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Abstract

We study the convergence properties of Social Hegselmann-Krause dynamics, a variant of the
Hegselmann-Krause (HK) model of opinion dynamics where a physical connectivity graph that
accounts for the extrinsic factors that could prevent interaction between certain pairs of agents
is incorporated. As opposed to the original HK dynamics (which terminate in finite time), we
show that for any underlying connected and incomplete graph, under a certain mild assumption,
the expected termination time of social HK dynamics is infinity. We then investigate the rate
of convergence to the steady state, and provide bounds on the maximum e-convergence time
in terms of the properties of the physical connectivity graph. We extend this discussion and
observe that for almost all n, there exists an n-vertex physical connectivity graph on which
social HK dynamics may not even e-converge to the steady state within a bounded time frame.
We then provide nearly tight necessary and sufficient conditions for arbitrarily slow merging
(a phenomenon that is essential for arbitrarily slow e-convergence to the steady state). Using
the necessary conditions, we show that complete r-partite graphs have bounded e-convergence
times.

1 INTRODUCTION

With social networks gaining omnipresence and their associated datasets becoming accessible to the
public, opinion dynamics has attracted researchers from a range of disciplines in recent times [§].
Besides having social scientific applications such as forecasting election results [21], opinion dy-
namics models are also used in engineering problems such as distributed rendezvous in a robotic
network [16].

Among the existing models, confidence-based models form a noteworthy class. In particular,
a well-known bounded-confidence model proposed in [12], also known as the Hegselmann-Krause
model (referred as the HK model from here on), has garnered a lot of interest in the last two
decades. Essentially, it models a non-linear time-varying system in which every agent’s opinion is
either a real number or a real-valued vector, and assumes that every agent has a confidence bound
defining his/her neighborhood (the set of agents influencing him/her at the given point in time).
At every time-step, each agent’s belief moves to the arithmetic mean of his/her neighbors’ beliefs.

To cite a few notable results, it was shown in [7] that HK dynamics always converge to a steady
state in finite time for every set of initial opinions. Later on, the termination time of the dynamics
was studied extensively and it is now known that for a system of n agents having scalar opinions, the
maximum termination time is at least Q(n?) and at most O(n?) [1], [18], [24]. When the opinions
are multidimensional, the best known lower and upper bounds are (n?) and O(n*), respectively



[1], [I7]. Other properties of interest such as inter-cluster distance and equilibrium stability were
studied in [3] and [4].

Even though a number of variants of the HK model have been proposed and analyzed (such as
the HK model with stubborn and flexible agents [10], the inertial HK model [5], and continuous-time
noisy variants [23]), very few models, such as the social HK model, proposed in [9], the generalized
Deffuant-Weisbuch model proposed in [22], and the social similarity-based HK model, proposed
in [6], address an important shortcoming that is central to the original model: the assumption
that every agent has access to every other agent’s opinion (regardless of whether or not he/she is
influenced by other agents).

Such an assumption is questionable, as on large scales a multitude of extrinsic factors such as
geographical separation along with differences in culture, nationality, socio-economic background,
etc., may drastically reduce the likelihood of two like-minded individuals contacting each other. To
address this issue, the social HK model incorporates a physical connectivity graph, denoted by Gpp,
into the classical HK model. A pair of agents can access each other’s opinions if and only if the
corresponding vertices are adjacent in Gpyp,.

The social HK model was proposed in [9], which provides a conjecture on the minimum value
of the confidence bound required to achieve consensus in the limit as the number of agents goes
to infinity. Subsequently, [2] provided an upper bound on the number of time steps in which two
agents separated by a minimum distance influence each other. Recently, in [20], we showed that
for any incomplete G, and any continuous probability density function having the state space as
its support, the expected termination time of social HK dynamics is infinity.

This result motivates us to investigate the convergence properties of the social HK model in this
paper. We begin by introducing the original HK model, the social HK model, and the associated
terminology in Section [2| In Section 3] we provide the proof of the aforementioned result on the
expected termination time of the dynamics. In Section [4] we show that the conditional upper
bound on the maximum e-convergence time provided in [20] is applicable to a wider class of initial
opinion distributions. In Section [5| we show that delaying an event that we call merging is the
only way to indefinitely delay a social HK system’s e-convergence to the steady state. We then
provide a set of sufficient conditions and another set of necessary conditions for arbitrarily slow
merging, and use the necessary conditions to show that the e-convergence time of a complete -
partite graph is bounded. We conclude by observing that these conditions are nearly tight under
certain assumptions on the initial opinion distribution, and also provide some future directions.

A subset of the results of this work have also been reported in our conference paper [19] (to
appear), where we discriminate between consensus and non-consensus states, and provide sufficient
conditions for a physical connectivity graph to have an unbounded convergence time in each case.

Notation: We denote the set of real numbers by R, the set of positive real numbers by RT,
the set of integers by Z, the set of positive integers by N, and the set N U {0} by Ny. We define
[n] :={1,...,n}. We use I to denote the identity matrix (of the known dimension).

We denote the cardinality of a set S by |S|, the vector space of column vectors consisting of
n-tuples of real numbers by R", the co-norm in R™ by ||-|| ., and the all-one vector and the all-zero
vector in R™ by 1,, and 0,,, respectively, dropping the subscripts when the dimension is clear from
the context. For a set S, 15 denotes 1.

An undirected graph on n vertices is G = (V, E) where V or V(G) is the set of vertices and
E = E(G) CV x V is the set of edges, with (i,7) € E if and only if (iff) (j,i) € E for i,j € V.

If |V| = n, we can label the vertices so that V = [n], without loss of generality (w.l.o.g.). For
any vector w € R™ and a subset of vertices Vp C V, we let wp denote the restriction of w to
the coordinates specified by Vp. Also, for any | € [n], let wy; denote the vector [wy ... w]’.

Throughout this work, all the graphs are undirected. We say that ¢ and j are neighbors in G, if



(i,7) € E (and hence, (j,i) € E). The set of neighbors of a node i in G is the set N; :={j : (i,j) €
E} and the degree of node i is d; := |[N;|. The adjacency matrix of G = ([n], E) is the n x n binary
matrix Aqq; where (Aquq5)i; = 1iff (4,7) € E, and the degree matrix of G is the diagonal matrix D
with Dj; = d;. We define the normalized adjacency matrix of G to be the matrix A := D_lAadj.
The Laplacian of G is defined to be L := D — A,4; and the normalized Laplacian of G is defined to
be N := D™Y2LD7Y/2 = [ — D=Y24,,;;D71/2. For two graphs G = ([n], E1) and Ga = ([n], E)
on n vertices, we let G1 NGy = ([n], E1N E3). For any subscript p, the normalized adjacency matrix
of a graph denoted by Gp is denoted by Ap. Finally, a complete graph (or clique) on n vertices is
the graph K, := ([n], [n] x [n]).

2 PROBLEM FORMULATION

2.1 Original Model

Consider a network of n agents. For each k € N, let 2;[k] be the opinion of the i*" agent at time
k. Then the state of the system at time k is defined as z[k] := [z1[k] z2[k] ... z,[k]]7 € R™
Occasionally, we drop the indexing [k] for the state and its associated quantities when the context
makes the time index clear. In the original HK model, at time k, agents ¢ and j are neighbors
iff |z;[k] — x;[k]| < R, where R, the confidence bound, is assumed to be the same for every agent.
Thus, the set of neighbors of agent 7 at time k is:

Ni(z[k]) = {j € [n] : |wi[k] — z,[k]] < R}.

Note that i € N for all i € [n]. Also, 7 is a neighbor of j iff j is a neighbor of i. Therefore, we
can encode all of the information about the influences in the network at time k into an undirected
graph, G.(z[k]), which we call the communication graph of the network at time k. This n-vertex
graph has a link between two vertices iff the corresponding agents are neighbors at time k. Observe
that G.(x[k]) always has a self-loop at each vertex at all times. Finally, at every time instant, every
agent’s opinion shifts to the average of his/her neighbors’ current opinions:

2 jeNialk) Tilk]

ll +1] = SE S (1)

This being a bounded confidence model, it is possible that an agent does not have any neighbor
other than himself/herself, in which case, his/her opinion does not change i.e., z;[k + 1] = z;[k].
Such an agent is said to be isolated.

2.2 Modification

In the original HK dynamics, if the opinions of any two agents are within a distance of R from each
other, then the agents necessarily influence each other. This assumption is relaxed in the social
HK model by the introduction of a second graph, as described below.

Let the physical connectivity graph Gy, = ([n], Ep,) be an n-vertex graph wherein each vertex
represents an agent. Two agents ¢ and j can communicate with each other iff their corresponding
vertices are adjacent in G,,. Hence, for two individuals to influence each others’ opinions, they not
only need to be similarly opinionated but also to be physically connected through Gy,. Throughout
this paper, we assume that Gy, is connected, time-invariant, and contains all the self-loops, i.e.,
(,7) € Epp, for all i € [n].



Observe that in the special case that Gy, is a complete graph, no external restrictions are
imposed on the interaction between any two agents. This case, therefore, is equivalent to the well-
known original model of the last subsection. However, the social HK generalization starts differing
from the original model when there is at least one pair of non-adjacent vertices in Gy, as will be
revealed next.

2.3 State-Space Representation

Each of the two models discussed above has the following state-space representation:
zlk +1] = A (x[k]) z[k], (2)

where A(z[k]) is the normalized adjacency matrix of G, N Ge(2[k]). Thus, G[k] = Gpn N Ge(x[k])
is the effective graph or the influence graph at time k. The original HK model is a special case
with G5, = K, which gives G[k] = G(z[k]).

Note the explicit dependence of the state evolution matrix on the state of the system at time k.
It arises from the dependence of the structure of the communication graph on the agents’ opinions
at the concerned time instant.

Now, let A,qj (z[k]) denote the adjacency matrix of G[k] and let D (z[k]) denote its degree
matrix. Then

[k + 1) = D™ (x[k]) - Aags (x[K]) - 2[k]
which can be expressed more compactly as:
zlk + 1] = D71 Augix[k]. (3)

In other words, the state evolution matrix is given by A = DilAadj. (We drop the dependencies
of these matrices on x[k| for notational simplicity).

3 ANALYSIS OF TERMINATION TIME

With the help of standard consensus results such as [15], one can prove that irrespective of the
initial state of the social HK system, its convergence to a steady state is certain, i.e., for every simple
physical connectivity graph Gy, and initial state z[0] = z¢ € R", the limit o (20) = limg_, z[k]
exists. Here, we call zo(x¢) the steady state of the system corresponding to the initial state xg.

In this section, using the following definitions, we show that social HK dynamics on an incom-
plete physical connectivity graph may never attain the steady state in finite time.

Definition 1 (Termination Time). For an initial state xo and a given physical connectivity graph
Gpn, the termination time T(Gpp,xo) is the time taken by the system to reach the steady state
corresponding to xg, i.e.:

T(Gph,xo) == inf{k € N : z[k] = 20 (20)}.
Next we define the maximum termination time for a given physical connectivity graph.

Definition 2 (Maximum Termination Time). For a given physical connectivity graph Gy, the
maximum termination time T*(Gpy) is the supremum of termination times over all possible initial
states:

T*(Gpn) == sup T(Gpn,xo).
zoER™
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As a special case, it was shown in [I8] and [24] that the maximum termination time of the
original HK dynamics satisfies cn? < T*(K,) < Cn? asymptotically as n — oo when d = 1, for
some constants ¢, C' > 0.

We now state a few properties of a class of normalized adjacency matrices that appear in the
state evolution dynamics . These properties form the basis of our results.

The following lemma is proven in [I7] as well as [20].

Lemma 1. For any undirected graph G, the normalized adjacency matrix A is similar to I — N
(where N is the normalized Laplacian matrix). As a result, A is diagonalizable.

The next result provides more information about the spectral properties of the adjacency matrix
of a graph, if we have mild additional structures on the graph.

Lemma 2. Let G be an undirected and incomplete graph that is connected and has all the self-loops.
Then, if the eigenvalues of the normalized adjacency matriz A (labeled as {\;}!'_ ) are ordered such
that |\1| > [Aa] > -+ > |\u|, we have 1 = Ay > |Ag| > 0. Moreover, A has at least one positive
etgenvalue besides 1.

Proof. The first part of the result is proven [20]. Since A is a row-stochastic matrix, we have \; = 1.
To show that A has a positive eigenvalue besides 1, we have > " | A; =1+ Y 7" o \; = Tr(A), but
since G is incomplete, Tr(fl) > 1. Therefore, > 1" 5 A; > 0 and hence, \; > 0 for some . O

We are now ready to show that on average, social HK dynamics on an incomplete graph never
terminate.

Proposition 1. Let z[0] be a random vector over R™ whose distribution induces the Borel-measure
woon R™ with w(V) > 0 for any non-empty open set V.C R™ (or in other words, the probability
density function of z[0] is non-zero almost everywhere). Suppose that Gy, is not a complete graph.
Then the expected termination time of the dynamics is infinite, i.e., Eyq[T(Gpn, x[0])] = oco.

Proof. 1t is sufficient to show that Pr(T(Gpp, x[0]) = 00) > 0. Let S := {z € R" : | max;cpy,) ¥ — minjep, 25| < R}.
Note that S is a nonempty open set in R™ and hence, u(S) > 0. Also, whenever z[0] € S, ev-
ery agent is within the confidence of every other agent and thus G.(z[0]) is an n-clique. Also,
from the update rule , it follows that max[ ; z;[k] is monotonically non-increasing and likewise,
min_, x;[k] is monotonically non-decreasing (as functions of time k). Therefore, the communica-
tion graph remains a clique for all k, meaning that G[k] = Gpp, for all k € N. In this case, the
dynamics become linear and time-invariant: A = A(x[k]) = A(2[0]) and hence, x[k] = A¥z[0].
Furthermore, the diagonalizability of A (Lemma |[l) implies that we can write any initial
state x9p € R™ as a linear combination of the eigenvectors of A, i.e., there exist coefficients

c1(zo), c2(z0), ... cn(xo) € R such that zo = c1(x0)l + Y iy ci(xo)vi, where 1,v9,...,v, are
eigenvectors of A corresponding to Ay = 1, Ag,...,A,. This means that: z[k] = c1(x9)1 +
S, Mei(mo)vi, for k € N. Thus, we have 7o = limj_, z[k] = al for some a € R because

|Ai| <1 fori# 1 (by Lemma [2)).
Now, consider a random initial vector z[0] = xzo ~ p. For k € N, let us define the event Ej to
be the event where the termination time is k, i.e., By = {w | T(Gpp,zo(w)) = k}. Then by our



definition of termination time,

Pr(Ey | o € 5)

=Pr({3zec eR" 12l =0 it £ >k} | 2o € 5)
<Pr({3ze € R" 1 z[k] =20} | 0 €5)
=Pr({J3aeR:z[k]=al}| 20 € 5)

=Pr ({Ela eR: (g —a)l—l—ZAfcivi :0} | zo € S)

i=2
n
=Pr ({Elo/ ER: a1+ Z)\fci(mo)vi = 0} | xo € S) .

i=2

Therefore, using the fact that the eigenvectors of a diagonalizable matrix are linearly independent

and from the fact that [As| > 0 (by Lemma [2)), we have:

Pr(Ek ‘ xo € S)
<Pr ({)\fci(xo) —0,ic [n]\{l}} | 2o € S)

= Pr ({ea(wo) = 0, Aci(wo) = 0,3 € []\{1,2}} | o € S)
< Pr({ca(zg) =0} |20 € 9). (4)
Observe co(xg) = 0 only when xy € span(1,vs, ..., v,) which is a subspace of dimension n — 1. By
the continuity of zg, it follows that Pr(ca(zo) =0 | 29 € S) = 0. Using this, and (), we obtain
Pr(Ey | z[0] € S) = 0. Therefore, the conditional probability of finite time termination, given that
the initial state lies in .S is:
Pr(T(Gpp, z[0]) < oo | z[0] € S) = Pr(UpZoEx | z[0] € S)
—0.
where the last equality follows from the fact that a countable union of infinitely many zero-
probability events is also a zero-probability event. We conclude the proof as follows:
Pr(T (G 2(0)) = o)
> Pr (T(Gph, x[0]) = oo | z[0] € S)Pr(z[0] € 5)
= (1 = Pr(T(Gpn, x[0]) < 0o | z[0] € S)) Pr(z[0] € 5)
= Pr(z[0] € S) > 0.

O]

In essence, Proposition [I] states that the expected termination time of the social HK dynamics
on any underlying incomplete Gy, is infinity, which means that there is a continuum of initial states
starting from which social HK dynamics never terminate. This shows that the behavior of the HK
dynamics over complete graphs is indeed an anomaly.

4 BOUNDS ON THE CONVERGENCE TIME

Now that we know that a social HK system may never reach the steady state, the next pertinent
question is: how fast does it approach the steady state?
We begin with a few relevant definitions.



Definition 3 (e-Convergence). Given a physical connectivity graph Gpy, an initial state xo, and
e > 0, the system is said to have achieved e-convergence at time N > 0 if its state lies in the
e-neighborhood of the steady state corresponding to o, i.e., ||z[k] — xoo(x0)|| <€, for all k > N.

Based on this, we define the e-convergence time as:

Definition 4 (e-Convergence Time). For a given physical connectivity graph Gpp,, an initial state
xg € R", and a given € > 0, the e-convergence time ke(Gpp, o) is the time taken by the system to
achieve e-convergence:

ke(Gph, o) : =1inf {N € N : ||z[k] — 20 (z0)|| <€,
forallk > N}.

Similar to T, we define £} to be the supremum of e-convergence times for all initial states.

Definition 5 (Maximum e-Convergence Time). For a given physical connectivity graph Gpp, and
€ > 0, the mazimum e-convergence time kX (Gpp) is the supremum of e-convergence times over all
possible initial opinions:

k:(Gph) ‘= Sup ke(GphaxO)' (5)
roER™

4.1 Lower Bound

We now provide a lower bound on the maximum e-convergence time k}(Gpp) in terms of the
conductance of Gpp. We borrow the definition of conductance from [14].

Let G = ([n], F) be an undirected graph on n vertices. For a subset S C [n], let 9(S) := {(i,7) €
E|i€S,j€ S}, where S = [n]\S. In words, 95 represents the set of edges that connect S to the
rest of the graph. Further, let d(S) denote the sum of the degrees of the vertices in S. Then we
have the following definition.

Definition 6 (Conductance). The conductance ¢(G) of a graph G = ([n], E) is defined as:

)
P(G) == Snél[% min (d(5)7 d(S‘)) ‘
S0

The next proposition states that a system whose physical connectivity graph has a low conduc-
tance might take a long time to converge to its steady state. See [20] for the proof.

Proposition 2. For any incomplete graph G, and any given € > 0, the mazimum e-convergence
time of the social Hegselmann-Krause dynamics, as defined in , satisfies

e

ke (Gpn) > log (1 — 2¢(Gpn))

(6)

Remark 1. Proposition [q can be used to compute a lower bound on the mazimum e-convergence
time in terms of n for graphs whose conductance is known as a function of n. For example, the
dumbbell graph on n vertices has ¢ = O (=) [13] which yields kf = Q(n?).

1
n



4.2 Upper Bound Applicable to a Class of Initial Opinions

We now show that if the influence graph remains connected and time-invariant until e-convergence
to the steady state, then the latter is achieved in O(n?logn - d(Gpy)) steps, where d(G,y,) denotes
the diameter of Gy.

Proposition 3. Suppose there exist € > 0 and an initial state g € R™ such that the influence
graph, G[k] remains connected and constant in time until e-convergence is achieved. Then with xg
as the initial state, the social HK system achieves e-convergence in O(n?logn - d(Gpp)) steps.

Proof. Let € and z be as described above, and let z[0] = zp. Then observe that the state evo-

lution until e-convergence can be expressed as z[k] = A¥xg. For i € {2,...,n}, let v; denote an
eigenvector of A corresponding to A;. Then, since A is diagonalizable (by Lemma 1), we have
zo € span{l,vy,...,vn}, le., zo0 = 11 + > 1", ¢v; for some ci,¢2,...,¢, € R. Consequently,

zlkl=cal+>0", ci)\fvi for 0 < k < ke(Gph, x0). Therefore, according to Lemma
n

Ak Z C;U;
— i=2
n

= '|D_1/2(In _ N)k;Dl/Q Zcivi
i=2

where M =1, — N andy =), ¢;DY?v;. Hence,

[z[k] — el = A

- o]

k] = x| < [ D72 jna - || M y]].
Now observe that since D is a positive diagonal matrix,

1
2

D72 = mas{ (02} = (min ) <1

where the inequality is due to the fact that every vertex of G has a self-loop. Thus,
k] =i 1] < [[MPyll = VyT M2y, (7)
because M is symmetric. Next, note that A = D~Y2M DY/2 implies that DY21, DY 2y, ..., DY?y,

are the orthogonal eigenvectors of M. Therefore y” D'/21 = 0 and the Courant-Fischer theorem [11]
allows us to bound the expression above as:

VyT M2y <\ [A3FyTy = oyl (8)

The next step is to bound ||y||:

DY/? Z CiV;

< (max D”)

lyll = ‘

g Ci;

iVi




Now, we upper bound [|>"7 , ¢;v;|| as follows:

E CiU;

= [|2[0] = ex1]]

< Vinmax|2;[0] 1]
J

(a)

0| — mi 0
@ 0] - i ]

(b)
<+Vvnn—1R< n3/2R. (10)

Here, (a) follows from ming x4[0] < ¢1 < max, 2,[0], and (b) holds as G[0] is connected. Combining
(- . [10) yields ||z[k] — c11]] < n?R|A2|* and using [Xo] < 1 — m (Proposition 2.3 in [I7]), we
get:

1 k
— < n? .
lx[k] — 11| < n“R (1 n2d(Gph)>

Therefore, the condition below ensures ||z[k] — c11]| < e:
log —&—
_ BRR <k < k(Gyny w0)- (11)
log (1 — —gyi—
& ( nQd(GPh))

Now, note that if G[k] remains constant permanently, then 2. (zo) = ¢11 because |\;| < 1 for i > 2
by Lemma As aresult, k.(Gpn, z0) = [k(€)]. On the other hand, if G[k] varies after e-convergence,
then max; x;[k] — min; z;[k] > R for k = k(Gpp, o). This enforces ke(Gpn,z0) < k(R/2) be-
cause otherwise, as per (1)), the network would satisfy ||z[k] —c11|] < R/2 and consequently,
max; z;[k] — min; x;[k] < R for some k < ke(Gpn, 20), which would wrongly imply that G[k] = G,
for all £ € N. Hence, kc(Gpn, zo) < min([s(e)], k(R/2)).

Since In (1 — m> A —m for sufficiently large n, we have k(e) = n?d(Gpp) <log @) =
O(n?logn - d(Gpp)). Thus, ke(Gpp, o) = O(n?logn - d(Gpp)). O

5 Arbitrarily Slow e-Convergence

The results in the previous section prompts us to ask: What if the initial state does not enable
G[k] to remain constant in time? In such cases, the convergence time could be unbounded above
if the physical connectivity graph has more than three vertices. In other words, it is possible that
kX (Gpp) = oc.

Here is a relevant example from [2]. Let G, be the path graph on 4 vertices, and let X =
{[—R,O,R, —(R—=28)]" for 6 e (O,R/Z)}. Then note that for z[0] € X, we have z1[1] = —R/2,
x2[l] = 0, x3[1] = R/2 and z4[1] = —(R — §) because at time 1, the sets of neighbours of the
first three agents are {1,2},{1,2,3} and {2,3} respectively. In G[1], the fourth agent remains
disconnected from the first three agents because R > 2 and the confidence interval of the fourth
agent at time 1 is [§ — 2R, §]. By induction, we can show that z[k] = [-R/2¥,0, R/2", —(R — (5)]T
as long as the third and the fourth agents remain outside each others’ confidence intervals, i.e., as
long as R/2* + R — 6 > R, or equivalently, as long as k < logy(R/§). At time k = [logy(R/6)],
however, agents 3 and 4 become neighbors. Thus, at k = [logy(R/J)], the influence graph G[k]
is a connected graph satisfying max; z;[k] — min; z;[k] = max{R/2¥ + R — §,2- R/2¥} < R. This



implies that 2o (z[0]) = c1 for some ¢ € R. Therefore, e-convergence requires |z;[k] —c| < €
for i € [n]. By the triangle inequality, this in turn requires |z3[k] — x4[k]| < 2e which is not
satisfied for k < [logy(R/J)] and € < R/2. Hence, ke(Gpn,x[0]) > [logy(R/6)]. As a result,
k&(Gph) = supse (o, r) [108a(R/0)] = oco.

We can generalize the example above to graphs having more than 4 vertices by choosing the
same initial opinions for agents 1 - 4, setting x;[0] = x4[0] for 5 < i < n, and by repeating the
above arguments. Therefore, we may state the following lemma without proof.

Lemma 3. For every n > 4, there ewists an n-vertex physical connectivity graph G,y such that
kX (Gpr) = oo for all e € (0, R/2).

5.1 Underlying Phenomenon

In the example leading to Lemma G[O] was a disconnected graph, and we could indefinitely delay
the formation of a link between two connected components of this graph so as to make k.(Gpp, [0])
arbitrarily large. The next proposition will clarify that for any Gy, this is the only way to make
kc(Gpp, z[0]) arbitrarily large.

To establish this result, we define two kinds of events that can change the structure of G[k]
during opinion evolution.

Definition 7 (Link break). Let Gyp = (V, Epp). A link break i — —j is said to occur at time k > 1
if i,j € V are such that the nodes i and j are adjacent in G[k — 1] but non-adjacent in G[k].

Note that a link (4, j) € Ep, breaks at time k iff |z;[k—1]—z;[k—1]| < R, and |x;[k] —z;[k]| > R.

Definition 8 (Merging). Let G[ko—1] be a disconnected graph for some ko > 1, and let Gy (x[k]) =
(Vi, E1(z[k])) and Go(xz[k]) = (Va, Ea(z[k])) be two induced subgraphs of G[k] that are disconnected
from each other in é[k] at time kg — 1. Then G1 and G4 are said to merge at time ko if there exists
a pair of agents (i,7) € Vi x Va such that i and j become neighbors at time ko, i.e., (i,j) € E(z[ko)).

Besides merging and link breaks, the only kind of event that can alter the structure of G is the
formation of a link between two agents belonging to the same component of this graph. We call
these events intra-component link formations.

We now borrow from [2] the definition of a Lyapunov function called energy and that of a
related quantity called active energy.

Definition 9 (Energy). Let G[k] = (V[k], E[k]). The energy of the social HK system at time k is
defined as:
ER = > Juilk] -2k + Y R
(i.5)EE[K] (1.5)¢ E[K]

Definition 10 (Active energy). Let G[k] = (V[k], E[k]). The active energy of the social HK system
at time k is defined as:

gact[k] = Z |xz[k] - x][k]‘z

(i,7)€EK]
Note that 0 < E[k] < 2(})R? for all k € N.

Lemma 4. If i — —j occurs at time k + 1 for some k € N, then there exist two agents p,q € [n]
such that p € N;k], ¢ € Njk], and |z,[k] — z4[k]| > R.
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Proof. Suppose the lemma is false, i.e., for every pair (p, q) € N;[k] x Nj[k], we have |zp[k] —x4[k]| <
R. Then:

]a:z[k + 1} — acj[k + 1”

< k| — i k
< maxc{ | mx i~ i bl
k| — i k
it i
< aplk] — g [k]] < B.

max
(0,9) ENi [K] X N [K]

The first inequality stems from the fact that HK dynamics are an averaging dynamics and each
agent’s opinion at any time instant is bounded by the minimum and the maximum of his/her
neighbors’ opinions at the previous time instant. The last inequality above implies that agents ¢
and j are neighbors at time k + 1, thereby contradicting the fact that the link (i, j) breaks at time
k+ 1. O

Next, we need to establish that only finitely many link breaks can occur in any opinion evolution
process.

Lemma 5. The total number of link breaks during the entire process of opinion evolution is O(n®)
regardless of the structure of Gpp, and the initial state x[0] € R™.

Proof. Based on Proposition 1 of [2], we have:
E[K] = €k +1] = (1 = [\ef*)Eace K] (12)

for k € N, where
Ak := {max |A| : A # 1 is an eigenvalue of A[k]},

and if we let do(G) be the largest diameter of any connected component of the graph G, we have
the lower bound

1—\>\k|22—3 = Zi7

2n2d g (G[k]) — 2n°

which was derived in [I7]. Here, we derive a lower bound on the active energy. Let i,j € [n] and

suppose i — —j occurs at time k + 1 for some k£ € N. Then by Lemma [4, we can find two agents

p,q € [n] such that p € Nj[k], ¢ € Nj[k], and |z,[k] — z4[k]| > R. Therefore, by the definition of

active energy, we have

(13)

gact[k] (14)
> |wplk] — @ilk][* + [wi[k] — a;[k]]* + | k] — xq k][
> o (lep[k] = ilk]| + |zlk] — ;K] + | [k] — 2[k]])*

> 2 laplk] = aqlk][ > R?/3,

where the second and the third inequalities follow from the Cauchy-Schwarz and the triangle in-
equalities, respectively.

Combining , and yields:

Ek] - Ek+1] > — (15)

11



which means that the energy of the network decreases every time a link breaks and the decrement
corresponding to each link break is at least R?/2n3. Since £[0] < n?R? and £[k] > 0 for k € N, the
maximum possible number of link breaks that can ever occur is at most % = 0(n®).

O

The next lemma bounds the maximum possible time interval between two consecutive link
breaks under the condition that no new link is formed during this interval.

Lemma 6. Let Gp = (Vp, Ep) be a connected component of é[k‘o] at some time kg > 0. Suppose
(i) no link break occurs between any two agents of Gp until time ki > ko, (i) one or more link
breaks occur within Gp at time ki, and (i) no new edge is formed between a node in Vp and
another node (in [n]) during the time interval (ko,k1). Then k1 — ko = O(n3logn).

Proof. First, observe that for every k in the range ky < k < ky, there exist two agents pi, qr € Vp
such that |z, [k] — 4, [k]| > R. If this were false for some k' € {ko, ko + 1,...,k1}, we would have
max;cv, z;[k'] — minjey, z;[k'] < R. Since the difference D[k] := max;cv, ;[k] — minjcy, z;[k] is
monotonically non-increasing in k, this would imply that every agent of Gp remains within the
confidence of every other agent of Gp for all k > £/, thus contradicting the occurrence of link breaks
within Gp at time k;. Hence, D, := D[k; — 1] > R.

Next, by assumptions (i) and (iii), the constant graph Gp remains a connected component of
Gk] during the interval (ko,k1). Let cly, denote the steady state that we would have associated
with the original network if Vp were its vertex set and zp[ko] (where zp denotes the restriction of
 to the coordinates specified by Vp) were its initial state, y[0]. In this hypothetical scenario, G|[k]
would achieve D.-convergence by time A := k; — 1 — ko because min; y;[A] < ¢ < max; y;[A] would
yield:

m [A] = f = s ( ~ min A, max (4] - )
< max y;[A] — min y;[A]

= max zp;[A + ko] —minzp;[A + ko]
? J

= De.

Moreover, we would have G[k] = Gp for k € (0, A]l. Therefore, for € > 0, any e-convergence that
would occur by time A, would occur in O(|Vp|?log |Vp|) = O(nlogn) steps. Since D. > R > 0,
the last paragraph implies that A = O(n3logn), thus completing the proof. O

We are now ready to show that merging is unavoidable if we desire arbitrarily slow e-convergence
to the steady state.

Proposition 4. In social HK dynamics, all the link breaks and intra-component link formations
always occur in O(n®logn) time steps. Hence, if there exists € > 0 such that k}(Gp) = oo, then
there exists a set Xy C R™ such that whenever z[0] € Xy, merging occurs at least once during the
process of opinion evolution.

Proof. Let € > 0 be such that k}(Gpp,) = co. Consider an arbitrary initial state 2[0] € R". Consider
the following two cases in the evolution of the dynamics: Case 1: no link formation ever takes places.
Then by Lemma we know that at most O(n°) links break in the opinion evolution process, and by
Lemma |§|7 the maximum possible time interval between two consecutive link breaks is O(n?logn).
Therefore, the time at which the last link breaks is at most O(n®logn). After this point in time, the
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structure of G[k] never changes. Therefore, for any e > 0, it takes O(n?log(n)d(G,)) additional
time steps to achieve e-convergence. Hence, ke(Gpp,z[0]) = O(n®logn) + O(n?log(n)d(Gpr)) =
O(n®logn).

Now, consider Case 2: at least one new link is formed during the evolution of the dynamics
(from the initial state z[0]) but no merging ever occurs. For r € N\{0}, let ¢, denote the time at
which the r-th set of simultaneous link breaks occur and w.l.o.g., suppose the first link formation
occurs at a time k' € {t;,t;+1,...,¢;41} for some [ € N\{0}. Let (4,j) denote this new link. Since
no merging occurs, (i,j) is formed within some connected component G’ of G. Thus, we have
|zi [k — 1] —x;[k' —1]] > R and |x;[k'] —x;[k']] < R. Also, no link formation or link break during the
time interval [t;, k' — 1] implies that G’ is a connected component of G[k] for all k € [t;, k' — 1]. In
other words, the influence graph has a connected component that remains constant during the time
interval [t;, k" — 1]. Therefore, the arguments used in the proof of Proposition |3| can be repeated to
show that &' — t; = O(n?logn - d(G1)) = O(n?logn).

We can repeat the arguments used in the preceding paragraph for subsequent link formations.

Next, we estimate the maximum number of link formations that can occur in any opinion
evolution process. Note that there are at most n? links in an n-vertex graph. So, it may appear
that at most n? link formations can occur. However, every link break gives rise to the possibility
of a link formation. Therefore, the maximum number of link formations is O(n’) + n? = O(n®).
Hence, if all the link breaks and intra-component link formations were to occur one after the other,
then by Lemma [5, all of these events would occur in O(n® - n3logn + n® - n®logn) = O(n®logn)
steps. On the other hand, it is also possible that some of these events occur simultaneously, so
that the last of them occurs even sooner. After all the link breaks and link formations, however,
the structure of G remains constant and e-convergence is achieved in O(n?logn) additional steps.
Thus, ke(Gpn, z[0]) = O(n®(logn)) in Case 2.

Finally, since k}(Gpy) = oo, there exists a set of initial states Xy C R"™ that do not belong to
the above two cases, i.e., a merging event occurs during the evolution of the dynamics started at
those initial states. O

5.2 Sufficient Conditions for Arbitrarily Slow Merging

Since the results of the previous subsection imply that arbitrarily slow merging between two com-
ponents of G, is necessary as well as sufficient for arbitrarily slow e-convergence, it is essential to
analyze the concept of arbitrarily slow merging in order to better understand the latter concept.
For this purpose, we provide conditions on the components of G, that ensure that the time at
which the corresponding components of G [k] merge is unbounded when e is sufficiently small.

Figure 1: Nlustration for Proposition



Proposition 5. Suppose Gp, and Gg, are two subgraphs of Gy, induced by the disjoint vertex sets
Vp CV and Vg C V, respectively. Also, suppose the following conditions hold:

1. Gp, s a connected graph.

2. Wlo.g., let1,2,...,1 € Vp be the nodes of Gp, that are adjacent to V. Then Ap, has an
eigenvalue X such that 0 < XA < 1, and there exists a corresponding eigenvector v such that
U1, 02, ..., are all of the same sign, i.e., viv; > 0 for alli,j € [I].

Let Gp = Gplk] and Gg = Gg[k] denote the subgraphs of G[k] induced by Vp and Vo, respectively,
and for xo € R™, let kyr(zo, Vp, V) denote the time at which Gp and Gg, merge for the first time,
under the condition that the initial state is xo. Then there exists a set Xy of initial states such that
kn(zo, Ve, V) < oo for all mg € X (i.e., merging occurs) and sup,, cx,, ku (2o, Ve, V) = oo.

Proof. W.lo.g., let Vp ={1,2,...,p} and Vo ={p+1,p+2,...,p+ ¢} for some p,q € [n]. Scale
v (outlined in condition (2) of the proposition) appropriately so as to satisfy v; < 0 for 1 <1 <1
and max; v; — minjv; < R. Let vy := —maxﬁz1 v;. Consider Xy = {z € R" : zp = v,2g =
(R —6)1, for some 6 € (0,vg9)}. Then observe that if z[0] € X, the range of allowed values of §
ensures that G [0] is a disjoint union of Gp,, G¢,, and possibly some other connected components.
This is because all the potential neighbours of Vg in Vp, namely the nodes 1,2, ...1, are outside the
confidence interval [—d,2R — §] of every agent in Vj, and because max; xp;[0] — min; xp;[0] < R
implies that G'p, is an induced subgraph of G[0]. Also, note that max; 2p;[0] — min; xp;[0] < R
enforces zp[l] = Ap,x[0] = Av.

Now, A > 0 implies that xp;[1] = Av; < 0 for ¢ € [l]. Therefore, Gp and G are also dis-
connected from each other in é[l] provided § < Avg. Similarly, for k& > 1, we have xp[k] = \v
implying that Gp and G remain disconnected from each other as long as § < Nevg, i.e., for k <
logy /) (vo/d). However, since A < 1, a time is reached when k = [log;/,(vo/d)] and consequently,
kn (2]0], Vp, V) = [logy x(vo/d)] < oo because the agent having the opinion maxt_, zp;[k] =
—\Fyg enters the confidence interval [—d,2R — 6] of its potential neighbor(s) in Gg. Therefore,
SUD o)t R (2[0), Vi, Vi) = s [ty (10/8)] = o0. 0

5.3 Necessary Conditions for Arbitrarily Slow Merging

Having seen a set of sufficient conditions for arbitrarily slow merging, we now move on to present
the necessary conditions for a pair of subgraphs of the influence graph to exhibit this property. To
be precise, we ask: given two subgraphs G'p[k] and Ggl[k] of the influence graph GIk], can we find
a set of necessary conditions for Gp and G to be able to merge at an arbitrary time x € N7 The
main result of this subsection (Proposition @ answers this question.

We begin with a few technical lemmas.

Lemma 7. Consider a vector subspace U C R™ such that for every v € U \ {0}, we have v;v; <0
for some i, j € [l]. Further, define ¢ : R™\ {0} — R as

Then there exists a constant v > 0 such that ¢(v) > v for allv € U\ {0}.

minie [ (%

$(v) = min ( ’

) maX;e] Vi
Y

maX;ep) i | | Minep) v;

Proof. Since ¢p(Av) = ¢(v) for all A € R\ {0} and v € R™ \ {0}, it suffices to prove the lemma for
veD:=UN{veR": v =1}
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Observe that D is the intersection of the unit ball and a vector subspace of R™. Hence, it is a
compact set. Next, since ¢ is continuous on D, we know that inf,cp ¢(v) is attained because D is
a compact set, i.e., U* := argmin, ¢ ¢(v) exists and is well defined. Hence, for all v € D and any
u € U*, we have ¢(v) > minyep ¢(v) = ¢(u) > 0, which follows from the assumption of the lemma
enforcing max;ep u; > 0 > min;ep) w;. O

Lemma 8. Let v € R! satisfy viv; < 0 for some i,j € [n], and let v € R be any constant satisfying
0 < v < | max; v;|/| min; v;|. Then for any u € R!, either

max; (v + u); ,
X d | == "t > 1
mzax(v +u); >0 an ’ ming (0 1+ w); | = v (16)
or
max(v — u); > 0 and ’HW_U)Z > (17)
i min; (v — u);

where o' := 5. Moreover, if holds and min;(v — u); < 0, then

S |min; (v — u);| — max(0, max; (v — u);)
- y+1 '

m?x(v + u); (18)

Proof. We first prove that either or holds. Before we begin, observe that v > 0 implies
7' < min(1, 7).

Now, suppose neither nor is true. However, we know that max;(v+u); + max;(v—u); >
max;[(v+u)+(v—u)]; = 2max; v; > 0. As aresult, either max;(v+u); > 0 (in which case | max; (v+
w);] < 4| ming(v + u);]), or max;(v — u); > 0 (in which case | max;(v — u);| < /| min;(v — w);|).
By implication, there exists a constant ¢ € (0,7) such that P, < eM; and P» < eMs, where
we define P, := max(0, max;(v + u);), P» := max(0,max;(v — u);), M; := |min;(v + u);| and
My := | min;(v — w);].

Now, three cases arise.

Case 1: (min;(v + u);)(min;(v — w);) # 0 and either min;(v 4+ w); > 0 or min;(v — u); > 0.
Suppose min; (v 4+ u); = M; > 0. Then max; (v + w);/ min; (v + u); > 1 > 4/, thus contradicting the
inequality P; < eM; and thereby proving the first part of the lemma. The subcase min;(v—wu); > 0
is handled similarly.

Case 2: Either min;(v + u); = 0 or min;(v — u); = 0. Suppose min;(v + u); = My = 0. If
max;(v+u); > 0, then we have eM; = 0 < Pj, which again results in a contradiction and establishes
the first part of the lemma. On the other hand, if max;(v + u); = 0, then it follows that u = —wv.
Consequently, the assumptions made by the lemma lead to the following: max;(v—u); = 2 max; v; >
0, and max;(v—u); > 27| min; v;| = | min; (v — u);| > 4| min; (v —u);|. These inequalities establish
and hence prove the first assertion of the lemma. The subcase min;(v — u); = 0 is handled
similarly.

Case 3: min;(v + u); = —M; < 0 and min;(v 4+ u); = —Ms < 0. Observe that

2maxv; = max{(v+u)+ (v—u)};

< max(v + u); + max(v — u);
7 7

(a)
< P+ Py, < (M + M). (19)

15



Also,
2minv; = min{(v+u) + (v —uw)}y
2 7
< max(v + u); + min(v — u);
7 (2

()
S P1 - M2 S 6M1 - MQ. (20)

Similarly,
2minv; < eMs — M. (21)
(]

Within this case, two subcases arise. Subcase 1: Suppose both eM; —Ms < 0 and eMs—M; < 0.
In other words, € < 1 < 1/¢, where we define 1 := My /M. Consider the inequality eM; — My < 0
first. Along with (20)), it implies: |min;v;| > 0.5/My — eMy|. Likewise, and the assumption
max; v; > 0 imply: |max; v;| < 0.5¢(M; + Ms). Combining these inequalities with the assumption
max; v; > 7| min; v;| yields:

G(Ml + Mg) >

22
My —eM; = (22)
Similarly, the subcase inequality eMo — M7 < 0, leads to:

G(Ml + Mg) >
Mi — eMs

We express and in terms of 1 as ) and ( . ) respectively:

(23)

t+9), (24)

which is possible only if 7 —e < €(1+7), i.e., only if € > -
thus establishing the first assertion of the lemma.

Finally, we have Subcase 2: eMy — My > 0 or eM; — My > 0. We assume the former w.l.o.g.
Then n < e <9 <1< 1/e. Hence eM; — My < 0, implying —(a) again. On eliminating n by
using the observation n < < €, we obtain (y+1)e? +¢e—~ > 0. Since € is positive by assumption, this
inequality requires € > g 2 ~" which contradicts € € (0,7'), thereby proving that either or
. ) holds.

For the second part, given that 1) holds, we have max;(v + u); = P; > 0. Note that if
Py > My = |min;(v — u);|, then ) follows from ~ > 0. So, suppose that P, < M5. Then
(20)-(b) implies that 2| min; v;| > Mg - P1 Likewise, max; v; > 0 and (19)-(a) together imply that
2| max; v;| < P;+ P,. Combining these inequalities with the lemma assumption max; v; > 7| min; v;|

~+5 =7'- This contradicts that € € (0,7'),

yields ]@1;1;21 > 7, rearranging which we obtain:
> My — P
v+1
which is equivalent to (18)). O

For the next result, we will need to consider a normalized adjacency matrix, suitably combine
its eigenvectors associated with repeated eigenvalues, and carefully account for the sign flips arising
from powers of negative eigenvalues. For this purpose, we introduce the Elimination Method.
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The Elimination Method

Let {\}7_; C R, {u;}7_; C R™ and | € [n] be fixed, and let S;[k] :== >_T_, A¥u;; for all k € N and
j € [l]. Then the Elimination Method is as follows:

1. Find a minimal set of real numbers, {u;}7",, such that {\;}7, = {£p;}", U {0}, and
Pl > > gy > 0.

2. For each i € [m], find v;,0; € [7] satisfying A\,, = p; = —\,,, and define u] := u,, and
u; = Ug,;. If no such v; (respectively, o;) exists, then set u; = 0 (respectively, u; = 0).

3. For i € [m], define a; = max . \u ug;| and G = max 1 \u — ug;|. Further, define v;
by: v; 1= (U, + u; ) [ if o 75 0 and v; := 0 otherwise. L1kew1se let z; := (uz+ — u;) /G if
(; # 0 and let z; := 0 otherwise.

4. If a; = ¢; = 0, discard p; from {p;}"
{1 Y1y so that pg > po > -+ > pup.

L1, decrement the value of m by 1, and re-enumerate

As a result of this procedure, we have the following relations for all j € [{]:

= Z%’Mf%‘j V keN:Ekis even, (25)
=1

Silk] = Gipkzi; VkeN:kisodd. (26)
=1

The vectors, {v;}I"; and {z;}7*, will be called even-k vectors and odd-k vectors respectively.
We now recast Lemma [§ into a more useful form.

Lemma 9. Let {\}7_; C R, {u;}7_; C R" and | € [n] be fived, and let S;[k] == ST_; Muy;.
Suppose that for every pair (\i,u;) satisfying 0 < A\; < 1 and (uz)p # 0, we have maxye () uzp > 0,
min,ep uip < 0 and | max,ep) wip|/| mingey) usq| > Y0, where v € RY is a constant. Further, for
each i € [m], let p(i) := arg maxé-zl v and p(i) 1= arg maxé-zl zij, where v; and z; are given by the
Elimination Method. Then for every i € [m], we have

max (Vip(i), Zip@s)) = 05

where Yy :
al/Cz > ’70)

Proof. Consider any i € [m] and let ¢(i) := arg miné 1 vzj and (i) := arg miné 1 %ij-

Now, two possibilities arise: either (uj)[l] = 0or (u; )[l # 0. If (uf )y = 0, then (v)y = —(23) .
Hence, either vy, > [viqa)| o zipa) > |2zag |- Since max (max e |[vig|, max g |zzf|5 =1>4%
due to the Ehmmatlon Method, we have max (v,p( )s Zip(i )) > Jo.

On the other hand, if (u; )y # 0, then p; = Ay, for some v; € [r]. Hence, max ey u;y > 0 and
| max ye u:rf\/| min gej] ujf| > 0. In the light of Lemma this implies that either

2+ )y < Ao (respectively, 25y < Y0), then i/a; > o (respectively

@;iVipiy > 0 and |vg,i)| > Folvig(s) |, (27)

or
inf,(i) > (0 and ‘Z@(Z)’ > "AYQ|Z1@(Z)’ (28)
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If holds, then as a result of the Elimination Method, 1 = max ey [vsf| = max (|vgps)l, [vig@))-
Since a; > 0, this means that either [vy,;)| = 1 > 40, or [vipi)| > Folvig)| = Fo- Thus, [vipe | > o
in either subcase. Similarly, leads to the conclusion that |Z1lﬁ(i)‘ > Jo.

For the second part, suppose v,y < 40. Then zi5; > 4o by the first assertion. We now
consider two cases.

Case (a): maxsc |vig| = 0, implying that a; = 0. By , ¢i # 0. Thus, (;/a; = 00 > Y.

Case (b): maxsep vif| > 0. Then maxyep|vif| = 1 due to the Elimination Method. Fur-
thermore, 49 < 1 by the definitions of v and 9. Now, the assumption v;,;) < 4o and the facts
max e [vif| = 1, 40 < 1 and max ey [vir| = max(|viy )|, [viqa)l) together imply that [vi| = 1.
Consequently, v4,;) < J0|viq(i)|- Therefore, by Lemma

fyo\aiviq(m — max (a’ivip(’i)7 0)

GiZip(i) = p——]
_ 7oQ; — max (aivip(i), O)
N Yo+ 1
If v4,(;) < 0, then the above yields:
Q > o 70 A

> > >0
a; — (vo+ Dz +1 7

because 0 < 2z;5;) < maxyep |2zif| = 1. On the other hand, if v;,;) > 0, then

QZ%—%@>w—%
Q; Y +1 Y +1

=%0-
]

The next lemma is the last technical lemma. It forms the crux of the main results of this
subsection.

Lemma 10. Let {\;}1_; and {U;}I_; be such that |\;| < 1 and U; is a linear subspace of R for
each i € [1], where | € N. Further, suppose A\; > 0 for some i € [7]. Let K be the set of all kpy € N
such that

> Nug; <8 forall 1 <k < ky and all j € [I], (29)
i=1
and
Z )\fMuit >0 for somet € [l], (30)
i=1

hold for some § € R and some (u1,...,ur) € [[_; Ui. If supK = oo, then there exists a d € [7]
such that Ay > 0 and a corresponding non-zero vector v € Uy such that v;v; > 0 for all i,j € [I].

Proof. Suppose the lemma is false, i.e., sup K = oo, and v;v; < 0 for some i, j € [[| whenever there
exists a d € 7 such that v € Uy \ {0} and Ay > 0. The rest of the proof is organized into six steps.

Step 1: By Lemmal|7} there exists a positive constant 74 that lower bounds the ratios | max;, e vp|/| mingep) vy
and [ min,e () vp|/| max,ep) vq| for all v € Uy satisfying vy # 0. Since 7 < oo, the positive constant
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Yo 1= minge[r):z,>0 Va lower bounds these ratios for every d € [r] for which Ay > 0. Thus, every
non-zero vector lying in Uy has both positive and negative entries that are significant in magnitude.

Step 2: It is clear that if {)\;}7_, are distinct, then for k£ > 1, S;[k] will have just one significant
term, thereby simplifying our analysis. Since this assumption is invalid, we proceed as follows: pick
any ky € KN[4,00), let (u1,ug,...,ur) and § be such that and hold, and perform the

Elimination Method so as to express S;[k] as:

Silk] = Zaiufvij Vjelll, k<kp:kiseven, (31)
i=1

and for odd k£ > 1, independently as:

Silk] = Ciukzi; Vjelll, k<ky:kisodd. (32)

i=1

Note that p; < 1 for all i € [m] because |\;| < 1 for i € [m]. Next, note that {a; }icjm] and {G; }icm)
are determined completely by (u1,ug, ..., ur). Also, w.l.o.g., we assume that ks is even (otherwise,
we can set u; = A\;u; and k?w = kp — 1 so that and hold for the primed variables). Since
kar > 4, and imply that «; # 0 for some ¢ € [m] and hence, a; > 0 for some i € [m]. All
of this implies that for k > 1, if there exist i € [r] and j € [I] such that v;; > 0 and |a;ulfv;;] is
much greater than ¢ as well as other terms in S;[k], then will be violated..

Step 3: This motivates us to identify an index s € [m] such that the greatest entry of vs, say
Usp, is comparable to 1 and dominates the corresponding sum Sy[k]. For this purpose, we wish to
ascertain that its weight « is comparable to all weights «; for ¢ = s+ 1,...,m and is much greater
than the weights a; for i =1,...,s —1 as pu; > s for @ < s. It is also helpful to compare v, with
ot |vip|. With this in mind, we let 4o := 70/(2 4+ 70), and for each s € [m] that satisfies ag > 0,
we define the following quantities:

87} . O
= max — = min —
Ps1 = 23 ag’ Ps2 = 15 a;’
p(s) € argmaxvg;, ¢(s) € arg minvg;,
JEl] JEl]
v if v > 4
Va0 = sp(s)» sp(s). Z 70 . and
1, otherwise
Vs0
Ts =

maXi’:l (Z?;s |U’l:7"|) '

Similarly, for each s € [m] satisfying (s # 0, we define:

Gi

-~ Si ~ . Gs
Ps1 = 12133(1 Cs7 Ps2 Ilnzl? Cz )
p(s) € argmax zgj, ¢(s) € argmin zgj,

J€el] jeEll]
Zai(s)s A Zap(e) = A
2g0 = 4 5P() SP(S)‘ =70 _and
1, otherwise

- Zs0

Ts = .
max;_; (3572, |2ir])
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We also let p11 = 0 if g > 0 and pp = 1 if oy, > 0. Similarly, p1; = 0 if (1 > 0 and ppe = 1 if
Cm > 0.
Now, let us bound 7y:

@ 5 ®) . .
T > l ’YOm > o > o (33)
max, (Ei:s |Ui7“|) (m — S+ 1) n
Here, (a) holds because 49 < vso, and (b) holds because |v](-i)| < 1. On the other hand,
1 1
Ts < 1. (34)

max_; (372, [vir]) ~ maxézl |vsj|

Step 4: We now analyze the evolution of the quantities defined above as kj; — oco. Consider
any sequence, {y(M}° | = {(u(lh), i §(M)}22 |, of variables associated with an increasing and

unbounded sequence of solutions {kg\z)}z’;l C K. Since m < oo, there exists an index M, € [m)]
(hg)

and a subsequence {y(hg)};il of the original sequence {y("1%° | such that M, € arg MAaX;e ]

(h)

(where a;
0< agh)/ag\z < 1 for all i € [m].Now that {al(-h)/ag\}Z}Zil is bounded for each i € [m], we may

= a;(yM)), for all g € N. Pick such a subsequence and relabel it as {y("}5° ,, so that

assume (by passing to yet another subsequence if necessary) that 7; := limy,_, oo agh) / 0‘5\2 exists for
each i € [m].
Now, let » = min{i € [m] : »; > 0}. Since u; decreases with i, we observe that r indexes the

. ) ) ) h
most dominant vector among those that continue to survive even as we increase k](w) (or as we

(h

increase h). Then n, = 0 for b € [i — 1] and hence, limj_, pffll) = 0 and limp_,o Prz) =n > 0.

Thus, there exists an hg € N such that for all A > hg:

/2 < p) < 3n,/2, (35)

kg\z) is large enough, and py{) is small enough (as will be made precise later).
Step 5: Our next goal is to show that the greatest positive entry of the dominant vectors is
eventually upper bounded by 4. We first restrict ourselves to even-k vectors. We assume h > hg,

drop the superscript ™ to reduce clutter in notation, and show that:

Vrp(r) < Y0- (36)

We will assume the contrary and show that v, dominates other vectors for a range of values
of k. We will then show that for to hold, the contribution of v, should be upper bounded by
some function of ¢, whereas for (30 to hold, it should also be lower bounded by a quantity that
approaches 0 as h — oo. To begin, let p = p(r), suppose vy, > 4o so that vrg = vy, and assume
that k is even. Then, by :

r—1 m
Silk] = Z Qipf v + i vp + Z aipif v, (37)
i=1 i=r+1
and by , this implies:
r—1 m
Z it vg; + appfog + Z v < 6, (38)
i=1 i=r+1
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for k in the range 2 < k < kps and j € [I].
Observe that for any j € [l]:

'U'L]+ E az,uz Vij
1=r+1

(z a@w) b ( 5 amj\) i

i=r+1

®) — k < —1 k
<D il | prarp + | D Jvigl | org i

i=1 i=r+1

c m
< rpre i + < > |Uz’j|> Pro Q1
i=r+1

(d) _

< rprlarﬂl + (pTQTr) 10‘er+1“1‘0; (39)
where (a) is due to the ordering of the set {y;}/",, Triangle Inequality and the fact that a; > 0,
(b) follows from the definitions of p,1 and p,a, (c) follows from the fact that max!_; |vy| = 1, and
(d) follows from the definitions of 7, and vp.

Now, we identify a range of k over which the contribution from p, dominates the contributions

from both p1,11 and p1. Let ke := max(0,2[0.510g,,, /., ,,)(40/n.7;)]) and k;. := 20.5 108 (1 /11y i0) it ) -
Then, for p,; small enough, , , and ensure that k.. < kl. < oo, and

Tprlarﬂlf < (pr27_r)71aruvlf+lvr0 for k < kq/na (40)
Furthermore, the definition of &, and imply that

(pTgTr)_lozru,lvaTo < 0.050@;14%7»0 for k > k.. (41)

Combining , and yields:

r—1 m
Z%M?Uz‘j + Z ai#?”i]’
i=1

i=r+1

< 0.1appfopg (42)

for ke < k <kl and j € [l]. Thus, if fails, then the contribution of the dominant vector v,
is much greater than the combined contributions of other even-k vectors when ky. < k < k... Now,
, the assumption vy, > 49, and at j = p together result in the following:

v + E it vy,
i=r+1

> O.9arulﬁvr0 for k‘m <k<kK. (43)

By , , and , we have:

k
0 > apfly Vpp —

Silk] < arpyvr; + Fvij + Z i v
i=r+1
< 1-1047«/17%«0 (44)

kre+logy . (11/9)

< L.1ag iy vpo < 0, (45)
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forall j € [I] and k € {k,«e +logy /,,, (11/9), min(k;, kM)} (which is a non-empty interval for a small

enough p,1 and a large enough kj; due to the definition of k).

In particular,
(h)
SWEM] < 110 b v < 6, (46)

where k3 = min(k)™, k{")). On the other hand, for to hold for an arbitrarily large ks, we
need v, to be much greater than § so as to compensate for the corresponding (small) value of g
This leads to a contradiction. To elaborate, let t*) € [I] be the index satisfying . Then, for

every h > hg, , , and imply:
k‘<h) k:(h>
ZO‘ “mh) ( HT )

= SO k) — S k]

(k)
> st _ 1.1oz( )Mf’” V0

)
> O.9a£h) k“vro -1 1a( )uf’(" Vp(- (47)
(h)

Division by «, ’ and rearranging the terms yield:

(h) (h)

(h) o (h)

1.1,ufm Upo + Z%uit(m <,ul Nf > > 0. guk’"e (48)
=1 %r

However, the left-hand side of tends to zero as h — oo (since 1, > 0) because limy,_, pgll) =0

implies that limp_, k;(h) = 00 and in turn that limp_, k,(rlf) = oo, whereas the right-hand side

remains positive. This contradicts our assumption on v,p, thus proving .
Now, we establish the odd-k analog of . Note that the assumption that kjs is even forbids
us from repeating our previous arguments.

By , and Lemma |§|7 we have

¢ > 550 >0 (49)

for h > hg. Therefore, analogous to M., n; for i € [m], and r, we define M, := arg MAX;c 1) Ci(h) for
h > ho, 7; := limp 00 Ci(h)/(](\z for i € [m], and 7 := min{i € [m] : 7; > 0}, respectively (by passing
to a subsequence of {y(™[0]}5%, if necessary). Also, note that we did not use the assumption that

k:g\z) is even until . This implies that if 275 > o holds, then similar to s > 0. 904( ) pErev,g,
we have:

5™ > 0.9¢M oz, (50)
where ko 1= max(0, 2[0.51log,, /,..,)(40/7777)]). On the other hand, S;w) [k( )] > 6" implies:

m
h k(h) By K
< Do vy < g m (51)
since |v;;| < 1. Then, and result in:
()

) _ 0.9k 20 (1) w
= )
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implying that limj,_, oo (0‘5\2 /C éh)) = oo. Hence:

lim 2 — lim > .M 5> | "M

h—o0 Ozgh) h—o0 C](\ZZ Crgh) O‘E\ZZ Ozgh)

C(h) C(h) C(h) C(h) 055\2)

=iy 7 0t =0

because 7z and 7, are positive by the definitions above. However, this would have contradicted

. Therefore:
Zip(7) < Yo- (52)

Step 6: Note that , , and Lemma |§| imply that r # 7. We may assume that r» < 7 because
the case r > 7 can be handled similarly. Then by the definition of 7, we have limy,_, C,Eh) / Céh) = 0.
Furthermore, by applying Lemma |§| to both r and 7, we obtain min(a;h) / Céh), ,gh)/a,(ﬂh)) > .
Therefore,

(h) (h) <§h) <§h) ol

i Qz i Qi
m —~ = lm —(~ - —F= "~ -~
h—o0 OZE\Z) h—o0 C;h) 7(1’1) o(?(dh) 045\2

e

>0 001 =00

because 7, > 0 by our definition of r. But this contradicts the definition of M., thereby proving
the lemma. 0

We can now state the first main result of this subsection.

Lemma 11. For every initial state z[0] € R", let Gp[k] = Gp(z[k]) = (Vp, Ep(z[k])) and Gglk] =
Go(z[k]) = (Vg, Eg(z[k])) be two vertea-disjoint induced subgraphs of G[k] such that Gp,, the
subgraph of Gy, induced by Vp, is connected. Also, let X denote the set of all x[0] € R™ satisfying
assumptions below:

(a). All the agents of Gg[0] have the same opinion value, i.e., x;{0] = xzg for all i € Vi, where
xqg € R is constant in time but depends on x[0].

(b). Gplk] and Gglk] merge for the first time ever at some time k(z[0]) € N.
(c). Gplk] is a connected graph for 0 < k < k(z[0]).
(d). No link break occurs within Gplk] until time k(x[0]).

Furthermore, for some l € R, let [l] index the set of nodes of Gp|0] that are adjacent to one or
more nodes of Gg|0] in the graph Gy, as shown in Fig. @

Now, suppose sup,gecx (x[0]) = co. Then Ap, has an eigenpair (A, v) such that 0 < XA < 1,
v; # 0 for some i € [l], and viv; >0 for all i,j € [I].

Proof. By Lemma [2, Ap, always has an eigenvalue A € (0, 1). So, if the assertion of this lemma is
false, then for every eigenpair (\,v) of Ap, with 0 < A < 1, we have vyv, < 0 for some p,q € [I],
while supg(gcx #(2[0]) = oo.

Now, for Gp and G to merge for the first time at x = x(z[0]), we require Gp[k] and Gg[k| to
be (I): disconnected from each other in G[k] until time &, and (IT): connected with each other in

G[k].
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Figure 2: Illustration for the Proof of Lemma

Given that Ggl0] is at the consensus state xg and the set of potential neighbors of Gg in Gp
is [I], condition (I) is equivalent to:

|zilk] —2g| >R Vie[l],k<k-—1. (53)

Since no link break occurs within G p[k] until the merging event of interest takes place, Gp[k]
remains connected in G[k] until x(z[0]). Moreover, since SUpgojex K(2[0]) = 0o, and because all the
intra-component link formations taking place in G[k] occur in O(n®logn) steps as per Proposition
we may choose an z[0] € R" such that x(z[0]) is large enough and Gp[k] remains constant and
connected during a time interval [k., k(z[0])) for some k. < k(z[0]). As a result, we may further
assume that for a sufficiently large x(x[0]), the sub-network of G, corresponding to G'p, achieves
R/4-convergence to a consensus state colp at some time kg € [k¢, k(2]0])). We now shift the origin
of our time axis to kg, thus obtaining Gp[0] = Gp,. Also, w.l.o.g., we assume ¢y < zg. Then
along with R/4-convergence together yield the following necessary condition for (a):

zjlk] <axzg—R Vjell], ke{0,1,... . knp —1}, (54)

where ks := k — kg. In this setting, condition (II) is equivalent to |x;[ka] — xg| < R for some
i € [l]. An implication is:
x[knrr) > g — R for some t € [I]. (55)

By Lemmal [l we can express z[k] in terms of the eigenpairs {(A;, u;)}1F; of Ap, in order to rewrite

(54) and as:

np
> Mug; <6 forall 0 <k < ky and all j €[], (56)
i=2
and
np
Z )\fMuit >0 for some t € [l], (57)
=2

where 0 := g — R — ¢p and the sum index ¢ > 2 because A\; = 1 and u3 = ¢plp. Since |\;| < 1
for all 2 < i < np and max;5, \; > 0 by Lemma |2, an application of Lemma [10]immediately yields
the required condition on Ap,.

O
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We now generalize Lemma |'1;1'| by allowing both the subgraphs Gp and G¢ to have any of the
initial states that force them to remain connected components of the influence graph until they
merge (or forever if they do not merge). However, we will need a definition and some notation.

Suppose Gp, = (Vp, Ep,)) and Gg, = (Vg, Eq,) are two induced subgraphs of Gy, such that
Vp N Vg = 0. Let {(ic,je)}o_; C Vp x Vg be the set of boundary edges of {Gp,, Gg,} in Gpn
(i.e., the set of edges connecting G p, with G, in Gpp), and let {1} U {A\g}]"; be the union of the
sets of eigenvalues of Ap, and Ag, (such that Ay # 1 for all d € [m]). Further, for each d € [m],
let Uy(P) (respectively, Uq(Q)) be the eigenspace of Ay with respect to Ap, (respectively, Ag,) if
A is an eigenvalue of Ap, (respectively, Ag,), and let Ug(P) = {0} (respectively, Uy(Q) = {0}),
otherwise. Finally, for each d € [m], let ff (u) := [u;, ... u)7 for all u € Uy(P), and let ber(w) =
[wj, ... wj]T for all w € Uy(Q). Note that the dimensions of f(u) and ber(w) equal b for all
u € Uy(P) and w € Uy(Q).

Definition 11. For each d € [m], the boundary-restricted eigenspace of Aq associated with {Gp,, Gg,}
is the set UfQ = ﬁf + (7(?, where ﬁf = span({f(v) : v € Ug(P)}) and UC? = span({fg(v) :
v e Ug(Q)}). We refer to any vector v € UCJZDQ as a boundary-restricted eigenvector of {Gp,, Gg,}
corresponding to the eigenvalue \g.

Proposition 6. For every initial state z[0] € R", let Gplk] = Gp(z[k]) = (Vp, Ep(x[k])) and
Golk] = Go(z[k]) = (Vg, Eq(xlk])) be two vertez-disjoint induced subgraphs of G[k], and let X
denote the set of all x[0] € R™ satisfying the assumptions below:

(i). Gplk] and Gglk] merge at time ky(z[0]) € N for the first time.
(it). Gplk] and Gglk] are connected graphs for 0 < k < kp(x[0]).
(iit). No link breaks within Gp[k] or Gglk] until time ks (2[0]).

Next, let Gp, and Gg, be the subgraphs of Gy, induced by Vp and Vg, respectively, and let b be the
number of boundary edges of {Gp,,Gq,} in Gpn. Furthermore, let {\q}, U {1} be the union of
the sets of eigenvalues of Ap, and Ag, such that \g # 1 for d € [m].

Now, suppose sup,(gicx kn(z[0]) = co. Then there exists an index d € [m] such that 0 < Ag < 1

and a corresponding vector v € UfQ satisfying Ve # 0 for some e € [b] and 0,07 > 0 for alle, f € [b].

Proof. Since no link break occurs within Gp[k| or Gg[k] until they merge, both of them remain
connected in G[k] until kpz(x[0]). Moreover, since supgojex ka(z[0]) = oo, and because all the
intra-component link formations taking place in G[k] occur in O(n®logn) steps as per Proposition
we may choose an x[0] € R" such that kjs(x[0]) is large enough, and Gplk] and Gg[k] both
remain constant and connected during a time interval [k., kas(x[0])) for some k. < kpr(z[0]). As a
result, we may further assume that the sub-networks of G, corresponding to G p, and G, achieve
R/4-convergence to their respective consensus states at some time kr € [k, kas(2[0])). We now
shift the origin of our time axis to kg, thus obtaining Gp[0] = Gp, and Gg[0] = G,
Now, we express the initial states of Gp and G as

m

$p[0] =cplp+ Zﬁgvg
d=1
m

:L'Q[O] =cglg + Zﬁgvg,
d=1
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where cp, cg € R depend on our choice of 2p[0] and z[0], and the vectors are chosen such that for

each d € [m], v} (respectively, Ug) is an eigenvector of Ap, (respectively, Ag,) corresponding to
Mg iff Ag is an eigenvalue of Ap, (respectively, Ag,) and v = 0 (respectively, vfl? = 0) otherwise.

This is possible because Ap, and Ag, are diagonalizable by Lemma In addition, we assume that
{vF}m  \ {0} and {vg}?zl \ {0} are bases of eigenvectors for Ap, and Ag,, respectively.

Next, let {(ic, je)}2_; C Vp x Vi enumerate the set of boundary edges of {Gp,, Gg,} in Gpp.
Note that assumption (i) requires |z;, [k] — z;.[k]| > R for all e € [b] and 0 < k < kas := kar(2[0]),
and |z;, [kav] — x5, [kam]] < R for some t € [b]. Now, for a given e € [b], we could either have

zi, k] — x;.[k] > R, or (58)

i k]~ i K] > R (59
for a particular k € [0, kps). Suppose holds at some k; € [0, kps) and at some ko € [0, kr).
Then max(x;, [k1])— i, k2], zj. [k2] —x;.[k1]) > R. But this contradicts the assumption that both Gp
and G¢ have achieved R/4-convergence to their respective consensus states at time 0. Therefore,
for a given e € [b], if holds for some k € [0, kps), then it must hold for all k£ € [0, kpz). Similarly,
we can show that for a given k € [0, kpy), if holds for some e € [b], then it must hold for all
e € [b]. The same applies to (59). Hence, w.lo.g., we assume forall e € [b] and all 0 < k < kpy.

Now, for each d € [m], let 04 := [0g1 ... dap]’, where dge = BT vai, —Bgvdje for e € [b]. Further,
let 6 := cg — R — cp. With these definitions and the assumption given by , we can express
assumption (fif) of the proposition as:

> Aige <6 forall 0 <k < ky and all e € [B],
d=1

and Y ', )\ZM@dt >0 for some t € [b]. Since |[N\g| < 1 for all d € [m] and maxy Ay > 0 by Lemma

and since (01, ...,0m) € [[1, Uf Q, the assertion of Proposition |6/ now follows immediately from
Lemma O

5.4 Graphs with Finite Maximum e-Convergence Time

We now show that the e-convergence time of a complete r-partite graph is bounded. For this
purpose, we characterize the eigenvectors of the normalized adjacency matrix of a complete r-
partite graph that has all the self-loops.

For n € N, we define a complete r-partite graph G = ([n], E') to be a graph with partitioning of
its vertices into V4,...,V, C [n], and (i,j) € E iff (,j) ¢ Uj_,;V;%. Let G have all the n self-loops,
let A € R™" be the normalized adjacency matrix of G, and let n; := |V;| > 1 for i € [r]. For each
i€r],let V; = {N;,_1+1,...,N;}, where N, := >"7_, n; for j € [r] and Ny := 0. Finally, we define
the matrix B € R"™*" by:

Bz‘j::{n;—%ﬂ 1?7:17
n—ni+1 Jj#
and let {w(")}g:1 be an eigenvector basis for B with {)\(i) 7 being the corresponding eigenvalues.
Lemma 12. The matrices A and B (as described above) have the following properties:
(i) For each i € [r] such that n; > 2 and each t € {2,...,n;}, the vector v € R™, defined as:
+1, ifj=Ni_1+1
vj(-i’t) =9 -1, ifj=N;_1+t,

0, otherwise
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is an eigenvector of A corresponding to 1/(n — n; + 1). Moreover, the set Uy := {v(®!) : 2 <
t <ng,i € [r]} is a set of linearly independent vectors.

i) For each i € [q], the vector 7)) € R™, defined as 5t = w for allp e V; and j € [r], is an
P
eigenvector of A corresponding to A9,

(iii) The eigenvectors of B span R”, i.e., g =r.

(i) If X&) #£ 1, then X)) <0 for all i € [r].

(v) U:= U;zl{v(j’t) 2 <t <n}U{o@}_, is an eigenvector basis for A.
Proof. Observe that for all p € [r], the degree of each vertex in V), with its self-loop counted, is
n —ny + 1. Hence, given i € [r], for all p € [r] \ {i} and j € V,,, we have:

; 1
Lty (3,t) (3,t)
(AU( ))] - n — np + 1 </U z 1+1 + ,UNZ 1+t)

1 (irt)
n—n,+17

Next, if j = N;_1 + 1, then

. 1 . )
Y. — (i,t) (i,t)
(A/U(Z ))] - n — ni + 1UN1'_1+1 + O ’ UNi—1+t
_ 1 e

_n—ni-i—l J

Similarly, (Av(1); = e t)/(n —n; + 1) also holds for j = N;_1 +t. Finally, for j € V; \ {N;—1 +
1, Nj_1 +t}, we have (Av( 0); = A;;-0+ Ysenyy; Ajs 0= v](i’t)/(n —n; +1). So, for each i € [r]
and each t € {2,...,n;}, v is an eigenvector of A corresponding to

#ﬁr By taking linear

combinations, we can easily see that {v(?) : 2 <t < n;,i € [r]} are linearly independent vectors.
This proves (i).
As for (ii), for any j € [r] and p € V}, we have:

(A@(i))p = Z Apsﬁgi)
s=1

1 . 1 A

— (1) 5(0)

=— 0+ > | g
n—mn;+1 i) \omavy P +1

1 (@)
= w + Z W,
oyt et ”3 ot

_Zgﬂwl (Bu®); = ADu®); = Oz,

In order to prove (iii), note that B = D1SDs, where D := diag(niéﬁl, e nﬂiﬂrl)’ Dy =
diag(ni,...,n;), and S is the symmetric r x r matrix given by:

Loifj=i
Sij=4q™ .
1 ifj#i
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Now, observe that the commutativity of diagonal matrices allows us to express D1S5Dg as D o(DpSD B)DAfl,

where Dy := (DlD_ )2 and Dp := (D1D2) Thus, B = DA(DBSDB)DA is similar to the sym-
metric matrix DpSDp and hence, its eigenvectors span R", ie.,, g=r.
As for (iv), for any A () £ 1, we know that D33 is an eigenvector of D3AD™3 which is

a symmetric matrix as per Lemma 1 of [20]. Hence, {D2v 9}r_, is an orthogonal set. Since
1 € {6W}7_,, this implies that

17"D5® =0 if i € [r] and A\ # 1, (60)

thereby forcing each 99 to have both positive and negative entries. Now, pick any i € [r] for which
A =£ 1, and let s € [r] be the index such that wj(-i) > 0 for j € [s] and wj(-i) < 0 otherwise (we can
always label the vertices suitably so that such an s exists). Then implies that 1 < s <r —1.
Consequently, we have the following relations:

! n—np+1
Z] 1n]|w | Z;:s+2 n]\w ‘ — ‘ws-i-l

n—nsy1+1

~AOpl| =
On the basis of this, we have the following for A\() ¢ {0,1}:

0 < (n—n1+ D]+ (n —ngr + 1wl

(= D]l + (nes1 — Dlwl?|
NO) !

implying A) < 0 because n1,n,:1 > 1 by assumption.

For part (v), note that Uy and {#()}I_, are linearly independent sets by assertions (i) and
(ii). Also, observe that span{o( | i € [r]} = spant{vU? | j € [r],t € {2,...,n;}} because
70Tyt = wj(.l) x 1+ w]@ x —1 = 0. Finally, noting that [U| =3""_,(n; — 1) +r=>""_ 1 n; =n,
we conclude that U is an eigenvector basis for A. O

Remark 2. Points (1), (4) and (5) of Lemma[13, along with the fact that eigenspaces are linear,
imply that every eigenpair (\,v) of A that satisfies A € (0,1), corresponds to some i € [r| such that
|Vi| > 2 and vs =0 for all s ¢ V. Furthermore, Zsew vs = 0 for such an 1.

We are now well equipped to establish our main result.

Proposition 7. Let n € N and € > 0 be given, and let G,y = ([n], Epn) be a complete r-partite
graph for some r € [n]. Then k}(Gpp) < oco.

Proof. It Gy, is a complete 1-partite graph, then Ep,, = 0 and hence k}(Gp,) = 0. On the other
hand, if r = n, then G, = K. In this case, kX (Gpn) = O(n?) < oo by [18] and [20]. Therefore, we
assume 1 <71 <n hereafter

Suppose k¢(Gpr,) = oo. From Proposition l we know that arbitrarily slow convergence happens
only in the presence of arbitrarily slow merging and that all the other structural changes in G [k]
occur in O(n®logn) steps. Hence, it suffices to show that no two connected components of the
influence graph can take an arbitrarily long period of time to merge, under the assumption that no
link breaks occur.
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For this purpose, let Vi,...,V, be the r parts of G, and let Vp, Vg C [n] be any two disjoint
sets. Further, let {(ic,je)}2_; C Vp x Vg be the set of boundary edges connecting G p, and G,
in Gpp, and let {1} U {\g}], be the union of the sets of eigenvalues of Ap, and Ag, (such that
Ag # 1 for all d). Now, since G, is a complete r-partite graph, it follows that G'p, and Gg, are
also complete p-partite and g-partite graphs for some p,q € [r], and their parts are given by the
partitions {Vp N V;}_; \ {0} and {V N V;}i_; \ {0}, respectively.

Next, for each initial state z[0] € R", let Gplk] = Gp(z[k]) = (Vp, Ep(z[k])) and Gglk] =
Go(z[k]) = (Vg, Eg(2[k])) be disconnected from each other in G[k] = G(x[k]) until they merge at
time kas(x[0], Vp, V). As per our earlier reasoning, we may restrict our attention to the subset
X (Vp,Vg) C R™ of initial states for which (i) kar(z[0], Vp, V) < oo, i.e., merging occurs, (ii) no
link breaks occur within Gplk] or Gg[k] until they merge, i.e., for k < ky(2[0], Vp, V), and (iii)
both Gplk] and Gglk] are connected graphs for k < kp(2[0], Vp, Vp).

Now, suppose Sup(gjex(vp,vo) kar(x]0],Vp, V) = oco. Then Proposition |§| implies that there

exists a d € [m] with Ay € (0,1) and a corresponding vector v € UfQ satisfying v, # 0 for some
e € [b] and vsvy > 0 for all f,g € [b]. Since ve = u;, + w;, for some u € Uy(P) and w € Uy(Q),
we have either u;, # 0 or wj, # 0. W.lo.g., we assume u;, > 0 (and hence that (A\j,u) is an
eigenpair of Ap;). Now, let p € [r] and o € [r] denote the indices for which i, € Vp, := Vp NV,
and je € Voo := Vg NV;. Then observe that p # o because (i, je) € Epp. Also, by Remark
Ad € (0,1) implies that ZSEVPP us = 0. Hence, there exists another node z € Vp, such that u, < 0.
Now, two cases arise: either |[Vg,| =1 or |Vge| > 2.

Consider Case 1: |V, | =1, i.e., Voo = {je}. Now, if Ag is not an eigenvalue of Ag,, then Uy =
{0}, which means w = 0. Hence, w;, = 0. Otherwise, by Remark [2| Lemma [12| requires w;, = 0
because Ay > 0 and |V, | < 2. Thus, w;, = 0 is true whenever |Vg,| = 1. Moreover, p # o implies
that (2,je) € Epp. Since z € Vp and j. € Vi, we may denote z by iy and j. by j; so that (2, je) is
the f-th boundary edge, (iy,jy), for some f € [b]. But now, vy = u;, +wj, = u, +wj, = u, <0,
whereas v, = u;, > 0. As a result, vevy < 0, thus contradicting the requirement vyv, > 0 for all
frg €[0].

On the other hand, in Case 2: |Vs| > 2, both w;, = 0 and w;, # 0 are possible subcases. If
wj, = 0, then we simply repeat the arguments of the previous paragraph to show that vevy < 0
for some f € [b]. So, assume w;, # 0. Then (Ag, w) is necessarily an eigenpair of Ag,. Therefore,
the requirement ) seVpy Ws = 0 of Lemma (12 implies w,w;, < 0 for some y € V.. First, suppose
wj, > 0 and wy, < 0. Then, p # o implies that (z,y) € Epy, and hence that (z,y) is a boundary edge.
By denoting (z,y) as the f-th boundary edge (iy,js) for some f € [b], we have vy = u;; + wj, =
u; + wy < 0. However, we still have v, = u;, + wj, > 0, implying that v.vy < 0. Now, assume
wj, < 0 and w, > 0. Then, by denoting the boundary edges (z,jc) and (ic,y) as (ia,jo) and
(ig,78), respectively for some «, f € [b], we have v, = u, +wj, < 0 and vg = u;, + wy > 0. This
implies that vavs < 0. Thus, the requirement vsvg > 0 for all f,g € [b] is violated in Case 2 as
well.

Hence, sup,jex(vp,vy) ka(x]0],Vp, V) < oo. Note that this applies to every selection of
Vp C V and Vg C V such that Vp N Vg = 0. Moreover, since the number of such choices of Vp
and V{ is finite, we conclude that no merging event can be delayed indefinitely in the social HK
dynamics on the given Gp. This completes the proof. O

6 CONCLUSION AND FUTURE DIRECTIONS

In this paper, we have investigated the convergence properties of the social HK model of opinion
dynamics. We have shown that for certain physical connectivity graphs, we cannot even guarantee e-
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convergence to the steady state within a bounded time-frame, much less termination in finite time.
In addition, we have shown that complete r-partite graphs have bounded e-convergence times.
Moreover, we can observe that the necessary and sufficient conditions provided by Proposition
and Lemma are nearly tight (i.e., tight under the assumption v;u; # 0, in addition to the
other assumptions made by these two results). However, finding a set of necessary and sufficient
conditions for arbitrarily slow merging (and thereby for arbitrarily slow e-convergence) that are
tight in the most general case, remains an interesting open problem. Also open is the problem of
finding other classes of graphs that have bounded e-convergence times.
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