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Abstract—In this note we study contractivity of monotone sys-
tems and exponential convergence of positive systems using non-
Euclidean norms. We first introduce the notion of conic matrix
measure as a framework to study stability of monotone and pos-
itive systems. We study properties of the conic matrix measures
and investigate their connection with weak pairings and standard
matrix measures. Using conic matrix measures and weak pairings,
we characterize contractivity and incremental stability of mono-
tone systems with respect to non-Euclidean norms. Moreover, we
use conic matrix measures to provide sufficient conditions for
exponential convergence of positive systems to their equilibria.
We show that our framework leads to novel results on (i) the
contractivity of excitatory Hopfield neural networks, and (ii) the
stability of interconnected systems using non-monotone positive
comparison systems.

Index Terms— contraction theory, monotone systems,
positive systems, stability theory, interconnected systems

[. INTRODUCTION

Problem description and motivation: A dynamical system is
monotone if its trajectories preserve a partial order of their initial
conditions and is positive if the non-negative orthant is a forward
invariant set. Monotonicity appears naturally in real world appli-
cations including biological systems [28], transportation and flow
networks [4], and epidemic networks [17], as well as in small-
gain analysis of large-scale interconnected systems [6], [26]. Positive
systems are also abundant in engineering and science, for instance, in
population dynamics [13] and queuing systems [9]. While the notions
of monotonicity and positivity are identical for linear systems, they
are distinct and lead to different transient and asymptotic behaviors
for nonlinear systems. Linear and nonlinear monotone systems have
been studied extensively in dynamical systems [27] and control
theory [25], [28]. Monotonicity of dynamical systems with respect to
arbitrary cones are studied in [12] and a theory of monotone systems
on partially ordered Banach spaces has been developed in [22].

Contraction theory is a classic framework [2], [3], [8], [18] aimed
at establishing rigorous nonlinear stability properties of dynamical
systems. A dynamical system is contracting if every two trajectories
converge exponentially to one another. Contracting systems exhibit
many desirable asymptotic properties: (i) their asymptotic behavior
is independent of their initial condition, (ii) when the vector field
is time-invariant every trajectory converges to a unique equilibrium
point, and (iii) when the vector field is periodic, every trajectory
converges to a unique periodic orbit. Contracting systems enjoy also
desirable transient behavior and robustness properties including input-
to-state stability in the presence of bounded unmodeled dynamics.

While classical approaches mostly focus on contraction with
respect to the ¢o-norm, recent works have shown that stability of
monotone and positive system can be studied more systematically
and efficiently using non-Euclidean norms. It is known that for a
monotone system satisfying a conservation law (resp. translational
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symmetry), contractivity naturally arises with respect to ¢1-norms
(resp. {so-norms). Contraction of monotone systems with respect
to state-dependent non-Euclidean norms has been studied in [5].
Contraction of monotone systems with respect to £1-norm has been
studied for flow networks in [4], for traffic networks in [4], and for
gene translation systems in [20]. Another relevant topic for monotone
systems is the search for sum-separable and max-separable Lyapunov
functions [10]. Recent works have used contraction with respect
to non-Euclidean norms for monotone systems to find separable
Lyapunov functions [16], [19]. Despite all these works, a differential
and integral characterization of monotone and positive contracting
systems with respect to non-Euclidean norms is missing.

Contribution: In this note, we build on the framework proposed
in [7] and introduce the notion of conic matrix measure, characterize
its properties, and propose efficient methods for computing it. We
provide a complete characterization of contractive monotone systems
using the one-sided Lipschitz constant of their vector fields and the
conic matrix measure of their Jacobians. We also propose a sufficient
condition, based on the conic matrix measures, for exponential
convergence of positive systems to equilibrium points. As a first
application of our monotone contraction framework, we provide a
sufficient condition for contractivity of excitatory Hopfield neural
networks. We remark that strong contractivity of Hopfield neural net-
works automatically leads to their global stability for time-invariant
inputs, their entrainment to a unique periodic orbit for periodic inputs,
and their input-to-state stability for general time-varying inputs. As
a second application, we establish a novel framework for studying
input-to-state stability of interconnected systems. Our framework is
based on comparison with positive dynamical systems and can ac-
commodate both inhibitory and excitatory interconnections between
subsystems. By allowing the comparison system to be positive instead
of monotone, our framework generalizes the well-known Matrosov-
Bellman comparison lemma and unifies several existing small-gain
theorems and comparison lemmas in the literature.

1. NOTATION

Functions, norms and matrix measures: Let f : R>q — R be
a function. If f is differentiable, then we denote its derivative by f’.
If f is continuous, we denote its upper Dini derivative by DT f. We
say f is of class K if it is strictly increasing and f(0) = 0. We say
f is of class Ko if it belongs to class K and limg—y 400 f(z) = 0.
We say a continuous function g : [0,a) x [0,00) — [0,00) is of
class L if, for each fixed y, the map = +— g(z,y) is of class
K and, for each fixed x, the map y — g(z,y) is decreasing such
that limy 4 oo g(z,y) = 0. For vectors v, w € R", the Hadamard
product of v and w is the vector vow € R"™ define by (vow); = v;w,
for every i € {1,...,n}. A matrix A € R™ " is non-negative
if Aj; > 0, for every (i,5) € {1,...,n}, For every matrix A €
R™*", the positive part of A is the matrix [A]T € RZF" defined by
[A]}; = Aij if Ajj > 0and [A]}}; = 0if A;; < 0. Given z,y € R",

ij
x <y if we have x; < y;, for every ¢ € {1,...,n} and we define
[z,y] C R™ as the set of all z € R™ such that x < z < y. For
a vector n € R", the diagonal matrix [] € R™*™ is defined by

[n)is = m;, for every i € {1,...,n}. Given A, B € R"*"™", A < B
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if B — A is a positive semi-definite matrix. A norm || - || on R"
is monotonic, if for every z,y € R™ such that |z| < |y|, we have
llz|l < |ly||. For p € [1,00] and R € R™*™: if R is positive and
diagonal, the R-weighted ¢p-norm is a monotonic norm. Let || - || be
a norm on R", the induced matrix norm on R™*" is again denoted
by || - ||. Given a matrix A € R™*"™, the matrix measure of A with
respect to || - || is defined by p(A) := lim,_ o+ W.

Weak pairings: We briefly the notion of a weak pairing (WP) on
R"™ from [7]. A WP on R" is amap [-,-] : R” x R" — R satisfying:

(i) (Sub-additivity and continuity of first argument) [z1 + z2,y] <

[z1,y] + [z2,y], for all z1,z2,y € R™ and [-, -] is continuous

in its first argument,
(ii) (Weak homogeneity) [az,y] = [z,ay] =

[—z,—y] = [=,y], for all z,y € R™, a > 0,
(iii) (Positive definiteness) [z, z] > 0, for all = # Oy,
(iv) (Cauchy-Schwarz inequality)

[ [z, 9] ] < [[x,yz:]]l/2 [[y,yﬂl/z, for all z,y € R™.
For every norm || - || on R", there exists a (possibly not unique)
associated WP [-,-] such that ||z||? = [x,z], for every = €
R". A WP W, -] satisfies Deimling’s inequality if [z,y] <
ly|| imy, _, o+ M, for every z,y € R™ and satisfies the
curve norm derivative formula if, for every differentiable z : (a,b) —
R™ and for almost every ¢t € (a,b) we have ||z(t)||DT||z(t)| =
[&(t), z(t)]. For every p € (1,00) and invertible R € R"*", we
define [-,-],, g by

[#,9], & = Wl 2 (Ry o |Ry[”~*)T Ra 1

For invertible R € R"*", we define [,-]; r and [,-], g by

afz,y] and

[z, 4], g = |Ry|l1sign(Ry)" Rz, 2)
) = Ry);(Rx);, 3
[z, yloo,r ie;?oa(%y)( y)i(Rz) A3)

where Ioo(z) = {¢ € {1,...,n} | &; = max;{|z|;}}. It can be
shown that, for every p € [1, o] and invertible matrix R € R™*", we
have ||x|\12,}R = [, 2], g and [, ], g satisfies Deimling’s inequality
and the curve norm derivative formula. We refer to [7] for a detailed
discussion on WPs.

Dynamical systems: Consider the dynamical system & = f (¢, z)
on R"™. Let ¢(t, to, z) denote the flow of f at time ¢ starting at time g
from xz¢. The vector field f is positive if R is a forward invariant
set. Let C be a convex forward invariant set for vector field f. The
vector field f is monotone on C, if for every zg,yo € C such that
zo < yo, we have ¢(t,to,z0) < ¢(¢,t0,y0), for every t > tg.
The Jacobian of f is denoted by Df (¢, ). Let || - || be a norm with
associated WP [-, -].The vector field f is contracting with rate ¢ > 0
if, for z,y € R™ and every tg <t € R>(, we have

(¢, to, ) — (¢, to, y)|| < e 70|z — y|.

and it is incrementally exponentially stable with rate ¢ > 0 if, there
exists M > 0 such that, for =,y € R™ and every tg <t € R>g

6(t, to, @) — (¢, to,y) || < Me™ 70|z —y|.

[1l. CONIC MATRIX MEASURES

In classical contraction theory, the incremental stability of dy-
namical systems are ensured by imposing suitable conditions on
matrix measures of their Jacobian. Monotonicity or positivity of
dynamical systems induces a natural partial order structure on their
flows, something which can be used to relax the matrix measure
conditions for incremental stability. In this section, we introduce the
notion of conic matrix measures and show how it can be used to

prove incremental stability of monotone and exponential convergence
of positive systems.

Definition 3.1 (Conic matrix measure): Let || - || be a norm. The
conic matrix measure of A € R™*™, denoted by u™(A), is

)t sy It hl/le] 1
h—0% £>0,,2£0, h
Now we study properties of the conic matrix measure. We first state
the following useful lemma.
Lemma 3.2 (Monotonicity of [, ']]p,R)" Let p € [1,00] and R €
R™ ™ be an invertible non-negative matrix. Then

(i) for every x,y > On, we have [—z,y], p <0.
(ii) for every x < z and y > Oy, we have [[x,y]]p R < [z,y]]p R

Proof: Regarding part (i), since R is non-negative, then we
have Ry > Op and Rx > 0j. The result then follows by using
formulas (1), (2), and (3). Regarding part (ii), note that since x < z,
there exists w > Op such that x+ = 2z — w. Thus, using the
subadditivity of the WP, we get

lz.ylp, r =1z —w,y], r <[z 9], p + [~w,yl, r < [2:9], k-

where the last inequality holds because of part (i). |

Theorem 3.3 (Properties of the conic matrix measure): Let || - ||
be a norm with associated WP [-, -] satisfying Deimling’s inequality.
For every A, B € R"*" and every a € R,

(@) 1" (ad) = |alu* (sign(a)A):

(i) pT(A+ B) < pt(A) +pt(B);
(i) pt(A+aly) = u*(z%[); a;]]
L 4 z,T
A= o o TP
W) 1t (A) < p(A);
(vi) if || - || is monotonic and A is Metzler then p(A) = u(A);
vii) if ||| = ||p,r for p € [1,00] and R € R™*™ invertible and
non-negative, then i (A) < p(A+A) for every A € RZ}™.

Proof: Regarding parts (i) (ii), and (iii), the proofs are straight-
forward using definition of the conic matrix measure in Definition 3.1.
Regarding (iv), for every non-zero > 0, and h > 0,

[Az, 2]
]2

Az, x
1-h sp  H@Y 0
x>0y, 2#0y, HxH

where first inequality holds by Cauchy-Schwarz, the second inequal-
ity is by subadditivity of WP and the fact that A > 0, and the third
inequality holds because h > 0. Now consider F'(h) = (I,—hA)™ L.
By some simple algebraic manipulation, we get

[[(In — hA)z||

H71H [(In — hA)z,2] > (1—h )l

v

F(h) = In + hA+ h*A%F(h). (5)

Note that for h = 0, we have F'(0) = I, and thus, for every non-zero
x >0, we have F(h)z = (I, — hA) "'z = 2 > 0,,. Since Sﬁ_” =
{z € R" | ||z|| = 1} is a compact set, using a continuity argument,
there exists small enough h* > 0 such that (I, — hA) ™1z > 0,, for
every x € S\T'H and z > 0y, and every 0 < h < h*. Thus, for every
0 < h < h* and every v > Oy, such that v # O, we have

T E— 1

[ — hd)a] = [Az],

1 = hsup|z|=1,2>0, 2

W2 |A? (In — hA) "l /||v]| < h* | A*(In — hA) 7!,

where the first equality holds by the change of coordinate x = (I, —
hA)flfu and the second inequality holds by (4). Therefore, for every
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0 < h < h*, we have
|(In +hA)v[|/|lv]| — 1

+
u(A) = lim sup
h=0% |lv||=1,0>0p h
2 2 _
< lim sup [ F(h)vll + R7[[A"F (h)v|| — [v]]
h—0+ [[v]|=1,0>0p, hHUH
= lim sup w
h=0F ||v||=1,0>0, hlv]|
< lim l( 1 1)
nm 0t AL = hsup - 050, L]
_ [[A:E,(L‘]] _ [[AZE,(L‘]]
lall=1,0>0, [1€l1> 220,220, Iz

where the first equality holds by definition, the second inequality
holds by applying triangle inequality to the algebraic equation (5),
and the fourth inequality holds by (4). This means that p7(A) <

SUPg-£0,,,2>0p, % Additionally, using Deimling’s inequality,
hAz| —
[Az,2] < ||z]| lim LEFRAI= =]
h—0+ h

< HxH sup HZE + hAw”/HZEH -1

= [|lz[]u 7 (A).
h + 2>0,,,24£0n h

This means that sup,>o,, »-0, W < uT(A) and completes
the proof of (iv). Regarding (v), the proof is straightforward us-
ing the definitions. Regarding part (vi), we show that, if || - ||
is monotonic, then, for small enough h > 0, sup,>q, [[(In +
hA)z||/||z| = supgo,, I|(In+hA)z||/||z]|. First note that, by defi-
nition, sup,.o,, || (In+hA)all/ 2] < supyso, [|(In+hA)z] /||
Our goal in this part is to show the other side of the inequality. Since
A is Metzler, for small enough A > 0, the matrix I, + hA is non-
negative. By triangle inequality, this implies that |([, + hA)z| <
(In + hA)|z|, for every € R™ and for small enough h > 0. Since
I - || is @ monotonic norm, for every x € R™ such that x # Oy,

[(In + RA)z|| /]| < |[(In + RA)[][|/ |2

and thus, for every x # 0, and every small enough h > 0, we have
||(In+hA)h$H/Ha:H*1 < ||(1n+hA)IZ|H/H|!EH|*1.

Since |z| > 0y, we can define y = |z| and take the sup of both sides
of the above inequality over = # Oy,

[(In + hA)z||/||z]| =1

A)= lim su
w(A) i, #gn W
(¢ v TS W
h—07T y>0,,y#£0, h
Regarding part (vii), by Lemma 3.2(ii), we have
Az, z]
+ H »“lIp R
fip, R(A) = P
P 220,020, |17l g
A+ Az, x
< su I )2 bp.r +R(A+A).
©>0p,27#0n ]
|

Next, we provide formulas for some useful conic matrix measures.

Theorem 3.4 (Computing conic matrix measure): Let A € R"*"
be a matrix, || - || be a norm with the conic matrix measure u7,
R € R™ ™ be an invertible non-negative matrix, and € RZ,.
Then

() puf(A) < pt(RART);
(ii) pippy(A) = (] Al )

(vii) pt -1 (A) =
(viii) 3,1 (A)

(iti) pg (A) = p* — |u2(A)|, where p* is the optimal value of fol-
lowing Quadratically Constrained Quadratic Program (QCQP):

P =max ' (5(A+AT) + |pa(A)|In)x
'z <1, x>0, (6)

(i) pi (A) = max;{a;; + 3,2 lai] "}

V) pd(A) = maxi{ai; + 3 4aif] 1.

Moreover, if A is Metzler, then the following statements hold:

() pf 1 (A) = p ) (A) = min{fe €R | nT A< enT )

Froo, -1 (A) = min{c € R | An < en}:

= o[ (A) = min{c € R | [n]A + AT [n] = 2¢[n]}.
Proof: Regarding part (i), we compute

NE(A): lim sup H(R+hRA)ZH/HRCEH—1
h—0%F £>0,,,2#£0n,
-1
< lim sup MUnthBAR Dyl/lyl=1 _  +(pap=Y), (7)
h—0%t >0,

where the second inequality holds by setting y = Rz and noting that
if > Oy, then y = Rz > Oy,. Regarding part (ii), if R = [n], then
in equation (7), we have SUPz>on,x¢on (R + hRA)z||/||Rz| =
SUPy>0,, y#0,, ||(In +RRAR™ Hyll/llyl., since z > 0, if and only
if y > Op. Thus, all the relations in equation (7) are equality and
the result follows. Regarding part (iii), for a symmetric matrix M &€
R™*"™ we denote the the largest eigenvalue of M by Amax (M) and
we define B = %(A + AT) + |u2(A)|I,. Therefore,

Amax(B) = Amax(5(A + A7) + |u2(A)|In)
= p2(A) + [p2(A4)[ =0
where the first equality holds by the formula pg(A) = )\max(%(A—i—

AT)) and last inequality holds because pz(A) < |u2(A)|. As a
result, the matrix B is positive semi-definite. Using Theorem 3.3(iv),

T T
py(A)= sup LAZ = y' Ay,

2 sup
©>0,,0£0, 1712

y=>0n,[lyll2=1

where the last equality holds by the change of variable y = |;\|2'
This implies that,

13 (A) = 3 (3(A+AT)) = i3 (B — |pa(A)| In)
= p3 (B) — |p2(A)],
where the last equality holds by Theorem 3.3(iii). Moreover,
p3(B)= _ max y'By= B

max Y
y>0n,[lyll2=1 y>0n,|lyll2<1

where the last equality holds because B is positive semi-definite
and thus = — z' Bz is convex. Regarding part (iv), using Theo-
rem 3.3(iv),

) T
,ui*' (A)=  sup W = sup sign(y)TAy
22>0p,2#0n ! Hyl\1=17y20n
= sup  y ATsign(y),
lyll1=1,y>0n

where the second equality holds by the change of variable y = ﬁ
and the last equality holds because sign(y)' Ay = y' ATsign(y).

Note that, for every ¢ € {1,...,n} such that y; # 0, we have
[ATsign(y)]i < aii + Y jlari] ™. This implies that

y" ATsign(y) < > yilai + Z#k[am‘]ﬂ

sup sup
lyll1=1,y>0n lyll1=1 ay>oni 1
< max{a]] + E [a”
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Now we show the converse inequality, Assume that k& € {1,...
is such that

agk + Zi¢k[aik}+ = mjax{ajj + Zi;&j [aij]+}

For every € € (0,1), we define z(¢) € R, as follows:

7n}

1—€¢ 1=k,
[2(e)]i = | € ajg > 0,
0 Qi = 0

Then by setting y(e) = ﬁ, we get

sup
llyllh=1,y>0n

yATsign( ) > lim y(e) ATsign(y(e))

e—0Tt

Dk(are+Y . #[azk] + lim Zy

= akk + Zi¢k[aik]+7

where the last equality holds because lim,_,+ y(€); = 1 and
lim,_ o+ y(e)r, = 0, for every k # i. This conclude the proof of
part (iv). Regarding part (v), using Theorem 3.3(iv),
+ _ (Az); _
A sup max -~—t =
oo (A) 2>0p,2#£0, €1 (2) e

= hm y(e )i[ATsign(y)];

sup ax (Ay);
y>0n,|yllec=1 ZEIOO( )

Z ai5Yj

= sup max
¥>0n, |ly]lco=1 zeloo(y)

max{a“ + Z

IN

aw

Now we show the converse inequality. Let k& € {1,...
that

,n} be such

akk + Z#k[akiﬁ = max{a;; + Z#i lai) "}

We define z € R’ZLO as follows:

1 i=korag >0,
2z =
' 0 ar; <0,

Then it is easy to see that

sup max (

. Ay); >
y>0n, |lyllco=17€1o0 (¥)

A .

> (Az), = agk + Z
= max{a” + Z

This completes the proof of part (v). Regarding (vi), the fact that
ui‘:[n](A) = p1,[y)(A) follows from Theorem 3.3(vi). Let b € R be

such that ,uf[n] (A) < c. By part (iv),

+
ak?l

alj

max(n' Afn) ™!

Lam AW~

) = max( = Mi’:[n] (A4) <ec,

which is also equivalent to ' A < 5" c. Therefore ui‘m (A) <cis
equivalent to nTA < 77Tc and the proof is complete by taking the
min over c. The proof of parts (vii) and (viii) are similar. [ |
Remark 3.5: The following remarks are in order.
(i) (Computing conic matrix measures) Theorem 3.4(iii) presents a

QCQP optimization problem for computing the ¢2-norm conic
matrix measure. Note that, while the QCQP (6) is not in general

convex, one can find the following convex relaxation of (6) based
on semidefinite programming [30, Equation (16)]:

min tr(—(3(A+ AT) + |2 (A) 1) X)

XERNXN gcRN

X
tr(X) <1, —z <0, [mT v

where tr is the trace operator. The semidefinite programming (8)
can be solved using CVX [11]. Moreover, the semidefinite
program (8) provides an upper bound for the optimal solution
of (6).

(ii) (Spectral abscissa and conic matrix measures) As is shown
in Theorem 3.3, the conic matrix measure shares several nice
features with the matrix measure including, positive homogene-
ity, subadditivity, and translation properties. Remarkably, unlike
the matrix measure, the conic matrix measure is sometimes
smaller than the spectral abscissa. For instance, consider the

1 g with eigenvalues A1 (A) = —0.6340 and

—2.3660. Using the formula in Theorem 3.4(v),

matrix A =
A2(A) =

pio(A) = -1 < max Re(Xi(4)) < pros(4) = =0.5.

Finally, we establish a generalized version of Coppel’s inequality.
Theorem 3.6 (Conic Coppel’s inequality): Let || - || be a norm and
t — A(t) be a continuous map. Consider the dynamical system

i=A(t)x )

If A(t) is Metzler for all ¢ > 0 and x(0) > Oy, then

for all t > 0.

t
J0)l < exp [ i (A)ar) 0],
Proof: Note that

z(t + k) = z(t) + Az (t) + O(h?) = (In + hA(t))z(t) + O(h?)

. . In+hAW®)z(t)|—|lz(t
and, in turn, D+||x(t)|\ = lim, o+ II( ())}ZE( MI=llz( )H.
Since A(t) is Metzler for every ¢ > 0 and x(0) > Oy, it is well
known that z(t) > O, for every ¢ > 0. Therefore, for every ¢ € R,
we obtain
. In 4+ hA(L))z(t)]| — ||=(t
. 10+ RAROI= 12O _ i+ oo

h—0t h N

The result then follows from Gronwall-Bellman Lemma. |

IV. CONTRACTING MONOTONE AND POSITIVE SYSTEMS

In this section, we use the notions of conic matrix measure and
WP to study contractive monotone systems and converging positive
systems. Our first result presents a characterization of contracting
monotone systems using conic matrix measures and WPs.

Theorem 4.1 (Contracting monotone systems): Let & = f(t, x) be
a monotone dynamical system with a convex forward invariant set
C C R™ and || - || be a norm with associated WP [-, -] satisfying
Deimling’s inequality. If || - || is monotonic, then the following
statements are equivalent for b € R:

(i) pT(Df(t,z)) < b, for every (t,z) € R>g x C;
(i) [f(t,2) — F(t.y), @ — y] < blla—y]|%, for every (¢, ), (t,y)
R>g % C such that x > y;

(i) |6t to,0) — é(tto,po)ll < 7| p(s,t0, m0) —
d(s,to,y0)]|, for every tg < s <t and every zg,yo € C.
Instead, if ||-|| is not monotonic, then conditions (i), (ii) are equivalent

and, with C = [Zpin, Tmax] for some Zyin < Tmax, they imply
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(iv) there exists M > 0 such that, for every zo,¥yo € [Zmin, Tmax]
and every tg < s <'t,

é(t,to, yo)l|
< MeP )| (s, tg, wo) —

|‘¢(t7 to, IQ) -
¢(S7 t07 yO) H
Proof: Regarding (i) = (ii), compute

ﬂf(twr) - f(t7y),x - y]]
1
= |]:(/ Df(t,Tl?—‘—(1—7’)y)d7’)($—y),$—y:|]
0

1
s/ [Df(t vz + (1 — )z — y),z — y] dr
0
F(Df(tra+ (1 -1z — yl® < bl — vl

where the first equality is by the Mean Value Theorem, the second
inequality is by the subadditivity of the WP and the third inequality
holds by Theorem 3.3(iv) and the fact that x — y > 0,. Regard-
ing (ii) = (i), pick x = y + hv, for v € RY S0 and h > 0. Thus,

[f(t,x) = f(ty),z —y]l = [f(t,y + hv) — f(t,y), ]
= p? [LLrth) =0 o] < bz — y|* = o° o]

In the limit as b — 07, for every y € R™ and every v € RTZLO,

hm
0+

[Df(t,y)o, 0] = tim [LELHD=IED o] < o)
where the first equality holds by the continuity of WP in the first
argument. As a result, by Theorem 3.3(iv), u+(Df(t,z)) < b, for
every t € R>( and every x € C. Regarding (i) = (iii),since
f is monotone, Df(t,z) is Metzler for every (t,z) € R>g x C.
Since || - || is monotonic, Theorem 3.3(vi) implies u* (D f(t,z)) =
w(Df(t,x)), for every z € C and every ¢t > 0. These conclusions
then follow from [7, Theorem 29]. Regarding (iii) = (ii), note that
|6 (t+h, to, z0)—d(t+h, to, vo)|| < € [|(t, to, x0)— (%, to, vo) ||,
for every h > 0. As a result

llo(t+h to,m0)—

lim B(t+h,to,yo) | = llé(t,t0.z0) =& (t,to,y0)l
h—0t h
bh _ 4
< lim ||¢(t7t07$0) - ¢(t7t07y0)“
h—01
= b||¢(t7 to, Jio) - ¢(t7 to, yO)H

Thus, by Deimling’s inequality, for every zq,yo € C,

IIf(tv ¢(t7 t071‘0)) - f(tv ¢(t7 t07y0))7 ¢(t7 to,IO) - (b(t?th yo)]]

< bllg(t, to, z0) — (¢, to, yo)||>-

This concludes the proof of (iii) == (ii). Regarding (iv), first
we show that, for o > wyo, [t to,z0) — H(t, to,y0)ll <
9 || ¢(s, to, z0) — (s, to, yo)||. For a € [0, 1], define o (t, ar) =
¢(t,s,a¢(s,t0,x0) + (1 — a)¢(s, t(),yoy and note ¥(tg, ) =
ad(s,to, zo) + (1 — a)d(s, to, yo) and G (s, a) = é(s,to,z0) —
@(s,to,y0). We then compute:

D0 b(t0) = Dt 0) = (1,5, )

_of 9
= 5, (Lv(t ) 5-u(t, ).

Therefore, 3‘/’ (t, o) satisfies the linear time-varying differential equa-
tion aat gi’ = Df(t, 1/))%. Moreover, zo — yo > 0 and D f(t,z) is

Metzler, for every (t,z) € R>q x C. Therefore, Theorem 3.6 implies

o = e [ 000

< 179 |16 (s, to, x0) — B(s, t0, yo) ||

where we used uT (Df(t,z)) < b, for every t € R>g and = € R".
In turn, inequality (10) implies

||¢(t,t(),$0) - ¢(t7t07y0)|| = qu(ta 1) - 7/1('570)“

1 1
/ 2U(t0) g, S/ Hawéf;a)Hda
0 0

< =9 |16, 20) — B(s,30)]| -

(10)

Now assume that zg % yo. We define £, € R™ by

& = max{(xo);, (yo)i}, ;n}

Then &,m € [Tmin, Tmax] and it is clear that n < z < € and <
y < &. Moreover, since all the norms are equivalent in R", there
exists M1, Mz > 0 such that Mi|jv|| < ||v]jee < Mallv|. As a
result, we get [|ln — &[] < Mflllln — Elloc = My lzo — yolleo <
My Mo||zg — yol|. We set M2 = My "Ms > 0. Since the vector
field f is monotone, for every ¢ > to,

n; = min{(zo)s, (yo)i}, 1€ {1,...

o(t,to,m) < o(t, to, x) < &(1,0,&),
(L, to,m) < ot to,y) < o(t,t0,£).
This means that
8(t, to, =) — é(t,to, )| < My ' |(t, to, x) — (¢, t0,)loo
< My Y|o(t, to, €) — (2, t0, ) |oo
< My ' Mal|g(t, to, €) — ¢(t, to, )|
= ME(|6(t, 0, €) — (t,to, )]

However, we know that n < &, thus by the above argument we

get Hd’(tvtO’ ) ¢(t’t07 )” <e b(t=s) ||¢(87t0v ) (5 to, )”
Therefore,
1
H¢(t,t07$0) - ¢(t7 thyO)H <Mz ||¢(t7t0>77) - ¢(t,t07£)”
< M2 g5, 0, 1) — B, 10, )|
= Meb(tis)”()b(sat()?mo) - ¢(87t03 yO)H
|

Remark 4.2: For monotonic norms, using Theorem 3.3(vi), the
notion of conic matrix measure coincides with the standard matrix
measure on Metzler matrices. Therefore, Theorem 4.1 can be com-
pletely recovered from [7, Theorem 31]. However, for non-monotonic
norms, Theorem 4.1 provides a conic matrix measure condition for
incremental exponential stability of the system. The next example
elaborates this point in more detail.

Example 4.3: Consider the class of dynamical system on R?

&1 = —x1 + axs — vg9(z1),
g = Br1 — x2,

(11)

where o, 8,7 > 0 and g : R — R is differentiable with g(0) =0
and 0 < ¢'(z) < G, for every x € R. It is easy to see that, since
a,B8 > 0, the dynaniical system (11) is monotone. For @ = %,
B =12,~v=1,and G = 0.1, we have

-1 —g'(z1) %

Df(z1,72) = 19 2

For monotonic norm | - |jecc, we have plo(Df(z1,z2)) =
too(D f(x1,z2)) = 0.2. Therefore the dynamical system (11) is not
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contracting with respect to {~o-norm. For the non-monotonic norm

[ - ||<>o,R with R = { 1 1 , We can compute

o m(Df(z1,2)) = pdo(RD f(z1,22)R™Y)
—1.85 - L0

= o ([ 9’(211)

—0.35 4+ 51

= —015- 98 < 015

035 + £ D
—0.15 — 21

12)

Therefore, using Theorem 4.1 and inequality (12), the dynamical
system (11) is incrementally exponentially stable with respect to the
non-monotonic norm || - ||, r- As a consequence, Oz is the globally
exponentially stable equilibrium point of the dynamical system (11).
On the other hand, we have

fioo, R(Df(x1,22)) = poo (RDf (1, z2)R™")

—1.85 - £
= Moo 9/(%01)
~0.35 + £

>0.2—g'(z1) >0.1.

/
0.35 + £{21)

—0.15 — 9'(2””1>D

13)

However, using [7, Theorem 31] and inequality (13), the dynamical
system (11) is not contracting with respect to || - || oo, R-
We can also simplify Theorem 4.1 for diagonally-weighted norms.
Corollary 4.4 (Diagonally-weighted norms): Let £ = f(t,x) be
a monotone dynamical system and n € RZ,. Then the following
statements about [r)]-weighted ¢1-norm are equivalent:

(i) p1,[n) (DS (t,x)) < b, for every (t,z) € R>g x R™;
(i) 0" (f(t,)
te RZO;

(i) |6(t,t0,70) — bt to,y0)ll1py < € Vlg(s,t0,20) —
¢(s,to,y0)||17[m, for every zg,yo € R™ and every tg <t < s.

— f(t,y)) < by (x —y), for every 2 > y and every

Similarly, the following statements about [n]_l-weighted {oo-norm

are equivalent:

(V) o -1 (Df (£, 2)) < b, for every (t,x) € R>g X R™;

) f(t,z) — f(t,y) < b(x — y), for every t € R>( and every
x =1y + cn with ¢ > 0;

Vi) [|6(tsto, 0) — @t t0,y0)lloo -1 < "7 l6(s, tozo) —
¢(87t07y0)||00’[n]71, for every xg,yo € R™ and tg < s < t.
Proof: Note that ||-||1,[,,] is a monotonic norm and its associated

WP is given by (2) with B = [n]. Similarly, | - || ;-1 is a

monotonic norm and its associated WP is given by (3) with R =

[77}_1. Regarding (i) = (ii),

1
W (fa) = 1) =" ([ Df(tra+ (1= ar) @ =)

1
- /0 "Dt e+ (1 - )z — y)dr < by (z ),

where the first equality is by the Mean Value Theorem and the last
inequality holds by Theorem 3.4(vi) and using the fact that x —y >
0. Regarding (ii) = (i), pick = y+hv, for v € R%; and h > 0.
Thus, we get a

T T T
n (f(tx) = f(t,y) =n (f(t,y + hv) = f(t,y)) < bhn v,
By taking the limit as & — 0, for every y € R™ and every v € Rgo,

nTDf(uy)v — lim 77T f(t7y+h1;l)—f(tvy) < bnT’U.
h—0Tt

The result then follows by Theorem 3.4(vi).

Regarding (iv) = (v), note that, for every ¢ > 0 such that
T =y + cn, we have

1
F(tz) — f(ty) = /0 DF(t, (1 — 7y + 72) (@ — y)dr

1
— [ Ditty+ ren(enir < bo —y)
0
where the inequality follows from Theorem 3.4(vii). For (v) = (iv),

L Sz hy) — f(t2)

Df(t,x)n =
f(t, x)n i, 3

< bn.

The result follows by Theorem 3.4(vii). The rest of the proof follows
from Theorem 4.1. u
Next, we use the notion of conic matrix measure and weak
pairing to study exponential convergence of positive systems to their
equilibrium points.
Theorem 4.5 (Converging positive systems): Let © = f(t,z) be
a positive system with equilibrium point O, || - || be a norm with
associated WP [, ] satisfying Deimling’s inequality and the curve
norm derivative formula, and b € R. Consider
(AD) [f(t,z),z] < b||x||2, for every (t,x) € R>g x Rgo;
(A2) [|6(t, to, x0)| < e ||6(s, to, x0)
and every z9 € R,
(A3) ut(B(t,x)) < b, for every x > Oy, and every t € R>( where
B(t,x) is such that f(t,x) = B(t,x)x.
Then the following statements hold:
(i) (A1) and (A2) are equivalent;
(i1) (A3) implies (A1) and (A2).
Proof: Regarding (Al) <= (A2), the proof is similar to [7,
Theorem 33] and we omit it.
Regarding (A3) =—> (A2), for every x > 0, we have

, for every tg < s <t

[f(t,@),2] = [B(t, )z, 2] < uT (B(t,2))|z]* < bllz]>.

where the second inequality holds by Theorem 3.3(iv). |
In the next example, we investigate the role of conic matrix
measures in the sufficient condition for exponential stability of
positive systems in Theorem 4.5.
Example 4.6: Consider the following dynamical system on R?:
&1 = =271 + 2 = f1(w1,22),
&y = —ma(ze) — 22 == fa(z1, 22), (14)
where o : R — R is a non-negative non-decreasing function. First
note that, Df(z1,z2) = [ —2

—a(zy) —z1a
field f is not monotone on RS, ; because —a(r) < 0 for every r € R.
However, the dynamical system (14) is positive with an equilibrium
point at O € R2>0. Moreover,

v =[ oy 4[] = e 1]

Using Theorem 3.4(v), for every (z1,x2) € RQZO,

1932)71] Thus, the vector

pdo (B(z1,22)) = —1 < poo(B(x1,22)) = =1 + aza).  (15)

By Theorem 4.5(ii), every trajectory ¢ — [z (t), z2(t)]T of the
positive system (14) starting at [z1(0),z2(0)]" € ]RQEO satisfies

1 (t), z2()] oo < e |l[z1(0), z2(0)] " [loo.

It is worth mentioning that, by equation (15), the /~o-matrix measure
of B(z1,x2) might not be bounded and cannot be used to deduce
convergence of trajectories of (14) to Oa.
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V. APPLICATIONS

In this section, we present two applications for our non-Euclidean
contraction framework for monotone and positive systems. As a first
application, we show that a Hopfield neural network with excitatory
interactions between its neurons is monotone but non-positive. We
then use our framework to analyze stability and robustness of excita-
tory Hopfield neural networks. As a second application, we develop
a framework for stability analysis of networks of interconnected
systems using positive but non-monotone comparison systems.

A. Excitatory Hopfield neural networks

Hopfield model is a class of recurrent neural networks that can
serve as an associative memory system [14]. There has been a
recent growing interest in the machine learning community to use
variations of Hopfield neural networks to store information or to learn
prototypes [24]. However, neural networks are notoriously vulnerable
to adversarial perturbations of their input; small changes in their
input can cause a large change in their output [29]. In this section,
we study stability and input-output robustness of Hopfield neural
network with excitatory neuron interactions and provide explicit
adversarial robustness guarantees for this class of learning algorithms.
The dynamics of the Hopfield neural network is given by

& =—Ax+Tg(x) + I(t) .= Fu(x),

R’I’LXTI

(16)

where € R" is the state of neurons, A € is the diagonal
positive-definite matrix of dissipation rates, T € R™ ™ is the
interaction matrix, and I : R>g — R, is a time-varying input.
Assume g(z) = (g1(z1),... ,gn(mn))T, where the ith activation
function g; is Lipschitz continuous, monotonic non-decreasing with
9i(0) = 0 and with the finite sector property:

0 < 6ltl=9W) = Gi(z,y) < G,

where G = (G1,...,Gn)' € RZ,. We study excitatory Hopfield
networks, i.e., neural networks with Metzler interaction matrix 7.
Proposition 5.1 (Contracting Hopfield neural networks):

Consider the Hopfield neural network (16) with an irreducible

non-negative interaction matrix 7. Assume the Metzler matrix

—A+TG is Hurwitz with (—c, v) and (—c, w) its left and the right

Perron eigenpair respectively. For any p € [1, 00|, define ¢ € [1, 0]

by p —|— = =1 (with convention 1/c0 = 0) and n € RZ, by

1 1 1 1\ T
n= (vlp/wlq,...,vf[/wﬁ)

Then the following statements hold for any p € [1, o0]:

(i) the Hopfield neural network (16) is monotone and contracting
with respect to the norm || - ||, , with rate ¢;

(i) if I(t) = I" is constant, then the Hopfield neural network (16)
has a unique globally exponentially stable equilibrium point z7
with the Lyapunov functions ||z — 27|, 1, and || F(2)]], (5]

(iii) if t — x7(¢) and t — x;(¢t) are solutions of the Hopfield
neural network (16) for input signals ¢ — I(¢) and t — J(t)
respectively, then, for every t € R,

21 () =25 () llp, < € ller(0) = z.1(0)], [y

t
+/0 e_c(t—S)“[(s) = J(3)lp, () ds-

Proof: Leti € {1,...,n} and consider z < y such that z; =
y;. For every i # j, by the finite sector property of g;, we have
9i(zi) < gi(y;), and thus

(Pl = i + 3
—YiY%i + Z

T;j94 :E] +1(t)

z_]g y_] + I(t) = [FH(y)]l:

where the inequality holds because the matrix 7' is Metzler. This
means that the Hopfield neural network (16) is monotone. Moreover,
for every z > y > Op,

2 = yllp, i) D7 1z = yllp.

=[-Al@—y) +T(9(x) —9), —yl,
[[ A+TG ),a:—yﬂn[m
< up,[,,]<—A+TG>um —yl2 o = —cllz = yll5 1

where the first equality is the curve norm derivative formula. Since g
is non-decreasing and 7" is non-negative, we get the bound T'(g(x) —
g(y)) < TG(z — y) for every > y > 0p,. Lemma 3.2(ii) and this
bound give us the second inequality. The third inequality holds by
definition of p, 1, and the fourth equality holds by [1] using the
fact that —A + T'G is Metzler, irreducible, and Hurwitz with Perron
eigenvalue —c and left and right Perron eigenvectors v and w. Then,
parts (i) and (ii) follow from Theorem 4.1. Regarding part (iii),

21 =2 1|, DT Nl2r = . 1llp, )

=[Fu(zr) = Fu(zy) +1(t) = J @), z1 — 21]p, 1)
< [Fu(zr) — Fales),xr — x 5], )

+ [1(t) = J (@), 21 () — 25 ()] 1)
< —cller = 2413 1y + ler = 2l 1) = TE) )

where the first equality holds by the curve norm derivative formula,
the second inequality holds by subadditive property of WPs, and
the third inequality holds by contractivity of Fyy and the Cauchy-
Schwarz inequality. This implies that DT ||z (t) — zy()lp,my <
—cllzr () — 21 @)llp,p + LX) — J(@)lp, [y, for every t € Rxg.
The result follows by Gronwall-Bellman inequality [7, Lemma 11].
|

Remark 5.2 (Comparison with the literature): We refer to [31] for

a review of stability properties of Hopfield neural networks; e.g.,
it is known that Hurwitzness of —A + T'G (as we assume in
Proposition 5.1) implies global exponential stability. To the best of
our knowledge, the strong contractivity (with respect to appropriately
weighted p-norms) in part (i) and the Lyapunov functions in part (ii)
are novel. Recall that, as reviewed in the Introduction, strong con-
tractivity is a stronger property than global exponential stability. To
the best of our knowledge, the input-to-output stability in part (iii)
is novel and is directly applicable to obtain adversarial robustness
guarantees of Hopfield neural networks. A

B. Non-monotone comparison systems

Comparison principles are well-established techniques in dynam-
ical system theory to infer stability of a dynamical system using
properties of a simpler comparison systems. In most of the existing
comparison frameworks in the literature, monotonicity of the compar-
ison system plays a crucial role [21], [23]. In this subsection, we de-
velop a novel comparison principle for stability analysis of networks
of interconnected systems. Unlike the existing comparison results
in the literature, our framework uses positive comparison systems
which are not necessarily monotone. Consider the interconnection of
n subsystems:

i = fi(z,u;), ie{l,...,n}.
where x; € R s the state and u; € R Mi s the exogenous input for
the ith subsystem. We define N = > | N; and M = Y7 | M;
and © = (z1,...,7,)" € RY. We assume that, for every i

{1,...,n}, we have f;(On,0p7,) = Op, and the ith subsystem is
equipped with the norm || - ||; on R™i. We assume that, for every

a7
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i € {1,...,n}, the ith subsystem has a storage function V; : RYi —
R>( such that

(B1) there exists class Koo functions o such that
a;([[zill) < Vi(zi) < @i(||@illi)s

(B2) for every z € R, u € R™, the inequality

and «;
Ly Vi(wi) < —a;(Vi(zi)) + 9:(V(2)) +7i(u).  (18)

holds for some function g; : ]Rigo — R with ¢;(Opn) = 0 and
for some class K~ functions «; and ~;.

We define the maps I" : RJZVO — R™ and A : RJEVO — R"™ by:

() = (g1(@), -, gn ()T,

One can also define the non-monotone comparison system by

A(z) = (o1 (21), ..., anlzn)) "

0; = —Ai(vi) + Ti(v) +7i(w), i€{l,....,n}. (19

Using the inequality (18), one can show that, for v = 0,4, the
comparison system (19) is a positive dynamical system. However,
since g; can be any arbitrary function, the comparison system (19)
is not necessarily monotone.

Remark 5.3 (Input-to-state stability): The inequality (18) can be
considered as a generalization of component-wise input-to-state sta-
bility (ISS). An interconnected system is component-wise ISS if each
of its subsystems is ISS when interconnections between subsystems
are considered as the input. In other words, the interconnected
system (17) is component-wise ISS if, for every ¢ € {1,...,n},
the storage function V; satisfies

L Vi(i) < —ai(Vi(zi)) + Z#i i (V5(25)) + viu (us)

for class Koo function «; and class K functions -;; and 7.
Indeed, if the interconnected system is component-wise ISS, then
the associated comparison system (19) is monotone.

Proposition 5.4 (Stability of interconnection of systems):
Consider the interconnected system (17) and suppose that every
subsystem satisfies conditions (B1) and (B2) above. Let p € [1, 0]
and R € R™™ " be an invertible non-negative matrix. Suppose that
there exists ¢ > 0 such that, for every v > Oy,

—[-A@), 0], g = [(@),0], g +cllvllz 5

Then, the following statements hold:

(C1)

(i) the comparison system (19) converges exponentially to Oy,
(ii) for u(t) = Oy, every trajectory of the interconnected sys-
tem (17) converges to Oy .
(iii) the system (17) is input-to-state stable in the sense that, for every
i€{1,...,n} and t > 0, there exists L; > 0, such that

s (6l < @i " (Lie™ |V (2(0)) [, r+
Li(l1—e~h)

c max |v(u())|lp,r)-

(20)
T€[0,t]

Alternatively, if v — —A(v) + I'(v) is continuously differentiable,
then (i), (ii), and (iii) still holds by replacing condition (C';) with the
following stronger condition:

M;_,R(B(U)) < -—c

where B(v) € R™*" satisfies B(v)v = —A(v)+T'(v), forv € RS,

(C2)

Proof: Regarding part (i), for v = 0y, we have

for every v € R%. Since the comparison system is positive, the
result follows from Theorem 4.5(i). Regarding part (ii), by setting
V(z(t)) =V (t), we get
IVOIDT IVl = [V©), V()]
S[FAV @) +T(V®) +v(w), VD], r
< [FAV @), VD], r + ITV(©), VO, R
+ (), V), r

—c|VO)liz.r + V@IV @)llp, r-

where the first equality holds by the curve norm derivative formula,
the second inequality holds by Lemma 3.2(ii), the third inequality
holds by subadditivity of the WPs, and the fourth inequality holds
by the Cauchy-Schwarz inequality. This implies that

IN

— __—ct
IVO)llp,r < eIV O)llp,r + =5

c

ax, [y (w()lp,r-
Therefore, for u = 0j7, we have ¢ — V(¢) converges exponentially
to Op, and thus lim¢—, o0 z(¢) = O . Regarding part (iii), since R is
non-negative and invertible, there exists L; > 0 such that V;(z;) <
Li||V(x)||p,r. for every i € {1,...,n}. Moreover, we know that
a;(||zilli) < Vi(z;), for every ¢ € {1,...,n}. The result then easily
follows. Finally, for continuously differentiable v — —A(v) 4+ I'(v),
condition (C2) implies condition (C'1) by Theorem 4.5(ii). |
Remark 5.5 (Small-gain interpretation): (i) For condition (C7)
the term — [—A(v), v],, p captures the incremental dissipation
gains of the subsystems while the term [I'(v),v], p cap-
tures the incremental interconnection gains between subsystems.
Therefore, one can interpret the condition (C'1) as a small-
gain condition requiring the dissipation gains to dominate the
interconnection gains.
(i1)) For monotone vector field I', one can choose p = 1 and R =
[n] € R™*™ for some 7 € RZ and using Corollary 4.4 to write
condition (C7) as:

n"A(v) > n"T(v) +en'v,

for every v > Oy, This result is similar to the small-gain theorem
developed in [6], [26].

(iii)) Compared to the classical comparison results (see [21], [23],
[26]), Proposition 5.4 does not require monotonicity of the com-
parison system. Instead Proposition 5.4 is based on comparing
the interconnected system with a positive comparison system. As
a result, contrary to the existing small-gain theorems (see [6],
[26]), Proposition 5.4 can take into account both the inhibitory
and excitatory nature of the interactions between the subsystems.
The next example illustrates this point in more detail. A

Example 5.6: Consider the following system on R2:
i1 = —a1 + Blaz)r123 — 20703
iy = —g + 28wy — 2}, (21

where 8 : R — R is such that |8(r)| < |r|, for every r € R. We
choose the storage functions Vj(x;) = z2 for i € {1,2}. One can
construct a monotone comparison system for the dynamics (21) as
follows:

Vi
Va

2V + 2B(x2)ad Vi — AVEVE < —2V) + 2Va V4,
—2Vh + 2V Vs — 2VEVE < =2V + 2V Vs,

Therefore, the comparison system has the form v =
—2v1 + 21)5’1)1

h(v) =
(v) [—21}2 + 211:1)’112

h(v) with

}. Since the Jacobian of h is Metzler on

[-A(v) + T(v), 0], g < [-A(v),v], g + [[(v), 0], p < —CHUHIQ,,R ]RQZO, the comparison system A is monotone on Rzzo. However, this
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comparison system has two equilibrium points v; = vg = 0 and
v; = wg = 1. Therefore, it is not possible to use comparison
system h to deduce global stability of Oz for the original dynamical
system (21). On the other hand, one can construct a positive non-
monotone comparison system for the dynamics (21) as follows:

Vi = —2Vi +2B(z2)23 Vi — AVEVE < —2V1 + 2 V5 — AVEVS
Vo = —2Va + 2V Ve — 2VPVs < —2Va + 2Va V4 — 2VV5.
Therefore, the comparison system has the from © = A(v)+I'(v) with
I . 21;11)3 — 41;%1)%
A(vy,v2) = [7202} and T'(vy,v2) = {21}2@% B 21}%1)% . We can
_ 2 2
also define B(vi,v2) = 2 9 ! 9 vtz 21}21}1} where
VoV] — V1V5 -1
B(v)v = —A(v) + I'(v). Moreover, we get
T[-1-v2v
T T 192 1 ¢
z Bx [ 0 -1 ]
ug_(B(vl,vg)) = sup ——5 =2 8Up —————
x>0y |17l13 z>02 I3
2 2 .2
—9 sup —x1 — Iy 7;}1U2$1ZC2 S _2’
z>02 =13

where the first equality holds by Theorem 3.3(iv) and the second
equality holds by the fact that z' Bz = %:rT(B + BT)z. Therefore,
condition (C'2) holds and, by Proposition 5.4, every trajectory of the
system (21) converges to Oy,.

VI. CONCLUSION

In this paper, we used conic matrix measures and weak pairings to
characterize contracting monotone systems and to provided sufficient
conditions for exponential convergence of positive systems to their
equilibriums. As applications, we used our monotone contraction
results to study contractivity and robustness of Hopfield neural
networks. We also used our positive contraction results to established
a novel and less-conservative framework for studying stability of
interconnected networks. Future work includes extension of this
framework to study monotone and positive systems which are weak-
or semi-contracting [15] and to characterize contractivity of systems
that are monotone with respect to arbitrary cones.
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