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Abstract

This paper proposes a new framework to model control systems in
which a dynamic friction occurs. The model consists of a controlled differ-
ential inclusion with a discontinuous right-hand side, which still preserves
existence and uniqueness of the solution for each given input function ().
Under general hypotheses, we are able to derive the Hamilton-Jacobi-
Bellman equation for the related free time optimal control problem and
to characterise the value function as the unique, locally Lipschitz contin-
uous viscosity solution.

1 Introduction

Dynamic friction occurs between two or more solid bodies that are moving one
relative to the other and rub together along parts of their surfaces. Modeling
dynamic friction is not an easy task since it concerns the study of, possibly dis-
continuous, dynamic equations which inherit a dissipative structure. A classic
approach to modeling the static and the dynamic friction is provided by the
Coulomb model [I], which indeed consists in a non-smooth, dissipative dynam-
ics. Since Coulomb’s seminal work, several other models for friction have been
developed. On this subject, an interesting overview is provided in [2], in which
several other models for friction are shown.

Modeling dynamic friction in control systems has so far received much less
attention. Although the resulting control system has a discontinuous dynamic
equation, its dissipative structure still yields well-posedness of the control sys-
tem: for a given input w(t) and a given initial condition z(tg) = z¢ at time
to, the system has a unique state x(¢) for all ¢ > t5. To our knowledge, the
only studies on control systems with friction (see, e.g., [3], [4], [6] and references
therein) concern (or are related to) the Moreau’s Sweeping Process [6], [7], which
is a notable example of dynamical systems, in which the dynamic friction phe-
nomenon occurs between a rigid body and a moving, perfectly indeformable,
active constraint.

In this paper we will introduce a new framework for modeling the dynamic
friction, allowing for a slight penetration of a rigid body into another body
(case which happens, for instance in the rigid-body penetration field [8, [@]). To
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motivate the model of study, let us first assume that a solid body B is partially
or totally immersed into another external body. Let S be the region of contact
of B with the external body. We aim at deriving the friction produced at a point
x € S, when a vector field g is applied to B at z. Now, suppose that the family
of normal vectors to B is described by the mapping o — n(x) - Q(«), where n(x)
is the normal to B at z and a — Q(«) is a matrix transporting n(x) along S.
Then, one can approximate the resulting vector field at the point = € S as the
vector field g minus the “averaged friction” at z, namely (see Figure [1))

o(t,z) - /A K(g(t, 2), 0)n(z) - Q(a)u(da) = g(t, ) — I(t, ).

Here, k(g(t,z),a) is a coefficient measuring the strength of response to the
vector field g at the point x, while the integral over A sums up the total averaged
dynamic friction. Motivated by such a physical intuition, one then can consider
the controlled differential inclusion

€ g(t,z,u) — /A k(t, z,u, )0z p(x, a)u(da), (1)

where now the control v determines the choice of a vector field, the strength
to the response k also depends on the control and the measure p is allowed to
choose the relevant, averaging points over S through A. ¢ is a possibly non-
smooth function and 9, is a suitable sub-gradient (precise definitions will be
provided in the following sections).

Differential equations with discontinuous right-hand side has been used for
several tasks such as to model electric circuits, hysteresis phenomena and me-
chanical constraints (see, e.g. [I0, 11l 12} I3] ). More recently, discontinuous
differential equations have been proposed to model the growth of stems and vines
(see, e.g., [14], [15]) and we expect that the dynamics (1) can be also used for sim-
ilar purposes (for instance, to model the evolution of a soft robotic device that
moves in soil [16], [17], [18], [19]). The dynamics (1)) has some strong connections
with the controlled perturbed sweeping process & € g(t, z,u) — No(x), where C
is a closed set and N¢(z) is a suitable normal cone to C' at x. Indeed, when the
strength to the response k in is sufficiently large and ¢(z,a) = d(z, C(«))
(where d(-,C(a)) is the distance function from C(«)), then the model can
be regarded as a perturbed, “averagely swept”, sweeping process (see, e.g. [20],
Theorem 3.2). Let us also mention that the averaging occurring in has a
quite different character compared to the one presented in the Riemann-Stiltjies
control literature (see, e.g. [21], [22], [23]), since the averaging in occurs in
the dynamics and not in the cost.

In this paper, we will mainly concentrate on the basic properties of a control
system driven by . Furthermore, we will derive the Hamilton-Jacobi equation
for the related free time optimal control problem of Mayer type. Results of a
similar kind have been derived in [24], [25], [26] in the case in which optimal
stopping and optimal exit time are considered and the dynamics is Lipschitz
continuous. It is important to mention that the characterization of the value
function of an optimal control problem with Lipschitz continuous dynamics F'
relies on the strong invariance backward in time of the control system’s state
trajectories with respect to the epigraph of the value function. Such a property is
a consequence of the tacit assumption “f F' is Lipschitz continuous, then —F is
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Figure 1: An example generating the studied model:
=00,y + 00, and k(g, ;) = A; > 0 for i = 1,2. Therefore, the total friction at
x will be —1I(t, x), affecting g(t, x).

also Lipschitz continuous”. An excellent overview on this approach is provided
in [27] and ([28], Chapter 12). However, since the control system is merely
one-sided Lipschitz continuous, the strong invariance backward in time of the
state trajectories does not hold. It is interesting to observe that the non-validity
of the strong invariance principle backward in time with respect to the epigraph
of the value function is also closely related to some non-uniqueness phenomena
which arise when the value function is merely lower semicontinuous (and, in
general, the value function of a free-time optimal control problem with end-
point constraint is merely lower semi-continuous). An example of this kind of
issue can be found in [29]. Therefore, the characterization of the value function
as the unique solution of a Hamilton-Jacobi equation does not follow from the
standard theory and requires a different approach [3] [30].

The paper is organised as follows: in Sections we will provide the ba-
sic concepts, the notations and the problem formulation that we will refer to
throughout the whole paper. In Section [ we will study the well-posedness of
the model as a control system; in Section [5] we will describe the properties of the
related, free time, optimal control problem and of the associated value function.
Sections [B][7] provide useful properties of the value function and its characteri-
zation as viscosity solution of a suitable Hamilton-Jacobi equation. In Section
an example showing the effectiveness of the theory is provided. The proofs of
some technical results, useful in the development of the theory, are provided in
the Appendix.

2 Preliminaries and Notations

In this section, we will recall some useful notations and concepts which will be
used throughout the whole paper. Let us use B to denote the open, unit ball
and Bd(A) to denote the boundary of a set A. For a given closed set C' C R™
and a point z € C, the proximal normal cone to C' at x is

NE(z):={peR":3I M > 0s.t.
(py—x) <Mly—=z|*> VyeC}

For a given lower semi-continuous function f : R™ — R U {co}, the domain of
fis dom(f) := {z € R" : f(x) < co}. The proximal sub-differential of f at
x € dom(f) is

Opf(z) = {v ER": (v,-1) € N;;(f)(:c,f(x))} :



where epi(f) = {(x,a) eR™: f(z) < a} is the epigraph of the function f.
An equivalent characterization (see, e.g., [28], Proposition 4.4.1) of the proximal
sub-differential is the following: & € dp f(z) if there exist M > 0 and € > 0 such
that
(€y—a) < fly) = flz) + Mz -y,

for each y € = + eB. Furthermore, if f : R® — R U {oco} is locally Lipschitz
continuous then dp f(z) is locally bounded for each x € dom(f). If f : R" —
R U {oo} is lower semi-continuous and convex, then epi(f) is closed and convex.
In particular this implies that dp f(z) # 0 for each x € domf. Further, if f is
convex, then the proximal sub-differential dp f(x) coincides with the set

Of(x) :=={E € R": f(2) = f(x) + (¢, 2 — x)

Vz € dom(f)} @

and we will simply refer to it as subdifferential. It will be also helpful to de-
fine a notion of proximal super-differential. For a given upper semi-continuous
function f: R™ — RU{oo} and = € dom (f), the proximal super-differential of
fat xis
P f(x) = {v ER™: (—v,1) € NDooih) (x,f(x))},

where hypo(f) = {(x, a) e R f(x) > a} is the hypograph of the function
f. Given Q C R*¥ and M : Q ~ R", M has closed graph if Gr M = {(x,v) :
v € M(x), x € Q} is closed. It is well known that if a multifunction is locally
bounded and has closed graph, then M is upper semicontinuous (see, a.g. [31],

proposition AIL.14). M is said locally one-sided Lipschitz (OSL) if, for any
compact K C €, there is a constant L > 0 such that

(w—wv,y—z) < Lz — y|?,

for every x,y € K, v € M(z) and w € M(y). Given a finite Radon measure p
and a p-measurable set A, let us define

LY(A;p) =={g: A= R" p—meas. : [, |g(a)|p(da) < co}.

Given a multifunction T : 2 x A ~» R” | the parameterized integration of r (see,
e.g., [32], [33], [34]) is a new multifunction I'(z) := [, ['(x, ®)u(da) where

[AT (@, )p(da) == { [, v(a)u(da) : y(a)
p—measurable selection of T'(z, )} '

3 The General Setting

Consider the optimal control problem

Minimize W (T, z(T))

over T >ty and (z,u) € AC([to, T);R™) xU s.t.
x(t) € F(t,z,u), a.e.t€ [tg,T]

u(t) e U CR™, a.e. t€ [ty,T]

w(to) =x9 € R"

(T,z(T)) € Gr T C R'*™




the data which comprise an initial time 3 € R, an initial state x¢o € R™, a cost
function W : R*™ — R, a set I of measurable control functions u defined on
[to, +00) and taking values in a compact set U C R™, a controlled, non-empty
multifunction F : R*™ x U ~ R™ and a non-empty multifunction 7 : R ~
R™. We have used the symbol AC([tg,T];R™) to denote the set of absolutely
continuous functions from [tg, T'] to R™. Notice that the multifunction 7 : R ~»
R™ represents a moving target which has to be reached at the final time 7. In
particular, we will consider the case in which the controlled multifunction F' is
defined as

F(t,z,u) = g(t,z,u) — /Ak:(t,an,u7 )0z p(z, a)u(da),

where A C R” is a given compact set, k : R x U x A 5 R, g : R x U —
R™ ¢ : R™ x A — R are given functions and p is a finite Radon measure over
A. Sometimes, to emphasize the dependence on the initial condition, we will
use (P)(ty,ay) to denote the optimal control problem (P) with initial condition
x(tg) = xo. We shall assume the following standing assumptions (SH):

Hy: The maps (¢, z,u,a) — k(t,z,u,a), (t,z,u) — g(t,z,u) and (x,a) —
o(z, ) are continuous.

Hs: For any compact sets I C R, K C R"”, there exists a constant L > 0 such
that
|g(t,x,u) - g(s,y,u)| < L (|t - 8| + |aj - y|)a

|k(t, z,u, ) — k(s,y,u, )| < L([t —s|+ |z —y|),
for every (¢, z), (s,y) € I x K, u € U and «a € A.
Hj: There exist constants C1, Cy > 0 such that
0 <Ek(t,z,u,a), |g(t,z,u)| < C1 + Csy x|,
for every (t,z,u,a) e R x R" x U x A.

Hy: for each o € A, the mapping x — @(x,«) is convex and globally Lip-
schitz continuous with constant L. («), where L,(-) is a non-negative,
p-integrable function.

Hs: the set-valued map F(t, ) := Uycy F(t, z,u) takes convex values for each
(t,z) € R1*™.

Hg: the multifunction 7 : R ~~ R™ has closed graph.

H;: the function W : R!*™ — R is locally Lipschitz continuous in Gr 7T + B,
for some € > 0.

4 Basic Properties of the Model

In this section, we will formally prove some important properties of the free time
optimal control problem (P). To this purpose, let us introduce the set-valued
function

I(tw,u):/Ak(t’x,u,a) Orp(z, a)u(da).



Let us also consider the set-valued map

x) = U {9(t,z,u) — I(t,z,u)}

uelU
for each (¢,7) € R1*", The maps F and F satisfy the following conditions:

Proposition 1 Assume conditions H;-H,. Then the map (t,z) ~ F(t, ) is
non-empty, compact and upper semi-continuous. Furthermore, for each x € R™,
the map ¢ ~ F(t,z) is locally Lipschitz continuous and, for each (¢,u) € R x U,
the map © — F(t,x,u) is locally OSL. In particular, for any compact set I x K C
R xR™ and for every y; = (t1, 1), y2 = (t2,22) € I X K, there exists a constant
L such that

MaX,e f(y,) (V, T1 — T2) — 3)

— MAXye p(y,) (W, 21 — 22) < Lplyr — 2|
Proof. Proof. In view of the hypothesis Ho-Hy on ¢, one has that d,¢(x, @)
is non-empty, bounded by L,(o)B and convex for each (z,a) € R” x A . The
continuity of ¢ with respect to a ensures that the graph of a — 9,¢(x, a) is
closed. Therefore, the map a — J,¢(z, @) admits a p-measurable selection for
each z € R™ (see, e.g., Theorem 2.3.11 [28]) and F(t,x) is non-empty for each
(t,z) € R, Furthermore, F is locally bounded in view of Hs-Hy. Since U
is compact and in view of Hi-Hy, one can prove that the mapping (¢,z) —
I(t,z,u) has closed graph for each u € U. Indeed, fix u € U, take (ty,xx) €
R converging to (t,z) and vy € I(tg,zk,u) for each k € N, converging to
some v. We need to show that v € I(¢,z,u). It follows from the definition of
parameterized integration that

I<tk7 T, u) = {fA k(tkn T, U, a)gk(OC),U/(dOé) :
¢, (o) p—measurable selection of Oy (zk, )} .
Hence, for any p-measurable sequence & («) € O, (xk, ), there exists a subse-
quence (we do not relabel) which weakly converges in L' (A; 1) to a u-measurable

selection &(a) € dp(x, ) (see, e.g., Theorem 1, pg. 125, [35]). Furthermore,
in view of Hs, one easily obtains

rl}laﬁk(tk,mk,u,a) —k(t,z,u, )| < L(Jtg — t| + |zx — z|) - (4)
X

Call e, = [, k(t,x,u,a) (&(a) — &(@)) p(da) and observe that, e, — 0 since
& (a) weakly converges in L'(A; ) to £(a). In particular in view of (), one
easily obtains

S k(s 2w, o) (@) p(da) € [, k(t, 2, u, a)é(a)p(da)
+ <|€k| +L(1 + [4 Lo(a)u(d )) (|t — t| + |z — x|) )
CI(t,x,u) + |&|B

for some €, — 0 when k — oo, which implies that (¢,z) ~ I(t,z,u) has closed
graph for each uw € U. Since I(t,z,u) is also locally bounded in view of Hs-
H,, one has that the map (¢,z) ~» I(t,z,u) is upper semi-continuous for each



u € U. Furthermore, it is then straightforward to prove that F'(¢,z, ) is upper
semi-continuous for each v € U.

It follows from the upper-semicontinuous property of (¢,z) ~» F(t,x,u) for
each u € U that also (t,x) ~ F(t,2) is upper-semicontinous. Indeed, for each
u € U fixed, for any (¢t,x) € R and for every neighborhood N,, of F(t,z,u),
there exists a neighborhood O, of (¢,x) such that F(s,y,u) C N, for any
(s,y) € Oy. Let us now observe that N := U,epyN,, can be regarded as an
open arbitrary neighborhood of F(t,z) and that F(s,y) C N, for every (s,y) €
O := UyueyO,. This shows that F is upper semi-continuous. Furthermore, the
local Lipschitz continuity of the map t ~ F(t,z) easily follows from the local
Lipschitz continuity conditions expressed in Hs.

Let us now show that, for each (t,u) € R x U, F is locally one-sided Lipschitz
w.r.t. ¢ € R™. Fix any compact sets I C R, K C R™ and any (¢, z,u), (t,y,u) €
I x K xU. For every v € F(t,z,u), w € F(t,y,u) there exist measurable
selections 1 () € Op(z, o) and ny(a) € Oyp(y, @), p-a.a. o € A, such that

v = g(t’x’ u) - /A k(ta mv“?“)nx(a)u(da)a

w=glt) = [ bit.y.0.0n, (o).

Therefore, one can derive the following inequalities:
(z —y,v—w) <Lz —y[*+
Jak(ty,u, @) (ny(a), z = y) p(do)+
L Kt 2,1, 0) (12(a), y — @) pu(da) <
Llz = yl* + [y k(t,y,u, 0)(p(x, 0) = ¢(y, o) )u(dor) -
Jak(t, @ u o (@(fﬂ a) = ¢(y, a))pu(da) < Liz —y[*+
Ha =yl [ Lo(@)k(t, y, u, ) — k(t, 2, u, o) |u(de)

SL(l+hLAamwm)My2Lﬂxm%

for each z,y € K, t € I, uw € U, where, in turns, we have used the characteriza-
tion of the proximal sub-differential, hypotheses Hy, H4 and the positivity
of k. This shows that, for each t € R, u € U, F is locally OSL w.r.t. x.

In order to prove (B), fix any (t1,1),(t2,22) € I x K. Let u € U and
vy € F(t1,x1,u) be such that

max (v, — Za) = (V1, L1 — Ta).
vEF (t1,21)

Fix any ve € F(tg, 22,u) and choose w € F(t1,x2,u) such that

|U)*’UQ| S L|t1 7t2‘.



Then one can easily estimate
vegzl?f,(zl) <v, e I2> a wG%l(Etlzxz) <w’ e z2> =
<U1,$1 - $2> - <’02,$1 - Cﬂ2> =
(v —w,x1 — x2) + (W — Vo, 1 — Ta) <
Lp|ry — 22 + Jw — ve||zy — 22| <
LF|1‘1 — l’2|2 + L|t1 — tng’l — l‘2| S

(Lp + L)|(t1,21) — (t2,22)|* = Lp|(t1, 21) — (t2, 22) [,

where Ly = (Lp + L). This shows relation and concludes the proof. m
Let us now consider the control system

()

z(t) € F(t,xz(t),u(t)), u €U, ae. t € [ty,+00)
x(to) =x9 € R”

Remark 1 Notice that, as a consequence of the one-sided Lipschitz property
, for every T > to > t1, for every x1,xs such that |x1|, |x2| < r and for every
solution of (B) z1(+), x2(-), respectively starting from x1(t1) = x1, x2(ta) = x2
with a given control u € U, one has

|[21(t) — 22(t)] < ePFUT) 3y (1) — o (ta)), (6)

for all t € [ta,T]. Let us also observe that z;(-) for i =1,2, satisfies the bound

t
tt) =il < (14 [ Zotwtaa)) [ €+ Calastoas
A tq
where Cy,Cy and Ly () are defined in Hs-Hy, respectively. It follows from @
and that

w1 (t) — 2a(t)] < elrU=t2) (|2 (t) — 21| + |21 — @2])

< LR =12) (O (T) |ty — to] + |21 — 22]) )
< Ar(B)](b1,21) = (b2, 22)],

where Cy(t) := [(Lr/L)(C1 + Cor)lexp{(Lr/L)(t —t1)} is obtained from
and a use of the Gronwall’s Lemma, L > 0 is the constant appearing in Hy and
A (t) := 2elPt max {C,.(¢),1} > 1.

An important consequence of Proposition |1|is that the control system is
well-posed, as it is stated in the following result.

Theorem 1 Assume the hypotheses Hq-Hs. For a given (tg,z0) € R and
u € U, there exists a unique solution to .

Proof. Proof. The existence of a solution follows from the properties stated
in Proposition [I] and the use of well-known existence results for differential
inclusions (see, e.g. [36]). Moreover, the uniqueness property for the system
follows from and an application of the Gronwall’s Lemma. m



Furthermore, one can show that the set of trajectories generated by the
dynamics is equivalent to the set of solutions of

{x'(t) € F(t,z(t)), a.e. t€ [ty,+00)
l‘(to) =x9 € R”

9)

One has the following result:

Proposition 2 Let us assume Hi-Hs. Fix (tg,79) € R1™™. Then the set of
solutions of (5)) with initial condition x(tg) = x is equal to the set of solutions
of (9) with initial condition z(to) = .

Proof. Proof. If z(-) is a solution of with initial condition z(tg) = o,
then it is trivially also a solution of @D with the same initial condition. Let
us now take z(-) solution of (9) such that x(ty) = zo. In what follows, we will

equip L'(A; u) with its natural weak topology. Let us consider the multifunction
¥ : [tg,00) ~ LY(A;p) x U defined as

() :={¢(),u): uel, £()

p—measurable selection of d,p(z(t), )}

and the mapping g : [tp,00) x U x L*(A4; ) — R™ defined as

g(t,u, &) = g(t,z(t / E(t,x(t), u, a)¢(a)p(da).

It is a straightforward matter to check that 3 is non-empty (in view of H,) and
has weakly closed graph (in view of the compactness of U and of the upper-
semicontinuity and convexity of the sub-differential). Furthermore, in view of
H,, Hy, the map g is weakly continuous. Notice also that the relation

a(t) e {g(t,u, &) = (w,§) € X()},  ae. i€ [ty,00),

is clearly satisfied. So one can apply a well-known selection theorem (see, e.g.
Theorem I11.38, [35]), which provides the existence of a measurable selection
(&(t),u(t)) € X(t) such that &(t) = g(t,u(t),&(t)), a.e. t € [to,00). This con-
cludes the proof. m

5 Existence of Minimizers and Properties of the
Value Function

Fix (tg,z0) € R¥™. Let us now define the reachable set generated by the
dynamics @D and starting from the point x(ty) = xo, evaluated at s > to (in
view of Proposition [2| one can regard any trajectory of @D as a trajectory of
() and vice-versa):

R(s;to, o) = {z(s) : & € F(t,z), t € [to, s], z(t) = z0} .

The set of points of Gr T reached by a trajectory of (5] starting from x(tg) = zo
is defined as

A(to,ze) = 1(5,9) € GrT : y € R(s;t0,20), 5> 1o},



while the set of initial conditions for which a feasible trajectory exists is denoted
by
D= {(to,l‘o) S R1+n . A(tO,IO) 7é @} .

In order to guarantee the existence of a minimizer, one has to assume further
conditions, characterizing the behaviour of the cost function W when the end-
time T > ty tends to infinity. In what follows, we will assume the following
growth condition:

(GC) Fix (to,xo) € R"*". For every (Ty,xx) € Aty,z) such that T, — +oo,
one has that W (Ty, zx) — +oc.

Clearly, if W is a function such that sup,cgn W(7T,2) — oo if T — oo, then
the condition (GC) is satisfied. Let us point out that, in the minimum time
problem, the cost function is W(T,z) = T and it clearly satisfies the growth
condition (GC). We are now ready to prove the existence of a minimizer for
the optimal control problem (P):

Theorem 2 Assume hypothesis (SH) and that condition (GC) is satisfied.
Then, for any (to,z¢) € D, there exists a minimizer for the free time optimal
control problem (P).

Proof. Proof. Fix (tg,x0) € D. Let (T,,Zn)nen be a minimising sequence in
A(to,z0)- In particular, (T;,, z,) € GrT and T}, has to be bounded. Indeed, if 7},
were not bounded, there would exist a subsequence such that W(T,,, ,(T,)) —
400, providing a contradiction with the definition of minimising sequence. Let
M > 0 be such that T,, < M for each n. In view of conditions Hz, H, and Hs,
it follows from standard compactness arguments (see Proposition 2.5.3, [28])
that T,, — T and z,(-) — 2*(-) uniformly on [¢to, M] (here, we are considering
trajectories @, * extended on [to, M] such that z,(t) = z,(T,,) for T,, <t < M
and z*(t) = a*(T*) for T* < t < M). Tt follows from Proposition [I| and
assumptions Hs-Hg that the set R(s;to,xo) is compact for every tp < s < M
(see, e.g., Proposition 2.6.1, [28]). Since W is continuous on Gr7, this concludes
the proof. m

Let us now introduce, for all (tg,z) € R!*™, the value function of the free
time optimal control problem (P) as

V(to, o) = inf {W(T,2): (T,x) € Attg.z0)} - (10)

Notice that V (o, o) = 0o if (tg, ) ¢ D. The standard dynamic programming
principle for the optimal control problem (P) can be stated as follows:

Proposition 3 For any (t,z) € D, take y : [t,+00) — R™ such that y(t) =
solution of (5)) with a control u € Y. Then, for any s € [t, c0) the value function
satisfies

V(t, ) < V(s,y(s)).

Furthermore, consider 7 : [t, +00) — R™ such that (T',7()) is a minimizer for
(P)(t,z)- Then for any t < s <T', one has

V(t,x) = V(s 4(s))-

If the growth condition (GC) on W is satisfied, one can easily derive also a
related growth condition on the value function.



Proposition 4 Assume (SH) and that condition (GC) is satisfied. Then the
following growth condition holds:

(GC)y For every (tg, k) € D such that ¢t — oo, one has
that V (tg, ) — oo.

Proof. Proof. Take (ty,xr) € D such that t; — oo. It follows from the
definition of value function that for each &5, > 0, there exists (T, , e, ) € Aty 20
such that

W(Tgk,ygk) < V(tk, l‘k) + €.

Let us assume that ¢, — 0. Since T, > ¢, then also T, — oo for k — o0. It
follows from the condition (GC) on W that

oo = lim W(te,,ye,) < lim V(tg,zk).
k—o0 k—o0

This concludes the proof. m

In order to derive the Hamilton-Jacobi equation for the problem (P), it will
be helpful to impose conditions which guarantee the locally Lipschitz continuous
regularity in D of the value function. To this aim, we will extend to the one-
sided Lipschitz case some results provided in [37]. Let us assume the following
inward pointing condition on Gr7:

(IPC) For any compact set G C R'*™ there exists p > 0 such that, for all
(t,z) e BA(GrT)NG,
min  {1°+ (I, < —p,
EGF‘(t,m){ < $>} =7r
¥ (I°1) € N&r(t2), (0,0 = 1.

It is then possible to prove the following technical result:

Proposition 5 Assume Hi-Hg hold and Gr'T satisfies (IPC). Then, for any
compact set K C R there ewist e, Lx > 0 such that for all (to,x¢) €
GrTNK +exB

d((to,l‘o),A(tO’mO)) S LKd((tQ7LL‘0)7G1”T) (11)
Proof. Proof. See Section[I0] m

Proposition 6 Assume conditions (SH) and (GC). Suppose that GrT sat-
isfies (IPC). Then D C R'*™ is an open set and V(tx,xr) — +oo for all
(tk,:rk) € D such that (tk,l’k) — (to,l’o) S Bd(D)

Proof. Proof. Let us show that D¢, the complement of D, is closed. Let (¢, )
be a sequence in D¢ converging to (t,z). Fix R > 0 such that |(t,z)| < R. We
will show that (¢,z) € D°.

Let us argue by contradiction assuming that (¢,z) € D. By definition of D,
there exist (T,y) € A, 4), a control u, € U and z(-) solution of (5)) with control
ugy € U such that z(t) =z, z(T) =y, T >t and (T,y) € GrT. Clearly, one
can choose €, > 0 such that ¢, — 0,

‘(t71‘) - (tn,xn)l < En,



and |(t,z)| + €, < R. Let us consider two different cases:
CASE 1: T =t. Let K C R'™ be a compact set containing (t,x) =
(T,y) € GrT. Then

d((tn, Tn), GrT) < |(tm$n) — (T, y)‘ = ‘(tmxn) —(t,z)| <en

and (t,,r,) € Gr TNK +¢&,B. In view of Proposition there exist ex, Lg >0
such that condition is satisfied for each point in Gr7 N K + exB. By
taking n sufficiently large, one can choose &, such that ¢, < ex and apply
condition at (tn, ). Since (tn,zn) € D, then A, 5.y = 0, implying that
d((tn, xn), A, 2,)) = +00, which yields a contradiction.

CASE 2: T > t. Taking n sufficiently large, one can assume that ¢, < T.
Let z,,(+) be the unique trajectory of (5) when wu(-) = u,/(-) with initial condition
z(tn) = . In view of relation (8], one has that

|2 (T) — 2(T)| < Ar(T)en

where Ag(+) is the function appearing in condition (8], Remark [1] with the choice
r = R. Clearly, since (t,,z,) € D¢, then also the point (T, z,(T)) is in D°. Fix
a compact set K C R" containing (T, y) = (T, z(T)). Let us choose ex, L
such that the statement of Proposition [5| is satisfied. For all €, < % it

follows that (T, z,(T)) € Gr T N K + B and that
d(T, 20 (T)); Az, (1)) < Lcd((T, 20 (T)), G T).

However, since (T,z,(T)) ¢ D, one obtains a contradiction using the same
arguments employed in CASE 1.

In both CASE 1 and CASE 2, a contradiction is obtained. This shows
that D¢ is closed and so that D is an open set.

Let us now prove that the value function V' (¢, z) tends to infinity when (¢, x)
approaches Bd(D). Fix {(tx,zr)}x C D, (tk,xr) — (to,zo) € Bd(D). Let us
use z(-) to denote a trajectory of (9) with initial condition zy(t) = .

Assume by contradiction that |V (tg,zx)| < M for all k and some M > 0.
It follows from the definition of value function that, for all ¢ > 0, there exists
(Tk, yr) € A(ty,zx) such that

W (Tk,yr) < V(tk, ox) + €.

Hence, |W(Tk,yx)| < 4+o00. Let us observe that, in view of (GC), Tj has to
be bounded by a constant M. Hence, in view of the hypothesis H3-H,, also
Yk is uniformly bounded and one can arrange along a subsequence (we do not
relabel) that (T, yx) — (To,%0) € GrT. Arguing as in Theorem [2| one can
find a subsequence of trajectories of (9) such that zj(-) — Z(-) uniformly on
[0, M]. In particular, xx = zp(tx) — Z(to) = xo. Hence Z(-) is a trajectory
starting from (t,xo), such that &(t) € F(t,#(t)) a.e. t € [to, To] and (Tp,yo) =
(Ty, Z(To)) € GrT. Then Ay, ) # 0, which is impossible since D is open and
(to,z0) € BA(D). This concludes the proof. m

The existence of a minimizer, together with the (IPC) and (GC) conditions
guarantee the locally Lipschitz continuity of the value function on D.

Theorem 3 Assume that conditions (SH), (GC) hold and that Gr T satisfies
(IPC). Then V is locally Lipschitz on D.



Proof. Proof. See Section[I0] m

Remark 2 The growth condition (GC) permits to the optimal trajectory Z(-)
of problem (P)(to,ro) to reach the point in A, z,) which minimizes the cost
function W. In general, Z(-) does not stop when the target is reached, as it
is the case in which one considers a problem (P) in which the parameter to
minimize is the time (namely, when W(T,xz) = T). Indeed, the related cost
function in the minimum time problem satisfies the stronger condition:

e (LGC). For any K C R"*! compact, there exists v > 0 such that
W(t' z') > W(t,z) +~( —1),
for all (t,x) € K and (t',2") € Ay 2.

This particular feature of the problem of study is also reflected in the formulation
of the Hamilton-Jacobi equation.

6 Dynamic Programming and Invariance Prin-
ciples

In this section, we link the dynamic programming principle in Proposition [3| with
the weak and strong invariance principles for the epigraph and the hypograph
of the value function w.r.t. a suitable, augmented dynamics. To this aim, let
us now introduce the augmented differential inclusion

(AD),, { y(t) € T(y(t)), a.e.te0,+00) 12
ZU(O) =Y

where y(t) = (7(t),z(t),a(t)), yo = (70, 0, ag) € R"*" T and (7, 2,a) = {1} x

F(r,7) x {0}. Tt is easy to check that all of the properties stated in Proposition
[ll for F are still valid for I.

Definition 1 Suppose O C RY" L is open, yo € O and y(-) solution of
(AD),,. Then T > 0 is an escape time from O (in which case we write
Esc(y(+), Q) :=T), provided at least one of the following conditions occurs:

a) T =00 and y(t) € O for allt > 0;
b) y(t) € O for allt € [0,T) and ||y(t)|| = o0 as t — T
c) T < oo, y(t) €O forallt €[0,T) and d(y(t),0°) -0 ast — T.

Let us recall the basic definitions of invariance principles ([38], Definition 3.1).
In particular, we will state a local version of the weak invariance principle which
will be useful in proving the following results.

Definition 2 Take a closed set C € Rt *! and an open set @ C R+ ¢
is weakly invariant w.r.t. the set-valued dynamics T' in O (and we write (C,T")
weakly invariant in @) if and only if, for any initial condition yo € C N O and
for some T > 0, the Cauchy problem (AD),, admits a solution y(t) € CN O for
all ¢ € [0, 7).



Definition 3 A closed set C C R'*"*! is strongly invariant w.r.t. the set-
valued dynamics I' (and we write (C,T") strongly invariant) if and only if, for
any yo € C, T > 0 and y : [0,7] — R**"*! golution of (AD),,, one has y(t) € C
for all t € [0,T7].

The existence of an optimal trajectory can be reformulated as both a weak
invariance principle for the epigraph of V' and a strong invariance principle for
the hypograph of V. Such properties will be captured by the next propositions.

Remark 3 Fizyg = (10,70, a0) € R Any solution y(t) = (7(t), z(t), a(t))
of (AD)y, is such that 7(t) = t+79. The inverse function of 7(t) is t(1) = 7—7o.
Furthermore, one can observe that z(T) := x(¢t(7)) satisfies 2(7) € F(7,2(7))
a.e. T € [19,00) and z(79) = wp.

Proposition 7 Assume that (SH), (IPC) and (GC) hold true and V is
bounded below and lower semi-continuous. Fix & = epi(V'), where

epi(V) = {(r, 2, ) € R V(r,z) < B},
and the set O = (Q°ND) x R, where
Q={(r,z) e GrT: V(r,x) =W(r,z)}.
Then (£,T) is weakly invariant in O.

Proof. Proof. Since V is lower semi-continuous, £ is a closed set. Furthermore,
O is an open set in view of Proposition Fix (79, 20,00) € €N O. Then
V (70, 20) < Bp < 0o. Theorem [2| ensures the existence of an optimal solution
z*(7) and an optimal time S* > 79 to the free time optimal control problem
(P) with initial condition z*(79) = z¢ and such that (S*,z*(5*)) € GrT (here,
in view of Proposition [2], we are regarding z*(-) as a solution of @D with initial
condition z*(79) = xo). By the optimality principle, for all 7 € [rg, S*],

V(7. 2"(1)) = V(70, 2(70)) < Bo-

In view of Proposition [6] (7,2*(7)) € D for all T € [r9, S*]. Furthermore, one
has that 70 < Esc((-,2*(-), V((-,2*(+))), Q¢ x R) < §* since V(S*,2*(5*)) =
W(5*,2%(S*)). For all ¢ > 0, define 7(t) = t + 79. Therefore 7(t) = 1 and
7(0) = 79. Define 2*(t) = 2*(7(t)) and observe that y*(t) = (7(t),z*(t), Bo) is a
solution of with initial conditions (7(0),z*(0), 8(0)) = (70,0, Bo). Hence,
setting T := S* — 1y > 0, one has

V(r(t),2"(t)) < Bo,

for all ¢ € [0, T*]. Furthermore, one has that (7(¢),z*(t)) € D for all ¢t € [0,T*]
and that 0 < Esc((7(-),2*(-), V(7(-),z*())), Q°xR) < T* since V (7(T*), x*(T*))
W(r(T*),z*(T*)). This concludes the proof. m

Proposition 8 Assume that Hi-H, are satisfied and that V is upper semi-
continuous. Define H = hypo(V), that is

hypo(V) = {(7,z, 8) € R*™" 1. V(r,2) > B}.

Then (H,T') is strongly invariant.



Proof. Proof. Since V is upper semi-continuous, then # is a closed set. Fix
(10, %0, Bo) € H. If (10,20) ¢ D, then the thesis is trivially satisfied. So let us
assume that (79, zg) € D. Then V (19, 20) > Bo. In view of Remark given any
trajectory of (12, namely y(t) = (7(t),z(t), Bo), with initial condition y(0) =
(70,0, Po), it is possible to define ¢(7) = 7 — 79 and 2(7) = z(¢(7)), trajectory
of 2(1) € F(r,2(7)) a.e. T € [19,+00), with initial condition z(m) = xo. Let us
observe that the value function V' is non decreasing along z(7) so that, for all
S > 19 and 7 € [19, S], one has

Bo <V (710,70) < V(1,2(7)).

Finally, for any solution y(t) of with initial condition y(to) = (70,0, Bo)
and for any T' > 0, one can set S =T 4 19 > 79. Hence

Bo < V(70,m0) < V(7(t), z(t)),

for all ¢t € [0, T]. This concludes the proof. m

7 Hamilton-Jacobi-Bellman Inequalities

In this section we characterise the value function as the unique viscosity
solution of the Hamilton-Jacobi related to the problem (P). Let us now define
the maximized and minimized Hamiltonians for I'.

Definition 4 Fix n,y € Ry = (7,2,a), n = (11,72,13). The minimized
Hamiltonian is defined as

hr(y,n) = min (v,n) = min ((1,v,0), (1n1,72,73));
vel(y) vEF(7,z)

the maximized Hamiltonian is defined as

Hr(y,n) = max (v,n) = max ((1,v,0),(n1,72,73)) -
vel'(y) veF (T,x)
We will now state the weak invariance and strong invariance characterisations
in Hamiltonian forms. Let us first observe that, since the set-valued map T’
inherits the same properties of F' (summarised in Proposition [I| and hypothesis
Hs), then the following result holds true ([38], Theorem 3.1):

Proposition 9 Assume Hi-Hjy are satisfied, V is lower semi-continuous and
O C R+l is an open set. Then the following statements are equivalent:

i) (epi(V),TI) is weakly invariant in O;

i1) For all (1,z,a) € epi(V)N O,
hr((t,z,a),n) <0 for all 5 € N(f;(v)(T,x,a).

Since I' also satisfies the relation , then one can invoke a strong invariance
principle proved in [30] and ([39], Theorem 8).

Proposition 10 Assume H;-Hj5 are satisfied and V is upper semi-continuous.
Then the following statements are equivalent:



i) (hypo(V),T") is strongly invariant

it) For all (7,z,a) € hypo(V') and n € N}];po(v) (1,2,a),

UM Sup(,+ 4 01y, (r.0,a) Hr (7,27, 0"),m) < 0.

In the previous Proposition, given z € R'*"*! and a non-zero vector n €

R 2" —, 2 is equivalent to say that 2/ — z and (2 — 2)/|z' — z| = n/|n|.
In what follows, we prove a comparison principle result characterizing any

continuous function that exhibits the same qualitative properties of the value

function V. Precisely:

Proposition 11 Assume that (SH) hold and that (GC) and (IPC) are sat-
isfied. Let © : R'*™ — R be a continuous, bounded below function such that:

a) O(t,z) < W(t,x) for each (t,z) € GrT;
t

) ©
b) O(t,x) = +oo for all (¢,z) & D;
c) O(ty, zr) = +oo for all (¢, z) € D such that (tx,zr) — (¢, ) € Bd(D);
d) For every (tx,xr) € D such that t; — oo, then O(ty, ) — oo.
Then one has that:

i) If (epi(O©),T) is weakly invariant in O = (Q°N D) x R, where

Q={(r,z) e Gr T : O(1,z2) =W(r,2)},
then one has that V(¢,z) < O(t, z).

ii) if (hypo(®),T') is strongly invariant. Then one has that V (¢, z) > O(¢,z).

Proof. Proof. i). Given any yo = (to, Zo,a0) € epi(0) N O, let us define

Tae == sup {T' > 0: Fy(-) solution of (AD),,

s.t. y(t) €epi(®)NO forallt €[0,T)}. (13)
Since the couple (epi(©),I") is weakly invariant in O, the supremum in is
taken over a non-empty set. In what follows, we will show that the supremum
in is actually a maximum. In fact, let us take a maximizing sequence of
trajectories v, (-) of (AD),, and the related T), such that v, (t) € epi(©) N O
for all t € [0,T},). If T,, — oo, then one would easily get a contradiction
from the weak invariance of the couple (epi(©),I') and from the condition d)
on O. Furthermore, by standard compactness arguments (see, e.g. Proposi-
tion 2.6.1, [28]), yn(-) — y(-) uniformly on [0, T}nes], where y(-) is a trajec-
tory of (AD),,. This implies that the supremum in (13) is a maximum and
that there exists a solution y(t) = (7(t), z(t), ag) to ith initial condition
y(0) = (to, o, a0) (where 7(t) = t + to) such that O(7(¢),z(t)) < ag for all
t €10, Thnaz). Fix ag = O(to, o) and let us now show that T = Esc(y(+), O).
In fact, if Thnax 7# Esc(y(),O), this implies that y(t) € epi(©) N O for all
t € [0, Thnaz] and that y(Thaes + ) € epi(©), Y(Thmaz +€) € O for every € > 0
sufficiently small. However, using again the weak invariance principle of the
couple (epi(©),I'), one could construct a new trajectory g(-) = (7(-),Z(-),a)
defined on [Tmax,T) for some T > Tyaz, With initial condition J(Tmaz) =



Y(Tmaz) such that ©(7(t),Z2(t)) < O(T(Tmaz)s T(Tmaz)) = O(to, zo) for every
t € [Trmaz, T), which is clearly a contradiction with the definition of T},,4,. These
arguments show that there exists a trajectory y(-) solution of such that
y(0) = (to,x0,a0) and y(t) € epi(©) N O for every t € [0,Esc(y(:), 0) = Thaz)-
In particular this implies that

(1), 2(1)) < Olty, zy), (14)

for every t € [0, Tynaz)- Let us now observe that, in view of condition ¢) on ©
and on relation (14)), one has that T;,q, = Esc(y(+), ©) = Esc(y(-), 2° x R). One
then easily obtains that (7(Tmaz), (Tmaez)) € GrT and that

W(T(Tmaz), (Tmaz)) = tiiTm O(7(t),z(t)) < O(to, xo).
Hence V (g, x0) < O(to, o).

ii). The couple (hypo(®),T") is strongly invariant. This implies that, given
any (to, o, ao) € hypo(©) and T' > 0, any solution y(t) = (7(¢), z(t), ag) of
with initial condition y(0) = (to,xo, ap) remains in hypo(©) for all ¢t € [0,T]. If
(to, o) & D, then +o00 = V (to, xo) = O(to, zo) in view of condition b) on O. Fix
now (to, o) € D and take (S,Z) € A(y,00). Then there exists a solution z(7)
such that 2(7) € F(r,z(7)) for all 7 € [tg, S], 2(to) = xo and z(S) = Z. Define
T(t) =t + to, 2(t) = 2(7(t)) and T = S — to. Then y(t) = (7(t),z(t),a0) is a
solution of for all ¢ € [0, T] with initial condition y(0) = (to,xo, ao). Let us
choose ag = O(tp,zg). It follows from the strong invariance principle and the
condition a) on © that

W(S,z) > O0(r(T),=(T)) > ag = O(tg, o)

Hence O(ty,z0) < V(to,zo). This concludes the proof. m The results in the
previous sections permit to characterize the value function as the unique con-
tinuous, viscosity solution of a set of Hamilton-Jacobi inequalities. Indeed one
has the following:

Theorem 4 Assume hypotheses (SH) and that conditions (GC), (IPC) are
satisfied. Then the value function V is the unique continuous, bounded below,

locally Lipschitz in D function which satisfies the following properties:
i) V(t,z) < W(t,x) for each (t,z) € GrT;
i) V(t,x) = +oo for all (¢,x) & D;
iii) V(tg, k) = +oo for all (ty,zr) € D such that (tx,zr) — (¢, ) € Bd(D);
iv) For every (ty,xy) € D such that t, — oo, then V (tx, zx) — o0;

Let us consider the no-characteristic set
Q={(r,z) e GrT: V(r,z) =W(r,2)}.
Then:
v) take O :=Q° x R. For every (¢,z,a) € epi(V) N O one has

in (1,v,0)-p<0 Vpe NP . (t x,a);
’UGI%%?,:E)( v ) JURS D epl(V)( z CL)



vi) for every (t,z,b) € hypo(V'), one has

lim sup max (1,v,0)-p <0,
(2" b )= (t,2,b) VEF (' ,2')

for all p € N}f’;po(v)(t,x, b);

vii) for every (¢,x) € DN (2°) one has

py+ min v-p, <0, V (ptvpm) € apV(t,.T);
vEF(t,x)

viii) for every (¢,z) € D, one has

q¢ + liminf { min v'qm} >0,

' =g, |vEF(t,a’)
for every ¢ = (1, q.) € 0PV (¢, 7).

Proof. Proof. Conditions i)-vi) follow from Propositions Furthermore,
in view of Proposition [6] and Theorem 3] V is locally Lipschitz continuous on D
and continuous on R'*". Theorem [2] assures that V is bounded below. If either
opV (t,x) = 0 or 9PV (t,x) = 0, then, respectively, condition vii) and condition
viii) are satisfied. It remains to show conditions vii)-viii) in the other cases to
conclude the proof. It follows from an easy application of (|28], Proposition
4.3.4) that, for every (¢,z) € D, one has

NCI;(V)(t7 z,V(t,x)) =

{(Ap, =) : A>0, pedpV(t,z)}U{(0,0)},
NP

hypo(V)(t7x7V(t,x)) =

Let p = (pt,pz) € OpV(t,x). Then (Ap, —\) € Né;i(v)(t,z,V(t,x)) for every

A > 0. It follows from condition v) that, rescaling w.r.t. A > 0, one obtains
min (1,v,0) - (Ap,—A) <0 =
vEF (t,x)

A min (1,v) (pt,pe) <0
vEF (t,x)

= pr+ min v-p; <0,
vEF (t,x)

for every (t,z) € DN (Q)°, for every (pi,ps) € OpV (¢, ).

Similarly, if ¢ = (q¢,q.) € 0PV (t,2) then (—Ag, \) € N{;po(v)(t,m,V(t,x))
for every A > 0. Hence, setting § = (—Ag, \) € Nﬁ;po(v)(t,x, V(t,x)), it follows
from condition vi) that

lim sup max (1,0,0) - (=Ag,\) <0 =
('@’ ,a’) =g (t,2,V (t,z)) vEF (¥ ,27)

lim sup max (1,0) - (=Aqr, —Agg) <0 =
(3" )= _q (t,m) VEF (', @)

limsup {—A min (1,v) (¢, ¢2)} <0 =
(@)= _q(t,) veF(t,2)

lim inf {qt + min v- ql} >0, (15)

(t,x")—_q(t,x) vEF(t,x")



for every (t,z) € D and (q;,q:) € OFV(t,z). Since the map t ~~» F(t,x) is
locally Lipschitz continuous for each x, one easily obtains condition viii) from
. This concludes the proof. m

Remark 4 Let us make some further comments on the implications of Theorem
[Jl Assume that the multifunction F : R™*™ ~» R™ is continuous on D. Then
the condition viii), Theorem becomes the usual inequality

¢+ min v-qg, >0, YV (qt,9z) € GPV(t,x).
veF (t,x)

Under these assumptions, the generalised solution characterised by conditions
Vi )-viii), Theorem can be interpreted as the classic notion of viscosity solution
in D (see e.g. [£0]). Indeed, fix (t,x) € D and assume that V is differentiable at
(t,x) € D. When (t,x) € D\ (GrT), conditions vii)-viii) provide the Hamilton-
Jacobi equation

OV(t,x)+ min {v-V,V(t,x)} =0 (16)

vEF (t,x)

and, when (t,x) € GrT, conditions vii)-viii) together with condition i) yield the
following Hamilton-Jacobi equation

min {(W -V)(t,x),0V(t,x) + min v- VmV(t,:c)} =0. (17)

vEF (t,x)

While the equation reflects the need of hitting the target Gr'T (as it happens
in the minimum time problem), the equation is motivated by the search of
a minimum point of W in GrT. As a matter of fact, the obtained Hamilton-
Jacobi relations related to the free-time optimal control problem with moving
target (P) are distinct from the standard Hamilton-Jacobi relations obtained for
fized time optimal control problems (see, e.g. [28]). Indeed, the relations i)-viii)
of Theorem [§) boil down to solving a different partial differential equation with
different boundary conditions.

It is also interesting to observe that, when F' is continuous on D, then one
can prove, following the same approach outlined in [{1], that conditions vii)-viii)
of Theorem[]) hold true even if the value function V is just continuous. Indeed,
the approach in [{1] is based on a use of the Rockafellar’s Horizontal Theorem to
represent the horizontal vectors to epi(V) (or hypo(V')) and a passage to limit
through the Hamiltonians in order to obtain conditions vii)-viii), Theorem .
But such a procedure fails when the dynamics F (and so the Hamiltonian) is
discontinuous.

When the multifunction F : R1T" ~» R™ is merely upper-semicontinuous,
then also the equivalence result between different notions of generalized solu-
tions provided in [{0] fails. In fact, the proofs in [[0] rely on a density argu-
ment among different sub/super-differentials and (again) in a simple limit taking
through the continuous Hamiltonian. Of course, this last step breaks down when
the Hamiltonian s discontinuous.

As a consequence, different definitions of viscosity solutions have been in-
troduced in the literature according to the specific problem needs. For instance,
in [72], the authors use a definition of viscosity solution based on the notion
of limiting sub-differential, while in [29] a notion of modified viscosity solution
is provided to take into account the specific discontinuity arising in reflecting



boundary optimal control problems. The notion of viscosity solution employed
in v)-vi), Theorem[4] is closely related to the one provided in [}3], Theorem 5.8,
for Hamilton-Jacobi equations with Hamiltonian measurable in time. However,
let us stress that Theorem [ deals with an optimal control problem with “state”
discontinuity, rather than “time” discontinuity. In this sense, conditions vii)-
viit), Theorem provide important information on the direction along which the
Hamiltonian inequalities hold. This will be further discuss in the next Section.
Furthermore, it is important to mention that conditions vii)-viii), Theorem
rely on the local Lipschitz continuity of the value function V and could not be
obtained if V. were merely continuous.

8 A toy example
Let us consider the following optimal control problem

Minimize W (T, v(T'))

0(t) € u— Y up(v), ace. t € [to, )
(Pez) Q u(t) € [-2,2]  ae. te[t,T]

’U(to) =1 € R,

(T,v(T)) € GrT C R?

in which tg € R, T : R ~ R*, T(¢) = [r, +0), W(t,v) = Ct + (1/v?) for some
constants C, r > 0 such that Cr3 < 1 and

@(U){ 0 wv<0

v ’UZO.

It is easy to see that (P..) is a special case of the general optimal control
problem (P), in which the data are defined as g(t,v,u) = u, k(t,v,u, @) = u’aq,

A=10,1], p(e) = 61 (a) and

u?

—0yp(v).

F(t =u—
(tv,uw) =u—

Furthermore, a straightforward computation shows that

[—4, 1] v>0
F(t,v) = Uyeu F(t,v,u) = [—4, 2] v=0,
-2, 2] v<0

and that hypothesis H;-H7 and condition (GC) are satisfied (notice that the
Lipschitz continuity of the cost function W is required merely in a neighborhood
of the target). Furthermore, by definition of ¢ ~ T(¢), ({,9) € Bd(GrT) if
and only if (£,0) = (,r) for some ¢ € R. It follows that (1°1) € NE (t,7),
|(1°,1)] = 1 if and only if (1°1) = (0,—1). Hence, (IPC) is satisfied because,
for any compact G C R? and any (¢,7) € Bd(Gr7) NG, one has

1
min (I +(1,&)=—=<0
56F(m( {,€)) = —3



The problem (P,,) is describing the velocity v(t) of an object that is moving,
assuming that the friction acts only in one direction (see Figure . When the
velocity is negative, one can choose the control without taking into account the
effect of the friction. When the velocity is positive, the friction reduces the
velocity and one has to choose the control providing the maximum of the dif-
ference between velocity and friction. The target describes a minimum velocity
requirement for the optimal solution of the problem.

v(t) >0

Figure 2: Example of a one side friction framework

It is natural to guess that the optimal control will be u(t) = 2 for all ¢ such that
v(t) < 0. Furthermore, when v(t) > 0 and v(¢) < r, the optimal control should
be positive (to reach the target region) and related to the maximum velocity
(in order to minimise the time in the cost function). Hence

oo Zousw) =o.fu ) oo

= Jul=1 — a(t)=1.

Furthermore, (P,;) is an example in which the optimal solution does not stop
as soon as the target is reached. Let us study the behaviour of W (¢, 9(t)), when
o(t) > 0 and 0(t) € F(t,0,4) = F(t,0,1) = &:

d f 1 = * s/ 1
IWE0) =0 =0 0 w0 = = L 20

where the last inequality holds since Cr® < 1. On the other hand, if Cr3 were
larger than 1, then v* ¢ T(t) and the optimal solution would stop as soon as it
reaches the Gr 7. The previous analysis shows that the guessed optimal control
is
2 v(t) <0
a(t) = 1 0 <w(t) <v*,
0 v(t) > v*

and, for any (to,v0) € R?, one can also guess that the value function is
Cto + U% vy > v*
0
V(to,vo) = 2Cv* —2Cvy + Cto+ 71 0 <wo <v* - (18)
2CU*7C%)+CtQ+U%2 V9 < 0

We will now verify that the Hamilton-Jacobi inequalities of Theorem [4] are
satisfied by the guessed value function . In fact, if V is differentiable at
(to,vo) € R?, then 9,V (tg,vo) = C and

- vy > v*
0
3mV(t0,U0) = -2C 0< Vo S v* .

el v <0



Let us also notice that the value function is differentiable at each point except
at the origin. If vg > v™*, one can show that is satisfied. Indeed, in this case
F(to,’l)o) = [—4, %], V(to,’l)o) = W(to,vo) and

atV(to, Uo) + min (w . &,V(to, UQ)) =

wEF (to,vo)
1 2 1
(=) > — — = U.
Ctg ()20 o5 =0

When 0 < vy < v*, then F(tg,vg) = [~4, %], V(to,vo) < W(to,vo) and

8tV(t07 UQ) + min (’U.) . (%V(t(h UQ)) =
wEF (to,vo)

1
C+3-(-20) =0,

r<wvy < v*) and equation valid outside the target) are satisfied. If vy < 0,
then F(to,vo) = [—2, 2] and
0V (to,v0) + min (w- 8,V (tg,vp)) =
weF (to,v0)
C
showing that is satisfied. It remains to check what happens at the points
in (tg,vo = 0), tp € R. In particular, it is easy to check that 9pV (tp,0) = 0
for all ¢y € R. Then it is enough to check that condition viii) of Theorem | is
verified. Let us observe that

OPV (t0,0) = {q ER™ g = (Coav), a0 € [—207—0}}

showing that both equation (17) (which is valid when vy is in the target, namely
16) (

2

Take (C,q,) € 0PV (t9,0). Since v’ —_,, 0 if and only if ' > 0 and F(tg,v’) =
[—4, 1], relation viii) of Theorem [4] is

C + liminf { min w-qv} :C’—l—q—”ZO

v'=_qu0 | we[—4,3] 2
for all g, € [-2C, —%] In view of Theorem |4} one can conclude that is the
value function of the optimal control problem (P.;). As a further implication
of condition viii), Theorem [4] it is interesting to observe that, for any t > 0,
the optimal feedback acceleration at w*(¢,0) = 1/2 (and the related optimal
feedback control u*(¢,0) = 1) is not obtained as the point in F(t,0) which
realizes the minimized Hamiltonian:

C
w*(t,0) #arg min {g, -w}, Vg, € [—ZC, —] .
weF(t,0) 2

However, w*(t,0) = 1/2 is obtained as
% . . C
w*(t,0) = lim |arg min ¢, w|, Vg, € |—-2C, ——=|.
v/ =0+ weF (t,v") 2

The information in vii)-viii), Theorem |4| provides the way to compute the op-
timal feedback control as a limit of the Hamiltonian “argmin” from the “right
direction”.



Remark 5 In the case in which the multifunction F : R'T™ ~s R™ is Lipschitz
continuous on D, well-known sensitivity relations can be applied in order to link
a suitable genmeralized gradient of the value function V to the optimal feedback
control (see, e.g., [28], Section 12.5 and [{4) for a free time optimal control ver-
sion). When the multifunction F : RYT™ ~s R™ is merely upper semicontinuous,
then it is much harder to relate the value function to the optimal control. To
our knowledge, such a shortcoming is mainly due to the lack of a set of nec-
essary conditions when the dynamics is discontinuous w.r.t. the state variable.
However, as the previous example shows, it is not hard to conjecture that any
theory or method of optimal synthesis has to take into account the information
provided by conditions vii)-viii) of Theorem .

9 Conclusions and Future Works

The main result of this paper is a characterisation of the value function of a
free time optimal control problem subject to a controlled differential inclusion
as unique, continuous viscosity solution of a related Hamilton-Jacobi equation.
The dynamics arises from a class of systems in which the friction is represented
by an averaged, upper semi-continuous, controlled differential inclusion. Under
general assumptions, we show that the dynamic equation is well-posed and that
the related optimal control problem admits solutions.

Several theoretical questions (such as controllability, necessary optimality
conditions etc.) and algorithmic considerations related to the present frame-
work can be considered as future research directions. Furthermore, the theory
provided in this paper will be useful to describe a wide class of phenomena,
in which a mechanical constraint producing friction is concerned. As a further
research direction, we plan to use some of the results provided in this paper
to model the morphological growth of living tissues, such as roots, stems and
vines, in the spirit of [18] [19].

10 Appendix
Given a closed set C C R'*™ and v € R™™, let us use

Pe(v) ={w €| |v—w|=d(v,C)}

to denote the set of all projections of v on C. According to ([28], Proposition
4.2.2), given w € C, the proximal normal cone NZ (w) is characterised as

NE(w)={veR™ Fa>0s.t. wePe(w+av)}.

Let us define the lower Dini derivative of a function ¢ : R'™™ — R in the
direction of (1,y) as

D (t,z;1,y) := liminf Y(E+h o+ hy) —9(t ) )
h—0+ h

To prove Proposition [5] we need the following result:



Proposition 12 Assume Hi-Hg hold and GrT satisfies (IPC). Then, for any
compact set K C R there exist 6, p > 0 and L > 0 such that the multifunc-
tion ® : R ~s R™ defined as

D(t,z) = {y € F(t,x)] D a(t,x;1,y) < \I/(t,a:)} (19)

is non-empty. In the previous equation, for each (t,x) € R, the functions

Y(t,x) and V(t,z) are defined as:

W(t,x) =d((t,z),GrT),

(Lp + L)y(t,x) —p (t,z) & GrT and
U(t,z) = (t,x) € Oy ;

+00 otherwise

where Op := (GrT N K) + 6B and L is the local one-sided Lipschitz constant
of F in Oy.

Proof. Proof of Proposition 12. Fix K C R*" a compact set. Take Oy =
(GrT N K)+ 0B for some 6 > 0 and G = Oy. Let [11, 72] = coPr(G). Fix 0 such

that
f# < min< 0.5 L
min< 0.5, ————
7LG+]- 9

where L¢ is such that |F (¢, z,u)| < Lg for all (t,x,u) € [11,T2] X coPrn (G) x U
(notice that Lg exists in view of the hypothesis H3). With the choice of G = Oy,
let us take p > 0 such that (IPC) holds true. It is a straightforward matter to
check that ¥(¢,x) is upper semi-continuous. Furthermore, by possibly reducing
the size of p, it is not restrictive to suppose that there exists 0 < p < 1 satisfying
(IPC) with the choice G = O;. Let us prove that the multifunction ® : R+ ~
R" defined in is such that ® (¢, x) # 0 for every (¢,z) € R1™™. If (¢,z) € GrT
or (t,z) € Op, then ®(t,x) = F(t,z) # (). Otherwise, define
0 (t—ta—1) P (7 = 0
(l 7l) - |(t,1’) — (ﬂj)‘ € NGrT(t7x)? |(l 7l)| =1,

for any (f,Z) € Parr(t,x). Being (f,Z) a projection of (t,z) on GrT, then
(t,z) € Bd(Gr T) and one has

(£,2) — (t,2)| = d((t, ), GrT) < 0 < 1.

In particular, this implies (£,Z) € GNBA(Gr 7). In view of (IPC), there exists
£ € F(t,z) (and then w € U for which £ € F(t,Z,u)) such that

°+(1,€) < —p.
Take any ¢ € F(t,x,u). Then one can obtain the following estimates:

P+ E—e+) =+, +{(l,E-€)<—p =
0 . ) — gy drmmed) (20)
P+ <—p+ (L.~ &) =—p+ gamarr-

Since the mapping ¢t — F(t, z, u) is locally Lipschitz continuous uniformly w.r.t.
(x,u) € coPrn(G) x U, there exist L > 0 and £* € F(t,x,u) such that |¢* —¢| <



L|t —t|. Tt is then possible to estimate the right hand side of as follows:
d((t,z),GrT)
-rt-€) (=59
d((t,x), GrT) — d((t,2),GrT) —

o-allé—¢l , Lelo—a _
d((t,x),GrT)  d((t,x),GrT) —
Lit —t]|x — 7| Lp|z — z|?

d((t,z),GrT) = d((t,z),GrT) =
Li(t,z) = (£,7)]*  Lp|(t,z) - (7))
d((t,x),GrT) d((t,z),GrT) ’

where, in turns, we have used the one-sided locally Lipschitz property of x —
F(t,x,u), uniformly w.r.t. (¢t,u) € coPr(G) x U, and the locally Lipschitz
continuity of the mapping t — F(¢,z,u), uniformly w.r.t. (z,u) € coPgn(G) x
U. This analysis shows that

41,6 < —p+ (Lp + L)d((t,z),GrT).

Let us show that £ € ®(¢,x). Since ({,Z) € GrT and (t,z) ¢ GrT, then
P(t,z) > 0 and one can compute

D™yt z;1,8) =
P ¢2(t+h7$+hf)_¢2(t7$)
lim inf <
h—0+ h(Y(t+ h,z+ hE) + (¢, x))
|t h—tx+hE—2)2—|(t -tz —2)|?
lim inf =
h—0+ h(¢(t + h,x + h&) +(t, x))
t—t+{(x—17,8
=1"4+{,&) < V(t,x).
ot 7) e = )
Thus, £ € ®(t,z). This completes the proof. m
Proof. Proof of Proposition[5 Since we are in the same hypothesis of Propo-
sition let us fix a compact set K C R'™". Define 07 = (Gr7 N K) + B and
G = O;. Let [11,72] = coPr(G) and fix Lg such that |F(t,z,u)| < Lg for all
(t,x,u) € [T, 7T2] X coPrn(G) x U. Define the constants 6, p, L, Lr and the
set Oy such that Proposition [12is satisfied. Fix € > 0 such that

s<min{10(LG+1),0p 9(1")},

c’ C

where C' = exp (f: (Lp+ L) ds). Let (tg,70) € O. = (GrT N K) + ¢B.

If (to,r0) € GrT, then is trivially satisfied. Alternatively, observe that
(to,mg) € O C G and xg € Prn(G). Define T = ty + 0. Therefore, for any
solution Z(-) of (b)) starting from (to,xo) with control @(-), one has

t
|E(t) — 20| < / \F(s, #(s), a(s))|ds < Lal|t — to] < Lab,
to



and (¢, 2(t)) € (to, x0)+(La+1)0B for all t € [to, T]. Since O(Lg+1) < 1—e < 1,
then (¢,%(¢)) € G for all t € [to, T]. Then, in view of Proposition [12] and a well
known selection theorem (see [37], Proposition 2.1) there exists a solution to

QIJ(t) € (I)(t7$(t)), (E(to) =20, t € [to,T]. (21)

Le us define T' € [tg,00) as the first time such that the given solution z(-) of
(21) satisfies either (T',z(T)) € GrT or (T, z(T')) € Bd(Op). If there is not such
a T, let us fix T :=to + 0 = T. Setting d(t) = d((t,x(t)),GrT), it follows from
that, for all ¢ € [to, T, d(t) satisfies

d(t) = D™ (t,x(t); 1,&(t)) < (Lp + L)d(t) — p,

d(to) = d((to,a?o), GI‘T) <e.

The definitions of 71, 75 imply that 7 <ty <ty + 6 < 75. Using the Gronwall’s
Lemma, then one easily estimates

a0 <o ([ e+ 1yas )il - ¢ tohp -

1

Cd(to) — (t — to)p < Ce — (t — to)p. (22)

Recall that the differential equation for d(-) is studied on [to, T] so that, since
Ce < Ce/p < 0, one has that d(t) < 0 for all t € [to, T]. Hence, (t,2(t)) € Op
for all ¢ € [tg, T]. In particular, d(t) = 0 if

t:to+0d50)<t0+9 — t—tO:Cd(tO)

<0. (23)

This shows that 7' € [to, c0) has to be such that (T, z(T)) € GrT and (T, z(T)) €
A(to,z0)- Furthermore one can obtain the following estimate:

d((to, 20), Alto, 30)) < |(to, 20) — (T, 2(T))] <
fto — T + |0 — 2(T)| < Cd;” +Llto— T <

M0?(150) = Lid(to), (24)

where in the last two steps we have used the relation . This concludes the
proof. m

Proof. Proof of Theorem[3 Let us show that, for any (to, ) € D, there exist
ev, Ly > 0 such that for all (¢1,21), (t2,22) € Ny, := (to,20) + evB, one has

[V (t1,21) — V(t2,z2)| < Ly |(t1,x1) — (t2, z2)].

Let us use Ly > 0 to denote the Lipschitz constant of W and with ey > 0 the
neighborhood radius in which the Lipschitz property of W' is verified.
Fix p > 0 and (to,z9) € N, C D . Let us define

T :=sup {T: (T,z(-)) minimizer of (P)( 4, (t,z) € N,}.



Since N, C D, then T < co. Let (Ty,z5(-)) be the minimizer of the optimal
control problem P, ;). In view of the hypothesis Ha-Hs, for all (t,x) € N,
there exists a constant C' > 0 such that

(T, 2™(T)) = (T5, 25 (T5))| < 2TC + p+ T =: R,

where (7*,z*(-)) is the minimizer of the optimal control problem (P) ).
Hence, one can fix both K = (T5,z§(T)) + RB and ek, Lx such that the
statement of Proposition [5|is satisfied for all (t,2) € (GrT N K) + exB. Let us
now fix ey, > 0 such that

< mi
€y < min {/17 2)\T(p) (T)(LK T 1)

min{e, ey } }
)

where \,(,)(-) is the function introduced in Remark [If with the choice r(p) =
|zo| + p. Take (t1,1), (t2,72) € Ne,, such that V(t1,z1) > V(ta, 22). Let ua(-)
be the optimal control starting from (te, z2) with trajectory z2(-) and optimal
time T5. Then, since Nz, C N,, one has that also (T5,z2(71%)) € GrT N K. It
is convenient to distinguish the two cases T > to and T = to:

CASE 1: If Ty > to, then it is not restrictive to assume also To > ¢; (it is
sufficient to reduce the size of ey). Let z1(-) be the trajectory of starting
from (t1, 1) with control us(-). Proposition[3|ensures V' (ta, x2) = W(Tz, z2(T2))
and V(t1,21) < V(To, z1(T2)). In view of , one has that

(T2, 22(T2)) — (T2, 21(T2))| <
< (1, 21) — (t2, 22)[ Ay (T2) < 2ev A ()(T) < €k,
where A.(,)(-) is the function introduced in Remark || with the choice r(p) =

|zo] + p. Therefore (Ty,z1(T2)) € (GrT N K) + exB. Let us set (¢, %) =
(To, 21(T2)) and take Z1(-) be a solution of the differential inclusion starting

from (t_, z). Then, in view of the relation , there exists a time 7} > ¢ such
that (71,71(71)) € GrT. In particular, one obtains the inequality V'(t1,71) <
W (T1,Z1(T1)). It then follows from such a construction the estimate

V(t1, 1‘1) - V(tg,l‘z) < W(Tl, fl(Tﬁ) — W(Tg, l‘g(Tg)) (25)
Furthermore, let us observe that
|(fl’f1(7:11)) — (T2, 22(12))] < (26)
(11, 2:(Th)) = (4, 2)| +1(8,7) — (T2, 22(T2))| <
[(T1,21(11)) — (£, 2)] + M) (D)I(E1, 21) = (E2, 22)],

where we have just used the relation in the last inequality with the choice
r(p) = |xo| + p. Using now the relation in (as it is done in (24))), one
obtains
(Th,2:(T1)) — (£,7)] < (27)
LKd((LT7 .’f), GI‘T) S LKl(ﬂ f) — (TQ, .’EQ(TQ))‘
So one can obtain from and the relevant estimates

(T, 21 (Th)) — (T2, w2(T2))| < (28)
(L + D)Xy (T)[(t1, 1) = (t2, 22)] <

2)\T(p)(T)(LK + ey <ew,



where in the first inequality we have used again the relation with the choice
r(p) = lol + p.

CASE 2: If T5 = t5 then I(tz,l‘g) — (tl,l‘l)l < 2y < ex and (tl,xl) S
(GrT N K) 4+ exB. Let us set (£,#) = (t1,z1) and, as in the previous case,
take a solution Zi(-) of starting from (¢,7) and a time T; > f such that
(Ty,71(Ty)) € GrT. Using the same argument employed in CASE 1, one
can obtain the relations and . Therefore, in both CASES 1-2, the
hypothesis H7 can be invoked and it follows from the estimates and
that

V(tl,xl) — V(tg,xg) < W(Tl,i‘l (Tl)) — W(Tg,xg(TQ)) <
Ly |(Ty, 21(Th)) — (T2, 22(T2))| <
LwCi|(t1, 1) — (t2, x2)| == Ly |(t1, 21) — (t2, 22)],

where C = QAT(p)(T)(LK + 1) if 7o >ty and Cy = Lig + 1 if Ty = to. This
concludes the proof. m
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