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Structured preconditioning of conjugate gradients
for path-graph network optimal control problems

Armaghan Zafar, Michael Cantoni, and Farhad Farokhi

Abstract—A structured preconditioned conjugate gradient
(PCG) solver is developed for the Newton steps in second-order
methods for a class of constrained network optimal control
problems. Of specific interest are problems with discrete-time
dynamics arising from the path-graph interconnection of N
heterogeneous sub-systems. The computational complexity of
each PGC step is shown to be O(NT'), where T is the length of
the time horizon. The proposed preconditioning involves a fixed
number of block Jacobi iterations per PCG step. A decreasing
analytic bound on the effective conditioning is given in terms
of this number. The computations are decomposable across the
spatial and temporal dimensions of the optimal control problem,
into sub-problems of size independent of N and 7. Numerical
results are provided for a mass-spring-damper chain.

Index Terms—QOptimal control of networks; Structured second-
order solver; System chains.

I. INTRODUCTION

ONSIDER the path-graph interconnection of N hetero-
geneous sub-systems with dynamics given by

Tjie1 = Ajuzje + Bjwuje + Ejaxjae + Fjaxjee, (1)

where x;; € R™ and u;; € R™ are the state and input
of sub-system j € N = {1,2,...,N} at time t € T =
{0,1,..., T}, respectively. The initial conditions are given by
zjo=§; € R for j € N and the spatial boundary condi-
tions are given by zo; = x; € R™ and zny ¢ = ¢, € R™
for t € T. The constrained finite-horizon linear-quadratic (LQ)
optimal control problem of interest is the following:
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(2a)

min
(®5,6) (4,6)€ {0, N+HLYUN)XT
(“j,t)(j,t)eNxT

subject to

@ for (j,t) € N x (T\{T}), (2b)

ot = Xy TN41t =€, fort €T, (2¢)
zj0=§; forjeN, 2d)
Cjtxje + Djruje < kjp for (j,t) €N X T, (2e)

where ¢ (x,u) = ¥'Qjx + 22'S;u + v'Rju, Cjy €
R¥>*"i D,y € R¥%*™ and k;; € RY. For j € N
and t € T\{T}, it is assumed that Q;; = Q};, = 0,
R = R;-_’t = 0, and Q¢ — S;-_’tR;tlSj_,t = 0. Moreover,
for every j € N, Qjr = 0, but S; =0, R;7 = 0, and
D; 1 = 0, so that u; 7 plays no role (i.e., it can be removed as
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a decision variable.) Under these assumptions the problem ()
is a convex quadratic program with O(NT') decision variables
and O(NT) constraints.

While the cost (2a) and inequality constraints (2g) are
separable across the sub-systems and time horizon, there is
coupling in the equality constraint ZB). Specifically, there is
spatial coupling between states of adjacent sub-systems, and
inter-temporal coupling. Path-graph network dynamics of this
kind are relevant in the operation of irrigation channels [1]],
vehicle platoons [2], supply chains [3]], and radial power
networks [4]]. The structure also arises from the discretization
of one-dimensional partial differential equations [3].

This note is about the computation of second-order search
directions for solving the quadratic program (2)). Specifically, a
preconditioned conjugate gradient (PCG) solver (e.g., see [6])
is developed for the Newton steps in second-order methods,
such as the interior point method [7]. The main innovation
pertains to the O(NT) computational complexity of each
PCG iteration, and decomposability of the preconditioning
computations across both the temporal and spatial dimensions,
into sub-problems of sizes that are independent of N and T'.
The computations are amenable to implementation as [N/2]
parallel threads each comprising a sequence of 27" (possibly
dense but small) sub-problems.

Structure in second-order methods for optimal control prob-
lems was studied in [8]], [9]], where the so-called Riccati-
factorization approach was originally developed, and more
recently in [[10]-[14]. These papers all focus on the structure
associated with localized coupling in the temporal dimen-
sion of optimal control problems. Following the underlying
approach for problem results in solvers with O(T'N3)
computational complexity for each of the moderate number of
Newton steps needed for second-order methods to converge
(typically 10 — 20 steps). The computations are decomposable
across the temporal dimension, but not the spatial dimension.
The resulting sub-problems, of size O(N), are amenable to
distribution across parallel processors in a tree type communi-
cation network, leading to O(log(7) N?) time complexity [14].

In [[15], the aforementioned approach is pursued in the spe-
cial case of (@) with directed spatial coupling, by interchanging
the role of the time and space indexes to develop a Newton
step solver with computational complexity O(NT3). The
computations are decomposable across the spatial dimension
of the problem, but not the temporal dimension. Again, parallel
processing can lead to O(log(N)T?) time complexity.

All of the approaches described above constitute direct
methods for solving the Newton steps. In particular, all are
related, in some way, to structured block-LU factorization


http://arxiv.org/abs/2010.05616v1

for a permutation of variables that yields a block tri-diagonal
structure in the linear system of equations to be solved. With
direct methods, it appears to be difficult to leverage both the
spatial and the temporal structure in (2).

The proposed PCG method is an iterative solver, of the kind
used for large sparse problems [6]. For @), the size of the
linear equation to solve at each Newton step is O(NT'). Thus,
in the worst case, it may take O(NT') iterations to terminate. It
is well-known that preconditioning can significantly reduce the
number of PCG iterations needed. In this note, it is proposed to
use a fixed number of block Jacobi iterations for precondition-
ing. In principle, this fixed number can be selected to achieve
preconditioning specifications, in that a decreasing analytic
bound on the conditioning of the outcome is provided. For the
numerical example presented, it is observed that as few as two
Jacobi iterations can result in a much smaller number of PCG
steps than the worst-case bound described above. Importantly,
the preconditioning steps are decomposable across both the
spatial and temporal dimension of (2). The size of the resulting
O(NT) parallelizable sub-problems is independent of N and
T. As such, the computational complexity of PCG steps is
O(NT). In the worst-case of O(NT) iterations, the computa-
tional complexity of a Newton step becomes O(N2?7T2). So for
T =~ N, as perhaps required for the optimal control problem to
be meaningful, the proposed approach is (at the least) no worse
than the structured direct methods discussed, and potentially
much better for large problems.

First-order methods can also lead to structured solvers for
separable-in-cost quadratic programs like (@). For example,
methods based on dual decomposition [16], and operator
splitting methods such as ADMM [17] and FAMA [18] can
lead to simple parallelizable computations. For the structure
in (@), the dual decomposition technique of [19] leads to local
computations for each sub-system. Similarly, the ADMM ap-
proach presented in [20], and projected sub-gradient algorithm
of [21]], also yield decomposable computations. However, these
first-order methods typically require a huge number of itera-
tions to converge. The issue is exacerbated within the path-
graph context of this note, since the algebraic connectivity
of the underlying sparsity pattern, which influences the rate
of convergence [22], [23], tends to zero as N grows. This
motivates the consideration of second-order methods. The
challenge is to maintain structure in the computations.

The note is organized as follows. An equivalent re-
formulation of problem () is presented in Section[Il] including
the structure of corresponding Newton steps in Section IT-Al
PCG methods are overviewed in Section [[II, and the struc-
tured preconditioner based on fixed block Jacobi iterations
is developed in Section The proposed PCG algorithm is
explored numerically for mass-spring-damper chain example
in Section [Vl Concluding remarks are provided in Section [VI

NOTATION

Identity matrices are denoted by I. blkdiag(-) denotes the
matrix with block diagonal elements given by the arguments,
which are the only non-zero elements, and col(-) denotes the
concatenation of the input arguments into a column vector.

Every block tri-diagonal matrix is parameterized by sequences
© = (P)i; € [LLR™™ and Q = ()it, €
[Ti, Ri=1x for appropriate (Ix)7; C N™ and m € N.
Given such sequences ® and (2, the corresponding block tri-
diagonal matrix is denoted by

o
blktrid(®, ) = 2 € RIX!,
S
Qm (I)m

where [ = Y71 I

II. PROBLEM RE-FORMULATION

Defining u; = COl(’ulj’(), e 7uj,T—1) S ijT, Ty =
col(zj0,...,x5r) € R%T+D and slack variables §; =
col(6;0,...,0;r) € R T+ problem (@) can be reformu-
lated as the following quadratic program:

s ] (8 A
min - J 71, (3a)
it L wl

subject to 29 = X, Tn+1 = ¢, and

0= Ajz; + Bjuj + Ejzj1 + Fjaj + Hi&j, jeEN

(3b)
0=Cjz; +Djuj+6; —k;, jeN, (3¢)
0<0;, jeN, (3d)

where
Q; = blkdiag(Qj o, . . ., Qjr) € R (THxn; (T4

R; = blkdiag(Rj, ..., Rjr_1) € R™T>miT
S; = [blkdiag(Sjo,...,Sjr-1) 0] € R T (TH)
C; = blkdiag(Cj, ..., Cjr) € RV (TH)>xni (T4
D; = [blkdiag(D;o,...,Djr-1
Hj=[I0--- 0] € RM(TH)xn;

. ,Rj)T) S RVj(T+1),

)/ O]/ c Rl/j(TJrl)ijT,

Kj = col(kjpo,..

X = COI(XO7 ceey XT) S RnO(TJrl),
¢ =col(Cy, ..., Cp) € RMva(TH)
Aj)o —I B’O
Aj = : , Bij= 1" )
. . O
L Aj7T_1 —I Bj,T—l
[0 0
Ejo 0 Fjo 0
Ej = . s and Fj = .
I Eir10 Fir10

Note that A; € an(T-l-l)an(T-i-l)’ B; € an(T-i-l)xij’
Ej c an(T-i-l)xnj,l(T-i-l)’ and Fj c an(T+l)><nj+1(T+l). The
block bi-diagonal structure of the matrices A; arises from
the temporal structure of the system dynamics in the optimal
control problem ().



For the quadratic program (3), the Karush-Kuhn-Tucker
(KKT) conditions for optimality are given by

Qi1 + Sjur + Ajp1 + Cihi + Egyps =0, (4a)
Qjzj + Siuj + Aip; + CiNj + Fiypj
+ E}HP}H =0, jeNM\{1,N}, (4b)
QnzN+Syun+ANpn+CNAN + Fygpn1=0, (40
Sz + R;uj + B;-pj + D;-)\j =0, jEN, (44d)
Arzy + Biu + Erx + Fiae + Hi§, =0, (4e)
Ajz;+ Bjuj + Ejzjq + Fjxjp + Hjéj =0,
JEN{L, N}, (4D
Anan+Byun+EnTNa+FnC+ HvEy =0, (42)
Cjzj+ Djuj—kj+0; =0, jeN, (4h)
A;©;1=0, and [N 0] >0, jeN, (4i)
where p; = col(pjo,...,pjr) € R%TH) and \; =
col(Njo,-- -, A\jr) € R%TH) are Lagrange multipliers,

A; = blkdiag(\jo,...,\jr) € RuTH>xw(@H) g, —
blkdiag(6;.0, . ..,0;7) € R¥(T+H)xvi(TH) “and 1 denotes a
vector of all ones. Since (@) is convex, the KKT conditions
are necessary and sufficient for optimality [[7].

A. Newton’s Method

Various second-order optimization algorithms can be un-
derstood in terms of Newton’s method for solving the KKT
conditions (e.g., see [7].) Typically, only a moderate number
of Newton steps is required for convergence, and this is the
main advantage over first-order optimization algorithms. The
benefit comes from the use of second-order information, which
can be constructed explicitly for quadratic programs. For the
problem (B), the Newton steps in an interior point method

(e.g., see [7]) take the form of the update

S D) ) | ) 5. )
where o™ > 0 is a step size, s = col(s\"”,..., s,
sgn) = col(x (n), u§") n) )\(") ]n)), and the second-

order search direction ¢ ”) = 001(5(" , .,5%1)) is obtained
by solving the linearized KKT conditions, given by

blktrid(®™, Q) 5 = p(™), (6)
with @™ (<I>§"))je/\f, Q = (Y)jemqy. bW =
col (™. p{),

[Q; S5 Aj ; 0
S B B; Dy 0
(I)gn) = Aj Bj 0 0 0 s jEN, (7a)
C; Dy 0 0 I
() A(m)
:0 0 0 Oy A
0 0 F_, 00
00 0 00
Q=|E;, 0 0 0 0|, jeN{1}, (7b)
00 0 00
(00 0 00
bgn) 01(0705_Hlél_E1X7K/17’q§n))_ (77’) (77’) Q/2 g"z

(70)

b5 = col(0,0, —Hy€n —Fn¢, mn.ny)

— s -0 sy, ()

b\ = col(0,0, —Hj€,, rj,m")
— Qs oMM s j e NLNY, (Te)
nﬁn) = 6;1))\]-(" +A(j" b, —A(j" G(j" 14+0™pu™1, je N.
(76)

In (D the sealar ) = 3210, (A")6;")/ 3000, (15 (T+1))
is a measure of the duality gap and o™ € (0,1) is a centering
parameter. The step-size scalar (™) > 0 in () is selected
(online) to ensure the components of )\("+1) and 9("+1) remain
positive for j € . The coefficient matrlx blktmd( ®(™) Q) in
() is non-singular because, the matrices A; are non-singular
for all j € N (see, [13, Lemma A.1].)

B. Structure-Preserving Block Elimination

Aj, ©; and R; in (7a) are block diagonal, with block
sizes that are independent of N and T. For j € N,
let 5" col(a%?), 607,057, 6\ 55") and b =
col(bg),bgj),b,(,?) b(n) b(")) be partitions aligned with the
structure of s§ ") noted below (@). Dropping the Newton
iteration index (n), the ordered elimination of

dg; = Aj_l(bej —0;0y,), (8)
Sy, = —(0;'A;) (b, — Cjbx; — Djbu;, — Aj'bg,),  (9)
Su, = R; M (bu, — Sj0u, — Bjdy,), (10)

from (@), for j € N, yields the smaller symmetric system

blktrid(®, Q) 6 = b, (11)
Yvhere (0] ? ((i)j)j?’\f’ Q = (NQj)jGN\{l}’ g = COl(gl, .. .,SN),
b ol(bi,...,bn), and d; = col(dy;,dp;) € R2n (T+1)
bj = col(by,, by,) € R T+,
~ -N, ~I‘
&= | f‘}a] € RIU(THDX2,(T+) (10
L“+) J
. I '
Qj: g FJO_1:| E]R2nj(T-|-1)><2nj(T-|-l)7 (12b)
L7
2 A= N-Ee
¢i i = R; , (12¢)
[Aj il 4 0 B, B
3-8 2 el
i 25| = + 2O ) [ 2|, (12d)
[Sj il LS Ry Dj (©;744) D5
=] - 5]
o I ST bu, » (12¢)
[bpj_ _b;Dj Bj !
by bm] {C’- 04] {(@ A )b,\
i — I+ J J , (121—')

for j € N. Note that the computations requlred to form
(1I2d)—(21) are decomposable. Only the manipulation of block
diagonal matrices, with block sizes independent of N and
T, is required. Moreover, the structure of (@) is preserved in
(II). Further, it is of note that in (I2a), Q; and R; are block
diagonal, and flj is block bi-diagonal.



Next, an iterative algorithm based on the PCG method is
developed to solve (Id). The number of iterations required
depends on the quality of the preconditioner used. In the
worst case, the maximum number of iterations is O(NT),
i.e., the size of the problem. The worst case computational
complexity of the proposed approach is thus O(N?7?), since
the computational complexity of each PCG step is shown
to be O(NT) for the structured problem at hand. This is
(at the least) no worse than the previously discussed direct
methods when T' =~ N. However, good preconditioning can
substantially reduce the number of PCG iterations needed.
The properties of a structured preconditioner are detailed in
Section This is the main contributions of the work.

III. PCG SOLVERS

The conjugate gradient (CG) method is an iterative Krylov
subspace method. It is used for solving linear systems of
equations with positive-definite coefficient matrix [24]. While
non-singular, the block tri-diagonal matrix blktrid(fi),fl) in
has both positive and negative eigenvalues. This indefi-
nite system can be solved using other Krylov methods, like
MINRES [25] or GMRES [26]. However, the computations
for these are more involved than the CG method, with reduced
scope for decomposability in the case of structured problems.
Transforming both sides of by blktrid(®, Q) from the
left yields the positive-definite system of equations

WS = b, (13)

where U = (blktrid(®,Q))2 and b = blktrid(®, ) b. The
positive-definite matrix ¥ is now block penta-diagonal, but
(13) now is amenable to the CG method.

Let e(® = §() — §* be the error between i-th iterate 6() of
the CG method and the exact solution 6* of (@3). It can be
shown that e(®) satisfies the following [27, Thm. 6.29]:

lelle < 2 ((VA(®) = 1)/ (V/r(®) + 1>)i e, (14)

where [lell¢ = €'Te, K(¥) = Anax(¥)/Amin(¥) is the con-
dition number, and Apax(¥) (resp. Amin(¥)) is the maximum
(resp. minimum) eigenvalue of W. As such, the CG method
converges faster for k() closer to 1. To improve the condition
number, problem can be transformed into

p12yp-1/25 = p=1/2p, (15)

where § = P'/25 and P = P’ = 0. The CG method is then
applied to (I3). An efficient implementation of this PCG (i.e.,
preconditioned CG) method is given in Algorithm [1] [6].

The preconditioner P = ¥ would give P~/2¢pP~1/2 =
I. But steps [ and [[2] of Algorithm [I] are then the original
problem. Incomplete sparse LU factorization of W can be used
for P instead. Such preconditioners are considered in [28]],
[29]. However, for the resulting preconditioner to be positive
definite and effective, it may be necessary to use incomplete
LU factors that are denser (i.e., have less structure) than W.

In the next two sections, a structured approach is developed
for the preconditioning steps. Specifically, it is proposed to
use a fixed number of block Jacobi iterations (e.g., see [[6]) to
approximately solve steps Bland[[2l with P = ¥. The approach
builds on ideas borrowed from [30]—[32].

Algorithm 1 PCG for with preconditioner P.

Initialize (7, ¢, iteryx

r0) = — g5

Solve Pd(®) = r(©)

B8O = (d(O))/T(O)

Seti =20

while i < itery,, do
y(@ = wd®)
Y@ = 3(13/.(@(1))‘/(1(1‘))
oUHD = §(0) 4 () q(D)
Pl = () _ ~ ()4 (0)
if |0+ o < e exit
Solve Pqlith) = p(i+1)
B(i-ﬁ-l) _ q(i+1))/7‘(i+1)
A1) = p(+1) o (ﬁ(i+1)/3(i)) d®

15: i=1+1

16: end while

R AN A R ol
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IV. BLOCK JACOBI PRECONDITIONING

Let £ = {1,2,...,K}, with K = [N/2], ie.,, K = N/2
when N is even, and K = (N + 1)/2 otherwise. Also define

Zok—1 Yy
Ay = k| ke K\{K}, 16
o= e Pl overm), e
Z _ 1
N-1 Yy , N even,
A = Yy Zn (16b)
Zn, N odd,
Va1 Yor 1
Ty = { 0 Vor ] ke K\{1,K}, (16¢)
Vn_1 Yn_
N-1 Nl , N even,
Tk = 0 VN (16d)
V YN} : N odd,
where referring to (12)),
Z; =@+ 0 + Q1 Q)4 (17a)
Yy = Q01 + &0, (17b)
Vi =Q;Q; 1, (17¢)

for j € N, with Qn 1 = 0. Given this, ¥ = blktrid(A, Y),
where A = (Ag)rex and T = (Tx)rex\ {13 Moreover, the
preconditioning steps 3 and [I2] with P = ¥, can be re-written
in the form

blktrid(A, T) ¢ = 7.

Let A = blkdiag(Aq, ..., Ag)and X =A - T.
The block Jacobi method for solving (I8) involves the
following iterations:

ACHD = 7 4 3¢®) (19)

Since ¥ = blktrid(A,YT) > 0 is block tri-diagonal, it is
known that these iterations converge [6]. The proposal is
to apply just a fixed number of Jacobi iterations for the
preconditioning steps of Algorithm [l Characteristics of this
approach are discussed in the next three sub-sections.

(18)



A. Positive definiteness of the preconditioner

Executing a fixed number of block Jacobi steps from zero
is equivalent to the use of a positive-definite preconditioner.

Theorem 1V.1: Given L € N and ¢(®©) = 0, the L-th iterate
of (I9) satisfies Pr¢(F) = 7 with P, = WL_l, where W, =

AR AT - 0.

Proof: Noting that A > 0 is invertible, it follows from
@) that ¢ = Wpr + (A7)0 = Wir Tt is
established below that Wj is positive definite, and thus,
invertible. As such, Pp¢(F) = ngc(L) =T.

Positive definiteness of Wy is a consequence of the
known property ¥ = blktrid(A,T) = 0. With U =
blkdiag(Ux, ...,U1), and Uy = (=I)* for k = 1,...,K,
first note that 2A — U = U'UU > 0. Then note that

= A~! = 0, and using (A—lz)lA—l — A—I(EA_1)[’
that
M-1
Wonr = ) (AT'E)ATH A+ )AT (BATY)
1=0
M—1
= Z (A_lz)lA_l(2A _ ‘I’)A_l(EA_l)l
1=1
+ATI2A — )AL -0,
and
2M—1
Wonr+1 = (Aflz)ZAfl + (A712)21MA71
1=0
M—-1
=) (AT AT A+ D) AT (ZATY
1=0
+ (AT AT(ATID)M) -0,
for M € N. Therefore, Wi, > 0, as claimed. m

B. An analytic bound on achieved conditioning

The iterations (19) converge to the solution of (I8) if and
only if

o(AT'Y) < 1, (20)

where o(-) denotes spectral radius [6, Thm 2.16]. For ¥ =
blktrid(A, T) = 0, and the split ¥ = A — ¥, condition (20)
holds [[6l Lem 4.7, Thm. 4.18].

Theorem IV.2: With P, = ( lL:_Ol(A_lz)lA_l)_l for
given L € N,
1 o(ATIE)E

=T (o (A‘lz))L
Proof: By Theorem [Vl P, > 0. Using ¥ = A — %,

1\11 Z

Furthermore, P, ' = P;l/Q(Pgl/Q\IIPgl/Q)PLl/Q, whereby

I -ATIS)y=T—-(AT'D)E. (22

spec(PL_l/2\IJPL_1/2) = spec(P; "W). So the result holds
as )\max(I - (A_lz)L) < 1+ (Q(A_lz))L and )\min(I
(ATID)E) > 1 — (o(ATIE)L > 0. |

By Theorem [[V.2] the number L of block Jacobi iterations
can be selected to achieve desired conditioning.

C. Decomposable computations

Note that explicit construction of the preconditioner Py, is
not needed. At each PCG iteration, L iterations of (19) are
performed from ¢(®) = 0. Since A is block diagonal, the
computations required to implement each Jacobi iteration can
be decomposed into K = [N/2] smaller problems

AT = wy, (23)

where wp = 7, + Ti( | + 1) ¢, for k € K, with
Tii1 = 0. Each Ay is a block 2 x 2 matrix, with inner
blocks that are structured. To see this structure, consider

Zor—1 Yy
A = v Z% . (24)
2k 2k
Note that
_H»H2 N O/ /
_ | QHA AfHFi Fl+E} E; Q;Al+ALR, (252)
A;Q;+R;A; AjAARNF, FAE B |
~ - =~ Fl A, +A E; Fl Ry +Q; F)
Y:Q(I)_+(I)Q: GG B F 1 Y1
J IR T B QiR By By AL A F
(25b)

All blocks components of (23)) are block diagonal, except for
the block bi-diagonal /ij for j € N. The sub-block sizes
are all independent of both N and 7. The diagonal blocks
of Z; are block tri-diagonal, while off-diagonal blocks are
block bi-diagonal for j € A. Similarly, the diagonal blocks
of Y; are block tri-diagonal, and the off-diagonal blocks are
block diagonal for j € AM\{1}. To summarize, the matrices
Aj have block-banded structure. In particular, there exists a
permutation of variables such that (23) takes the form

blktrid (S, IT,) (D = @, (26)

where @, = 7 + TkaZ)l + 7 +1Ck+1, Zr = Crpt)ters

I, = (Hk,t)teT\{T}’

Qak-1t Sop1t Eékyt 0
- Qo1+ Rop—1p—1 0 Fj,
Spe= | b A=l =1 (27a)
k Eok+ 0 Qak,t  f2okt
0 Fope1 211 Ropi—1
with
Qju=Q3 +I+A} A+ E} E; 1 +F) | Fj_14, (27b)
Rj 1=R3 t+1+[1j WA+ Ej B+ Fj Fl (27¢)
j :_th jt 1, (27d)
Ejﬂf:Aj,tEj,t"'Fj—l,tAj—Ltv (27¢)
Fja=AjFj_ 1+ B Ay, Q7h)
for j € N, and
~Aspore 0 —Fpy, 0
s = Ag—1,t —Aok—10 Gar—1s —Fy 14 (282)
—FEopt 0 — Aokt 0
Xopt —FEopr Aok —Aoks
with
Aji=A;,Qij:+RjAj, jEN (28b)



Single Thread | N/2 Parallel Threads
PCG Steps | Computations Ezﬁll):;:t;ons :))::ili:l;i
Step [ O(NTR?2) O(T#?) O(Tn)
Step Bl O(NTn) O(Tn) O(1)
Step O O(NTn) O(Tn) 0
Step O(NTn) O(Tn) 0
Step [} O(NTn) O(Th) o(1)
Step 12} O(LT#3) O(LTn3) O(LTn)
Step [I31 O(NTn) O(Tn) o(1)
Step [[4 O(NTn) O(Th) 0

TABLE I

COMPLEXITY ANALYSIS OF PROPOSED PCG ALGORITHM[IL
7 = max;(n;), WHERE nj IS THE SIZE OF x 1; AND L IS THE FIXED
NUMBER OF JACOBI ITERATIONS.

Gjo=Fj_ 1 Ry 10+ QuiF 1, jeN\{1}
Xt =FE;jQj-1:+Rj_1:Ej:, jeN\{1}.

Note that Zy ¢, [T, € R"¢X%ke where fi; = 2(nog—1 +
ngi) for all k € K and ¢t € 7. That is, the sizes of the sub-
blocks of blktrid(Z, ITy) are independent of N and T'.

For each k € K, the block tri-diagonal system @26) can
be solved by backward-forward recursions, with computa-
tional complexity O(2T), that effectively implement an LDL
factorization method [33]. In this way, the preconditioning
computations decompose into a collection of [N/2] paral-
lel threads each comprising computations for 27" sequential
(possibly dense) problems of size that is independent of
N and T. Table [l provides a complexity analysis of each
step of Algorithm [1} including the inter-thread data exchange
overhead for an implementation with parallelism.

Remark IV.1: The per PCG iteration computational com-
plexity is dominated by step i.e.,, O(LNTR?). With the
number L of block Jacobi preconditioning iterations fixed, and
fixed bound 7 on the size of sub-system states, the overall
computational complexity of PCG steps is O(NT).

Remark 1V.2: Note that steps [8] [Tl and [[3] require sequential
computations, to accumulate in forming dot-products and to
test the stopping condition. For the [IN/2] parallel thread
implementation, these can be carried out using a backward-
forward sweep with path-graph data exchange. Further, the
parallel implementation of steps [7] and requires the ex-
change of vectors of size less than 7'n, between the neigh-
bouring threads on this path-graph, since the partition of U is
block tri-diagonal. As such, the overall inter-thread scalar data
exchange overhead is O(LNTn) per PCG iteration.

(28¢)
(28d)

V. NUMERICAL RESULTS

Numerical experiments are performed for an optimal con-
trol problem involving a one-dimensional mass-spring-damper
chain of varying length of NV > 0 masses, taken from [34].
Each sub-system j € A has dynamics of the form (I) with
nj = 2, mj = 1, and v; = 4. The corresponding cost has
Qj+ = diag(1,0) and R;; = 1 for t € 7. The model
parameters such as mass, spring constant, damping coefficient

are selected randomly between 0.8 to 1.5 to generate het-
erogeneous sub-systems. The experiments are performed by
taking N = T and varying this value from 10 to 1000. The
number of scalar variables in the largest problem is in the
order of 107, and there are a similar number of constraints.
The linear system of equations at each Newton-step is solved
in the following ways:

 Algorithm 1] to solve (I8) with L = 2;

e The block Jacobi method to solve (I8)) via iterations of
the form (19);

e The direct method [15]], via backward-forward recursions
(BFR) to effectively solve by LDL factorization;

o Solution of via MATLAB’s backslash.

In order to gauge the overall computational complexity a single
thread implementation is used for all methods. The duality-gap
based stopping criterion for the interior point method is set to
erpm = 1076, The stopping criterion for the infinity norm
of the residuals in Algorithm [I] and in the pure block Jacobi
iterations based implementation, is set to € = 102, For all
experiments, IPM converged to specified tolerance within 15
to 20 Newton steps.

Fig. [T shows the maximum/average number of iterations
for the pure block Jacobi method, and the PCG method with
L = 2, taken across IPM iterations. The pure block Jacobi
method consistently involves a large number of iterations,
in the order of thousands. By contrast, the proposed PCG
method consistently requires far fewer iterations, in the order
of hundreds. This demonstrates effectiveness of proposed
approach to preconditioning.

Fig. [2 shows the normalized average processor time for
a single thread implementation as proxy for the per-IPM
iteration computational complexity. Along the line N = T,
the average time is O(N?) for the PCG method, compared to
O(N*?) for the direct method [[13]. While the Jacobi method
is also O(N?), the time is an order of magnitude greater than
the PCG method. The average time for MATLAB’s backslash,
based on MA-57 [33], is provided as a base line. Note, that
backslash is able to permute matrices in ways that does not
respect the spatio-temporal structure of problem (@), which is
by contrast preserved in the proposed PCG method.

Finally, the effect of increasing L is shown in Fig. 3 as
the value of N = T is varied from 10 to 50. It can be seen
that the maximum number of PCG iterations decreases as L is
increased, with considerable decrease as L is increased from
1 to 2 for this example.

VI. CONCLUSIONS

A decomposable PCG method is proposed for computing
second-order search directions for optimal control problems
with path-graph network structure. The proposed algorithm
exhibits per PCG iteration computational complexity that
scales linearly with the number of sub-systems N and the
length of time horizon 7. The computations at each iteration
can be distributed across parallel processing agents in a net-
work with path-graph structured information exchange. Future
work includes extending the results for tree networks, where
structure is manifest in three dimensions.
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Fig. 1. Max/average iterations per Newton step
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