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Abstract

We pose Witsenhausen’s problem as a leader-follower game of incomplete information. The follower
makes a noisy observation of the leader’s action (who moves first) and chooses an action minimizing
her expected deviation from the leader’s action. Knowing this, leader who observes the realization of the
state, chooses an action that minimizes her distance to the state of the world and the ex-ante expected
deviation from the follower’s action. We study the perfect Bayesian equilibria of the game and identify
a class of “near piecewise-linear equilibria” when leader cares much more about being close to the
follower than the state, and the state is highly volatile. As a major consequence of this result, we prove
the existence of a set of local minima for Witsenhausen’s problem in form of slopey quantizers, which

are at most a constant factor away from the optimal cost.

Index Terms

Decentralized control, optimal stochastic control, incomplete information games, perfect Bayesian

equilibrium, asymptotic quantization theory.

I. INTRODUCTION

In his seminal work [1], Witsenhausen constructed a simple two-stage Linear-Quadratic-
Gaussian (LQG) decentralized control problem where the optimal controller happens to be
nonlinear. This example showed for the first time that linear quadratic Gaussian team problems
can have nonlinear solutions. Using this counterexample, [2] produced an example showing that
the standard decentralized static output feedback optimal control problem of linear deterministic
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systems could also admit nonlinear solutions.! For nearly half a century, this counterexample
has been a subject of intense research across multiple communities ([5]-[10]).

The endogenous information structure of Witsenhausen’s counterexample, where the signal
observed in the second stage is a noisy version of the control action in the first stage, gives
rise to a nonclassical information structure. While the problem looks deceptively simple with
quadratic cost, it is actually a very complicated, nonconvex, functional optimization problem. This
counterexample has shed light on intricacies of optimal decisions in stochastic team optimization
problems with similar information structure. Naturally, this problem has given rise to a large
body of literature. For example, [11] provides a variant of Witsenhausen’s counterexample with
discrete primitive random variables and finite support, where no optimal solution exists. Another
interesting variant, with the same information structure but different cost function, is the Gaussian
test channel ([6], [12]) where the linear strategies can be shown to be optimal. Interestingly, [13]
shows that if the objective function in [1] is changed to a worst case induced norm, the linear
controllers dominate nonlinear policies.

Although the optimal strategy and optimal cost for Witsenhausen’s counterexample are still
unknown, it can be shown that carefully designed nonlinear strategies can largely outperform
the linear strategies (see, e.g., the multi-point quantization strategies proposed by [7]). This
result, in particular, implies the fragility of the comparative statics and policies solely derived
based on the linear strategies in problems with similar setting. A relevant line of research is
to provide error bounds on the proximity to optimality for approximate solutions. [14], [15]
use information theoretic techniques and vector versions of the original problem to provide such
bounds. In [16], authors provide a general result on when one can approximate a continuous team
decision problem with a finite one through quantized approximations, using which they show
that quantized policies are asymptotically optimal for Witsenhausen’s counterexample. There
are also several works aiming to approximate the optimal solution. [17]-[20] employ different
heuristic approaches, all confirming what one might intuitively call an almost piecewise-linear
form for the optimal controller. However, a complete optimality proof for such strategies has
been elusive.

'Another relevant setting in which nonlinear equilibria may emerge is the seminal work of Crawford and Sobel ([3]) on
signaling games where misaligned objectives of a sender and a receiver can result in quantized equilibrium strategies. Recently,

authors in [4] consider an extension of this model to a noisy channel setup and show that for a Gaussian source and scalar
signals the equilibrium encoder is linear.
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Although Witsenhausen’s counterexample has been around for half a century, a little is known
about the topological properties of its optimal solution (e.g., whether it is continuous or not,
the number of its fixed points, etc.). A breakthrough in this direction is [8], where authors view
Witsenhausen’s setup in an optimal transport theory framework. This enables them not only to
prove the existence of the optimal solution in a much more condense fashion, but also to derive
some important characteristics of the optimal solution. In particular, they show that the optimal
controller is a strictly increasing function with a real analytic left inverse.” As a consequence,
no piecewise-linear strategy can be optimal, though not ruling out the possibility of a “near
piecewise-linear” optimal solution.

In this paper, following Witsenhausen’s original intuition, we view the problem as a leader-
follower coordination game in which the action of the leader is corrupted by an additive noise,
before reaching the follower. The leader aims to coordinate with the follower while staying close
to the observed state, recognizing that her action is not observed perfectly. As a result, she needs
to signal the follower in a manner that can be decoded efficiently. More than a mere academic
counterexample, the above setup could model a scenario where coordination happens across
generations and the insights of the leader who is from a different generation is corrupted/lost
by the time the message reaches the future generations. If the leader can internalize the fact
that her actions will not be observed perfectly, how should she act to make sure coordination
occur? When the leader cares far more about coordination with the follower than staying “on the
message”, the near piecewise-linear equilibrium strategy of the leader coarsens the observation in
well-spaced intervals, rather than merely broadcasting a linearly scaled version of the observed
state (as the linear strategy would suggest).

To this end, we analyze the perfect Bayesian equilibria of this game and show that strong
complementarity’ between the leader and the follower combined with a prior with poor enough
precision can give rise to nonlinear equilibria, and in particular, equilibria in form of what
has been deemed in the literature as slopey quantizers [22]. We subsequently show that these
equilibria are indeed local minima of the original Witsenhausen’s problem. Using some related

results from asymptotic quantization theory ([23]-[25]) together with analytical lower bounds

*Note that this does not imply the continuity of the optimal solution.

3Games of strategic complementarities are those in which the best response of each player is increasing in actions of others
[21].
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on the optimal cost of Witsenhausen’s problem derived in [15], we further show that these local
minima include near-optimal solutions in the sense that their corresponding cost is at most a
constant factor away from the optimal one. Our work thus provides an analytical support for
the local optimality of slopey quantization strategies for Witsenhausen’s counterexample for a
highly volatile state.

The main idea behind the proof is to carefully construct a class of what we informally refer
to as near piecewise-linear or slopey quantization strategies for the leader that stays invariant
under the best response operator. These strategies can be viewed as small-slope variations of
a fixed-rate scalar quantizer minimizing the mean squared quantization error ([23]-[25]). Such
an optimal quantizer is characterized by optimality conditions on the threshold levels which
determine the boundaries of the quantization cells (or segments) and quantization levels: i)
quantization levels must be the centroid of the segments, and ii) thresholds in between two
adjacent quantization levels must be equidistant from them. For any fixed number of segments,
we consider the strategies whose segments are in a vicinity of the optimal MSE quantizer, have
a unique fixed point in each segment close to the quantization level, and are almost linear within
each segment with a near-zero derivative. For such strategies, leader’s actions remain very close
to fixed points of the strategy in each segment. Therefore, well-spaced fixed points (combined
with appropriate relative prior of the state in different segments) reveal the leader’s actions to the
follower with high probability, making the “signal” easily decodable. As a consequence, we can
characterize the best response of the follower to leader’s strategy. Using this characterization, we
show that the best response of the leader to follower’s strategy also varies very little, essentially
remaining near piecewise-linear over most of the range of the observed signals.

A key challenge in deriving the invariance property for this set of strategies for the leader is
to bound and tightly control the displacement in the fixed points and endpoints of the segments
of leader’s strategy under the best response operator. One major observation here is that the
fixed points of the leader’s best responses are local minimizers of the expected deviation of the
leader’s action from the follower (which is known to be a non-convex functional [8]). This insight
allows us to show that the fixed points of the leader’s best response lie in a tight neighborhood
of the fixed points of the follower’s strategy. We then show that the fixed points of the follower’s
strategy in turn lie in a vicinity of a convex combination of the leader’s fixed points and the

expected value of the state of the world within each segment. Combining the two, we can
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derive an approximate dynamics for the displacement in the fixed points and endpoints of the
segments in leader’s strategy under the best response. Using this approximate dynamics, we then
characterize an invariant set of fixed points and interval endpoints for leader’s strategy, which
we can then use in order to prove the existence of a near piecewise-linear equilibrium strategy

for the leader.

II. MODEL

We view Witsenhausen’s problem ([1]) as a game between a leader L and a follower F'. Before
the agents act, the state of the world # is drawn from a normal distribution with zero mean and
variance 0. The leader can observe the realization of 6 and acts first. The payoff of the leader

is given as follows

up, = —rp(0 —ar)? — (1 —rp)(ar — ap)?, (D

where ar 1s the action of the follower and 0 < r;, < 1. The follower makes a private, noisy
observation of the leader’s action, s = aj, + 6 where 6 ~ N(0, 1). The payoff of the follower is
given by

Up = —(CLL — CLF)Z. (2)

We consider the perfect Bayesian equilibria of the game and show that they reduce to the
Bayes Nash equilibria due to the Gaussian noise in the observation.* Denote with a3 (6) and
a}-(s) the equilibrium strategies, and with v*(+|s) the follower’s belief on leader’s action given
s. Due to the normal noise in the observation, v*(+|s) is fully determined by «} (6) and the prior
as there are no off-equilibrium-path information sets. Equilibrium strategies should thus satisfy

ap(s) =E,[a}|s] = /OO arv*(arl|s)dar,

aj (0) =argmax —rp(0 — aL)2
ar,

(1) / " (ah(s) — an)(s — az)ds, 3

—00

where ¢(-) denotes the standard normal density function.

4See, e.g., [26] for a definition of perfect Bayesian equilibrium and Bayes Nash equilibrium.
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Our model yields the original setup in [1] by choosing 11—% = k?. The expected control
cost then maps to the (negated) expected payoff of the leader. It is a simple exercise to find
the optimal solution to Witsenhausen’s problem in the class of linear strategies (see Lemma 11
in [1]), which is also an equilibrium of the game described above. Witsenhausen ([1]) showed
that, for sufficiently large o, this linear solution is not optimal. In fact, the linear solution can
be extremely suboptimal in the sense that the asymptotic ratio of the corresponding cost to the
optimal one is infinity ([7]). Our objective in this paper is to characterize a set of local minima
for the problem in [1], with a near piecewise-linear strategy for the leader and a cost within
a constant factor of the optimal one, given a sufficiently large o. To this end, we analyze the

equilibria of the game described above in regime % < rpo? <1 and sufficiently large 0.’

III. NONLINEAR EQUILIBRIA

We first prove the existence of a collection of equilibria with a near piecewise-linear strategy
for the leader for sufficiently large values of o. Our approach is to identify a set of such strategies
for the leader which is invariant under the best response operator. We characterize such a set in
the next section.

Given m € N, consider a partition of the normal distribution N (0, 0?) into 2m + 1 segments

m B2 with BE = b2, b, ) for k € N,,, B} = (b%,,b7), and B, = (b%,_,,0%,], with

bY, = —b and b2, = —b°

—-m—1 —

+00. Denote with c]? the centroid of segment BQ, that is,
c} = Eno.02)[0]0 € BY. Clearly, ¢ = 0 and %, = —c2 for k € N,,. We now specifically
focus on a partition where the interval endpoints bg are equidistant from the centroids adjacent to
them, i.e., b = M for k € N,,,. We can show that such a partition exists and is unique. This
partition in fact corresponds to the (2m + 1)-level fixed-rate scalar quantizer that minimizes the
mean-square distortion for a source characterized by 6 ~ N(0,0?) ([23]-[25]). The properties
of this quantizer as m — oo are extensively studied in asymptotic quantization theory, as will
be discussed and used in analyzing the asymptotic performance of our proposed local minima
in Section V.

Roughly speaking, the set of strategies we propose for the leader are a class of (2m + 1)-
segmented strategies with segments being close to B,? (—m < k < m), with a fixed point in each

segment in a certain vicinity of cg (—m < k < m), and almost linear with a slope close to 7,

SThis clearly covers the case k%02 = 1.
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Fig. 1. Partition of the normal distribution in a (2m + 1)-level optimal MSE quantizer, for m = 2.

over each segment. Before proceeding further, we present some (non-asymptotic) properties of
this base configuration, which will facilitate the proof of the invariance property for the proposed

set of strategies.

Lemma 1. Given m € N, consider the partition of the normal distribution N (0, c?) in a (2m+1)-
level optimal MSE quantizer as described above. Define the k-th half-step of the quantizer as

Q_Q
ku = & 26’“*1, for 1 < k < m. Then,

i = T Q_Q
) 1— ()2 <ein <1 Jfm > 2, then 3 <@g <1,

g

1) For 1 <k<m,
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2v2Inm + 6 ~ 1.1VInm ®)
Proof. See the appendix. |

Next, we construct a set of (2m+1)-segmented increasing odd functions, denoted by A7 (r, o)

satisfying the following properties:

Property 1. For every ap(0) € A} (rp,0), there exist 2m + 1 segments By = [by,byy1), for
k € N, Bo=(—b1,b1), and B_y, = (b_g_1,b_g], with by, 1 = —b_,,_1 = 400 such that:

e ar(0) is increasing and odd (i.e., ap(—0) = —ar(0)), and is smooth over each interval.

e ar(0) has a unique fixed point in each segment. That is, for each interval By, (—m < k <

m), there exists a unique cy € By such that ar(cy) = cx, with ¢g = 0.

We also impose the constraint that interval endpoints b, remain close to midpoints of [c;_1, ]

and that fixed points ¢; remain within certain vicinity of c¢;’s

Property 2. For every k € N,,, |b, — @\ < 0.1r;.

From the above property, if we define 7, = x? + 3 and z;, = .:ES — 3 for 1 < k < m, then
Ty and xj represent upper and lower bounds on the lengths of both half-intervals [c;_1, b;] and
bk, Chy1]-

Finally, we impose a constraint on the slope of ar () in each interval, keeping the slope very

close to 7, as well as a linear bound on ar(6) in the tail. We impose the following property:

Property 3. For every —m < k <m and § € By, r < La;(0) <7, where r = r(1—0.5r70?)
and 7 = r,(140.5r3 02). For the tail interval B, r < Lar(0) < T for by, < 0 < ¢+ \/€0Tp,.
For 0 > ¢, + \/edZ,, we have ar(0) < ¢, + 3rp(0 — ¢).°

For any ¢ > 0, define M (o) = {m € N|2&% > 2v/2Ino 4+ 5, m > 25}.7 We then claim
that the set of strategies A7'(rp,o) for m € M(o), characterized by Property 1-3, is invariant

®We state the properties (and in many cases the analysis) only for > 0. The counterpart for § < 0 is immediate since the
function is odd.

" As we will see in Section IV, this ensures inclusion of local minima with an expected cost within a constant factor of the
optimal cost.
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under the best response operator for sufficiently large values of o in the regime % <rpo?<1.
We formally state this result here, and provide the proof which is based on the best response

analysis carried out in Section V, in the appendix.

Theorem 1. Consider the regime % < rpo? < 1 with o > 0. Then, the set of (2m+1)-segmented
strategies AT'(ry, o) for the leader characterized by Property 1-3, where m € M (o) = {m €
N |l‘? > 2v2Ino+ 5, m > 25} and o > 300, is nonempty and invariant under the best response
operator.® Moreover, the game described in Section Il has an equilibrium for which:

i) a;(0,rp,0) € AT (rp,0), and

i) (a(0,7p,0),a%(s) = Esla}|s]) maximizes the expected payoff of the leader over all pair

of strategies (ar(0,rr,0),ar(s) = Eslay|s]) where ar(0,rp,0) € AT (rp,0).

Proof. See the appendix. [ |

We expect the above theorem to hold for much smaller values of ¢ and much smaller number
of levels (2m 4 1), by optimizing/tightening the bounds used in deriving this result. While this is
in principle doable, we believe this would sacrifice clarity given the tedious calculations required,

and would substantially increase the length of the paper.
IV. LoCcAL MINIMA AND ASYMPTOTIC PERFORMANCE GUARANTEES

Let

oo 2
Ular,ap=—Eg[ur (8, ar,ar)] :rL/ 60— aL(G))2Md9

[

6(5)

— 00

(1) / ) / lar(s) — an(0)?6(s — an(0)) 2L dsao, ®)

for any two measurable functions ar,ar : R — R. As discussed in Section I, U(ar, ar) defined
above maps to the expected cost of the original Witsenhausen’s problem in [1]. The aim of this
section is to study the performance of the equilibrium strategies characterized by Theorem 1 in
view of the above cost function. Being an equilibrium implies that the cost cannot be improved
by changing one of the strategies a} or aj. while keeping the other fixed, although this does not

rule out the possibility of obtaining a lower cost by simultaneously changing both strategies.’

SRecall that x? is the first half-step in a (2m + 1)-level optimal MSE quantizer.

“We thank Anant Sahai for bringing this point into the authors’ attention.
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With a bit of manipulation, however, we can show that the image of the strategy obtained from
an infinitesimal variation in a} also lies within A7", using which we can show that (a},a}.) is

indeed a local minimum of U.

Lemma 2. Any pair of equilibrium strategies (a} ,a%,) characterized by Theorem 1, where a} €

A(rp,0) and a}(s) = Es[a}|s|'’, is a local minimum of the cost functional U in (6).

Proof. See the appendix. [ |
We now have the first main result of the paper: a near piecewise-linear strategy for the leader
(or first controller) that leads to a local minimum of Witsenhausen’s problem. Although the
importance of such strategies has been already noticed in the literature ([17]-[20]), no analytical
result concerning the optimality of such strategies is reported in the literature. Theorem 1 also
presents an important result in the context of two-stage games of incomplete information.

We next aim to evaluate the asymptotic performance of these local minima with respect to the
optimal cost. According to Theorem 1, (aj,a}.) is a minimizer of U over the pair of strategies
(ar,ap) with ar, € A7 (rr, o). Therefore, we can use any other pair of strategies with the leader’s
strategy being in A}' (for which it is easier to evaluate the cost) to find an upper bound for
U(a}, a%). For this purpose we use U(a%,a%) < U(ay,a?), where a is the piecewise-linear
strategy with segments B,? and fixed points cg specified in the base configuration in Section III
and %a?(@) — r;, over each interval, and o is the optimal (2m + 1)-level MSE quantizer (i.e.,
constant value of ¢! over segment B2). It is easy to see that (§—a2(h))? = (1—r)%(0—a2(6))>
We can thus write U(a, a$) = rp(1 —r.)2D% + (1 — ) DY, with

Di = / - a?sw»?‘ﬁf)de,
6(3)

DR = [ [ (ae) - a0) (s - a2(0)) s g

Q
D}(‘? can be upper-bounded as Dg <4 %Ef::igzqﬁ(%) + T%Dg (see the proof of Lemma 3).
We can find the exact asymptotic value of D% using results from asymptotic quantization theory
([23]-[25]): DS is the mean-square error of an optimal (2m + 1)-level MSE quantizer for a

source  ~ N(0,0?%) (see, e.g., [25]). It is known that for large m, DS ~ where ¢, is

Coo
@mt1)2’

"Recall that § ~ N(0,1) is the noise in the follower’s observation.
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the Panter-Dite constant of a normal source given by

e\

Q
Another interesting exact asymptotic equality is (2m + 1)%1 ~ Vor using which we can

2
Qy2
alternatively write D% ~ (m\l/g as m — oo. We have the following lemma.

Lemma 3. For the pair of equilibrium strategies (a},a%.) characterized by Theorem I, where

ay € AP (rp,0), at(s) = Esla}|s], and m € M(o) we have

T T .’ﬂ ' Q
g R o
lim inf

m—00 U(ab aF)

> 1. (€))

Proof. See the appendix. |

The above asymptotic upper bound on U(aj},a}) is minimized when xl ~ 2v2Ino for

large o, with number of levels (2m + 1) ~ 4\/3% and yielding a cost = 8’"?}“’ Recalling

that M(c) = {m € N|z2¥ > 2v/2Ino + 5,m > 25}, this implies the existence of a local
minimum with near piecewise-linear strategy for the leader with a cost asymptotically as low
as % To compare with the optimal solution, we use the lower bounds on the optimal cost
of Witsenhausen’s problem derived in [15]. The following lemma is an immediate result of

Theorem 4 in [15].

Lemma 4. Denote with U*(0) the minimum value of the cost functional U(ar,ar) given by (6)
in the regime r;0* = 1. Then

Ino

lim su < 1. 10
msup o) = (10)

Proof. See the appendix. [

This lower bound is quite loose (as also pointed out by the authors in [15]), but still serves
our purpose of showing that our proposed set of local optima include solutions that are only a
constant factor away from the optimal cost as o — co.!" We summarize the main findings of
this section in the theorem below.

""The ratio between the upper and lower bounds in [15] is almost 100. For the well-known case of ¢ = 5 and k%02 =1, the
lowest known cost ~ 0.167 is only 12.5 times the value obtained from the lower bound.
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Theorem 2. Any pair of equilibrium strategies (a},a}.) characterized by Theorem 1, where
a; € A7 (rp,0) and al.(s) = Eslajl|s|, is a local minimum of the cost functional U in (6).
Moreover,

8rplno

lim inf — /3 oy 2 L (1
o—o0 MiNmen(o) Ulag, a})

In the regime r;0* = 1, at least one of these local minima are less than 27.8 times away from

the optimal value, as 0 — oc.

Proof. See the appendix. [ |

V. BEST RESPONSE ANALYSIS

The objective of this section is to prove Theorem | on the invariance of the set of strategies
A7 (rp,0) (for m € M (o)), and the existence of an equilibrium with the leader’s strategy in this
set. The first step in verifying the invariance of A7'(r, o) is to characterize the best response of
the follower ar(s) to the leader’s strategy ar(0) € A7 (rL, o). We can then use these properties
to find the updated best response of the leader to ar(s), denoted by ar(f) and enforce its
inclusion in A7 (rp,0).

The follower’s best response to the strategy of the leader a () is the expected action of the
leader given the observation s = ay, +9, that is ap(s) = Es[ar|s]. Following a simple application

of Bayes rule we can obtain

JZ an(0)¢(s —ar(8))o(2)dd
I o(s —ar(0)p(L)do

Using this, we can easily show that ap(s) is analytic and increasing, with Lap(s) = Varlay|s]

ap(s) =

(12)

(see [1] for a proof).

In order to characterize ar(s), we start by estimating the expected action of the leader and
its variance conditioned on the interval to which € belongs. Actions of the leader in interval By,
(k # +m) are well-concentrated around cy. In fact ay(0) € [cx — FZy, cx + FTpyq] for 0 € By,

from which the lemma below follows immediately.

Lemma 5. For 0 < k < m,
7:2(53k+§k+1)2.

Elar(0)|s,0 € Bg|] — cx| < 7Zpy1 and Varlap(0)|s,0 € By <
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Proof. See the appendix. [
The analysis is a bit involved in the tail, since for § > ¢,, the leader’s actions are not in a
bounded vicinity of ¢,, anymore. However, we can derive several useful properties for the tail

as well.

Lemma 6. Consider a tail observation by the leader (i.e., 0 € B,,). Then,
Elar(0)|s,0 € By — ¢ < 7o, (13)
for s < ¢y + Tmy1, where Ty, = \/€Tp,. For s > ¢, + Tpy1, we have
Elar(0)|s,0 € Bp] — ¢ < 3rpo(s —cm + 1), (14)
Also, Elar(0)|s,0 € By, — ¢y > —TZp,. As for the variance,

, for s < ¢y

Bl Wl

Varla0)|s,0€B,,] < 772(%’““)2, Jor 1 <S<Cm+Tma (15)

2.5r202(s—cm)?, for 8> o + Tyt
Proof. See the appendix. [
Let the signal observed by the follower be between ¢, and cgyq, i.e., s = ¢+ 0 with 0 < § <

cr+1 — ¢,. Then, we claim that the follower’s posterior on 6 given s has a negligible probability

out of the neighboring intervals By, U By 1.

Lemma 7. Let the observed signal by the follower be s = ¢ + 9, where 0 < 0 < cpiq — Cp,
with k > 0. Then, for any j > 1,

Probl0 € Bj_;ls] 7(Ck*021c—j>2+3j+1 (16)
Problf € By|s] '
Similarly,
Prob[9 < Bk+]’+1|$] —w-‘r:ﬁ'f'l (17)
Problf € Byy1|s] '
Proof. See the appendix. [ |

Using this lemma and the fact that the fixed points ¢, are well-spaced, we can show that the

effect of the intervals other than By and By, on ap(s) are negligible. In order to characterize
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the follower’s best response ar(s), we then need to focus only on the segments adjacent to
the observed signal, and in particular figure out the weight of each of these two neighboring

intervals in the follower’s posterior on . We do this in the following lemma.

Lemma 8. Define

ck—l—ck+1+ 1 1 (Prob[@EBk] )7 (18)

M+1 = 2 AkJrl Prob[@ € Bk+1]

where A1 = cpy1 — Cx. Also, write the signal observed by the follower as s = my1 + 0. Then,

for 0 <k <m-—1,

7252 722
e—Ak+1 ((5+f:72k+1)— 2k+1 PrOb[eeBk’S] <€Ak+1 (f:@k+2—5)+ 2k+2‘ (19)

~ Prob|0€ By |s) —

For the case involving the tail segment B,,,

oy Prob|0€ B, 4 |s] o

7Am(§+fjm)7r <116 7Am(5ff.im)+ 20
~ Prob[0eB,,|s] — ‘ 0

e

Proof. See the appendix. [
It is worth mentioning that my,; defined in the above lemma is quite close to the midpoint
. . 1.1 CptCrpy1 2.3 12

of ¢ and cy1. In particular, using Lemma | we can show that A M1 Ty <A
We can now characterize the best response of the follower ar(s) to the leader’s strategy ar,(6) €

A7 (rp, o) up to the first order.

Lemma 9. Let s = my 1 + 0, with ¢, < s < cgy1. Then

ar(s) > ¢ + 1+ 1.17e-Brr10 1.017 %42
ar(s) < ¢kt 7 117‘1+7§—kzi+16 + 101 Tt e
Also,
OS%aF(s)s1.17e—Ak+ﬂ5Ai+1+1.017"2(M>2f0”5 =05
OS%@F(S)S 117" 20A7, +1.0172 (@)Qﬂ” 0>=05. (22)

12See the proof of Lemma 11 for details.
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Proof. See the appendix. [

Corollary 1. A useful consequence of Lemma 9 is that

ap(s) > cppr — 117 210N 1 — 1.017Z 49

ap(s) < e+ 117210 A 4y + 1.O1FTy o, (23)
and
d —Apt16] A2 72 72
OS%CLF(S)Slne Ajyr + 1017775, 24
where s = myp1 + 0, with ¢, < s < Cpy1.

Note that the exponential terms in the above bounds vanish quite fast for large A, and |J].

for small |d|, another useful upper bound on the derivative of arp(s) is

d 1
Eap(s) < Z(A,g+1 + 27 Tg40)” + 0.017°Z5 . (25)

Corollary 2. Let s = myq1 + 6, with ¢, < s < cpy1. Then,

2vV2Ino
5

2vV2Ino

Chr1— L1 Ti0 <ap(s) <cpi1 + 1.17Zy o for 0> —5 (26)

ck— 1 17T 0 <ap(s) <cp + 1.17Zy4o for 6 < —

Roughly speaking, the above corollary says that, if the observed signal by the follower is
far enough from the midpoint of ¢, and cx;, then the optimal action of the follower is well-
concentrated around ¢, or cx; (Whichever that is closer), and changes very slowly according to
Lemma 9."° However, ar(s) may have very high variations for s close to m;_; as can be seen
from Lemma 9.

The following lemma characterizes ar(s) when follower makes a tail observation.

Lemma 10. Let s = ¢, + 6, where § > 0. Then,
i) for 6 < Tpmi1, Cm — L.017Z0 11 < ap(s) < ¢+ TTmp1, and 0 < d%aF(s) < 0.872 (EmtimsL)2

ii) for § > Tpi1, ¢ — 1.017Z,, < ap(s) < ¢+ 3rpo(d+ 1), and 0 < %ap(s) < 3r2g?0%

\/ A
“Note that 2¥21ne < 2L o Zkil

5
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Proof. See the appendix. [
Lemma 9 and 10 provide the first order characteristics of the best response of the follower to
a leader’s strategy ar(0) € A7'(rp, o). We are now ready to analyze the leader’s best response

ar(f) to ap(s) and see if we can keep it in AT'(r;,0). We have ap(f) € argmax,, ur(0,ar),

where
&L(Q, CLL) = — TL<9—CLL)2
— (1—7“L)/ (ap(s) —ap)?é(s — ar)ds. 27
Lemma 11. Consider 0 € [cg, cxi1], 0 < k < m. Then, there exists a unique Bkﬂ € [k, Chr1)
such that
’&L(Q) — Ck‘ < BrTpie for O < Bk+17
|C~LL((9) — Ck+1‘ < 5fi’k+2 for 0 > lN)k+1. (28)
Proof. See the appendix. [

The points by, determine the segments of the best response strategy a £(0). The leader’s best
response strategy clearly has a discontinuity at Bk+1. However, as we show in the next lemma,
ar(6) is differentiable at all points 6 € [cx,cp1] \ {bes1}. We further bound the derivative
of ar(f) using the bounds on the follower’s strategy and its derivative derived in Lemma 9,

Corollary 1, and Corollary 2.

Lemma 12. Consider 0 € [cy, cxi1), 0 < k < m, with § #+ Ek+1- Then,

d rL

—ar(0) >

d@aL( ) - 7"L+(1—7“L)(1+0.47720'2)

d T'L

—ar(f) < . 2

80 = T =0 a7 29)
Proof. See the appendix. [

Using this lemma and the values r = r7(1 —0.5r20%) and 7 = r7(1+0.5720?), we can easily
verify that r < d%dL(H) < 7. This means that Property 3 is preserved by the best response for
0 € [—Cm, cm). We study the tail case later in Lemma 14. Next lemma identifies 2m + 1 local

minima of the MSE term in the leader’s payoff, each located in a tiny interval around a fixed
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point of ar (), establishing that they are indeed the fixed points of the best response strategy
ar(0).

Lemma 13. Define
jL(&L) = / (ap(s) — ar)?é(s — ag)ds. (30)

(e}

Then, Ji(ay) is strongly convex over [cy— 5T Tqa, Ci+DT T o] With %jL(aL) > 2(1-0.457%02).
L

Let ¢ be the unique solution of

Cr. = argmin Jr(ar). (31

ar €lex—5FT g1 2,ch+57T k1 2] [Dr,br1]

Then, &L<ék) = ék

Proof. See the appendix. [
The fixed point characterized in the above lemma is the unique fixed point in [l;k, Bk.i_l] from
Property 3. Therefore, Property 1 is also preserved under the best response. Next lemma describes

the tail properties of ar(6).

Lemma 14. Ime <0 < Cp+ 0Ty, then r < d%dL(G) < 7. For 0 > ¢, + 0Z,,41, we have

dL(Q) S ém + 3TL(9 — 6m)

Proof. See the appendix. [
Now, in order to verify that the updated strategy ay (6) satisfies Property 2, we need to bound

the displacements in the fixed points ¢, and endpoints b

Lemma 15. For the endpoints of the intervals corresponding to ar(0), we have |by4 —CH% <
0.1r L.
Proof. See the appendix. |

Bounding the displacement in ¢, can be done in multiple steps: first we need to relate the
fixed point of the leader’s best response @ () in interval By to the fixed point of ap(s) in By
(i.e., s1), followed by estimating s;, in terms of ¢; and e;, where e;, = Ey (o ,2)[0]0 € By], that is,
the expected value of § over By. Finally we bound the displacement in e; with the displacement

of the interval endpoints using properties of truncated normal distribution.
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Lemma 16. Let s, be the fixed point of ar(s) in the interval [cj — 5TT 11, Cr + DFTmy1], Le.,
ap(sg) = sk. Then,

Tp + Trg

&, — si| < 0.42r% ( )2+ 0.087% 2;. (32)

Proof. See the appendix. |

Lemma 17. s, can be located based on c;, and e;, as
sk — (1 —rp)ex — rren] < 1977 Tk (33)

Proof. See the appendix. [ |

Using Lemma 15-17, we can reach at

16 — (1 rp)cx — roéx| < 0.4202 (T Tht1y2 925 (34)

where é;, = Eng2)[0]60 € Bk], with B, = [Bk, l;kﬂ}, b = % and by.q = % We can
now use (34) and Lemma 15 to verify that Property 2 is also preserved by the best response,
completing the proof of the invariance of A} (rp, o) for m € M(o) and o > 300 in the regime
% < rpo? < 1. This is carried out in the proof of the following theorem.
VI. CONCLUSIONS

We studied Witsenhausen’s counterexample in a leader-follower game setup where the follower
makes noisy observations from the leader’s action and aims to choose her action as close as
possible to that of the leader. Leader who moves first and can see the realization of the state of
the world chooses her action to minimize her ex-ante distance from the follower’s action as well
as the state of the world. We showed the existence of nonlinear perfect Bayesian equilibria in the
regime % < rpo? < 1, where the leader’s strategy is a perturbed near-piecewise-linear version
of an optimal MSE quantizer. We then proved that these equilibria are indeed local minima
of the original Witsenhausen’s problem. Incorporating some relevant results from asymptotic
quantization theory and lower bounds on the optimal cost of Witsenhausen’s problem from the

literature, we showed that the proposed local minima include solutions that are at most a constant

factor away from the optimal one.
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APPENDIX

Proof of Lemma 1. To avoid lengthy expressions, we introduce and work with normalized
Q . Q Q . Q
variables Z; = %’“, b, = bf, Cp = %’“, and B, = %. All the expectations are then taken

using N (0, 1) as the probability measure.

i) Let p(h) = ﬁgl()h) denote the Mill’s ratio. Then, 0 < 1 — p(p —h) < (p — h)? (see, e.g.
[27] for a proof). This implies that 0 < 1 —¢,,2,, < i’fn Moreover, Z,, is decreasing with
m and it follows from direct calculation that z, = 0.48 < % hence completing the proof.

ii) Since ¢, is the centroid of segment Bk, we should have

Cr 5k+1
/ (6 — 0)6(6)d8 — / (60— &)6(0)db. 35)
b A

Ck

. . Cl /A~ 7 Ck /A b 1
This, together with theA fact that [;*(éx — 0)$(0)d0 < ¢(by) f;" (Cr, — 0)df and [**(0 —
¢k)0(0)d0 > P(byyq) f;"“(@ — ¢y, )d6 proves the RHS inequality in (4). To derive the LHS,
let p, = Prob[6’|l;k < 0 < ¢ and p2 = Problf|c, < 6 < i)k+1]. Noting that ¢(6) (for
6 > 0) and ¢ — @ are decreasing with 6, we apply algebraic Chebyshev inequality to (35)
to obtain p,2;, < p2ixy1. On the other hand,

2 A A
Pi o Ben | 9G) (36)
P Tk (k)

Combining the two, we can derive the LHS in (4). It then immediately follows from the

LHS inequality that z;, < 2., for 1 < k. Applying the result of part (i) to the RHS
inequality we can easily show that ‘T;z—:l <e.

iii) A useful property here is that g(z) = 1 [*"" ¢(t)dt is decreasing in x for x,a > 0. Using
this, we can obtain

Prob|0|6 € By _
Prob[d|0 € B;] ~ &5+ Tj41 ¢(b;

(37)

where the last two lines follow from part (ii). We have to modify the proof for k£ =

m. To extend the proof to the case k = m, it suffices to show that Prob[f|f € B,,] <
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Prob[0]|0 € B,,_1]. We first note that

Prob|0|d € B,,| = ¢(Abm> < gqj@m)g&m, (38)

Cm

where we have used part (i) in the last inequality. The proof now follows from the fact
that Prob[0]0 € By, 1] > (&1 + &m)d(bm) > (1 + 1)a0n(byn).
iv) We start by showing that

eé(il""'“""jk)Z < :%]f"'l < 6%(i1+‘..+-%k+1)2' (39)
T
The LHS easily follows from part (i1), while the RHS requires a more involved analysis

as we elaborate below. The idea here is to find an appropriate lower bound for the RHS

of (35). Using Jensen’s inequality for the function e™*, we can obtain

Bk+1 jz . 3 ls _
[ 6= aem = L (40)
Cr

Combining this with the same upper bound of %qﬁ(i)k) as in part (i1) for the LHS of (35)

b 202(0—¢;)
1 k+1 Lk
———df

and after some simplification we can reach at

i‘2 2 &2
k1l - eak@ﬁgékaekﬂf%w
@3

.2
Tk41
4

(41)

Substituting £ with 1,..., &k — 1 and multiplying all these %k inequalities we can prove the

RHS inequality in (39).

Incorporating the simple inequality £ﬁ+—% < e < /e into (39), we can find that

1 < V2medp1 (T + ...+ &) for K =1,...,m — 1. Adding up all these inequalities
and 1 < v2meZ1¢9(21) yields

miy T . o0 1
< Ted(T1 + ...+ 2x) < 0)do = —, 42
%_; KO0 W< [ o) =3 (42)

proving 7, < */22—1?
Based on the RHS of (39) and following a similar approach we can show that

-1
Fppre 6@t < o(m — 1) (43)
1

3

i
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On the other hand,
00 —3 (@14 AEm)?
/ e 8% dp < 66A e A)
E14 A Em 10(Z1 + ... + 3)
66*%(£1+...+§:m)2i.m

T 10(Z 4 T T

< 1.624, (44)

where the last inequality follows from (39) and part (i). Putting (43) and (44) together

db = 10, which yields z; > \/@ Using (39) for

k =m — 1, together with Z,,¢,, <1 and & < ¥%22€, we can find

~ co _5p2
we can show that em@; > [~ e 50

1 2MmT,
> T [1In , 45
24/1.2 V2me )
using which we can show that z,, < #ﬁ, for m > 5. This in turn implies that
1
>——xm211vln _ (46)

1 1\/ln

Finally, using the LHS of (39) for k = m— 1, together with #,, < V/3m

1 S>>
1.1vVInm and T Z V10em’

and some manipulation we can obtain

m < 2V2Inm+ 144+ ——— < 2vV2Inm + 1.4 4 1.45, 47
1\/111 7

for m > 5. Along with ¢é,,2,, > 1 — 22, this leads to

1 1
B> > . 48
Tiwy B 2/2m+0 45)
2 4
]

Remark 1. Particular consequences of assuming m > 25 and o > 300 and that m is such
that w? > 2v/2Ino + 5, are frequently used in the proofs concerning best response analysis.
We summarize these properties here to avoid confusion in case they are not explicitly mentioned

when used in the proofs.
1 29 > 6x(1Q and cQ > 13.528. This follows from direct calculation of the optimal (2m + 1)-
level MSE quantizer for m = 25 and that i—% and ;—95 are both increasing with m.

1

2) 28 < 0.2620. This follows from direct calculation of the optimal (2m + 1)-level MSE
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quantizer for m = 25 and that % is decreasing with m. As a result, T,, = 22 +3 < 0.2720
since o > 300.
3) x? > 11.5. This follows from x? > 2vV2Ino+5 and o > 300. As a result, 1 = x? -3 >

8.5.
4) m < 3. This follows from part iv) of Lemma 1: 2Tm < */257 < 2\/‘2/12;% < L
331 no
Proof of Lemma 5. This is an immediate result of Property 2. [

Proof of Lemma 6. We start with the case where ar (¢, + 0Zpmi1) < 8 < ¢ + Tpyr- Let
0. = ¢y + 0Ty1 and O, = s — ar(6.). With some manipulation, we can show that for every

b, < 6,0 <6,

Prob[¢’|s] _ P(s — aL(QI)W(%/) > (Z£)(6. + (0. — 9/))_ (49)

Probd]s|  ¢(s —ar(0))o(3) ~ ¢(7)(dc +1 (0 —0))

Integrating with respect to 6’ and after some simplification, we arrive at

&0 +1(6. —0)) 0)
Prob[0]s, b, < 0 < 0,] < r _ )
oDl b < 0.5 0] = 5 0.~ 9) 30,) — B(6)
50)
ce O (50)
(ec) - (I)(bm>
where ¢ ~ N (fi, v?), with i = % and v* = l—l—(;—;ﬂ < 02, and
50 +r ec - bm

T ) s

&0 +T(0. — b))
Using 6. < Tppi1 —T0Tma1, it is easy to verify that 6.+ 71 (0. — by,) < Tpe1 + 1. It then follows

that

Iné= (7 —1)0— bp) (e +7L(0. — b))
<rio*(veo + 1)z, (vVex, + 1) < 0.001, (52)

for o > 300 and m > 25 (for which 2% < 0.2620), implying that £ < 1.01.

A useful formula is

(Enuob]e < 0] — ) Enuor[0lc < 0] — p)
2

1
;VEH'N(N’(Q)[H‘C S 9] =1- o

Enxuonflc < 0] —
N(;L, )[ ‘C— ] 6)27 (53)

o

<(
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for u < c. Moreover, the above variance is increasing in p for p < c (see, e.g. [27]).
Let e = En(,02)[0|bm < 0] = by, and €9 = En(0,62)[0|brn, < 0] — by, Then, from the increasing

property mentioned above, we find

(b + ez — )eq < (b, + €9)eg =
— (b, — 1) + /(b — [1)2 + 4eg(by, + €0)

eﬁé

2
_bm__ bm__2 4_mbm _m
< = 1)+ /( 2#) + 4Ty (b + T )7 54)
and hence,
Cn 2(bm + Tm) (55)

Tm = (b = 1) + /(b = )2 + 42 (b + T)
Based on this inequality and that ¥ > 11.5 (from the definition of M (o) and that o > 300),

and that 2Q > 622 and 0Q > 12.52Q for m > 25, we can show that ez < 1.134Z,,. Therefore,

Elar(0)|s, by < 0 < 0]—cpn <EFEG[0 — by by, < 0 < 6,

< ETEN(,02)[0 = bin|by < 0] < 1.01 x 1.1347%,,, < 0.757 %41 (56)
As for the variance, we start with
Var[ar,(0)]s, by, < 6 < 6] <EF*Varg[0|b,, < 0 < 0,]< {7 Vary(; 02)[0]b, <0]. (57
Combining this with the bound in (53), we get
Var[ar(0)|s, b, <0 <0, <1.01 x 1.134*7 3% <1.37°72,. (58)

Similar results to the above can be derived for the case where ar(b,,) < s < ar(f.), using

0, instead of 0., where s = ar(6;) with b,, < 05 < 0.. The same for the case s < ar(by,),

702 (Fbom—0y) —2 g2

following a similar argument with ¢, ~ N(fi,, 7?), where [, = 5 e, 1P = %, and
(Sb = G,L(bm) —5>0.
Now we bring into play the tail effect. For every 6 > 6., we use
PI'Ob[@’S] _ ¢<S - aL(Q))¢(§> (59)

>

Probley, < 0" < 0cfs] % ¢(s — ay(6))¢(

m

Vg’

al
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using which for s = ¢,,, + 6 with 0 < ¢ < 7,11, we get

)
Prob|f|s] < ez ¢(%) ‘ 60)
Prob[c,, < 6" < O.|s] ~ o(P(L) — ()
Therefore, for 8 > 6.
T1-0(%) ol
Prob[0]s, 0 > c,] < — z g (61)
(5)—®(2)  o(1-2(7))

. . . R241 1-®( %) p(%) .
Using the inequality i < p(h) < *5&= for h > 0, we can show that (%) _a(em) < gremy This,
along with (61) and 0 < 6 < Z,,41 and 6. = ¢, + 0%,,41 yields

Prob[f|s, 8 € B,,] < Prob[d|s,0 > c,,]
cmTm41 .
O o) .

for § > 0., where we have used ¢,,Z,,4+1 > o2 (which easily follows from Lemma 1). Using this

along with (56), we can obtain

Elar(0)|s,0 € By] — cm

0. 0.
<0.757 T 1+e” 7 (3rp (e — cm + a(p(;) - ;)))
SO.75fa_cm+1+37“,;06_”(fm+1+—07 ) <T Tt (63)
Cm+0-xm+1

Also, E[ar(0)|s,0 € By,] > ap(by) > ¢ —TZp,. To bound the variance, let k = Elay(0)|s, b, <
0 < 0. (k> ar(bm)). Then,

Var[ar,(0)|s,0 € B,] < E[(ar(0) — k)?|s,0 € B,

< 1.37°22, + € "Eno,02)(ar(8) — ar(by))?0 > 6]

(64)

on noting o > 300.
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For s < ¢,,_1, we use the fact that Var[f|s,b,, <0 < 0,] < (%t=)2 to get

Varlaz (6)]s, by < 6 < 6,] < fQ(ec O

)2 <0.3. (65)

As for the effect of § > 6., we can easily see that for s < ¢,,, (62) becomes

o)
Prob|f|s, 0 € B,,| < 7. 66
S O ) (00
We can use this to bound the variance similar to (64):
0.7572 (Lutlut )2 o\ <5 < ey
Var[ar,(0)|s,0 € B,,|< (67)

1
3 S < Cm—1

For the case where s > ¢, + Tyy1 (€., 0 > Tpuy1), let 8, = ¢, + 0d. Then, similar to (62)

we can obtain

—o (0
Prob[ds, 6 € B,,] < e;'j(g) (68)
o(1—=2(%))
for 8 > 6. Using this and similar to (63), we can reach at
Elap(0)|s,0 € By] < ¢+ 3rpo(d +1). (69)
To bound the variance, similar to (64) we can show
Var[ar,(0)|s, 0 € B,,] < 2.5r70%6%, (70)
which completes the proof. |

Proof of Lemma 7. First, we use the properties of the base configuration listed in Lemma 1 to

show that

Prob[9 € kaj] 9
< ¥t 1
Probld € B;] — 0

Q Q
Ch—j—11C—;

Q Q Q. Q
Cr_1TCk 43 % terp
) 2

Q Q
Ck—j+ck—j+1]
2 ! 2 :

Let By=|[by, b11]=] |, and By_j=[by_, bp—_j11]=| 5

3,
Then, it is straightforward to verify that

Prob[ € Bj_;] < Prob[¢ € By_;]

~ . 72
Probl0 € By] ~ Probld € By] "
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Similar to part iii) of Lemma 1, we can write

Probl¢ € By—y] _ p(Yemitl) L Do bt d

< — : (73)
Problf € By] ¢(bk+;+5) bry1 — b
where & = max{0, (by_j+1 — br_;) — (bes1 — b)} < 6. As a result,
Cg—j—i_cg—j-ﬂ Q Q
Prob[f € By_;] < P(F=5r=)  wf, Fap —3+0
Probld € B — ¢(C§+C§;1+12) xi{rl + a:g -3
< 1.360%(c%+3)(c%7c7%7j+6)’ (74)

where we have used the fact that m(f? > 11.5. Based on the above inequality, together with

Q@ — 2 <229, and “25 < 1, and that % < 2v/2Tno + 1.5 + 1.5 (which follows from

m m?

Lemma | and that m < o as stated in Remark 1), and a bit of manipulation we can show that
PrOb[GEBk_j] < 20+l
Probjpen,] — :
Now, to prove the lemma for £ < m, we write

Prob[0 € By_;|s] < Prob[0 € Bj_;]¢(0 + (cx — ¢r—j) — 7T
Prob[ € By|s] — Prob[d € By|op(6 + 7Zy,)
Problf € By_;] (k=)
Prob|f € By] ‘ ’

_ (Ckfck_j)Q
<e 2

+TTm (Ck —Ck_]‘)—5(ck —Ck—j —27_‘57m)

+2j+142j722, 677(”’“*”2’“‘3')13%1 (75)
using 777, < 3 (which follows from z% < 0.2620 for m > 25). The case k = m needs separate
treatment. Define Bm = [bm, Cm +Tm]. Then, it is easy to verify that (71) still holds if we replace
B,, with B,,. Therefore, the proof in this case follows from an argument similar to above on
noting that Prob[f € B,,|s] < Prob[f € B,,|s]. |
Proof of Lemma 8. If s > cj + 7Zky2, then
Prob[f € By|s] < Prob[0 € By|p(myi1 + 0 — ¢, — TTi42)
Prob[9 € Bk+1‘8] _PI'Ob[9 € Bk+1]¢(mk+1 +0— Ck+1 — ffk+2>

Prob[f € By]
~ Prob[f € By1]

cp+c __ __
eAkJrl(%Jrr;karQ—é) SeAk+1(m:k+2f5)7 (76)

where the last inequality follows from the definition of my,,. However, for the case where

s < ¢ + T2, the upper bound on the likelihood Prob[s|f € By] in the first inequality may be
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less and hence is replaced by 1, which will thereby lead to

PI‘Ob[9 € Bk’S] < — ?2i212c+2

Apy1(FTpq2—06)+ 77
Problf € Bya|s] — 7)

The other side of the inequality can be proved similarly.
For the case k = m — 1, the lower bound ¢(myy1 + 0 — cpy1 — FZgyo) for the likelihood

Prob[s|0 € By.1] is not valid anymore. To fix this, as in Lemma 7, we use B, = by Con + T

instead of B,, to obtain,

Prob[f € B,,-1]$] < Prob[f € B,,_1]$]

Prob[f € Buls] ~ Probld € B,ls]
PI‘Ob[(g E B ]eA (Txm—5)+T mgn ‘ (78)
Prob[& € B,]
ProbjseB,.]
On the other hand, we can show that Probjoch..| < 1.16, which completes the proof. It is easy
to see that the inequality in LHS stays as before for k = m — 1. |

Proof of Lemma 9. As the first step we bound the effect of intervals other than By U By;. Let
n=Elar(8)|s,0 € By U By41] and n; = E[ar(0)|s, 8 € B;] for —m < j < m. Using Lemma 7,

we can write

X Prob[f € By_j|s]
2 Prob[f € By|s] (= 1)
hm (ch—cho)? ..
SZ(ck — Ch—j + 2T, + DY R A
j=1
k+m
<N (231 + 2Ty + 2T,y e H I
7j=1
k+m
346—2502{-&-4@”1 Z je—2(j2—1)ﬁ+3(j—1)
7j=1
de~ =Mz, Z ~G- <2 6‘; 1070727, (79)

where we have used the identity Z;‘io e’ ~ 1.386. Similarly, we can bound the effect of
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non-neighboring intervals on the variance:

k+m

Prob[0 € By_;|s] , _ 5.6¢e
— M) < ) 80
Z Prob[f € By|s] (0= my)” < ot (80)
On the other hand,
k+m
Prob[0 € By._;|s]
V. 0)|s,0 € By,_;
Z Prob[0 € By|s] arfar,(0)]s, 0 € By
k+m 2 4
1 Cepmepy)” o 0.5e
— k=l 43541
<> g L (81)
j=1
Combining the two, we obtain
> Prob[feB)|s]((n — n;)*+Varlar, ()]s, 6 B;]) <10~ "r*a7. (82)

j=—m

JE{k,k+1}
Therefore, the effect of intervals other than By and By on ar(s) (and its derivative given by

Var|ay|s]) is quite negligible. Now, focusing on these two intervals (i.e., By and By.;), we have
Elar(0)|s, 8 € By U Bjy1]
= pElar(0)|s,0 € Bl + (1 — p)E[ar(0)|s,0 € Byy1]
< pleg + 7Zpr1) + (1 — p) (e + Dpir + TThi2)
<o+ (1= p) Ayt + PTgo, (83)
Prob[ocB,|s]

where p = Prob[ocB,UBy1|s]”
Lemma 8. The proof for the lower bound on ar(s) is similar. Now, as for the derivative, we

The proof for the upper bound on ar(s) now follows from

first note that Lap(s) = Var[ay|s]. Again, focusing on By, U By.1, we can write

Var[aL|s, 0 € B, U Bk‘—i—l]
< pVarlar|s,0 € By] + (1 — p)Var[ar|s,8 € By

+p(1 — p)(ElaL|s,0 € By] — Ela|s, 0 € Bry1])?. (84)

The rest easily follows from Lemma 5 and Lemma 8. [ |

Proof of Lemma 10. Exploiting the term e~%(cm=¢m-r=27) in (75) (for k = m), it is easy to
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observe that the same upper bounds given by (79) and (82) hold for the effect of intervals other

than B,, on ap(s) provided
e~ 0em=em—r=2%m) (R[q; (0)|s,0 € By — ) < 2Tpm. (85)

Verifying the above inequality is quite straightforward using Lemma 6, and specially noting that
Elar(8)|s,0 € Bn] — ¢ < 3rpo(0 + 1) for § > Z,,41. The proof of the lemma is now an
immediate consequence of Lemma 6. |

Proof of Lemma 11. We start by showing that

Ju(cx) = /00 (ap(s) — cx)?d(s — cp)ds < 1.17°T5 .. (86)

—00

Using the upper bound on ar(s) given in Corollary 1, we can write
MEk41 9
/ (ap(s) — cx) d(s — cx)ds
Ck
Mpg+1—Ck
< / (1.017Z g0 + LITA 1€ 024 41) 20 (my iy — ¢ — 0)do. (87)
0

A useful inequality here is

A SA A S(A—A o(A)
/ e Rp(A — 0)dd < ¢(A)/ e A Ngs < . (88)
0 0 A—A
Another useful property is that
Ak—l—l 2.3 Ak+1 1.1
> — . > — > . 89
9 + Ars = Mkt1 = Ck Z Ars = T, (89)
The proof of the RHS is similar to part iii) of Lemma 1:
PI‘Ob[9|9 S Bk+1] bk+2 — bk—l—l 0.5(Ck+2 — Ck) + 0.2rp
PI'Ob[Qw € Bk] - bk—i—l - bk - 0.5(Ck+1 - Ck—l) - O.QTL
ku+2 + xgﬂ +3 _e(l+ 6)372 +3
S°Q L0 3 = Q0 o (90)
ro Fag —3 (1+e)xy —3
As a result,
At e(l1+e)zd+3) 1 A 11
Mpaq — Cp > —— —In > - > Ty, 91
TRy ((1+e)mg—3 Apyr = 2 AV = ©1)

= . +1 = . >~ . N
on noting that x;” > 11.5 and A, ; > 17. This also implies that A, < 2A}" | + 0.14, where
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we define A}, = my41 — c,. The LHS of (89) follows from an analysis similar to (74) for the

adjacent intervals of By and By :

2 el +6
gb(%)

Prob[0 € By] <13 x
Prob[f € By.1]

QL .Q
o e

< 1‘36%%(2z%—3)(2c%+3) < 1'362’

from which the proof follows from the definition of my .

Incorporating (88) and (89) into (87) and after some manipulation, we can find

M 10127272
/ (ap(s) —cp)*d(s — cx)ds < #
K

( L37(2A7, , +0.14)2  2.377T, (247, +0.14)
202A7  +0.14) — A T (2A7, 4 0.14) — Ay

Joap

k+1
1.0127273 L37T(2A%, +0.14) | 23772
< +2 kt1 2 Ay
PR ( Ly + IS ) gAn )
< k+2 ( L1+ ) + 4.747r% 4o ¢($1)
9 1.5
1.0127272
< TM 4 (1.83&’1 +0.1+ 4.7477i’k+2)¢($1>
= 2 V2retot

where we have also used z;, > z; > 2v2Ino + 2.

92)

(93)

For s € [my1,ckr1], we have ap(s) < ¢xy1 + 1.17Z, 2 according to Corollary 2. Therefore,

Ck+1
/ (aF(s)—ck)ngS(s—ck)dsg (Apir + 1.1ka+2)2®(0k—mk+1)

mE4+1
Am
A

29(21) < S

1\ 2metot

<(2z1+ 0.14 +1.17Z19)

Using ap(s) < s+ 1.1%,,, we can show

/OO (ar(s) —cp)*d(s — ck)dsg@¢(2@1)(1.1fm+2$1+1)2

Ck+1

NG 117, 1)2
< Tﬂ¢(4\/2ln0)(1.1§:m fa 1) I B DT

20-16 r xk+2'
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Combining (93), (94), and (95), we can arrive at

oo 14, 221-2)
/ (ap(s) — cx)’(s — cx)ds< 1.O1°7°Z7 o+ 2 x 1074727} o+ b L —

0o V2metot

< 1177 4. (96)

For the case of k =m, [~ (ap(s) — cm)?d(s — cyy)ds needs a different treatment. First we note

that

/ (ar(5) — cm)26(5 — e )ds< / 0r202(5 + 1)26/(8)d6

Cm+Tm+1 Tm+1

_m 92 2

< 9r%02¢(i’m+1)—(x +12+ ) < 107%7%72 ;. (97)

Also,
cm+Tm+1
/ (ap(s) — cm)?B(s — ¢n)ds<0.57%72,, |, (98)

using which it is straightforward to verify that (86) holds for £ = m as well (define Z,,12 = T.11
for consistency).

Let 0 = ¢, + ¢, with 0 < € < %. We first show that az(6) lies in a 57z, o-vicinity of
either ¢, or c¢x;1. We begin with the case where ar(6) € [cg, cxt1]. Let ap(0) = ¢ + €, with

57Zpso < € < Agyq1 — 57Ty40. We can use Corollary 2 to obtain a lower bound for J, r(ar):

- o 44v/2Ino 5(€'— 1.1TTp42)?
J(ap)> (€ =1.17T1.10)% (1—P > =
( L)—( k+2) ( ( 5 ))— 16@(;%

where the last inequality follows from the property that 1 — ®(z) > ﬁ(;z) Putting this together

99)

with @7 (0,az) > az(0,cp) > —rp (5522 — 1.1(1 — r1)7222,,, it is easy to show that ¢ —
2 k+2

__ A
1.17"$k+2 < \I;tl

g

1.1ffk+2)2(I>(A’jj1) > 0.99(¢' — 1.17Z42)? noting Ay, 1 > 2x; > 17. Therefore,

for o > 300. A second use of Corollary 2 now yields Jy(ay) > (¢ —

ap(0,ar) < —rp(e —€)? —0.99(¢' — 1.17T149)> (100)

On the other hand, using (86), we get 4y (0,cy) > —rpe? —0.99(1 —rr)(1.17Z,2)?. The RHS in

T‘LE+0.99(1—'I’L) Xl.lf{fk+2
rr+0.99(1—rp)

(100) is maximized for €* = . Having @a.(0,ar) > ur(0, cx) requires that
|€ — €| < |0 — €*|, that is, € < 2¢* (recall the assumption by contradiction that 57z, o < €).

This then requires € < 57Ty, 2.
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For the case ar,(0) ¢ [ck, ck+1], suppose ar(f) < ¢ (the other case is similar), and let a,,(0) =
cr,—¢'. Then, it follows from @y (0, ar) > @r (0, ¢x) that —rpe?—1.1(1—rp)? 23, , < —rp(e+€)?,
from which it easily follows that ¢ < 1.1. Now an argument similar to the case ar,(0) € [ck, Cr+1]
shows that .J;, () > 0.99(¢'—1.17Z5)?. Combining this with |#—c;| < [§—ay| and @y (6, ar) >
ar(0,cr), we get 1.17%75 5 > 0.99(¢' — 1.17Z442)* resulting in € < 2.57Zjo.

Similar to Lemma 7 in [1], we can show that ar(f) is increasing. The fact that a () is
increasing implies that it cannot swing between the two neighborhoods. Therefore, there exists a
unique I~)k+1 separating the two regimes of [c;, — 57 Tyyo, ¢k + DT Txi2]| and [cpp1 — HFZTg1o, Cry1 +
5T ZTk42], thus completing the proof. [ |

Proof of Lemma 12. We start by

d o

o [ arts) = awols - anyas

o [ el o) - aPols)as

=2 [ (= an(s a1 - far(s + an))o(s)ds

=2 [ (o = ar(9)(1~ ar(s)ols — ar)is (101

Changing the order of differentiation and integration requires the map ay, — (ap(s+ag) —ar)?
to be (i) continuously differentiable, and (ii) its partial derivative be bounded by an integrable
function in an open interval around a;.'* These are easy to verify, noting that the follower’s
strategy ar(s) (i) is analytic, from which the continuity of partial derivatives is immediate, and
(i) |ar(s)| < |s|+ o and |Lap(s)| < s*+ c2,, from which integrability of the partial derivatives
follows from the finiteness of the moments of normal distribution. We can similarly, verify the
following identity derived using the integration by part for any given a; € R:

/ " (an — ar(s)(s — ar)b(s — a)ds = — / " (ar — ap(s)d(s — az)

— /Oo o(s —ap)d(ap — ap(s)) = — /OO %GF(S>¢(S —ay)ds. (102)

o0

14See, e.g., Proposition 14.2.2 in [28].
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Using (30), the first order condition for the optimal leader’s response ay gives

rr(ap —0)+ (1 — rL)/(ELL —ap(s))(1— %ap(s))qb(s —ar)ds = 0. (103)
Define the real analytic function © : R — R as
O(z) :$+M/(O;—aF(s))(l - iap(s))qﬁ(s—x)ds. (104)
rrL o ds

From (103) it then follows that ©(-) is the left inverse of the leader’s best response strategy
ar(-), that is, ©(ar(0)) = 0 for all € R.
Differentiating ©(z) we get

) = (1= rn) [ (1= far(s)ols - a)ds

+(1 — TL)/OO(x —ap(s))(1 —diap(s))(s —x)p(s—x)ds

0o S

S

=r;,+(1—rg) <1 — /_00(2 + (x — ap(s))(s—:z:))diap(s)gb(s—x)ds) , (105)

where the last equality is obtained using (102). Next, we use (105) to bound %@(w) for z =
ar € [Ck — 517.Tk+2, Cr + 577i'k+2].

Using (24) to bound %ap(s) and then applying (88), we can obtain
ME+1 9 o
[ (gaF(s) — 1.017°%;, ) (s — ar)ds
ar,

Mpp1—0L
< L17TA7, / e A0 (myy 1 — ag, — 6)do
0

1.17A%+1¢(mk+1 - dL)

—. 106
T Ay — My +ag (100
Another useful inequality similar to (88) is
A A)
340 + §)dy < - 107
| eon s s < 25 (107)

which together with the bound on “£ar(s) given in (24) yields

Ck+1
/ (gaF(s) — 1.017%77,,)p(s — ar)ds
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9 Ck+1—Mk+1 N R
S 117Ak+1 € + d)(mkH —ay, + 5)d5
0

< L L7TAL 1 d(mypq — GL)
T App +mp —ag

(108)

Let Aﬁﬂ = my,1 — ag. Then, using (91), we can show that for a;, € ¢, — 57Ty, Ck + DTk 2],

Ak+1 > xp. Also, Apy1 < 2Ak+1 + 0.14. This, together with (106) and (108), yields

Ck+1
/ ' (%GF(S) — 1.017%%7 5) (s — ar)ds
ar,
23403, O(mess — @) _ 23420, + 0.147°6(AL, )
A — (mesr—an)? = (2L, +0.14)2 — (AL, )?
2.34(2z1 + 0.14)3(1) (6.24z, + 1)e~2@1-2
(221 + 0.14)% — 22 N ’

<

< (6.24z1 + 1)¢(z1) <

(109)
where we have again used z; > 2v/2In o + 2. On the other hand,

Cm+Tm41
/ (gap( s) — 1.017°%7,,)¢(s — ap)ds
Ck+1

HCksr — ar)

Cht1 — Qr,

<

VRS

|
= (Apst + 27 Tgr)? + 0017222, | — 1.01f2f§+2)

4
¢(211)

< @3n+1((1 + f)z +0.017%)
2z

2V 2mo by, ' (110)

Combining the two, we get

Cm+Tm+1
/ (ar(s) — L0, 0)0(s — dn)ds
C

_ (6.24z1 + 1)e~2@172) N 2 1 ((1+7)%+0.0172)
vV 2metot 2V 2mwolbx,

< 0.017 xk+2, (111)

noting that o > 300.

For s > ¢, + Tp,11, using Lemma 10 and the fact that a.(0) < ar(¢,) < ¢ + 5rpo, and

similar machinery to the above, we get

/COO %GF(S>¢(S —ayp)ds

m+fm+l

< 37"%02/ (6 4 Ty 1)?P(0 + T — DrLTmr1)dS
0
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<3\/ 21

- 2

L (Zmg1+1) 2 (T 1 =57 LT ) <1078 . (112)

This, along with (111) yields

> d
/ £aF(s)gb(s —ar)ds < 1.057°77 5. (113)

The case k = m is even easier on noting that %ap(s) < 0.872z2,, over the whole interval
S € [em, Cm + Ting1]-

Now, to bound the other term assume ar(ay) < a, (the other case is similar). From (9), we
can see

AVASY
2.17

aF(mkH) > cp+ — 1.01?@%.},.2 > cp + 5ﬁ’fk+2 > ar,. (114)

Using this, together with a; — ap(ay) < 57Tjio + 1. 17Tk 10 < 6.177)4 0, We get

o0 d B ) )
/ %CLF(S)(CLL - GF(S))(S — aL)qﬁ(s — aL)dS

—00

<G —ap@) [ Sar(s)(s —an)o(s - ar)ds

< 6.17%,., (% + (mpar — ar) / M i (s) — 10172226 (s — aL)ds>
\/% ar ds +2
1.017%77 ., N LITAG  (mpyr — ag)d(myg — dL))
V21 App1 — Mpg1 +ag
1.01722
V2r
7.157 % 42(221 + 0.14)%e2(@172)

V2metot

for o > 300. For the case k = m and ar(ar) < ar,

< 6.1 T 10 (

< 2.467°7; ., +

< 0.17°%7 ., (115)

o g ~ _ ~
/ EGF(S)(GL —ap(s))(s — ar)p(s — ar)ds

. . *d . .
<(ar — aF(aL))/ Eap(s)(s —ar)p(s — ag)ds. (116)
ar,
We break this into two parts. First, using an approach similar to (112), we can obtain
N d 7 ar)ds < 1077z 117
) Eap(s)(s—aL)gb(s—aL) 5 < T (117)
Cm+Tm+1
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The other part is fcmHm“ Lap(s)(s —ar)p(s — ag)ds. If ar, > ¢, then

—ap(s)(s —ap)p(s —ar)ds< (118)

L ds V2T ’

where we have used that d%ap(s) < 0.872%2,,, for s € [¢p, Cm + Timy1] according to Lemma 10.

/Cm+”'”m+1 d N N 0.87°7},,,
a

Hence we get

% ~ » -
/ %&F(S)(GL —ap(s))(s —aL)p(s — ar)ds

< 6.17%,41(0.327%22, 4 + 10747722, |) < 0.17%72, (119)

We need to revise (118) when @y, < ¢,,. On one hand a; — ap(ay) < ¢ —ap(ap) < 117Zp 41
(instead of 6.177,,,1). We also use a loose bound such as'

emFEmiL 117222
—ar(s)(s—a s —ay)ds<——m+l 120
[ e —aots s (120

in order to get

/OO iap(s)(&L —ap(s))(s—ag)p(s —ar)ds

oo ds

1.1772, .,

V2r

< 117 ( + 107422 L) < 0.17°%7 1. (121)

Finally, putting all together we get

/ " L ()2 (@ ap(s)) (s — x))o(s — a2)ds

< (2% 1.05+0.1)7z2 | < 2.2ei*72, < 0.457°07, (122)

where we use that T,, < 0.272¢ for m > 25 and ¢ > 300.
Now for the other side, on noting that ap(s) < s+ 1.1Z,,41 and that for s € [cxy1, Cm + Tt

we have Lap(s) < ((1+7)? + 1.017%)z2,,,, we can write

Cm+Tm+1 d
/ ECLF(S)((CLF(S) —ag)(s—ar) —2)p(s —ar)ds

<((1+47)*+1.017%)z2, 4 /OO (s 4+ 1.1Zp41 —ap)(s —arp)p(s — ar)ds

Ck+1
>Note that ar, > ar(dr) > cm — 1.017Zm41.
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<V2r((1+7) 4+ 1.017%) 22 1 d(cpr — ar) / (6 + crp1 —ar + 1.1Z11) (0 + cuy1 — az)p(0)dd
0

o I+ (cpr1—ar)(cgr1—ar+1.17,, 2(cpt1—ar)+1.1z,,
<v27T((1—|—77)2+1.01?2)j;+1¢(ck+1 —aL)( (Cri1—aL)(Cri1—ay +1)+ (ckt1—ar) +1)

2 V2m
1+ 2;171(2.1'1 + 11fm+1> i 4;13'1 + 11Em+1)

2 V21
<10z, 1 6(4V2Ino) < 10747°22 ;. (123)

<V2r((147)* + 1.017%)22, .1 6(221) (

For s > ¢ + Tyy1, ap(s) < ¢y +3rpo(s — ¢ + 1) < s, and %ap(s) < 3rp(s —cm)? An

approach similar to (112) leads to

[ aar)(art) - ad(s - a) - 2ols — a)ds <10, (124

m"l‘jm-&-l

2lno

AV

If o, < s <mpyq — then, according to Corollary 1,

A
ap(s) < cp + LIT=S 4 1017 Tgrn < ¢ + 2.34r, Apyy + LO1FTg 10 < ¢ + 5.87T )10 (125)

Therefore, (ap(s) —az)(s —ar) < 117z3,, < 2. On the other hand, it is easy to find

/cm 21HU%GF( Y(ap(s)—ap)(s —ag)—2)¢(s—ag)ds

TR+ Ay

2lno
JAVES}

A N
< (( ’;“ + Fopy2)? + 0.01f2f§+2> Ap1d(mpy — ag — ). (126)

Let A£ +1 = My41 — ar. Then, from the above inequality (and similar to (109)) we can get

[ e (o) (arts)-au)(s ~a)-Dip(s-ar)ds

k+1
< ((Af ;4 0.07 + 7Zpi2) 4 0.017%75 ) (2AF 1 + 0.14)p(Af,, — ———

2lno

4\/21110)
§2($1+0.1)3¢($1 _2—”21110) §2(2m+2.1> (2\/m+2_ \/21110)

8
541110\/11106 F(@1-2)
vV 2metod

< ((z1 + 0.07 + 7Zg40)” + 0.017%Z5 ) (221 + 0.14) (21 —

<0.157%02, (127)
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for o > 300. Overall, we arrive at

| Sar(s)(art) - au)s — ) - 2ols - ar)ds<0.47%" (128)

Similar argument holds for k = m.

It follows from the above analysis that
d
rr +(1 —7p)(1 — 0.45/%0%) < rLd—@(:L') <rp+(1—rp)(1+0.47%07), (129)
x

for x € [cy — BT T k12, Ck + BTk o], Where O(x) defined in (104) is the real analytic left-inverse
of the leader’s best response strategy ar (), that is, ©(a.(f)) = 0 for all # € R. Moreover,
ar (@) is an increasing function, as already discussed in the proof of the previous lemma.

We next claim that @, () is continuous over both (cx, byy1) and (byy1, cipr). Consider 6 €
(ck,5k+1). From Lemma 11, we know that a.(0) € [cx — BTZxi2, Ck + H7FTkio]. This is a tiny
interval around a fixed point of the leader’s original strategy ar(6) (according to which the
follower’s best response ap(s) is derived). We next show that leader’s utility 4y (6, ar) given
in (27) is strongly concave (in ar) over this interval. The good news is that we have already
bounded 82 ur(0,ar) for ay, € ¢y, — 5FZyyo, ¢ + BT Ty42] while bounding the derivative of ©(x)
over this interval. In fact, from the definition of both functions given in (27) and (104), it is

easy to verify that

0? d
da 2 U’L(Q aL) = _2TL%@(I)|J;:@L- (130)

Strong concavity of @, (0, ay) for ay, € [cy, —5FZro, .+ 57T 1o] then follows from (129). Recall
that for 0 € (¢, I;kﬂ), leader’s best response ay(0) € [cx, — 57Tk12, Cx + DTTk1 2], meaning that
ar (@) is the unique maximizer of @ (0, ar) over [cx — BTTyi2, Ck + DTTx42|. This uniqueness
property implies the continuity of @ () over 6 € (¢, by+1), noting that both left and right limits
of ar () are maximizers of leader’s utility over [c; — 57Tk 2, Cx + 5FTj4o], and hence have to
be identical.

Therefore, leader’s best response a,(f) is continuous over both (¢, bey1) and (b1, Cri1),
with its graph coinciding its analytic left inverse ©(x) over both intervals. We can thus use (129)
to bound its derivative over each of these intervals, hence completing the proof. |

Proof of Lemma 13. We have already calculated the second derivative of Ji, when deriving the
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partial derivative in (105). The same argument implies %jL(aL) > 2(1 — 0.45720?) for ay, €
[k — DT T k12, Ck+ 57T o). This, implies that Jy, is strongly convex over [c; — 57Ty o, Ck+DT Tk 2]
It’s unique minimizer ¢; minimizes both losses in the leader’s payoff, hence it is the fixed point
of ar (@), that is ar(¢x) = Cx. [
Proof of Lemma 14. The case by < 0 < ¢, follows from Lemma 12, so we only need to consider
6 > c,,. As the first step, we derive some useful lower bounds on J, r(ar) for ay, = ¢, + € with

€ > 0. In particular, we claim that for € > 7z,,; and ¢ > 300, we have

Ji(an) > 0.99(¢ — FZpi1)?. (131)
We consider two cases: If € < %jm+1, then ap(s) — cp < 7Zyy for s < ap+ }L:Emﬂ, and hence
Jr(ag) > (e —Ffmﬂ)ztb(j"jT“). If € > %jmﬂ, then ay — ar(ar + i”jl—“ —1) > (1—4rp0)e, and
hence Jp(ar) > (1 — 4r;0)?®(2L — 1)e%. These two observations result in the lower bound
in (131) noting o > 300.
Consider now 0 = ¢,,,+6, 0 < §. We claim that @ (6) < ¢, +2.2r.(0+Zm41). Let ap = ¢ +e.
Then,
ap(0,ar) < —rp(e —6)* —0.99(1 — 1) (€ — TZpi1)>. (132)

Using an approach similar to Lemma 11, we can show that € < 2¢* where

rrd + 0.99(1 — rp)TZm i1
Tr -+ 099(1 — T’L>

*

, (133)

from which we easily get € < 2.02r,(d + Z,,11). Using this, the proof of the second part of the
lemma is quite straightforward.
As for d%dL(é’), the case ar(0) < ¢, + 57Z,,41 is covered in Lemma 12. Hence, we study the

case ar(0) > ¢, + 57%,,.1. Noting that
ap(0) — cm < 2.2rp (0T a1 + 57 Tmat1 + Tima1) < 2.4, (134)
and similar to (112), we can obtain

/ iCLF(s)gb(s —ag)ds < 107722 ;. (135)

m+fm+1 dS
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Also,

Cm+Tm+1 d
/ %aF(sm(s —ar)ds < 0.87°%2, 1 ®(ar, — cm)- (136)

m

On the other hand, similar to (111), we have

Cm d
/ d—ap(s)gb(s —ar)ds < 107'7°22 | + 1.017°22  ® (e — ag). (137)
oo OS
Therefore,
>~ d
/ d—ap(s)gb(s —ar)ds < 0.917°72, , < 2.487°72, (138)
—xo OS

sSince Tpi1 = v/€Tom.
To bound the other term, using a; —ap(s) < 2.2rp (0T i1 + Tme1 +5rL0) + 1.57T 01 < 2.5
for s > ¢,, + Z,,1 and similar to (112), we can show that
o0 d B R ~ o
/ —ap(s)(ar — ar(s))(s—ar)p(s—ar)ds<1077°z2 , . (139)
Cm+ITm+1 dS
For s < ¢, + Zp11, we have ap(s) < ar. Therefore,

/Wrzm“ i“F(S)(dL —ap(s))(s —ar)o(s —ar)ds

oo ds

Cm+Tm1
< [T far(s)@ - ap(s)s - an)o(s - auds

. ds
< ! (FOTpmi1 + 1017 Z 1) X 0.8772(%)2 < 0.267°72,. (140)
\V2or
Putting all together, we get
> d
/ d—aF(s)(Q + (ar — ap(s))(s — ap))p(s — ar)ds < 5.227°72, < 0.47%02, (141)
—0oldS

since Z,, < 0.272¢0 for m > 25 and o > 300.
For the other side, similar to (123), (124), and (126), we have

/_’::1 %aF(Sx(aF(S)_ELL)(S_dL) - 2)¢(3 - aL)dS < 10—4772j3n+17

/:O Lap(s)(ap(s) — an)(s — ax) — 20(s — ar)ds < 10772,

m+§7m+1

—ap(s)((ap(s) —ap)(s —ag) — 2)¢(s — ar)ds < 0.17%0, (142)

/c ds

m—1
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Also, same as (123),

/C: 1%(@( Y((ap(s)—ar)(s—ar) —2)o(s — ar)ds < 10~ 472 3n+1. (143)

Consider now s € [My, + VIno, ¢ + Tmpa]. It is easy to verify that (ap(s) — ap)(s — ay) <
2 for s € [ap, ¢y + Tmy1). On the other hand, using Lemma 9 and 10, we can verify that
Lap(s) < 1.17222,,, for s € [m,, + VIno,ar]. Moreover, it follows from Corollary 2 that
ap(s) > ¢y — 1.17Zy4q for s € [mm+\/m, arl, implying that a;, —ap(s) < 2.4+ 1.17Z 41 <
2.5 (see (134)). This yields

[ A ane)an(s) — an)s - ) - 2ols — au)ds

ar,

<2.5x% 1.1T2mﬁ1+1/ (a; — s)o(s — ar)ds

2.5 x 117222,

V2r

From the above analysis it follows that

< 11773, . (144)

~d
| aro)ar(s) = an)(s = az) = 20l — ar)ids
< 0.17%0% +1.27%22 . < (0.1 + 1.2 x e x 0.272%)7%0? < 0.47°0>. (145)

Using this and (141), and following exact same steps as in the proof of Lemma 12, we can show
that r < La, (0) < 7. u
Proof of Lemma 15. We start by finding an upper bound for .J; (). We use J.(¢;) < Jo(s1),
where we recall that ap(s;) = si. Noting that the upper bound on the derivative of ar(s) in

(24) is increasing for sy < s < my,1, We can write

[ arts) = 9020t = sads = [ (ar(s) — ars0)*ols — su)ds <

ME41
/ (s — sp)(LATe Benlmen=9AZ 4 1 017272 )20 (s — s3)ds. (146)

Sk
Following a similar machinery as the one already used in, e.g., (109), we can arrive at

1.01%74 %5, o

[ (o) ans)Pots - sds <=

Sk
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(mig1 — s1)°G(mri1 — s)
Apy1 — Mipg1 + Sp

(M1 — s1)°G(mri1 — )
201 — Mypy1 + s

+ 247737 A 4y

+ 1.37A5,,

- 1.01%77;

- 2
7.52%e2@172)

< —

Voretot

where the last inequality follows from z; > 2v/21n o + 2. Similarly, using (25) and Lemma 10

+ (9.67%7; 25 (21 + 0.07) + 7.3127 (21 + 0.07)%)p(21)

(147)

we can show that

/ " (ar(s) — 0l — sp)ds < 2T (148)
ar(s) — s S— 8 § < ———.
—_—_ g . g V2metot

9.55?6*2@1 —2)
2metod

These two yield J(s;) < < 0.2r% using x; > 8.75 for ¢ > 300. It is easy to

verify that the same hold when £ = m. The analysis in this case is even simpler on noting that
Lap(s) < 0.872z2, ., over the whole interval s € [¢in, Gy + Ti1)-

Applying the Envelope’s theorem to (27), we get

d . . -
S5(0,a1(0)) = 2r.(0 — a1(9)). (149)

Integrating this, along the inequality below

0+ (1—1r)& < ay(8) <70+ (1 — 7)., (150)

we get

r(1—7)(0 — &) < ap(0,-) — tr (G, ) <rp(l—1)(0 — &), (151)

where we use 4 (f,-) as a short-note for @ (0,a.(0)). Now, we note that at the endpoint

0 = l;kﬂ, the above should also hold for ¢,;. that is,

re(1 =) (bpsr = &) < ap(Oprn, ) = n (@) < rr(l—1) (g — &)
ro(l = 7)(brr = Ep1)® < an(brrn, ) = @@, ) <ol = 1) (begs — Epa)™. (152)
Using this and noting 0 < @r,(cx, ) < 0.2r? and 0 < 4, (Crr1,+) < 0.2r%, we can arrive at

2
~ ~ ~ - 7" ~ _
(1=r2) | (b 1—Crp1)*— (brr1—Cr )| <0-27“L+§L(Ck+1—€k)2, (153)
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using which the rest of the proof is straightforward. |
Proof of Lemma 16. Using Corollary 2, it is straightforward to show that |s; — cx| < 1.17Z,,11.

Evaluating the derivative of J r(ar) at ap = si, we get

d - o d
EJL(sk):2/_OO(aF(Sk) —ap(s))(1— %CLF(S))(ﬁ(S — sg)ds, (154)

where we have also used s, = ap(si). We consider the case s; < ¢ yielding ﬁjL(sk) <0
(the other case is quite similar). Noting that for s < si, “ap(s) > 1 requires s < my, + 0.5, we

can obtain

_dijL(sk) < 2/OO(GF(S) —arp(sk))P(s — si)ds

ay, Sk

mg+0.5
+ 2/ (ap(sk) —ar(s))(1 — iap(s))qb(s — sp)ds. (155)

o ds

With a bit of manipulation similar to the ones used in Lemma 11-15, we can obtain

/ (ar(s) — ap(se)d(s — su)ds

< 1.017%(Zp + Tpi1)? . 4.68z2¢~2@1-2) |

156
o 427 V2retot (156)
As for the second term, similarly
my+0.5 d
[ () - ar) - ar(o)ols - si)ds
< (1+7)222 162z — L1TTp41) + (L + 7)°27d(z1 — 0.5 — L1FZ41). (157)

By putting the above inequalities together and noting 1 > 2v/2Ino 4+ 2 and o > 300, it is a

matter of some machinery to verify that

d - 1.017%(z T 2
0 <1 (s)< 017 (Zg, + ZTgs1)

dCLL 2\/%

On the other hand, as we showed before %L(sk} > 2(1 — 0.4572¢%), meaning that s, is at

+0.17%2;. (158)

1.0172(Zp+Zp41)2 0.172x1

2 (EptTri1)\2 2 N
most 7 e =0 15202 + saommreny < 0.42r7 (#=22)% 4 0.08r7 2, away from the minimizer at
which the first derivative is zero. This completes the proof. |

Proof of Lemma 17. We start by finding the fixed point of E[ar,(0)|s, 0 € Byl, thatis E[ar(6)|$,0 €
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By] = 8g. 8 is the solution of the following equation
b1 A R 0
/ (CLL<9) — Sk)(b<CLL(0) — sk)qb(;)dﬁ =0. (159)
by,
Noting that 3; is close to ¢, and in particular |a(0) — Sx| < 1 for € By, and that x¢(x) is

increasing for |z| < 1, together with the fact that ar,(0) < ar(bg) + 7(6 — bx), we obtain

bk+1
[0 = ) = = alb))or(6 - b) — Gx - a el asz0.  (160)
b
Therefore by finding the solution of
bk+1
| 0= - ety ~o. (161)

we can upper-bound the fixed point $; as S, < ar(by) + 7(y — bx). Simplifying (161) yields
y=E; [0]0 € By, (162)

where % ~ N(= A quick bound for y can be obtained from E; [0]0 € By| <

1+7“ J2y’ 1—|—7‘2 2)
er + 1+ 202 y, which yields y — e;, < 70%e;, < 0.17). An alternative representation of (162) is

Y F202(bk+1_bk)]

———— = Epn0.02)|0]|bs—Ab <O<bp11—Abk(y)+ , 163
m ]\f(()7 2)[ ’ k k’(y) k+1 k(y) 1 + \/W ( )
where Aby(y) = 1+T202—i2-\/21+7“ =y + H\;iﬁ —(y — by) > 0. A useful property of normal

—a)?
distribution is that (2 + £)Ex02)[fla < 0 < b] = 1 — Vary(ge2)[fla < 0 < b] > 1— (14(:)\/5))202‘

Also, 8bE N(0o2)[0la < 6 < b] < 5. Applying these to the above equation we can obtain

y 7202 (bgs1 — by) (bry1 — bp)?

Niga=re Vit | (1+3re

where e;, = Ey(,2)[0|0 € By]. Simplifying this, along with y(by1 —by,) < 2.20% (which follows

0<

from cQ(cQ —b9) < 1), we can arrive at
ly — ex| < 0.47%0% (b — by). (165)

Recalling §k < CLL(bk)—i-f(y—bk) and that G,L(bk) < Cr—1r (Ck—bk) < Ck—TL(Ck—bk) (TL—Z’)i'k,

May 8, 2019 DRAFT



45

we can reach at
§k: S (1 — T’L)Ck +rreg + T%fk + 0.4?30'2("?]9 + jk-‘,—l)- (166)

Following a similar argument to lower-bound §;, we can show that |y — (1 —7)c, —rpeg| <
12T, + 0.47302(Ty + Tppr ).

To find the fixed point of ar(s) in By (that is ap(sx) = si), we first note that $; lies within
the interval [c; — 27Ty 41, Ck + 27Ty 41]. Moreover, for s € [cg — 27T 41, €k + 27T 41], USIing
Lemma 9 we can obtain *a(s) < 0.01. This along with|ar(si) — sk| < 1.57Z,,41 implies that

for s € [cx, — 2T T i1, Ck + 27T 1 1], We have ap(s) € [cr — 27T i1, Ck + 27T 4 1). Therefore,

. |8k —ar(3k)|  |Elar(0)|5k,0 € By] — Elar(0)|54]|
_ _ . 167
sk = Skl< o1 1-0.01 (167)

Assume 5 > ¢ (the other case is similar). We have already shown as part of Lemma 9 that
while observing s € [cg, cx41], the effect of intervals other than By U By,1 on ap(s) is negligible

(as given by (79)). Similarly, and by using Lemma 8, we can show that

PrOb[@GBk+1 |§k](E[CLL(9) |§k> QGBk+1]—E[CLL(9)‘§k, QEBkD §1.17€_Ak+16(Ak+1+2ffm+1),

(168)
where § = my,1 — S;. Combining this and (79), we can arrive at
[Elar(®)|sk, 0 € Bi] — Ela(6)|sx]] <10~rLz1. (169)
After all, we have
|sk — (1 —7p)er — roex| <1.02r7 T3 4-0.4173 02 (Zg, + Tpy1) < 1.97% Tpy 1. (170)

The proof has to be modified for the tail case & = m, since in the tail |az(0) — 5, < 1
does not hold for all § € B,,. To handle this, we define E[ar(0)|5,n,0 € By] = 8, where
By = [by, b + 0% — ). It is easy to verify that 7(0> — o) < 1 and hence |a,(6) — 3,,| < 1 holds

in this interval. We also need to find an alternative to the variance inequality Vary o ,2)[0|0158;] <

(e 41 —bx)?

EvaR,
from which and a bit manipulation we can reach at Vary g ,2)[0|0 > b,, — Aby,(y)] <

Here we use Vary(g,2)[0|0 € B,] < (€, — bn)?. Also, we can show Ab,,(y) < 7eyp,

(em—bm)?
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We can then show that the results derived above also holds for B,,. More precisely,
3m — (1= 7r)m — 1LEN (002010 € Bul| < 12Zm + 0.4730% (T + Tpp1)- (171)
Let 0, = b,, + 0% — 0. We can easily observe that
em — En0o2)[0]0 € By < Prob[d > 6,|0€ B,y) (En0.02)[010 > 05]—En0.02)[0]0€ Byn))

O 2
< z((i )) O+ = — b)) < 1074936, (172)

O
We also need to bound |E[ar(6)|5m,0 € By] — Elar(0)|4m]|. We start with [E[az(0)|3,,0 €
Byl — Elar(0)|4m,0 € B,,]|. First, note that

ar(0y) > cm +1(0? — 20) > ¢, + 370, (173)

which along |$,,, — ¢,,| < 7o implies that |ar(0,) — §,,| > 270. Consequently, |$,, — ar(0')| <
|ar,(6y) — 4| for all @ € B,,. Similar to (62), we can hence derive

_(o—1)?

oS e
Prob[d]é,,,0 € B,y] < Lﬂ(f’) (174)
o(1—2(2))
for 6 > 0,. Using this along with E[a(0)|5,,,0 € Bm] > ¢,, — Fo, we can then obtain
Elaz(0)|3m, 0 € Bm] — E[ar(0)|3m.0 € By] < 10743 0. (175)

Therefore, the same steps as in the non-tail case can be followed in this case as well, resulting
in (170) to also hold for £ = m. [
Proof of Theorem 1. We can find by direct calculation of the optimal quantizer for m = 25 that
2 > (.041. On the other hand, 2/2B2+5 < (04 for & > 300. This implies that 25 € M (o) for
o > 300 and hence is nonempty.

We next use (34) to verify that Property 2 is also preserved by the best response, completing

the proof of the invariance of A7'. It suffices to show that

Tk + g1

|éx — ¢ + 0.42r( )2+ 21 T < 2.9. (176)

Aa
Obg 41

Vary o 2 [010€ By

To bound |é — cgl, we first note that %ék + e =1 %
k

. Using the inequality
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Var[0|0 € By] > (éx — E[0]br, < 0 < é])(E[0]éx < 0 < bgy1] — é) and Lemma 1 we can show
that

Vary (o2 [0]0 € By > L 177)

2(1++/e)’

yielding |é), — ¢ < 2.9(1 — ﬁ%) Therefore to have (176), it suffices to have

0.42(T), + Tr1)?  2Tp1 2.9
+ < ,
L | rrxre  2(1+ Ve)

(178)

2
0.42(e+1)?

which is satisfied for sufficiently large values of o (e.g., ¢ > 300) on noting that " <

ﬁ. This completes the proof of the invariance of A7
The existence of an equilibrium with a} (6) € AT and a},(s) = Es[a} |s] follows from an argu-
ment similar to the one used in [1] for the existence of an optimal solution. Let (a} (), a%(s) =

Es[a}|s]) be a maximizing sequence for the ex-ante expected payoff of the leader, that is,

Jim Eglur, (6, a7 (0), af(5))] = sup{Eg[ur (0, ar(0), ar(s))llar(0) € AL, ar(s) = Eslars]}.
(179)

The first step is to show that this supremum is attained for a pair of strategies (a} (), ak(s) =
Esla}|s]) with a}(0) € A7 Strategies ar(f) € A7 are increasing and bounded (|ar(0)| <
|0] + 1). Using Lemma 8 in [1] (which is a variation of the Helly’s selection principle based
on the diagonalisation argument), there exists a subsequence a7*(¢) converging pointwise to a
limit strategy az(¢), and so do the interval endpoints and fixed points, that is, {b;*} — {b;}
and {cj*} — {c;}. Relabel (a}"(0),a*(s)) as (af(0),ak(s)). From a}(0) — a(0), it is easy
to see that ay () satisfies Property 1-2. Property 3, however, concerns the derivative of a; and
thus cannot be deduced directly from pointwise convergence. We now turn into the follower’s
best response sequence a’(s), claiming that a’(s) — ap(s). The proof is again similar to the

approach used in Theorem 1 in [1]: First note that

J2o @i (0)8(s — af(0))(3)do
7o ols = a(6))6(3)d0

For every s € R, functions ¢(s — x) and z¢(s — x) are continuous and bounded functions

of x. Therefore, ¢p(s — a}(0)) — ¢(s — ar(0)) and a}(0)p(s — a}(0)) — ar(0)p(s — ar(0))

pointwise in 6, for all s. This proves a’:(s) — ar(s) using bounded convergence theorem. We can

ap(s) = Eslaf|s] =

(180)
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similarly show that uy (6, a?(0),a’%(s)) — ur(0,ar(0),ar(s)) pointwise in 6 and subsequently
Eo[ur(0,a}(0),a’%(s))] — Eglur(0,ar(0),ar(s))], that is, the supremum in (179) is attained
by the pair of the strategies (ar(0),ar(s) = Es[ar|s]), though not ruling out the possibility of
ar(0) ¢ A7

Exploiting the fact that ap is analytic and that Zap(s) = Var[ay|s] and following an argument
similar to above, we can then show that £a%(s) — “ap(s) pointwise in s. Therefore, the best
response characteristics of the follower to a strategy in A7" (as given in Lemma 6-7 and Corollary
1-2) which also involves bounds on the derivative, hold for ar(s). These conditions force the

best response of the leader to ar(s), denoted by ar(6), to lie in A7. On the other hand,
Eglur(0,ar(0), ar(s))] = Eolur(0,ar(0),ar(s))] = Eo[ur(0, ar(0), ar(s))], (181)

where ar(s) is the follower’s best response to ar(f) € A" Therefore, the pair of the strategies
(ar(0),ar(s) = Eslar|s|) where ar(f) € A} attains the supremum in (180), that is, it is a
maximizer for the expected payoft of the leader over A7

Finally, from (181) we should have Eg[ur (0, ar(0),ar(s))] = Eplur(0,ar(0),ar(s))]. This
implies that ar(s) = ar(s) almost surely, otherwise replacing ar(s) with leader’s best response
ar(s) would result in a higher expected payoff for the leader. Noting that both ax(s) and ar(s)
are analytic, almost surely equivalence implies being identical. This implies that the pair of the
strategies (ar,(0), ar(s)) are best responses to each other, and hence correspond to an equilibrium
of the game. |
Proof of Lemma 2. We need to prove that there does not exist an infinitesimal variation of
(a3 ,a%), namely (a9,a%), for which U(a},a%) < U(a},a’). Noting that U(ad,E[ad|s]) <
U(a$,a%), we only need to consider the strategies in which the follower’s action is the expected
action of the leader given the observation s (i.e., E[a}|s]). The idea is to show that for a
sufficiently small J;, > 0 and any strategy aj with |l — a}|lc < Jr, the best response
image obtained from a§ — a% — @} lies in A", The proof then follows from the fact that
U(as,Elas|s]) < U(a3,Ela}|s]), and that (a},a%) is the minimizer of U over all pair of
strategies (ar,ar) with ay, € AT (see the proof of Theorem 1).

To prove the inclusion of @ in A7, it suffices to show that all the properties for the follower’s

best response to a strategy in A7 given specifically by Lemma 9-10 and Lemma 17 also hold
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for aj., noting that these are all we need to deduce Property 1-3 for the leader’s best response
(which define the set A7'). What is left is then to show that the properties for aj. given by
Lemma 9-10 and Lemma 17 also hold for a.(s) = E[a$ |s] for sufficiently small §. The proof
easily follows from a couple of simple observations. First, it is straightforward to verify that all
the bounds given for aJ. in the aforementioned lemmas are indeed strict. Therefore, by recasting
the corresponding inequalities as continuous functions of d; we can ensure that all of them will
still hold for sufficiently small ;. We elaborate on this in more details in what follows.
We start by verifying that Lemma 5-6 also hold for a9 for small enough &;. In Lemma 5,
Chi1 — Gk
2
< 6p 4+ 017 + F(xy, +2.9) < P, (182)

ag(0) — i < 0p +7(Upyy — ) < 0p + 017, +7

for small enough &7, where we recall that Ty, = x&l + 3. Similarly we can show that a () —
¢, > —TZy, hence Lemma 5 also holds for a‘z. Next, we study the effect of 6, in Lemma 6. As

for (49), using

Ols = ah(01)) | 9(s = al(0) sz 25,3,..,
o5 — a5 (0) = o(s — a3 (0)) = (183)

the RHS of the inequality will be multiplied by e 9Z~20r%m+1_ Asg a result, the value of & in (52)

will be multiplied by e’z t20rZm+1_(56) will then become
Elad (6)s,b%, <0 < 0] — ¢, < 0, + 1.128 x 1.025¢°1+2008mitzg < 0757 %11,  (184)

for sufficiently small §;. For the bound on variance in (57)-(58), let u* = E[aj (0)|s,b;, <0 <
0%]. Then,

Var[a$ (0)|s, b7, < 0 < 0] < Var[a} (0)|s, b7, <0 < 67]

+ 6% + 26, /Varlag (0)]s. by, < 6 < 6], (185)

Hence, (58) becomes
47,
o2 )

+ 67 4+ 2.26,7T,, < 1.27°72,, (186)

Var[al (6)]s,b%, < 0 < 0] <1.025e7L2007m+1 5 1 128%7%(Z,, +
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for sufficiently small ;. As for the modification required in the tail effect, 6% in (60) has to
be replaced with e%, using which we can verify that (62) still holds for small enough ¢y.
The rest of the changes are similar.

Lemma 7-8 are based on Lemma 5-6, and Lemma 9-10 are derived using Lemma 5-8, hence
also hold for a$. Finally, in Lemma 17 which is about the fixed points of the follower’s strategy,
noting a3 (b;) < a3 (b}) + d1, we need to add &, to the RHS of (166). Using this, we can easily
verify that this lemma also holds for a$.. Therefore, all the properties required for the follower’s
strategy to deduce Property 1-3 for the leader’s best response are satisfied for a. for sufficiently

small 6;, indicating that @} lies in A7. This completes the proof. [ |

Proof of Lemma 3. Using

(=$)?
liminf Y3 =1, (187)

Q
it suffices to show that Dg < 44/2 (27”)2¢(f/—1§) + T%D%. Consider an interval B,? and some

e (1—rp)?

0 e B,?. For any j > k (similarly for j < k), we have

(= af0)? _ (20 —riad)?  (@2—ryp (188)

(b7 —a2(6)? © (@ —rualy  (L-m)®

Using this, we can obtain

@=ro) s — a0 20(s — a2(0))ds
S ] pale — B O00 — s (189)

[N

x

Combining this with the inequality [ 2”¢(x)dz < 2max(ze™ 7 )$(55), we arrive at

2 Q
/ 1o GP0) — (O 0ls — i (O))ds < 4\/;¢(%). (190)
On the other hand,

/EBQ(Q%(S) —a?(0))*¢(s — ar(0))ds

< (e —ag(0))® =ri(aR(0) — 0)%, (191)
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implying that

/ / o — a2 (0))*o(s - a%))@dscze <

i [0 ad >>2¢( Lao = 12D, (192)

which completes the proof. [
Proof of Lemma 4. First we note that the minimum value of the cost functional U(ar,ar) with
rro? = 1 is asymptotically the same as the optimal cost of Witsenhausen’s problem for k%02 = 1.
Using the inequality given by (17) in the proof of Theorem 4 in [15], we can obtain

1 .
2 Dx* —12P
U*(0) > min {KP" + e 7}, (193)

noting that in the scalar version of Witsenhausen’s problem we have m = 1. Minimizing the
RHS above we can find U*(0) > £ + =252 which completes the proof. |
Proof of Theorem 2. The first part of the theorem follows directly from Lemma 2. Using M (o) =

{m € N|z® > 2v/2Ino 4+ 4,m > 25} and that m=L z W for large m, we get

Voo )
8v2Ino + 20

Denote with x] the minimizer of the asymptotic upper bound on U(a},a}:) given by Lemma 3.

M(o) ~ {m e N|25 < m < (194)

Then, it is easy to verify that lim, ., —=— 5 \/T = 1, which clearly intersects M (o) for large o.

The corresponding asymptotic cost is ~ %, hence proving (11). We can use Lemma 3 and

Lemma 4 to show that the equilibrium corresponding to argmin,,c () U(az,ar) is at most
8rr Ino

5 — 16v/3 < 27.8 away from the optimal cost as o — . |

6o

|
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