(N): 0
L3N @ and 5= s — 5. Then by (13), +ZE TVH:(T)
dz; =(Az; + Gi™N) + Ba; — Ry'5)dt, £:(0) =0. (A.5) 7Z]E/ { (Q3i — VT —n) + 0] Ryt
ds=— [(A+G)"s+ PBa™]dt
L NN — (Pz+3)" Ry Pai e
+ 5 Z > Blaw;, (1) =o. (A.6)

1 1

J

By (A.D) and (A.4),
T
B [ (0 + [l + 5P < C.
From (T4), we have
1L (T
F _ 5 ) _ G
Jsoc(u) *2 ZIE 0 |: N+ x;
=T MG + [l + @,
— [P@E™ + M) + 5+ 3][5,-0 |t
1
(1) + 2:(T)[3;
N
Z a) + JF (@) + L),
where
7R AL T s ~(N) (12 ~ 12
TG 258 [ (1~ T3 + i,
N 1.
— 1PEM I3, ]dt + SE||# (D),
T
I :E/ (2~ 02— )" Q(z, — 13 Y)
0
+al Ryii; — (PN +8))" Ry (P2

+5)|at + Bl&T (1) Hai(T)].

By Lemma [2.1] Problem (P2i uniformly convex for N >

Ny, which with Proposition gives J;(@) > 0. We

+ZE/§ [(P—PR;'P)z;,— PRy "3]dt

fNE/ (P:z+§)TR;1§dt+Z]E||;iiT(T)||i,, (A.9)
0

=1
where ¢ = V) — 7. By and (41),
dk; ={ — ATk; — Q&; + (9T + 7)) + PRy ' (PZ + 5)
~GTo+ KG(EWN) —7) — KRy ' (3 — 3)}dt
+ KodWi, ki(T) = Ha(T).

(A7)

(A.10)
By @ and It6’s formula,

ZIE)
_ZE/{ [Q#; — (Vz +7) — PRy (P + 3)

—§)]T~

T

T)HZ;(T)]

(A.8)
+GTv - KGEWN) —z) + KRy (5
+ k7 (GE™) + Ba,; — R;lg)}dt,

and
N

Y ELT(T)(T) — 17 (0)3(0))

i=1

T
:NIE/ [Ry'v + Ry ' (Pz + 5)| T 3dt
0

0

T
— NE / (1" PBa™)dt.
0

The above two equations lead to
N
ZE[@?(T)HQ: (T

_ZIE/ { [Q&; — (Vz +17) — PRy (Pz + 5)
~ KGEWN) —z)+ KRy ' (5 —9)]" &

(k™) — )T G,

— (K" — )Ry 5 4 (Pz + g)TRglg}dt

)]

— Ui Rlui

now



From this and (A2),

ZI 7Z1E/ [€T(V — PRy'P + KG)#;
+ (k™) — )T (Gi; — Ry 13)
+ (P + K)i; + 5 Ry ' (5 — )] dt.
By Lemmas [2.2] [2.3] and Schwarz inequality, we obtain

L
N2 Li=0l
i=1
From this with (A.8), the theorem follows. O

APPENDIX B
PROOF OF THEOREM [3.2]

To prove Theorem [3.2] we need three lemmas.
Lemma B.1: Assume that (A0)-(Al), (A5)-(A8) hold. For
Problem (PI), we have

]E/ et (|lzW
0

Proof. By a similar argument to @)-@) we obtain

Z odW;,

L%W+Mfﬂ5ﬁ:m%)(an

d¢ =(A+ G)édt — Ry xdt + —

€(0) = & S, @i — Zo,
dy =— [(A+G)"x + PBR;'BT K¢]dt
1 N N )
_ J
+ 5 ;;(61

where £é=2") — z and y=5 — 5. By 1t6’s formula and (A8),
we have y = Pf + 1, where P is given by . Denote
T =A+G— Ry'P. Then

T(t—p)
N/ ® ZadW

This with (A8) gives E [~ e~ ||£(t )||2dt = O(1/N). O
Lemma B.2: Assume that (A0)-(Al), (A5)-(A8) hold. For
Problem (PI) and any NV,

&(t) =e""¢(0)

max E/ e Pt ([|&:]|* + [144]%) dt < oo. (B.2)
0
Proof. By (A7) and Lemma we obtain that
E/ e (| @)% + 1507 dt < oo,
0

Note that A — £7] is Hurwitz. By Schwarz’s inequality,

E/ e P& (t)]|2dt

0

<c3E [ e gl [ efect-4n
0 H

+3CIE/ e Mo ||2/ He(A F0- “)UH dtdp
0

(=1 dtdp

< C+3CE [ e gl
0

+ 3C’IE/ e P o (w)|]Pdu < C;.
0

This with (A7) completes the proof. ]
Lemma B.3: Assume A — 51 is Hurwitz. Then

IE/ e PR — v||2dt < O(1/N).
0

Proof. By (63) and some elementary computations, we obtain
di(t) = —(A — 51)T0(t)dt, where ¥ = v — KZ — ¢. This
leads to 9(t) = (A’ﬁl)tﬁ(O). Since A — £1 is Hurwitz, and
v e C,2([0, oo), R™), then we have ¥(t) = 0, which implies
v = KT + ¢. By Lemma JZ e PE(EN) — of2dt <
O(1/N). This completes the proof. O

Proof of Theorem [3.2] As in the proof of Theorem [2.4] we
restrict to Problem (P2'). It suffices to consider all u; € U,
such that sup ;cyy. Jeoc (U, f) < sup ey, Jsoc(t, f) < NCo.
Taking f = 0, we have

oo
E/ et usl|2dt < C. (B.3)
0
By (54) and [29]], we have
IE/ e P s]|2dt < ClE/ e PHu™2dt < C.
0 0

Noticing A + G — £I is Hurwitz, one can obtain
E [ e P|l2™][2dt < C which with (B.3) implies

o
B[ e (el + sl + 5] < C.
0
From this and (B.2),

EA(WW+MW+MM&<G

(B.4)

(B.5)
We have Jooe(u) = S0 (Ji(a) + Ji(@) +
- 1 o
T2 58 [ el - ra ™l
+ |l %, — 1PN |1%, ]dt,
Z a IE/ e Pt {(m AP n)TQ(i“i
0
— &™) +al Rya;
— (PEM™ +)) Ry (PFN) +

Z;), where

5)} dt.

From Lemma and Proposition 3.1} JNZ(ﬂ) >0 for N > Nj.
By making use of It6’s formula and straightforward computa-
tions,

N N
ZL :Z]E/ e—f’t{ TQ#; — vz — 7]
i=1 i=1 Y0

+af Ryit; — (Pa+ ) Ry P ft

N 00
+ ZE/O e PeT[(W — PRy P)i; — PRy '8)dt
=1

- NE/ e P'(Pz + 3)T Ry adt,
0

K2

N oo
]E/ e [T (¥ — PR;'P + KG)%;

i=1

+ (k¢

+ (

0
EN) —)T(GE; — Ry 'S)
(P+ K)Z; + §)Ry ' (5 — 8)]dt.



From (B-I) and (B:3), we obtain
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