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Finite-dimensional observer-based PI regulation control of a
reaction-diffusion equation

Hugo Lhachemi and Christophe Prieur

Abstract—This paper investigates the output feedback setpoint reg-
ulation control of a reaction-diffusion equation by means of boundary
control. The considered reaction-diffusion plant may be open-loop un-
stable. The proposed control strategy consists of the coupling of a finite-
dimensional observer and a PI controller in order to achieve the boundary
setpoint regulation control of various system outputs such as the Dirichlet
and Neumann traces. In this context, it is shown that the order of the
finite-dimensional observer can always be selected large enough, with
explicit criterion, to achieve both the stabilization of the plant and the
setpoint regulation of the system output.

Index Terms—Reaction-diffusion equation, finite-dimensional observer,
output feedback, PI control, boundary regulation control, boundary
measurement.

I. INTRODUCTION

The problem of controlling the output of a system so as to achieve
asymptotic tracking of prescribed trajectories is one of the most
fundamental problems in control theory. In the general context of
finite-dimensional linear time-invariant (LTI) control systems, the
problem of setpoint regulation control is very classical and has been
widely investigated. One possible way to solve this problem is based
on the augmentation of the state-space representation of the plant
with an integral component of the tracking error and the use of the
separation principle by exploiting separately a Luenberger observer
(which allows the estimation of the state based on the measure
only) and a stabilizing full-state feedback (see, e.g., [10]). Even if
this approach has reached a very high level of maturity for finite-
dimensional systems, its possible extension to infinite-dimensional
systems, as those considered in this paper, is still an open problem.

Infinite-dimensional systems emerge in many practical applications
due to the occurrence of delays, reaction-diffusion dynamics, or even
flexible behavior (see, e.g., [[12]], [16], [[17] for introductory textbooks
on dedicated control theory for infinite-dimensional systems). While
many efficient control design methods have been reported for the
stabilization of distributed parameter systems, very few have been
extended to the problem of output regulation. The main reason is that
all techniques that have been developed for finite-dimensional LTI
systems cannot be easily generalized to infinite-dimensional plants.
For instance, the frequency domain approach has been generalized to
the infinite-dimensional setting, but it requires to deal with an infinite
number of poles, yielding an infinite-dimensional pole allocation
problem. The state-space approach is followed in this work.

We propose, for the first time, an output feedback control design
procedure to achieve the setpoint regulation control of reaction-
diffusions system by means of a finite-dimensional observer coupled
with a PI controller. The considered reaction-diffusion plant, which
might be unstable, is modeled by a Sturm-Liouville operator as those
classical introduced in the context of parabolic partial differential
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equation (PDE). The case of PI regulation of this system by means of
a state feedback was reported in [14] (see also [3]], [4], [8[], [14], [15],
[200, [24]-[26], [28] for various approaches about PI control design
for different types of PDEs). Here we go beyond by designing an
output feedback PI control strategy. Even if the proposed procedure
also applies to bounded control inputs and bounded observations, we
focus the presentation on boundary controls and boundary measure-
ments. This is because these configurations are the most interesting
for practical applications and also the most challenging since they
involve unbounded control and observation operators (see, e.g., [7] for
further explanations). We study several cases for the input-to-output
map, covering Dirichlet control inputs (easily extendable to Neumann
control inputs as discussed in conclusion) along with Dirichlet and/or
Neumann to-be-regulated outputs and measured outputs. We also
show that our procedure can be used to regulate a system output
that is distinct of the measured one. Therefore, our approach gives a
complete framework to study every associated input-to-output maps.

The proposed control design strategy consists of an adequate
integral component coupled with a finite-dimensional observer. The
design of finite-dimensional observer-based controllers for distributed
parameter plants is challenging due to the fact that the separation
principle, that is classically used for finite-dimensional systems, does
not apply for infinite-dimensional systems [2f], [6], [9]l, [22]]. Taking
advantage of spectral reduction approaches [3f], [21] and using the
control architecture initially reported in [22f], a LMI-based procedure
for solving this stabilization problem for reaction-diffusion PDEs was
reported in [[I1] in the case were the either control or observation
operator is bounded. This approach was extended in [13] to the
case were both control and observation operators are unbounded,
including both Dirichlet and Neumann settings. The present work,
taking advantage of [|13]], goes beyond the simple problem of closed-
loop stabilization by embracing the issue of output setpoint regulation
control. Since the designed observer only estimates a finite number
of modes of the infinite-dimensional system, there is an inherent
mismatch between the actually measured system output and its
estimation as soon as the output is to be regulated to a non-zero value.
Hence, one of the main challenges is to account for this mismatch in
the dynamics of the observer and then in the subsequent stability
analysis. An other challenge is to couple this finite-dimensional
observer with a suitable integral component, inspired by the one
described in [14] for a state-feedback, in an output feedback setting.
Our approach is based on Lyapunov direct methods and the main
results take the form of explicit sufficient conditions ensuring the both
stability and setpoint regulation control of the closed-loop plant. We
assess that these conditions are always feasible provided the order
of the observer is selected large enough. Therefore, we show in a
constructive manner that the setpoint regulation control of reaction-
diffusion PDEs can always be achieved by the coupling of a PI and
a finite-dimensional observer.

The paper is organized by considering successively different input-
output maps for the reaction-diffusion equation depending on the
selected boundary measured output, the to-be-regulated output, and
the control input. After recalling classical notations and properties for
the Sturm-Liouville operators in Section [lI} the case of a Dirichlet



observation and a Dirichlet control input is considered in Section [[TI]
Then the case of a Neumann measurement and a Dirichlet control
input is considered in Section While the to-be-regulated output
and the measured output are the same in the two latter sections,
a crossed configuration is considered in Section [V] The regulation
problem is solved for a Dirichlet measured output, a Neumann to-
be-regulated output, and a Dirichlet control input. This final result
completes the picture and gives a full study of the different cases
for the input-to-output map of the considered class of distributed
parameter systems. Some numerical simulations are given in Section
[V for this final result. Section [VII|collects some concluding remarks.

II. NOTATION AND PROPERTIES

Spaces R™ are endowed with the Euclidean norm denoted by
| - || The associated induced norms of matrices are also denoted
by || - ||. Given two vectors X and Y, col(X,Y) denotes the
vector [X T, Y T]T. L?(0,1) stands for the space of square inte-
grable functions on (0,1) and is endowed with the inner product
(f,9) = f01 f(z)g(z) dz with associated norm denoted by || - || 2.
For an integer m > 1, the Sobolev space of order m is denoted by
H™(0,1) and is endowed with its usual norm denoted by || - ||zm.
For a symmetric matrix P € R"*", P = 0 (resp. P > 0) means
that P is positive semi-definite (resp. positive definite).

Let p € C*([0,1]) and q € C°([0,1]) with p > 0 and ¢ > 0. Let
the Sturm-Liouville operator A : D(A) C L*(0,1) — L?(0,1) be
defined by Af = —(pf’)’ + qf on the domain D(A) C L*(0,1)
given by either D(A) = {f € H?(0,1) : f(0) = f(1) = 0} or
D(A) = {f € H*(0,1) : f'(0) = f(1) = 0}. The eigenvalues
An, n > 1, of A are simple, non negative, and form an increasing
sequence with \,, — 400 as n — +oo. Moreover, the associated
unit eigenvectors ¢, € L*(0,1) form a Hilbert basis. We also
have D(A) = {f € L2(0,1) : X, Al (f,60)[?} and
Af = Zn21 An <fa (bn) On.

Let p.,p*,¢* € R be such that 0 < p. < p(z) < p* and 0 <
q(z) < ¢ for all z € [0, 1], then it holds [18]:

0< 72 (n—1>%. < A < 720°p" +¢* (1)
for all n > 1. Assuming further than p € C*([0, 1]), we have for any
x € {0,1} that ¢, (x) = O(1) and ¢/, (z) = O(v/An) as n — +oo

[18]]. Finally, one can check that, for all f € D(.A),

SO M (o 60)? = (AF, f) = / o2 +aftde. @

n>1

Moreover, for any f € D(A), we have f(z) = > - (f, ¢n) ¢n()
and f'(x) =32, 5, (f, ¢n) ¢ () for all z € [0,1] (see, e.g., [13]).

III. DIRICHLET MEASUREMENT AND REGULATION CONTROL

We consider the reaction-diffusion system with Dirichlet boundary
observation described for ¢ > 0 and z € (0, 1) by

ze(t,z) = (p(2)2a(t, 7)), + (qc — q(x))2(t, ) (3a)
22(t,0) =0, z(t,1) = u(t) (3b)
2(0,z) = zo(x) (3¢c)

y(t) = =(¢,0) (3d)

in the case p € C*([0, 1]). Here g. € R is a constant, u(t) € R is the
command input, y(¢) € R is the measurement, zo € L?(0,1) is the
initial condition, and z(t, -) € L?(0, 1) is the state. The control design
objective is to design a finite-dimensional observer-based controller
to achieve both stabilization and setpoint regulation control of y(t) to
some prescribed reference signal r(t). By setpoint tracking, we mean
that our objective is to ensure that y(t) — r. when ¢ — +00 as soon
as r(t) — re when t — +oo for any arbitrarily given r. € R.
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A. Spectral reduction

As classically done in the context of boundary control systems
(see [7, Sec. 3.3] for details), we start by transforming the non-
homogeneous problem (E[) into an equivalent homogeneous one by
introducing the change of variable:

w(t,x) = 2(t,x) — 2”u(t) @)
that gives the equivalent representation:
we(t, ) = (p(x)was(t,2))e + (g — q(@))w(t, x)
+ a(z)u(t) + b(z)u(t) (5a)
we(t,0) =0, w(t,1)=0 (5b)
w(0,z) = wo(x) (5¢)
g(t) = w(t,0) (5d)
with a,b € L?(0,1) defined by a(z) = 2p(x) + 2xp'(x) + (g —
q(x))z? and b(z) = —a?, respectively, §(t) = y(t), and wo(x) =
z0(x) — x?u(0). Introducing the auxiliary command input v(t) =
u(t), we infer that
alt) = v(t) (62)
%(t, D =—Aw(t,) + qew(t, ) + au(t) + bv(t) (6b)

with D(A) = {f € H*(0,1) : f'(0) = f(1) = 0}. We introduce
the coefficients of projection wy, (t) = (w(t, ), Pn), an = (a, Pn),
and b, = (b, ). Considering classical solutions associated with
any zo € H?(0,1) and any u(0) € R such that 25(0) = 0 and
20(1) = u(0) (their existence for the upcoming closed-loop dynamics
is an immediate consequence of [[19, Chap. 6, Thm. 1.7]), we have
w(t,-) € D(A) for all ¢ > 0 and we infer that

u(t) = v(t) (7a)
Wn(t) = (=An + go)wn(t) + anu(t) + buo(t), n>1 (7b)
() =Y ¢i(0)wi(t) (7¢)

i>1

B. Control design

Let 6 > 0 be the desired exponential decay rate for the setpoint
regulation. We fix Ny > 1 so that —A, + g < —d < 0 for all
n > No + 1. The integer Ny, which is definitely fixed for the rest
of the control design procedure, can be interpreted as the number
of modes that will be “actively” modified by the feedback. We now
introduce an arbitrary integer N > Np + 1 which will be further
constrained later. Inspired by [22], we design as in [13] an observer
to estimate the N first modes of the plant while the state-feedback
is performed on the Ny first modes of the plant. In this framework,
the estimation of the modes ranging from No 4+ 1 to N will solely
be used to improve the estimate of the system output (see (IT}).

Introducing  W™No (¢) [wi (t) wn, (t)] T Ao
diag(—A1 + ge, .., —Ang + Ge)s Boa = [a1 aNO]T, and
Boy = [b1 bNO]T, we have

W () = AgW™N° (t) + Boau(t) + Bopv(t).

®)

Our objective is to introduce an integral component to achieve the
setpoint regulation control of the system output y(t). To do so, we
first consider the following classical integral component: 2;(t) =
y(t) —r(t) = 3, o1 ¢n(0)wn(t) — r(t). This z;-dynamics, which
involves all the modes w, for n > 1, cannot be embedded into
the reduced model (E[) that only involves the modes w, for 1 <
n < Np. To circumvent this issue, we follow the idea developed

in [14] by introducing &p(t) = 2i(t) — 32,5 np 41 j;t;(j:z;c wn (1)
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whose time derivative is given by &,(t) = SN0 b, (0)wn(t) +
aou(t) + Bov(t) — r(t) with

Z an¢n(0)

_nrnATT 60 —
n>Ng+1

bn¢n (0)

>

n>Ng+1

(C)]

“0= A+’
The main benefit is that the &,-dynamics only involves the modes w,
for 1 < n < Ny while achieving the same equilibrium condition than
the z;-dynamics. However, in this work and in sharp contrast with the
state-feedback setting of [|14], the modes w,, are not measured. Hence
we need to replace them in the dynamics of the integral component
by their estimated version w,, which will be described below. Hence,
the employed integral component is described by:

No
£(t) =D dn(0)n(t) + aou(t) + Bov(t) — r(t).  (10)

We now define for 1 < n < N the observer dynamics:

(1) = (=An + o)t (£) + anu(t) + bao(t)
—ln (Z ¢i(0)wi(t) — cu(t) — g(t)) (11)

with

an(bn(o)

_)\n + QC

=3

n>N+1

(12)

and where [,, € R are the observer gains. We set [,, = 0 for No+1 <
n < N. Compared to the stabilization problem studied in [13[], we
introduce the additional term —a;u(t) in the observer dynamics ,
This term is added to compensate the inherent steady-state mismatch
between the actually measured system output §(¢) and its estimation
Zf;l ¢i(0)w;(t), obtained from the observer that estimates the only
N first modes of the plant, as soon as the output is to be regulated to
a non-zero value. Note that this latter estimate of the output improves
as the dimension of the observer IV increases.

We define for 1 < n < N the observation error as ey (t) =
wr (t) — W (t). Hence we have

W (t) = (=An + q)tin (t) + anu(t) + bno(t) + I Z ¢i(0)eq(t)
+in i:NZOH %éi(t) + lnanu(t) + nC ()

with é,(t) = \/):7@”(15) and C(t) = 22,5y Pn(0)wa(?).
Hence, introducing W0 (¢) = [11(t) W, (t)]T, ENo(t) =

13)

lea(t) eno ()] . EN*NO&J :(ENOH éx]’, Co=

[¢1(0) QSND(O)], Ci = [\J/\’;?;lﬂ ‘il/")\%)], and L =
0

[ll . lNO]T, we obtain that

Whot) = AgWNo () + Bo.au(t) + Boyv(t) + LCoEN (¢)

+ LCLENTNO () + o Lu(t) + LE(E). (14)
With A A
WNo(t) = col(u(t), WNo(t),£(t)), (15)
L = col(0, L, 0), and defining
0 0 0 1 0
A1 = |Boa Ao 0|, Bi= |Bop|, Br=|0]|, (16)
ap Co 0 Bo 1
we deduce that
W0 (1) = AWM (8) + Byo(t) — Bor(t) + LCoENO (1)
+ LCLENTNO() + o Lu(t) + LC(8). (17)

3
Setting the auxiliary command input as
v(t) = KWYN(b), (18)
and defining
Ada(a1) = A1+ BiK +a1L[1 0 0], (19)
we obtain that
W20 (8) = Aa(a)WNo () — Bor(t)
+ LCoEN (t) + LC1EN M)+ L) (20)
and, from (§) and (T4),
ENo(t) = (Ao — LCo)EN°(t) — LC1EN Mo (1)
—a1L[l 0 0] W, — L¢(b). @1

We now define WV-No(t) =
diag(—Ang+1 + ges - - -
By = [bNO-H

No+1<n<N that

WN=No ) = A, WN "N (4) + By qu(t) + Bapv(t)

an ()], Az =
=
an] .

,—AN +¢c), Baa = [CLN+1 ..
bN]T. We obtain from with 1, = 0 for

[wNoJrl(t)

= AWV Nt) + (BopK + [Baw 0 0))WIO(t) (22
and, using (7B) and (TT),
ENTNo(1) = A, ENNo(y), (23)

Putting now together (Z0}23) while introducing
X (1) = col (W, (8), BN (1), WN Yo (1), BN (), )

we obtain that

X(t) = FX(t) + LC(t) — Lor(t) (25)
where
Acl(al) f/CU 0 Z/Cl
F— —041L [1 0 0] Ao — LCO 0 —LCl
- BQJ;K"’ [Bz,a 0 0} 0 As 0 ’
0 0 0 As

L = col(L,—L,0,0), L, = col(B,,0,0,0).

Defining £ = [I 0 0l and K = [K 0 0 0], we

obtain from (13), (I8), and (24) that

u(t) = EX(t), wv(t)=KX(t) (26)
and we can introduce
G = |alli:ETE+ |[b|7. K"K < gI @7

with g = [|a||22 + ||b]|22]| K ||* a constant independent of N.
Lemma 1: (Ay, By) is controllable and (Ao, Co) is observable.
Proof. From [[14, Lem. 2], (A1, B1) is controllable if and only if

0 0 1
28
(PRpARPN) e
sati%ﬁes éhe Il(alman condition and the matrix T =
Bo,a Ao DBop| is invertible. The former condition was

a0 Co  fo

assessed in [13]. Hence we focus on the latter one. Let
[ue  wie Wy, e ve]T € ker(T). We obtain that
ve = 0, (29a)
ante + (—An + gc)wne =0, 1< n < Ny, (29b)



No
QoUe + Z Dn (O)Wn,e =0. (29¢)
Defining for n > Ny + 1 the quantity wy,. = +qr e
we have (—An + ¢c)Wn,e + anue = 0 for all 1 n > 1

Hence (Wn,e)n>1, AnWn,e)n>1 € [*(N) ensuring that we
D ons1 Wnetn € D(A) and Awe = 3 <1 AnWn c¢n. This shows
that — Awe + gcwe + aue = 0. Moreover, from and using (9),
we infer that w.(0) = 0. From the two last identities, we have that
(pw) +(qc —q)we +aue = 0, we(0) = w,(0) = 0, and we (1) = 0.
Introducing the change of variable z. () = we () +a2u., we deduce
that (pz.)' + (ge — q)ze = 0, 2c(0) = 2£(0) = 0, and z¢(1) = we.
By Cauchy uniqueness, we infer that z. = 0 hence u. = z.(1) = 0.
Thus we have we = z. —z2u. = 0 hence Wn,e = 0forallm > 1. We
deduce that ker(7") = {0}. Overall, we have shown that (A, B1)
is controllable. Finally, the pair (Ao, Co) is observable because 1)
Ap is diagonal with simple eigenvalues, 2) by Cauchy uniqueness,
¢n(0) # 0 for all n > 1. O
In the sequel we select, once for all and independely of the
dimension N of the observer, the gains K € R™>WNo+2) gpg
L € RM go that A1 + B1K and Ay — LC, are Hurwitz with
eigenvalues that have a real part strictly less than —¢ < 0.

C. Equilibirum condition and dynamics of deviations

We aim at characterizing the equilibrium condition of the closed-
loop system composed of the reaction-diffusion system (3), the
auxiliary command input dynamics (6a), the integral action (I0), the
observer dynamics @), and the state-feedback @ To do so let
r(t) = re € R be arbitrary. We must solve the system of equations:

0= (=An+gc)Wn,e + antic + bpve =0, n>1, (30a)

0=uv.=KW_,0?, (30Db)
No

0= $n(0)thn,c + coue + Bove — e, (30¢)
n=1

0= (_)‘n + qu)wn,e + ante + brve
N
1 {Z@(O)wi,e — e — ge} , 1<n<No, (30d)

0= (7)‘71 + qa)wn,e + ante + bnve,

Yo = Z én(0)wn,e
n>1

We first note from (30b) that v. = 0. Then, from (30a) we have
Wn,e = — 522~ ue for all n > No+1. In particular, from (30e), we
have Wp,e = Wn,e = — n+ ue for all No+1 < n < N. Defining
€ne = Wn,e — Wn,e and Ce = Zn>N+1 &n(0)wn,e, we obtain that
én,e = 0 for all No +1 <n < N. Hence, from @ we infer that
0= (—An + qc)Wne + antic + ln 30, di(0)eie + lnaitie + lnCe
for all 1 < n < Ny. Combining this latter identity with (30a), we
obtain that (Ao — LCo)EN° — Laiue — L¢e = 0. Invoking (12),
we note that arue = — 37 5 noq $n(0)wn,e = —(., implying that
(Ao — LCo)ENo = 0. Since Ag — LCy is Hurwitz, we infer that
en,e = 0 for all 1 < n < Nj. In particular, Wy,e = wn, for all
1 < n < N. From we deduce that 0 = Acl(al)Wﬁg
Brre + LC.. Recalling that (. = —aue and Ag () is defined by
, we obtain that (41 + B1 K )W;VQ = B,r.. Since A; +BlK is
Hurwitz, we infer that WC{VQ = [ue W1,e . WNy,e fe}
(A1 + B1K)™'B, re This is in particular compatible with -
since, based on we indeed obtain that K W;Vg = 0. We
note that (wn,e)n21,(>\nwn,e)n21 € 1*(N) ensuring that w. 2
anl Wn,edn € D(A) and Aw. = anl AnWn,ePn. Using
we obtain that —Awe + gcwe + aue + bve = 0. Introducing the

No+1<n<N, (30e)
(30f)
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change of variable z. = w. + 2%ue, 2. is a static solution of
3b) associated with the constant control input u(t) = wu.. Denoting
by ye £ 2.(0) = we(0) = e, we infer from while invoking
that re = 2521 &n(0)n,e + Qole = anl On(0)wn,e = Ye.
Hence, for an arbitrarily given constant reference signal r(t) = r. €
R, the equilibirum condition of the closed-loop system is unique,
fully characterized by re, and is such that y. = re.

We can now introduce the dynamics of deviation of the different
quantities w.r.t. the equilibrium condition characterized by r. € R.
In particular:

Aw(t,z) = Az(t,x) — z° Au(t), (31a)
AX( t) = FAX(t) + LAL(t) — L Ar(t), (31b)
= Z &n (0)Aw, (t), (lc)
n>N+1
Ay (t) = (=An + gc) Awn (t) + anAu(t) + by Av(t), (31d)
Av(t) = KAWNO( t), (3le)
Aj(t) =Y ¢n(0)Aw, (t (31f)
n>1
with Aw, () = (Aw(t, ), en).

D. Stability analysis and regulation assessment

2
We define the constant M1,¢ = > < Ny 4’")\(0) , which is finite

when p € C?([0,1]) because ¢,(0) = O(1) as n — +oo and
hold.

Theorem 1: Let p € C3([0,1]) with p > 0, q € C°([0,1]) with
q > 0, and q. € R. Consider the reaction-diffusion system described
by (E[) Let No > 1 and § > 0 be given such that —\,+q. < —6 < 0
forallmn > No+1. Let K € RY>*WNo+2) gng I € RNO be such that
A1+ B1K and Ao — LCy are Hurwitz with eigenvalues that have a
real part strictly less than —§ < 0. For a given N > No+ 1, assume
that there exist P > 0, a > 1, and 8, > 0 such that

FTP+ PF +25P+oyG PL
0 = |: £TpT -3 =<0,

©2 = 27{— <1 - *) AN+1+ Ge +5} + BMy,s <0.  (32b)

(32a)

Then, for any n € [0,1), there exists M > 0 such that, for any
20 € H?(0,1) and u(0),£(0),%,(0) € R such that z5(0) = 0
and zo(1) = u(0), the classical solution of the closed-loop system
composed of the plant ([B), the integral actions (6d) and (I0), the
observer dynamics (]7_7[) and the state feedback (I8) satisfies

Z Ay, (t

< Me™2 (A (0)* + AE(0

Au(t)® + AE() P+ Az

ZAwn ? 4 ||AZO|§{1>

+ M sup e 2D Ap(7)? (33)

T€[0,t]
for all t > 0. Moreover, the above constraints are always feasible
for N large enough.
Proof. Let P > 0 and v > 0 and consider the Lyapunov function
candidate defined by

V(AX,Aw) = AX TPAX +4 Y A

n>N+1

with AX € R**2 and Aw € D(A). The first term accounts for
the dynamics of the truncated model @) while the series, which in
view of (2) is related to the H' norm of the PDE trajectories, is used
to handle the modes w,, for n > N +1 of the PDE plant. Proceeding

n (Aw, ¢n)? . (34)
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exactly as in [13]] but taking into account the extra contribution of
the reference signal appearing in (23)), we obtain for ¢ > 0 that

- AX®] " . [AX()
V() + 26V(1) < [Aw} o, [Am}
—2AX(8) " PLAT(E) + Y AalnAwn(t)?

n>N+1

with [y = 2y {—= (1 = &) A +gc + 6} + M1 4 for n > N +1,
a > 1 and 8 > 0 arbitrary, and where, with a slight abuse of
notation, V(t) denotes the time derivative of V(X (t),w(t)) along
the system trajectories @) Since a > 1 we have I',, < ©2 <0 for
all n > N + 1. From (32a), there exists € > 0 such that ©; < —el.
Hence the assumptions imply that V () +26V (t) < —¢[|AX ())* -

(35)

2AX ()T PL.Ar(t) < MATUZ)Q where Young’s inequality
has been used to derive the latter estimate. After integration, we
obtain for any n € [0, 1) the existence of a constant M; > 0 such
that V() < e >'V(0) + Mysup, o€ 2"~ Ar(7)? for all
t > 0. The claimed estimate (]’3:5[) easily follows from the definition
(34) of the Lyapunov function, the use of (), Poincaré’s inequality,
and the change of variable (3Ta).

We now show that we can always select N > Ny + 1, P > 0,
o> 1, and 8,7 > 0 such that holds. By the Schur complement,
O, < 0is equivalent to FTPJrPFJr2(5PJrowG+%PLZETPT =< 0.
We define ' = F + F> where

A1+ BiK LCo 0 Ly
P 0 Ag—LCo 0 —LCy
BoyK + [B2a 0 0] 0 Ay 0 |’
0 0 0 A
N (36a)
oaL[1 0 0] 0 0 0
—a1L[1 0 0] 0 0 O
F= [o ] 0 0 0 (36b)
0 0 0 0

with ||F2|| — 0, because a1 — 0, when N — +o0o. We note
that Ay + B1K + 61 and Ag — LCy + 61 are Hurwitz while
|\e~(A2+‘H)tH < e " with kg = ANg+1 — @ — & > 0. Moreover,
LG < ILINICAl, [ILC| < [[LIIC[, with |G = O(1) as
N — +o0 while | BoaK + [Baw 0 0] | < [Ib]l 2 1K+ [lall 2
where the right-hand side is a constant independent of N. The
application of [13| Lemma in Appendix], which is a generalization
of a result found in [11], to the matrix Fy + 01 gives the existence
of P > 0 such that F{' P 4+ PFy +25P = —1I and ||P| = O(1)
as N — +4oo. Therefore, we have F' P + PF + 20P + ayG +
SPLL'PT = I+ F) P+ PF +ayG+ §PLLTPT where G
satisfies and ||£|| = v/2||L||, which is independent of N. Hence,
fixing arbitrarily o > 1 while setting 3 = v/N and v = N~!, we
infer that (32) holds for N > No + 1 large enough. |

Remark 1: Constraints (32) are nonlinear w.r.t. the decision
variables. However, for a given value of N > Ny + 1 and arbitrarily
fixing o > 1, constraints @ become LMI conditions w.r.t. the
decision variables P >~ 0 and 3,7 > 0. As shown in the proof of
Theorem [I] these latter LMI conditions are always feasible provided
the order of the observer [V is selected large enough. Similar remarks
apply to Theorems [3] and [3} o

We now assess the setpoint regulation of the left Dirichlet trace.

Theorem 2: Under both assumptions and conclusions of Theo-
rem|l} for any n € [0,1), there exists M, > 0 such that

(t) — r(t)] < My (|Au<o>\ FIALO)] + 3 [Adn(0)]

+ HAZOHHI) + M, sup efvzé(t—7)|Ar(7-)‘ (37

T€(0,¢]

forallt > 0.
Proof. Recalling that y. = re, one has |y(t) — r(t)| < |Ay(t)| +

|Ar(t)|. From (31f) and Cauchy-Schwarz inequality, we infer that
Ay(t)] < /251 ¢"A(3)2 \/ 2on>1 AnAwn (t)?. Using now H we

infer the existence of a constant M> > 0 such that |Ay(?)| <
M ||Aw(t)|| 1. The proof is completed by invoking the change of
variable (3Ta) and the stability result (33). O

IV. NEUMANN MEASUREMENT AND REGULATION CONTROL

We now consider the reaction-diffusion system with Neumann
boundary observation described for ¢ > 0 and = € (0,1) by

zi(t,x) = (p(x)2z2(t, ), + (qc — q(x))2(t, ) (38a)
z(t,0) =0, z(¢t, 1) =u(t) (38b)
2(0,z) = zo(x) (38¢)
y(t) = 22(¢,0) (38d)
in the case p € C%([0,1]).
A. Control design
Introducing the change of variable
w(t, z) = z(t, z) — zu(t) 39)
we obtain
wi(t, z) = (p(x)wa(t, )z + (g — q(z))w(t, z)
+ a(z)u(t) + b(x)u(t) (40a)
w(t,0) =0, w(t,1)=0 (40b)
w(0,2) = wo(x) (40c)
7(t) = wa(t, 0) (40d)

with a,b € L?(0,1) defined by a(z) = p'(z) + (g — q(z))x and
b(x) = —=x, respectively, §(t) = y(t) —u(t) , and wo(z) = 20(x) —
zu(0). Introducing the auxiliary command input v(t) = u(t), we
infer that (@) still holds but the domain of A is now replaced by
D(A) = {f € H*(0,1) : f(0) = f(1) = 0}. Then, considering
classical solutions associated with any zo € H?(0, 1) and any u(0) €
R such that zo(0) = 0 and zo(1) = w(0) (their existence for the
upcoming closed-loop dynamics is an immediate consequence of [[19}

Chap. 6, Thm. 1.7]), is still valid while is replaced by
§(t) = ¢i(0)wi(t). 1)
i>1

Based on similar motivations than the ones reported in Section [
we consider the integral component

£(t) =D én(0)ion(t) + aou(t) + Bov(t) — r(t).  (42)

an¢y(0) _
_)\n ¥ e ) ﬁo -

bn ' (0)

43
_>\n + qe ( )

>

n>Ng+1

>

n>Ng+1

and where the observation dynamics, for 1 < n < N, take the form:

W (£) = (=An + e)tin (1) + anu(t) + bav(t)
—ln (Z 3 (0)i(t) — aru(t) — g(t)) (44)

with

45



and where [, € R are the observer gains. We set l,, = 0 for
No +1 < n < N. Proceeding now as in Section [III] but with the
updated versions of the matrices Cp and C; now given by Cy =

_ [#n+1(0) o (0)
[¢1(0) P, (0)] and C1 = )\; o

while redefining é,(t) and ((t) as é,(t) :O)\nen(t) and ((t) =
> ns N1 On(0)wn(t), we infer that holds.
Lemma 2: (A1, B1) is controllable and (Ao, Co) is observable.
The proof of this Lemma is analogous to the one of Lemma [I]
and is thus omitted. We select in the sequel K € RIX(No+2) gpd
L € R™ such that A; + B1 K and Ay — LCj are Hurwitz.

B. Equilibirum condition and dynamics of deviations

Proceeding similarly to Section[[Tl] we can characterize the equilib-
rium condition of the closed-loop system composed of the reaction-
diffusion system (38), the auxiliary command input dynamics (6a)),
the integral action [#2), the observer dynamics (@4), and the state-
feedback . In particular, setting r(t) = r. € R, it can be shown
that there exists a unique solution to:

0= (=An + gc)Wn,e + antie +bpve =0, n>1, (46a)

0=v. = KWN, (46b)
No

0= ¢n(0)tbn,c + aoe + Bove — Te, (46¢)
n=1

= (_>\n + QC)ﬁ)n,e + ante + bnve

N
—ln {qu;(omi,e — e — y} , 1<n< N, (46d)
=1
No+1<n <N, (46e)
(46)

= (_>\n + QC)HAjn,e + ane + bn'Ue7

Ye = Z Q%’L(O)wn@’

n>1

Moreover we can define w, £ 2 n>1 Wn,ePn € D(A). Introducing
the change of variable ze = we + Tue, 2. is a static solution of @-
38b) associated with the constant control input u(t) = u.. Denoting
by y. £ 2.(0), we also infer that y. = 7., achieving the desired
reference tracking. This allows the introduction of the dynamics of
deviation of the different quantities w.r.t. the equilibrium condition
characterized by r. € R. We have:

Aw(t,z) = Az(t, ) — xAu(t), (47a)

AX(t) = FAX(t) + LAC(t) — L. Ar(t), (47b)

AC(t) = > ¢n(0)Awn(t), (47¢)
n>N+1

Aty (t) = (A + qc) Awn (1) + anAu(t) + by Av(t), (47d)

Av(t) = KAWL (¢ ) (47e)

AG(t) = Ay(t) — Au(t) = > ¢1(0)Awn(t 476)

n>1

C. Stability analysis and regulation assessment

(0,1/2], the constant Mz 4(c) =
which is finite when p € C?([0, 1]) because we

We deﬁn/e fzor any € €
anNH ¢3/(£J)re ;
recall that gz&n( ) = O(v/An) as n — +oo and (1) hold.

Theorem 3: Let p € C*([0,1]) with p > 0, ¢ € C°([0,1]) with
q > 0, and q. € R. Consider the reaction-diffusion system described
by (38). Let No > 1 and & > 0 be given such that —An+qec < —0 <
0 foralln > No+ 1. Let K € R*™>Wo+2) gnd I € RY0 pe such
that A1 + B1K and Ao — LCy are Hurwitz with eigenvalues that
have a real part strictly less than —6 < 0. For a given N > Ny +1,
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assume that there exist P >~ 0, ¢ € (0,1/2], a > 1, and B,v > 0
such that ©1 < 0, where ©1 is defined by (32d),

Oy = 2v {— (1 — 7) AN+1+qe + 5} + ﬂMZq&(E))‘}\ﬁTe <0
1\ BMs(e)
e

A

Then, for any n € [0,1), there exists M > 0 such that, for any
20 € H?(0,1) and u(0),£(0),%,(0) € R such that z(0) = 0
and zo(1) = u(0), the classical solution of the closed-loop system
composed of the plant (@), the integral actions (@) and @, the
observer dynamics [#4), and the state feedback ({I8) satisfies (33) for
all t > 0. Moreover, the above constraints are always feasible for N
large enough.

Proof. Let P >~ 0 and v > 0 and consider the Lyapunov
function candidate defined by (34). Then, proceeding as in [13]
but taking into account the extra contribution of the reference
signal appearing in (Z3), we obtain that (33) holds for all ¢ > 0
with Ty = 29 {— (1 = 2) A + ge + 8} + BMa,g(e)A/ >, Since
€ € (0,1/2], we have A//*T = X, /A2 < A, /)\}V/ile for all
n > N+ 1, hence ',y < =03\, + 27{q. + 0} < ©2 < 0 for all
n > N + 1 where we have used that ©3 > 0. Now the proof of the
stability estimate @) is analogous to the one reported in the proof
of Theorem [I1

It remains to show that we can always select N > No+1, P > 0,
e € (0,1/2], « > 1, and B,y > 0 such that ©; < 0, Oz < 0,
and ©3 > 0. To handle the constraint ©; < 0, we proceed as in
the last part of the proof of Theorem [T} This is allowed because
IC1]] = O(1) as N — 4oc0. We set € = 1/8 and we arbitrary fix
a > 1. Setting § = N*'/8 and v = N73/16 we deduce the existence
of an integer NV > Ny + 1 large enough such that ©; < 0, O <0,
and ©3 > 0. O

We are now in position to assess the setpoint regulation control of
the left Dirichlet trace.

Theorem 4: Under both assumptions and conclusions of Theo-
rem|3| for any n € [0, 1), there exists M, > 0 such that

@3:2’)/(1—

l(t) — r(t)] < Mre*‘”(mw )+ 1AE0)] + Z | Adi (0

+ M, sup e T Ar(T)| (48)

T€[0,¢]

Azl + |\AAwo||L2)

Sor all t > 0 where Awg = Azg — xzAu(0).
Proof. Recalling that y. = 7., one has |y(t) —
|Ar(t)|. We infer from and Cauchy-Schwarz inequality that
1Ay()] < /a1 B /501 A2 Awn (1)2 + | Au(t)]. Tn view
of the stability estlmate @ provided by Theorem Bl we only need

to study the term > ., A2 Aw,(¢)?. This can be done as in [14}
Proof of Theorem 2], yielding the claimed estimate (#8). O

r®)] < [Ay(@)| +

V. DIRICHLET MEASUREMENT AND NEUMANN REGULATION
CONTROL

We now consider the reaction-diffusion system described by (3a}
, still in the case p € C%([0, 1]), but this time with the boundary
measurement Y, (¢) and the distinct and unmeasured output to-be-
regulated y,(t) described by:

ym(t) = 2(£,0),  yr(t) = 2:(t, 1), (49)

A. Control design

Using the change of variable @), we obtain that (Sal5c) still hold
while (3d) is replaced by

Im(t) = w(t,0) = 2(,0) = ym(?), (50a)
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Ir(t) = wa(t, 1) = z2(t, 1) — 2u(t) = y-(t) — 2u(t).  (50b)
Then, considering classical solutions, is still valid while

is replaced by
)= ¢:(0wi(t), F(t)= Z i (1)wi(t)

i>1

(51

Based on similar motivations that the ones reported in Section [[II]
we consider the integral component

Z & (1)t (1) + cou(t) + Bov(t) — r(t).  (52)
with
andn (1) b (1)
ap =2 —— Bo=-— —— (53)
nZ;o-‘rl TAn e HZ;O+1 “An e

and where the observation dynamics, for 1 < n < N, takes the form:

Wi (t) = (=An + qe)n (t) + anu(t) + bpo(t)

-1, (Z i (0)w; (t) — aru(t) — gm(t)> (54)

with 60(0)
AnPn
o= > ol (55)
n2N+l 7)\77, + qc
and where [, € R are the observer gains. We set l,, = 0 for

No +1 < n < N. Adopting now the same definitions as the
ones used in_ Section [III] except that the matrix A;, originally

0
defined by (16), is now replaced by A1 = |Bo,a Ao 0| where
[671) CT 0

Cr = [¢1(1) ¢y, (1)], we infer that (25) holds.

Lemma 3: The pair (Ao, Co) is observable. If the unique solution
of (0f") + (gc—q)f =0 with f(1) =1 and f'(1) = 0 is such that
f(0) # O, then the pair (A1, B1) is controllable.

Proof. The observability of (Aop,Cp) was assessed in
Lemma [I] From [I4] Lem. 2], and because the pair (28)

is controllable, then (Ai,B1) is controllable if and only
0 0 1

if the matrix T = Bo,a Ao Bop| is invertible. Let
(675} C’r ﬁ()

[ue  wie WNg.e Ve € ker(T). We obtain that

Ve = 0, antie + (—An + ge)wn,e = 0 for all 1 < n < Np, and
aotte + 3N #1,(1)wn,e = 0. Defining for n > No+1 the quantity
Wne = ——52—Ue, We have (—An + gc)wn,e + anue = 0 for
all n > 1. Hence (wn,e)n>1, (Anwn,e)n>1 € 1%(N) ensuring that
We 2 3 o Wn,edn € D(A) and Awe = 3, o1 Anwn,edn. This
shows that —Aw. + che + aue = 0. Moreover, using (33), we
also have 0 = ague + 30 ¢, (1)wn,e = 2ue + w,(1). From the
two latter identities, we infer that (pw.)’ + (gc — ¢)we + aue = 0,
w,(0) = we(l) = 0, and w.(1) + 2u. = 0. Introducing the
change of variable z.(z) = we(z) + zu., we deduce that
(L) + (ge — @)ze = 0, 2,(0) = 2.(1) = 0, and 2¢(1) = ue. From
our assumption, we infer that u. = 0 and z. = 0. Thus we have
We = ze — w2ue = 0 hence Wn,e = 0 for all n > 1. We deduce that
ker(T') = {0}, showing that (A1, B1) is controllable. O

We select K € R Mo+2) and 1, € RNo g0 that A1 + B1 K and
Ao — LCy are Hurwitz.

B. Equilibrium condition and dynamics of deviations

Proceeding as in Section we can characterize the equilibrium
condition of the closed-loop system composed of the reaction-
diffusion system (Bal3c) with @9), the auxiliary command input

dynamics (6a), the integral action (32)), the observer dynamics (34),
and the state-feedback (18). In particular, setting r(t) = r. € R, it
can be shown that there exists a unique solution to :

0= (=Xn+ gc)Wn,e + ante +bpve =0, n>1, (56a)

0=ve =KW.,0?, (56b)
No

0= ¢n(1)thn,c + aoue + Bove — e, (56¢)
n=1

0= (7An + qC)wn,e + ante + bnve

N
—ln {Z $i(0)i,e — rue — y} , 1 <n < No, (56d)

No+1<n<N\,
(56e)

(561)

0= (7An + qa)ﬁ)n,e + antte + bpve,

Um,e = Z #n(0)

n>1

Wn, e, gr,e = Z (ﬁfﬂ(l)wn,e

n>1

Moreover we can define we £ Y, o Wn,e¢n € D(A). Introducing
the change of variable z. = w., +xfue, Ze 18 a static solution of
3b) associated with the constant control input u(¢) = w.. Denoting
by yre 2 z.(1), we also infer that y, . = 7., achieving the desired
reference tracking. Consequently, we obtain the following dynamics
of deviations:

Aw(t, z) = Az(t,z) — z° Au(t), (57a)
AX( ) = FAX(t) + LAL(t) — L Ar(t), (57b)
= > éu(0)Awa(t), (57¢)
n>N+1
Awn(t) = (=An + go) Awn () + anAu(t) + b Av(t), (57d)
Av(t) = KAWL (t), (57¢)
Ajm () = Aym (t) = > ¢n(0)Awy(t (57f)
n>1
Ajr(t) = Ayr(t) — 28u(t) = > ¢ (1) Awa(t (57g)
n>1

C. Stability analysis and regulation assessment

The proof of the following theorem directly follows from the proofs
reported in the previous sections.

Theorem 5: Under the assumption of Lemma[3] the stability result
stated by Theorem([I|also applies to the closed-loop system composed
of the plant with [{9), the integral actions (6d)) and (52), the
observer dynamics (|3_Z|) and the state feedback (@) Moreover, for
any n € [0, 1), there exists M, > 0 such that

e () — ()] < MTe—‘”(mu( )|+ |AE0)] + Z | A (0

1 ([ Azl +|\AAwo||L2) + M, sup e AR (58)

T€[0,t]

for all t > 0 where Awo = Azo — 2*Au(0).

VI. NUMERICAL ILLUSTRATION

We illustrate the result of Section [V] for Dirichlet measurement
and Neumann regulation using a modal approximation that captures
the 50 dominant modes of the reaction-diffusion PDE. We set
p =1 ¢ = 0, and ¢ = 3 for which the open-loop plant is
unstable. Selecting § = 0.5, we obtain Ny = 1, the feedback
gain K = [—10.4134 —11.3747 2.3100], and the observer gain
L = 1.4373. The conditions of Theorem L5 are found feasible for
N = 3. The time-domain evolution of the closed-loop system trajec-
tories are depicted in Fig. [T} confirming the theoretical predictions.
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Fig. 1. Time evolution in closed-loop with Dirichlet boundary measurement
ym (t) = 2(¢,0) and Neumann boundary regulation y,(t) = z4 (¢, 1) for the
reaction-diffusion system

VII. CONCLUSION

We proposed the design of a finite-dimensional observer-based
PI controller to achieve the both output stabilization and regula-
tion control of reaction-diffusion PDEs. Even if presented for a
Dirichlet boundary control input, the presented results easily extend
to Neumann/Robin boundary control (by modifying the change of
variable formula to obtain an homogeneous PDE, giving different
a,b € L?(0,1)). In-domain measurements can also be handled with
the same approach provided the satisfaction of adequate observability
conditions. While we have adopted in this paper an early lumping ap-
proach, future research directions for finite-dimensional PI regulation
control of reaction-diffusion PDEs may be concerned with the study
of late lumping approaches [1]] in the framework of backstepping
control design for PDE-ODE cascades [23]], [27].
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