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Robust Multitarget Tracking in Interference Environments: A
Message-Passing Approach

Xianglong Bai, Hua Lan, Zengfu Wang*, Quan Pan, Yuhang Hao, Can Li

Abstract—Multitarget tracking in the interference environ-
ments suffers from the nonuniform, unknown and time-varying
clutter, resulting in dramatic performance deterioration. We
address this challenge by proposing a robust multitarget tracking
algorithm, which estimates the states of clutter and targets simul-
taneously by the message-passing (MP) approach. We define the
non-homogeneous clutter with a finite mixture model containing
a uniform component and multiple nonuniform components. The
measured signal strength is utilized to estimate the mean signal-
to-noise ratio (SNR) of targets and the mean clutter-to-noise
ratio (CNR) of clutter, which are then used as additional feature
information of targets and clutter to improve the performance
of discrimination of targets from clutter. We also present a
hybrid data association which can reason over correspondence
between targets, clutter, and measurements. Then, a unified MP
algorithm is used to infer the marginal posterior probability
distributions of targets, clutter, and data association by splitting
the joint probability distribution into a mean-field approximate
part and a belief propagation part. As a result, a closed-loop
iterative optimization of the posterior probability distribution
can be obtained, which can effectively deal with the coupling
between target tracking, clutter estimation and data association.
Simulation results demonstrate the performance superiority and
robustness of the proposed multitarget tracking algorithm com-
pared with the probability hypothesis density (PHD) filter and
the cardinalized PHD (CPHD) filter.

Index Terms—Robust multitarget tracking, message passing,
mean-field approximation, belief propagation, radar interference.

I. INTRODUCTION

In radar target tracking, interference is often present in the
received signals. Interference may arise in different forms,
such as objects that are not of interest (e.g., precipitation,
vegetation, soil), and electronic countermeasures (e.g., sup-
pression jamming, chaff jamming), etc [1]. In many scenarios,
interference suppression and clutter elimination techniques
may not be as effective as expected and result in some
nonuniform, unknown and time-varying clutter. The state-of-
the-art algorithms assume that the distributions of both the
spatial position and the number of clutter are known and fixed.
Specifically, clutter is uniformly distributed in the space of
radar measurements, the number of which follows a Possion
distribution with a fixed mean [2]. In specific applications,
if the tracking algorithm uses a clutter distribution that does
not match the real clutter distribution, it may lead to missed
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target tracking, increased false tracks and computational com-
plexity. To this end, robust multitarget tracking (RMTT) can
be achieved by joint clutter estimation and target tracking
(JCETT), which estimates the time-varying states of moving
targets and unknown clutter simultaneously from measure-
ments, leading to a significant performance improvement of
multitarget tracking (MTT). Furthermore, to obtain a better
performance in dense clutter and low SNR environments, it is
desired to incorporate signal strength information into MTT.

However, RMTT in interference environments is compli-
cated by the following factors. (a) Clutter modelling and
estimation: Modern radars suffer from strong unwanted inter-
ference from natural environments and countermeasures. For
example, atmosphere, e.g., water, fog, snow, smoke, is usually
volumetric scattering and can result in illuminating clutter.
The received signals of atmosphere may vary by several
reasons, such as frequency, suspended particle sizes, and
concentrations of atmospheric particles. In addition, the chaff
interference is ejected from an aircraft or ship and blooms
into a large reflector hovering in the cloud, which is affected
by a couple of factors, such as radar cross section (RCS),
shape of chaff clouds and atmospheric phenomena, etc [1].
Consequently, there are different types of clutter distribution
in the background of target tracking: one uniform distri-
bution generated by noise; several nonuniform distributions
generated by interference, each of which we refer to as a
clutter component. The non-homogeneous distributions make
clutter modelling and estimation very challenging. (b) Data
association: MTT in interference environments is difficult due
to the unknown association between measurements and targets
as well as the unknown association between measurements
and clutter components. It is often assumed that at each time,
a target can generate at most one measurement, a clutter
component can potentially generates multiple measurements,
and a measurement can be generated by either one target or
one clutter component. Unfortunately, the exponential com-
plexity of data association makes it incredibly challenging. In
addition, the data association and the state estimation of target
and clutter are highly coupled, i.e., erroneous data association
deteriorates the state estimation of target and clutter, and the
inaccurate state estimation of target and clutter leads to the
data association risk.

The majority of the RMTT literature considering clutter
estimation focused on finite set statistics. Mahler et al. [3]
learned the clutter intensity while target tracking by proposing
an adaptive PHD/CPHD filter. Assuming unknown and time-
varying clutter, Beard et al. [4] proposed a bootstrap CPHD
filter, which performed comparatively as well as the matched
CPHD filter. Kim and Song [5] proposed a PHD filter with



clutter intensity estimation in dynamic cluttered environments.
In environments with unknown and non-homogeneous clutter,
Vo et al. [6] proposed a robust multi-Bernoulli (MB) filter to
adaptively learn clutter parameters by modelling clutter based
on multiple independent generators. In the vein of [6], Gostar
et al. [7] proposed an MB filter with clutter estimation for
sensor selection. In [8]-[10], the clutter intensity was modelled
by a finite mixture model, and estimated in the random finite
set scheme by the expectation maximization method and the
Markov chain Monte Carlo method.

There is a large volume of published studies devoted to
MTT using signal strength-related information to achieve
RMTT. To improve the discrimination ability for closely
spaced targets, assuming that the target SNR was known
and fixed during tracking, the problem of data association
between measurements and targets based on measured spatial
and amplitude information was addressed in [11], [12]. Then,
the amplitude likelihood was marginalized over a range of
possible target SNR values and the corresponding ampli-
tude information was integrated into the general PHD and
CPHD filters [13], and cardinality balanced multitarget multi-
Bernoulli (CBMeMBer) filter [14]. The amplitude informa-
tion was used in multi-object filtering to estimate the target
kinematic state and RCS in [15] for robust ground target
tracking. Later, the amplitude information was used in MTT
for a cluttered environment, and SNR estimation algorithms
were proposed based on the maximum a posteriori method [16]
and the sequential Monte Carlo method [17]. To improve the
discrimination between targets and clutter, the joint amplitude
likelihood of the sea clutter neighbouring cells is calculated,
which is then integrated into a labelled MB filter [18]. Yang
et al. [19] incorporated the amplitude information into the
simultaneously clutter estimation and target tracking. Ristic
et al. [20] proposed an MB filter for maritime target tracking
using amplitude information.

However, most of the existing RMTT methods for JCETT
only estimate the spatial distribution or the amplitude distribu-
tion of clutter, but not both. As far as we know, the previously
proposed JCETT method estimating both the spatial state and
return power of clutter is limited to the method proposed
in [19]. The method in [19] adopted the random finite set
filters for clutter estimation and target tracking, where the
spatial and SNR of target and clutter were modelled as an
inverse Gamma Gaussian (IGG) distribution. Unfortunately,
the method [19] did not provide details on the spatial state
estimation for nonuniform clutter and also resulted in an
unappealing separate and sequential estimation framework for
clutter and target. As we mentioned before, the target and
clutter state estimation and data association are highly coupled
and affect each other. It is highly demanded to develop a
closed-loop iterative optimization framework for JCETT.

The Bayesian inference algorithms for probabilistic graph-
ical models, such as (loopy) belief propagation (BP) [21] and
variational inference [22], have been used for MTT. Chen et
al. [23] considered the data association problem as a maximum
a posteriori configuration problem, and solved it by the max-
product BP. In contrast to [23], Williams et al. [24] considered
the data association problem as a posteriori probability esti-

mation problem, and solved it by the sum-product BP. Later,
the data association method proposed in [24] was extended to
the multi-scan version [25], the multi-path version [26], and
labeled MB filtering [27]. Meyer et al. [28], [29] proposed
a scalable multi-sensor MTT algorithm by using BP, which
was then extended to the scheme of self-tuning the unknown
model parameters [30]. In addition, the BP method was also
used to extended target tracking [31], [32], cooperative self-
localization and MTT [33], joint registration and fusion of
heterogeneous sensors [34], fusion of sensor measurements
and target-provided information in MTT [35].

In our previous work, the unified MP method [36], which
combines the virtues of (loopy) belief propagation (BP) [21]
and Mean-field (MF) approximation [22] while circumvent-
ing their drawbacks, has been used for multi-path environ-
ment [37], maneuvering target tracking [38] and over-the-
horizon radar network fusion [39]. These algorithms were
derived by representing the joint probability density functions
(PDFs) associated with the system models by a factor graph.
We decomposed the factor graph into an MF part and a BP
part, and the posterior PDFs of the corresponding hidden
variables were approximated by BP and MF. As a result, a
closed-loop iterative optimization of the posterior probability
distribution were obtained, which can effectively deal with the
coupling between latent variables.

In this paper, we propose an MP-based framework and algo-
rithm for RMTT in interference environments using strength
information of measurements. We formulate RMTT as an
JCETT problem including all target states, clutter states and
data association. In particular, we use the Swerling-I and
Swerling-1II models to represent the RCS fluctuations of target
and clutter, and adopt the Rayleigh likelihood for the strength
information. Furthermore, the clutter intensity is modelled
as a finite mixture model. An enabling technique for our
methods is the combined formulation of data association
which can reason over correspondence between targets, clutter,
and measurements. By this new formulation of the RMTT
problem, the statistical structure of RMTT is represented by a
factor graph. Finally, we use the unified MP algorithm to solve
the problem, in which the MF approximation and BP are used
in the MF part and the BP part of the factor graph, respectively.
Different from our previous work in [38], [39], the factor
graph constructed in this paper has several new subgraphs,
including the target SNR subgraph, the clutter spatial state
and mean CNR subgraph, the clutter mixing weight subgraph,
and the combined data association subgraph. The modelling
and massage passing of these subgraphs makes the problem
more challenging. The summary contributions of this paper
are as follows:

o« We formulate a Bayesian statistical framework for the
RMTT problem involving all the hidden variables of
targets, clutter and data association. In particular, the
target and clutter state are modelled in both the spatial and
the power domains, which can improve the performance
of RMTT. We also develop a combined data association
which can reason over correspondence between targets,
clutter, and measurements.

o We use the MP approach combined with the MF approx-



imation and BP to solve the RMTT problem, referred
to MP-RMTT. In MP-RMTT, the estimations of all
hidden variables are optimized by a closed-loop iterative
architecture, i.e., the target and clutter state estimations
in the previous iteration are utilized to improve the data
association, and then the new data association is used to
optimize the target and clutter state estimations, which
is capable for handling the coupling issue between the
hidden variables.

The rest of the paper is organized as follows. The problem
formulation of RMTT is described in Section II. In Section
I, the proposed MP-RMTT algorithm is derived. Section IV
evaluates the performance of MP-RMTT via simulations. At
last, Section V concludes this paper.

II. PROBLEM FORMULATION

In this section, we present the system models firstly. After
that, we state the RMTT problem to be solved.

A. Target State Modelling

At time k, let X} {ka}iV:Tl be the target joint
augmented state, where N is the number of targets and is
determined in initialization stage, and X}, = [(z} ;)" o} "
is the augmented state of target 1, ons1st1ng of the target
kinematic state xf, and mean SNR o},. The kinematic
state :cz , contains the position and velocny of target ¢. In
addition, let target mean SNR JM = Z7k/N0, where SL
is the expected target signal power and N is the expected
noise power. The SNR represented in log scale is SNR(dB)
= 10logo(0} ;) [40]. For each target i, we define the target
kinematic state sequence and the target mean SNR sequence
over time 1 to K as @, = {x},}i—, and o} .0 =
{of k}kK 1> respectively. We define the target joint augmented
state sequence over time 1 to time K as X7, = {X}}5 .

For a same target, assuming that the PDF for the kinematic
state, p(a:z,k), and the PDF for the mean SNR, p(a;k), are
independent, the PDF of target augmented state is factorized as
(X5 ) = p(x} ;. )p(0] ;). p(x} ) is chosen to be a Gaussian
distribution which is conjugate prior of the spatial measure-
ment likelihood (which will be detailed in Section II-C).
p(ot ) is chosen to be the IG distribution, which is conjugate
prior of the strength measurement likelihood (which will be
detailed in Section II-C) [15]. We refer the reader to [15], [19]
for details of the IG distribution.

By assuming that each target augmented state evolves
independently with a first-order Markov dynamic model, the
PDF of X7} j is

Hp

where p(X,) is a prior PDF at time 1 and p(X},|X}, )
is the transition PDF of target augmented state. As-
suming that the target kinematic state transition PDFs
p(x] x|z}, ;) and the target mean SNR transition PDFs
p( Zk\olk 1) are independent, one has p(X;,[X;, ;) =
p(x 71<| 717,6_1)10 i x|} _1). The state transition PDF of

Hp XXl D)

target kinematic state p(xj |z}, ,) can be deteiminted
by the dynamic model of each target [38]. Assume
that the target mean SNR varies slowly. Given the
PDF of target mean SNR at time k£ — 1, we define
p(UE,k‘a;k—l) = I(Uf,m az,k\mpﬁ;,mkq)’ where az,k\kq =
(af g +ut = 1)/ut, B;,k\k—l = B y_1/u' with of , ; and
fi x_, being parameters of the PDF p(o} , ), and u* being
a forgetting factor [19]. We assume that the target mean SNR
can be predicted in reverse by the same transition PDFs as the
forward prediction.

At time k, let S = {s;1} 27 be the target joint visibility
state, where s; , € {0, 1} is a binary random variable and indi-
cates the presence of target ¢ if s; ;, = 1 or the absence of target
1 if s; ), = 0. We define the target visibility state sequence over
time 1 to time K of target i as s;1.x = {Si,k}][f:y We also
define the sequence of target joint visibility state over time 1 to
time K as S1.x = {Si}< | . By assuming that the appearance
or the disappearance of each targets are independent and the
visibility state of each target transits based on the Markov
process, the PDF of S;.x can be written as

H

where p(s; 1) is the prior PDF as a Bernoulli distribution, and
the transition PDF p(s; x|s; x—1) is represented by a matrix

p(S1.Kx) 2

p(sie = 1|8, = 0)

T, — { p(sik = 1lsik =1)
p(sik =0]s;, = 0)

p(sik =0lsix = 1)
_ Ds Db
l—-ps 1-—p

3)

b

where ps is the target survival probability and py, is the target
birth probability.

B. Clutter Modelling

The clutter is modelled in the space of measurements. We
assume that there are one uniform clutter component and
multiple nonuniform clutter components distributed over the
entire surveillance region. Let 7 = 0 and 7 = 1,..., N¢
be the indices of the uniform and the nonuniform clutter
component respectively, and N¢ is the maximum possible
number of nonuniform clutter components and is determined
in the initialization stage.

We define the clutter joint augmented state as X =
{X¢, 1N, where XS, = 0§y is the state of the uni-
form clutter component and X¢, = {Z¢, o%,} is the
augmented state of nonuniform clutter component 7. Here,
0% = Siy/No denotes the mean clutter-to-noise ration
(CNR) of the clutter component 7, 7 = 0,..., No, where
S7 i is the expected clutter power. The CNR represented in
log scale is CNR(dB) = 10log;(c¢ ;) [40]. Note that we
assume the expected power of the umform clutter is equal to
the power of background noise, so the CNR of the uniform
clutter is 1. In fact, since the background noise is unknown,
we estimate the CNR of the uniform clutter as well. Then,
T Dy, } is the spatial state of the nonuniform

C — C
wT,k - {wT,k
clutter component 7, 7 = 1,..., N¢, where 7 ; and D7 | are



the corresponding position and shape parameters, respectively.
At time k, we define II;, = {7r77k}ivzco as the clutter joint
mixing weights, where 7, is the mixing weight of clutter
component 7 and satisfies 0 < 7, < 1 and ZT o Trk = 1.
We define the clutter joint spatial state as X7 i = {scT k}
and the clutter joint CNR as of = {O’T7k}_’_: . We deﬁne
the spatial state sequence, the mean CNR sequence, the
mixing weight sequence of clutter component T over time 1
to time K as X!, = {5, H 0 0% = {0510

7k = {mt  }_ . respectively. We define the clutter joint
augmented state sequence and the clutter joint mixing weights
sequence over time 1 to time K as X, = {X:}X | and
1§, = {TI$ < || respectively.

We assume the PDF of clutter spatial state p(z$,) and
the PDF of clutter mean CNR p(o7, ) are independent, and
the PDF of the clutter augmented state can be factorized as
p(X5,) = p(x§,)p(of ). Since the position measurement
likelihood given the clutter spatial state (will be detailed in
Section II-C) is a Gaussian distribution, we define the PDF
p(Z7 ;) as a Gaussian-Wishart (GW) distribution which is the
conjugate prior of the mean and covariance for a Gaussian
distribution. We refer the reader to [41] for details of the
Wishart distribution. Therefore, we introduce the GW prior
governing the spatial parameters of each nonuniform clutter
component, given by

p(Z7 ) = (x5 1 D7 1) = p(x7 1| D7 )p(D7 ) =
N (@5 15 25 s ( f—,kDi,k)il)W(Df—,ki T Ur k)

Assuming that the clutter and targets have the same likeli-
hood function on signal strength, the PDF of clutter mean
CNR p(0f,) is also chosen to be the IG distribution. In
addition, since the likelihood of the data association event
given the clutter mixing weights (will be detailed in Sec-
tion II-C) is a multinomial distribution, we choose a Dirichlet
distribution on the clutter mixing weights Dir(II|ay) =
C(ax) HN o Tr, k7%, where C'(ay) is the normalization con-
stant, and o, = {ar, k} o With «, as the prior number of
points associated with clutter component 7.

By assuming that each clutter augmented state transits
independently based on the Markov process, the PDF of X7,
can be written as

“4)

K
p(Xik) = HP HP(Xi,MXﬁ,k—i)a (%)
k=2
where p(X5,) is the prior PDF at time 1 and
X5l X5 ,_1) is the transiion PDF of clutter

augmented state. Assume that the clutter spatial transition
PDFs  p($ |25, ;) and the clutter mean CNR
transition PDFs p(of ,|o%, ;) are independent, one has
PXT | XT k1) = p(@7 4127 5 1)P(07 o7 ). In some
real applications, compared with the high speed of targets,
the dynamics of the interference mainly changes on shape
rather than on spatial movement. For example, the atmosphere
moves slowly while its shape varies as the meteorological
conditions; the chaff cloud hovers in the air while its
scattering volume spreads [1]. Thus, we assume that the
position of the nonuniform clutter changes within a relatively

small region and the shape of the nonuniform clutter varies
over time. Accordingly, we define the transition PDF of the
clutter spatial state as the GW distribution as well, that is,

P@T | Z7 j—1) =N (7 13 25 g 17(62,k|k—1D7C—,k)71)

e (6)
x W(D? ;s W7 Klk—1s r,k|k—1)»

Where ] ThE-1 T T2 10 Bl pp—1 = Bl Wik =
W1 U ppmr = §(0F gy —m =1 +m+ 1 with &2, _,,
ﬂ77k_1, WT,k_l, (O being the parameters of p(:iiyk_l),
m = 2 being the dimension of the position measurement, and
& being a forgetting factor [42]. Again, we assume that the
clutter spatial state can be predicted in reverse by the same
transition PDFs as the forward prediction. The transition PDF
p(0% loS ;1) and the inverse transition PDF p(o ;. |o% ;)
of clutter mean CNR are the same as those of target mean SNR
with corresponding forgetting factor u°. By assuming that each
clutter component appears and disappears independently and
transits based on the Markov process, the PDF of IT! - can
be represented as

K
p(Ix) = HP (77,1) H (e klmrk-1), (7
k=2

where p(7; 1) is the prior PDF at time 1 and p(m, k|7 k—1)
is transition PDF of clutter mixing weight, which is also
defined as the Dirichlet distribution, that is p(7, i|7r k—1) =
Dir(mr k|otr gk—1)- Assuming that the mixing weights change
slowly and a; s 1/2 0 Qr/ i 1—osz/Z “ 0 i We
define o, pp—1 = an_laT’k_l/ > 20 0 k—1 by a heuris-
tic approach, where  is a balance parameter tuning the effects
of the prior knowledge and M}, _; is the total number of clutter
at time k — 1. We assume that the clutter mixing weights can
be predicted in reverse by the same transition PDFs as the
forward prediction.

C. Measurement Modelling

At time k, let Y, = {Y] }NM * be the measurements,
which are generated from radar range-az1muth-strength map
using the constant false alarm detector, followed by a peak
extraction scheme and detection with a threshold d > 0,
and Ny j is the number of measurements. Each measurement
Y, = [ijk m;x]T consists of two elements: (i) the spatial
information in the polar coordinates y;; = [rjx &x]T; (ii)
the measured signal strength m; ;, = S, x/No > d, where S; x
is received signal power. We define the measurement sequence
over time 1 to time K as Yi.x = {Yp} |.

For the target-originated measurement, the spatial measure-
ment likelihood of y; . given x; j is denoted as p(y; k| x),
which can be determined by the spatial measurement equa-
tion [2]. The RCS fluctuations of target can be captured by the
Swerling-I and Swerling-III models [1], and the corresponding
PDF of strength m; in noise background given the target
mean SNR ¢!, can be represented by the general Rayleigh
distribution [40]

.
R(mj,kv Ok

m2,
n)=—>2——exp | —n—""], (8)
(sz,k + l)n O';k



where n = 1 and n = 2 denotes the Swerling-I and Swerling-
IIT models, respectively. Using the approximate expression, the
corresponding detection probability is [19]

d d
pD = exp —nw . (9)

The general Rayleigh PDF after thresholding becomes

2m2n—1 m?2, —d?
3,k J:.k
,n)=-———"——exp|—n—3—1]. (10
) (0} +1)" p( oirt+1 10
Likewise in [15], [19], we assume that the measured position
and the measured strength information are independent of

each other; the corresponding likelihood function can be
decomposed as

d .
R (myj k507 k

p(Yjk| X 1) = p(yjkla )R n). (1)

d ot
(mj7k’ O k>

We use the finite mixture model to model the spatial
distribution of clutter, given by

N¢

X7, ) = mosU(Va) + > mrkp(Yi kS ), (12)
T=1

P(Yjk

where U (V) = 1/Vi is the uniform distribution representing
the spatial distribution of uniform clutter component 7 = 0;
(Y klES 1) = N(yjn; 2y, (DS,)7") is the Gaussian dis-
tribution with mean x7 and precision matrix D7, represent-
ing the spatial distribution of nonuniform clutter component
7. Note that we use precision matrix rather than covariance
matrix as this somewhat simplifies the mathematics. By as-
suming that the nonuniform clutter component is caused by
the volumetric scattering interference and the clutter point is
dominated by the underlying scattering body, we interpret 7 ,
and (Di )" as the centroid and shape of each corresponding
nonuniform clutter region, respectively.

We assume that the clutter and targets have the same power
fluctuates and the PDF of strength likelihood function is also
a Rayleigh distribution after thresholding,

R (3 0 ) =

As noted in Eq. (12), the measurement likelihood is de-
pendent on both clutter augmented states and clutter mixing
weights; this coupling issue will make MTT difficult to solve.
In the following, the measurement likelihood is decoupled by
introducing a data association event.

D. Data Association

Let Ay = A} U A§ be the joint data association events
at time k, where Aj = {aj; oy N ;VZ%’“ is the joint data
association events between measurements and targets, Af =
{a$ ;. oo jvl‘ék is the joint data association events between
measurements and clutter. The binary association variable
ag’j’k denotes that the measurement Y;; is generated by

target ¢ if a§ k= 1; likewise, the binary association variable

ay ; denotes that the measurement Y ) belongs to clutter
component 7 if a? ;. =1, given as

ot = 1, if Y .is generated by target ¢, (14)
0 0, otherwise,
c 1, if Y} belongs to clutter component 7,
gk = . (15)
’ 0, otherwise.

In particular, af ,, denotes that the target ¢ is missed and
al o, represents that the clutter component 7 disappears. For
the convenience of description, the following data association

event sets are defined, A;; = {a” k} U {aS i k}T 0
t t Ntk c NM k
Al = {a; ;. }20" and AT = {a”,c j=0"- We define

the joint data association sequence over time 1 to time K as
Arg = {Ar}—,.

A valid joint data association event Ay satisfies the follow-
ing three constraints: (a) Each measurement is originated from
at most one target or belongs to at most one clutter component,
denoted as I; 5 (A, ); (b) Each target can generate at most
one measurement, denoted as E;,k(AE,k); (c) Each clutter
component either generates measurements or not, denoted
as B (A ;). According to the above three constrains, the
following constraint equations are obtained.

1, if ik =1,
Li(Au) =9 " Zai’.”’“EAj’k ek (16)
0, otherwise.
].7 if t = ].,
Ezk( zk:): Z 77k6A JJC (17)
’ ’ 0, otherwise.
0 if 37 > 0 such that
ES(AS,)=¢ aSop=1landa$;, >0, (18)
1, otherwise.
Define the following set of constraints.
K Numk
I(Ayx) = II&Akzﬂ]]@M&m, (19)
k=1 j=1
K K
E(Aux) =] = [[ EL(AD E;(45)
k=1 k=1
K Nr Ne (20)
=11 ) [T Eia
k=1i=1 =0

The joint prior probability of data association sequence Aj.j
given the joint target visibility state sequence S7.i is

K
P(A1k|S1:k) = II (ALISk)

I

where Pj(s; ) represents the detection probability of target ¢
given s; i, i.e., Pa(sip = 1) = ﬁdDﬂ-,k and Py(s;, =0) =¢
0 < e < 1) [39], where ﬁ%,i,k is estimated detection

2

Pa(si)' o (1 = Pa(si)) "ok,

I ::]5



probability of target ¢ calculated by Eq. (9) with the estimated
target mean SNR (7} ;) and detection threshold d.

The probability that the measurement Y, belongs to the
clutter component 7 can be represented by the clutter mixing
weights 7, x, ie., p(aj;, = 1) = m, k. The conditional
distribution of the data association event given the clutter
mixing weights can be written as a multinomial distribution,

K K N¢ Np
p(Ark|Mik) = [ p(Agim) = [T T1T H Tl (22)
k=1 k=17=0 j=1

Similarly, the conditional PDF of the spatial measurement
Y, given the clutter joint spatial state X} and the joint data
association event A¢ ; can be represented by

Nc

o) = [ p(ysule )@,

7=0

p(y;.x| X5, A (23)
We have therefore found an equivalent formulation of the
finite mixture model (as Eq. (12)) involving a data association
event, leading to significant simplifications of our MP method
that will be presented in Section III. We can represent the
conditional distribution of the measurement sequence Y7.j
given the target joint augmented state sequence X! ., clutter
joint augmented state sequence X7.., and data association
sequence Aj.x as

K
p(Y11K|Xf:Ka Xf:K? Al:K) = H p(Yk|X127 Xlza Ak)
k=1

K Numx No Nrp 24)
=11 [ Hp Yl ) ok [ plysnlat ) or.
k=1 j=0 7=0 =1

Note that, by introducing the data association Ay, X} is
conditionally independent of Ej, and X is conditionally inde-
pendent of II;, and we obtain a new measurement likelihood
function as in Eq. (24). Furthermore, the new measurement
likelihood function can simplify the derivation of message
passing rules (The details will be given in Section III).

E. The Joint PDF and Problem Statement

Let ©®1.x = {X{;]@XiK,Sl:IOHl:K;Al:K} denote the
collection of all the latent variables. The joint posterior PDF
L(©1.x) can be factorized as

(X, XS i, Stre, ik, Avii, Yiig)
p(Yi.k)
O<P(Y1:K\Xf:KaXf:K7A1:K)

X p(X1.5)P(S1:x)P( X1 )p (1)

X p(A1x|S1:x)P(ALk Tk ) E(ALK)I(A1K)-
Insert Eq. (1) for p(X? ), Eq. (2) for p(Si.x), Eq. (5)
for p(X¥.x), Eq. (7) for p(Il1.x), Eq. (19) for I(A;.x),
Eq. (20) for E(A;.x), Eq. (21) for p(A1.x|S1.x), Eq. (22) for
p(A1.x|II. k), and Eq. (24) for p(Y1.x | X|. 5, X§. 5, A1:K)s
yielding the factorization of Eq. (25) as Eq. (26).

The aim of RMTT is to simultaneously estimate X7,

(target augmented state estimation), Sp.x (target detection),
X7 (clutter augmented state estimation) and IIy.x (clutter

E(G)l:K) =

(25)

L(®1.x)

K Numx No

Tk T7kayJ7k|mLk: 7Jk
k=1 j=0 7=0

XHp 1 1
xH P2, )

K
XHEk (Ap)IL(Ag) H (Ag|Sk)p(Ag|II}).
k=1 k=1

=

SZ a:z ZI?E _ S k|Sik—
1 kl_[P( ,k| k 1p( k| k 1) (26)

=2

=

1) [ [ o5 1@ woy)p(mr ke 1)
k=2

mixing weights estimation), given measurements Y7.x with
unknown Aj.x. The posterior PDFs of X{:K, Sk, X{x
and II;.x can be obtained by marginalizing £(©1.x) in the
Bayesian framework. Unfortunately, the marginalizing of data
association is exponentially complex, making exact solution
computationally prohibitive. Therefore, the combined BP-MF
approximation is adopted in the next section.

III. MP-BASED APPROACH FOR RMTT

In this section, we first present the framework for solving
the RMTT problem using the combined BP-MF MP algorithm.
Then, the message update rules and the approximate beliefs of
all hidden variables, including target joint augmented states,
clutter joint augmented states, target visibility states, clutter
mixing weights and data association, are derived. Finally, we
present the initialization, implementation and computational
complexity for the proposed RMTT algorithm.

A. Combined BP-MF MP Approach for RMTT

The combined BP-MF MP approach performs inference on
a probabilistic graphical model (typically, a factor graph) by
exchanging messages. The first step to apply the combined BP-
MF approach is to design the factor graph corresponding to the
joint PDF of the problem to be solved, for instance, Eq. (26).
This is accomplished by associating each random variable
or vector in the joint PDF to a variable node in the factor
graph and associating each functions defined on random vari-
ables (including PDFs, conditional PDFs, constrains etc.) to a
factor node in the factor graph, and connect a variable node
with a factor node if the latter is a function of the former. The
factor graph is then split into an MF region and a BP region to
maximize their advantages and circumvent their disadvantages.
Specifically, BP can deal effectively with hard constraints and
has good approximations to marginal PDFs, but is not suitable
for situations containing both continuous and discrete hidden
variables. MF approximation can guarantee convergence and
is straightforward to derive for conjugate-exponential models,
but is incompatible with hard constraint. The message update
rules and the beliefs of each hidden variables are eventually
derived by solving the constrained minimum region-based
free energy problem on the factor graph via the Lagrangian



relaxation method. For the detailed derivation of the combined
BP-MF MP approach, the reader is referred to [36]. Following
the ideas of the combined MP approach, next we present our
proposed MP-based method for solving the RMTT problem.
By observing Eq. (26), we define the factor nodes fy;,
c N
p(Yk’|Xl§’kaAk)’ fX}c £ Hile p(Xit,k|Xit,k71)7 fX;
N c c N
IIR;EP()CRMJKﬂk_lh fsi = TLE p(siglsip—1), fr,
[15 p(mrklmr k1), fas = p(ALISK), fag = p(AG[LL),
fE. £ Er(Ay), fr, £ I;(Ay), the set of variable nodes
T = {X., X5, S, Iy, A} |, and the set of factor nodes

F £ {fYk7 fX;Cme]Cca fskafl_[k7fA§ca fAi7fEk7fIk}£<=1~ The
corresponding factor graph is illustrated in Fig. 1.

> 1> >

MF part

Fig. 1: Factor graph represented by Eq. (26).

We next describe how the factor graph in Fig. 1 is divided
into a BP part and an MF part. BP is used to estimate the
target visibility state in order to obtain a good approximation
for the corresponding posterior PDFs. BP is also used for data
association, which contains hard constraints as in Eq. (16)-
Eq. (18). The MF approximation is used for the estimation of
target joint augmented state, clutter joint augmented state and
clutter mixture weight, as these hidden variables are conjugate-
exponential models and therefore simple MP rules can be
obtained. Accordingly, we split F into Fgp and Fyp with

]:BP :{fsk7fA27fEkafIk}£<:15

(27
FMF :{fkafX}CvaZ-’fHk’fAi}f:r

We have
K K
Ipp = {Sk’aAk}kzlv Ivr = {X]tgleivnkaAk}kzl- (28)

Then, the joint posterior PDF £(0O1.5) can be written as

MF region BP region

K K
LO1.x) = [[ fvitfx fxs frugfas x [ [ fsifar e, fr. -
k=1 k=1
(29)
The beliefs of hidden variables are approximated by [36]

bX(XiK) X H mlzfiX‘LK (XiK)v (30)
a€Svr(X, )

bx (X7.) o H masxs (XTg),  GD
a€Svr(XS. )

bs(Six)ox [ mie(Suk), (32
a€Spp(S1:K)

bn(Mig) o [ m¥fm, (Mik),  33)
a€Svr(I. k)

ba(Ark) <] [meF, a,. . (Arx) [[mNE 4, (Ark). B4

a€Spr(A1:K) a€Svr(A1:K)

Next, we present the detailed derivations of the beliefs for
each hidden variables and the messages in Eqgs. (30)-Egs. (34).
Before we present the details, we introduce the following
proposition [36], [39], which is required in the derivations of
the beliefs.

Proposition 1. For all messages passed from variable nodes
i to factor nodes « in the MF region, n;_, = b;(x;).

B. Derivations of Belief bx (X}, ;)
Fig. 2 shows the target tracking and mean SNR esti-
mation subgraph corresponding to the belief by (! ;) and

bo (0! 1. ), i =1,..., Ny, which contains the variable nodes
xf and ol k=1,... K.

lllﬂ"%h
o] T

Fig. 2: The subgraph for target state estimation.

1) The belief of target kinematic state: The belief by (x} ;)
can be derived as

t MF MF MF
bm(wi,lc) X mfmt_ kamgykmfyk a:cg,k X mfwt_ N amfk . (35)
i, i k41
— —

P . .
Initialize b (x} ) = N(‘Eg,l;wz,lll’Pz‘EH}) as a Gaussian
distribution at time 1, the forward messages b (! ) then can

be calculated from time 2 to time K. The factor-to-variable
messages corresponding to b (! ) include

MF
fat k_ﬂt:k
Y t t t (36)
=€exp (/nmg‘k_l—mm@ . Inp (wzkkﬂqu) dwi,kq)a
Nk
ml}/[:k —at = exp ( Z NAL— fy, 1np(yj’k|$27kﬂ Ak)) (37
j=1



According to Eq. (35), we have Ngt

—ft =
-1 f‘”Lk

- . < .

b (], _,) since the backward message bo(x} ;) is not
available yet, and n4, _, fv, = ba(aj ;). Note that the belief
- .

baz(z i,k—l) = N(z} Tip_15 Lk 1)k— 17Pit,k—1\k—1) is also a
Gaussian distribution. Then, Eq (36) and Eq. (37) can be
derived as

m?”i -zt ox N (; T ks zk|k 1713it,k|k71)’ (38)
Ntk
My at, = H N(yjn; bl ), Ri)™ae,  (39)

where ¢ i klk—1 and P k1 are calculated accorded to the
transition PDF p( ikl \azl k)i @i ;i is the expectatlon of aj ;.
taken over b, (a! ) Eq. (39) can be derived as mM ¥

N (Yix; h(wg,k), Rz k) with [39]

t =
Y_“l:zk

Z;Vﬁ " ay R Yik = Ry
Yih=——7—%— Rix=—"7— (40)
1= E 0,k 1= a;,o,k
Substitute Eq. (38) and Eq. (39) into Eq. (35), yielding
- .
b (2} ) = N(®] 15 23 g Plige)s (41)

where &} ok and P! | are calculated by the Unscented
Kalman Filter (UKF) [43].

Next, the backward message b z(mz &) 18 calculated from

time K to time 1. Again, we need initial message b 5 (! ).

yis ;
We take b (z} ;) = 1 for all x} ;. Then, b 4(
time K — 1 to time 1 can be derived as

%
bz (mz,k) ml}/ﬂi

x} ;) from

t
H(ZZ,L k

42)
o ([ nay,ory 09 (@lpnlals) dale).

— -
We multiply b z(x},) by ba(zj,) and use a non-

linear fixed-interval smoother, deriving that by (x},) o
_>

%
b w(wg,w b m(wE,k) o< N(x} Lk Ly k\K’Pit,k|K) with ‘Bz kK
and Pit.kl ) being calculated by the Unscented Rauch-Tung-
Striebel Smoother (URTSS) [43].

2) The belief of target mean SNR: The belief b, (o} ) can

be calculated as
ME MF MF
ba(aak) o mfag k*"?,kmfi’k—mﬁ,k xmy L et (43)
b o0} ) R(oz,m
s e 4 t "

Initializing b (07 ,) = Z(0j ;0 1,5; ;) as an IG

distribution at time 1, the forward messages b , (0’; ,) then can

be calculated from time 2 to time K. The factor-to-variable
messages corresponding to b ,(o! ) include

MF
t
fog w00k

(44)
t t t
:exp(/ngtk L ot IHP(Ui,k|Ui,k71)dUi,k71)a

Nk

m]}/[:k Lot = EXD ( Z NAL - fy, In p(m; x|y 1., Ak)). (45)
j=1

b (o

We have Moty =i = (0 1) according to Propo-
— "
i1 t — t . t
sition 1, b (03, 4) = I(O—i,kflvai,k—nk—l’ﬁzk 1k— )
is an ~IG dlStI‘lbu:lon,t and 1A, fy, ~ ba(aj )
According  to  p(o; oy, _q), we get my x

ok —0i

t oLt t t _ pt t
I(Uz‘,k7ai,k\k—ﬂﬁi,klk—l)’ where ﬁi,klk—l = Bi,k—l\k—l/u

and af ; = (a;k_l‘k_l +u' —1)/ut. Eq. (45) is derived as
N,k
My, ot H R i 0F o) ik, (46)
with at ;. being the expectatlon of a ;1 taken over belief

ba(aj; k) Then the belief & (0} ;) can be derived as

?U(UE,IC) X I(U;Mag,kmflvBf,k\kfl)
Nk
< 11 RAOmyps oty m)®e
jaie 47)

Nk
~t

(U;‘E,k;a;,j,kmvﬁij,mk)
where Biikk = Bigpoy +nmiy, —nd® and of ;. =

a; k‘ k—1 T 1 By applymg the product of the IG distributions,
Eq. (47) is derived as T o (01 1) = (0} 43 ik|k7ﬁi ki) With

Nk at Nk At
Z] 1 ,],kﬁzjk\k t Z] 1 a‘z],k 7.,] k|k

QG ke = 1*a0k

t
Bi,k\k =

1—ajg
(48)

< .
Next, the backward message b ,(o} ) is calculated from

time K to time 1, starting with b (0} ) = 1 for o} ;, which

can be calculated as
<t

b ( zlc)_ml;{Ftk —al
(49)
—exp /m et —at lnP(U;kH\Uf‘,k)dag,kﬂ)'
Note that ml}’m ot = bo (0} x41), Wwhich is cal-
culated by Eq t43) and must be an IG distribu-
tion, ie., by (07, 1) = Z(07 jy1; Zk+1|K,BZ k+1|K) By
the definition of p(o},,|07,), we have b,(0};)

I'(O';-:’k; a;k‘kﬂ,ﬂ;k‘kﬂ), which is also an IG distribu-
tion, where B, 5§,k+1|K/ut and a;kuﬁ_l =
(a £k+1\K +ut —1)/ut.
Finally, the behef be (0ot ) is calculated by an IG smoother
i
as by (o} ;) = b ( w) b (,( )- By applying the product of
IG wehaveb (of )—I( Ti 1 lle,Blk‘K) w1thazle
ik O ke +1 and Bi kix = Bi ke T Bi kw1

C. Derivations of Belief bx (X

Fig. 3 shows the clutter spatial state and mean CNR
estimation subgraph corresponding to the belief b X(X:,lz %)
and by (05 1.5c), 7 =0,..., N, which contains the variable
nodes 7, and o7, k=1,... K.

f:K)
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Fig. 3: The clutter estimation subgraph of bz

& (fci,k)

1) The belief of clutter spatial state: The belief by (S )
can be calculated as

- MF MF MF
bw(mi,’f) X Mfpe ae My —ag, <M fcc —ac (50)
b A T, K Tk
ba () ba(7 )
We initialize b ,(22;) as a GW distribution at
— ( !

time 1, ie, bg(®7,) o W(DZ WEv7,,) X
ﬁ[(w%l;ii,llv (Bs 11 D7a)~ 1). Then the forward messages

b (&S ) can be calculated from time 2 to time K, which
consist of factor-to-variable messages as follows.

mMF
f:c _)ii,k
(51
~C ~C ~C
:exp(/”ii,k,lafigyk lnp(wr,kmr,kq)dwr,kq)7
Nk
My Lze = exp (Y na,sgy, p(yielE g Ar)). (52)
j=1

According to Proposition 1, we have ngzec o= fae =
Tik— Trk
.
b m(ii,k—ﬂ and NA—fy, = ba (a‘;j,k). Similarly, the belief

b w(:iﬁ k—l) is also a GW distribution, given by,

% ~C C C
bm(ﬁcrk—l)OCW( -1 W k=15 Vo= 1jk—1) (53)

X N5 1585 1 pe1s (B5 k1 p—1 Do—1) 7

By the definition of p(Z{ ;&S , ), we get

mMF
M fae ey X W(D? 1 WZ kjk-1> Tk:\kq) 54)
XN( 5 1 &5 o1 (B e D5 k) ™),
where ‘Bﬂqk 1 jfrk—l\k—l’ ﬁ:,k|k—1 ﬁf—,k—ﬂk—l’
C — (¢}
Wr,k\kq EWZ,_ k=12 Y7 klk—1 = (U-r,kfl\kfl -m-
1) +m + 1. Eq. (52) is calculated as
Nk _
m]}/[‘]:kaw " H N(yj,k;mﬂcr,kv(Df—,k)_l)aT'j’kv (55)

J=1

where af ;, is the expectation of af ;, taken over belief
bA(ajj k) Substituting Eq. (54) and Eq (55) into Eq. (50)

and according to [41], b (&S ) is calculated as

%
ba(x7 ) o< N(27 1 Tk|k’(ﬁ:k\kD7C-,k)7l)

(56)
x W(D? ;s W7 K|k ‘rklk)’

where we define

= B kk—1 T Nig
T e = B%(ﬂi,mkqii,km—l + N7 R Z5 k),
T’
(W)™
ﬁT Jk|k— 1N‘r(':k
B‘r,k|k—1 + NC

c c _..C c
ﬂTvklk vT,k“C - UT,k|k—1 + NT,IW

1_ (Wc (57)

Cc m=cC
r,k|k—1) + N7 EL Rt

- . - . T
(x i,k - -’Ei,mkq)(wi,k - wi,mkq)

In Eq. (57), we use three statistics of the measurement data
set, given by

Nk 1 Nk
c 4¢ Z° ~c )
T,k — ,J,k’ Tk N¢ a‘r‘,j,ky]ak’
j=1 Tk j=1
(58)
1 N,k
=c ~C ~C ~c \T
=1k = e E aT,j,k(yj,k - mT,k)(yj,k - mr,k) .
T,k j=1

Then, the backward message ?w(:ﬁj i) is calculated from

time K to time 1, starting with b 5(Z§ ) = 1 for all &S
at time K, which can be calculated as

A MF
bal@rh) =Mppe e

(59
— ~C ~C ~,C
=exp (/ni:i,k+1*>fis._k lnp(w-r,kJrl|mr,k)dw7,k+l)’
where nge,  p. = ba(®5 ;) is a GW distribution, ie.,
) ° :
- ,
~C _ c N C c —1
b m(mr,kJrl) = N(“’T,mp Lo k1Ko (57,k+1|KDT,k+1) )X
C . C C 1 111
VV(DT),H_17 W77k+1‘K,UT7k+1‘K). Via the definition of

P(Z 11125 1), b (5 ;) is also a GW distribution

<_ ~C C C —
bm(mT,k) =N (z; Lr ks Tk\k+1a(ﬁf,k|k+1DT,k) 1)

(60)
X W(D‘r,k? w; k|1 :,k\k+1)a
where @7 Kk+1 Tk—‘rllK’ B; Klk+1 s K+1K>
W’r,k\k+1 = W2 k1K Tk\k+1 = ‘rk+1|K —m—1)+
m+ 1.
Finally, the belief b, (€ ;) is calculated by a GW smoother

— Tk
as by (T7 ;) o bo(®7 ) b (2
of GW distribution, we have

ba (27 1,) =N (27 ks 'rle’(ﬂiMKDi,k)il)
x W(DZ s WZ k| KO Tk|K)v

¢ 1)- By applying the product

(61)

where 57 = BT pie 1 57 kpps1r ki

Brk\k—&-lwrklk-{-l)/ﬁq—le’ (WTMK) !
—1 and v¢

= (ﬁ:,mk‘ii,mlk +
= Wi +

C J— J—
( ‘r,k\k+1) kK = T,k\k+vr,k|k+1 m— 1.



2) The belief of clutter mean CNR: The belief b, (o
derived by

T) 18

c MF MF MF
bo (07 k) o< my . oe My —os , X M ™05 (62)
— —
b (,(o'f_’k) b U(Uf—,k)

Using the same initialisation and MP relus as target mean
SNR estimation, the forward message b ,(o2,) can be cal-

_>
culated as b (05 ;) < Z(o7 ;; a8 ks 7 k| )» Where

NI\/IkAc Numok oac
_Z]l Z]l a’]k: T_]k|k

1_a"rOk 1_a‘T,0,k:

g

mikPTikE o
» O k|l =

(63)

c _Ac 2 2 c —AC
where .ﬂm.yklk—.BT’k‘k71+nmj7k—nd ) O ke =0 k-1 T
Again, referring to target mean SNR estimation, the back-
ward message b (05 ;) can be calculated as b (0% ;)
C
I(oy 07 ks 'rk|k+1’67' k|k+1) where ﬁr,k\kJrl
C
and af 0y = (7 gy e Hu = D/uls
— C . C C
Finally, we have b, (0% ;) = I( O 13 O s B7 g i) By an
C — C C
IG smoother, where AT kK = Lk + L klk41 + 1 and
=3¢ + B¢
T,k|k T,k|k+1"

= Blrrr/v

ch—,k\K
D. Derivations of Belief bs(S1.x)

Fig. 4 shows the subgraph for the estimation of target
visibility state s;, & = 1,..., K. The belief bs(s; ) can

/—\31 wrHfs; k[fﬁ fg1 i, h'f’l k+1_’sl .
@_> Si [ ———p 4,5 4_ 31k+1

Fig. 4: The subgraph for target visibility state estimation.

be calculated as

BP BP BP
bs(sivk) XMy, =5 fa, —sin X T, 1 SR (64)
— —
bs(sik) b s(si,k)

Initializing b 4(s;1) as a Bernoulli distribution at time 1,
the forward messages b s(s; %) then can be calculated from
time 2 to time K, which consist of factor-to-variable messages

—1)Ngt
) si,k—l_>fs7i.k

(65)

BP
Mfa, —sin—

Y plaborlsikIna st = Ex(sik)s (66)

1Ok =0

where ng: o pa = ba (@i 0,k)- Substituting Eq. (65) and

Eq. (66) 1nto Eq. (64), the belief b s(8ik) is written as

b

— e

b s(sik) = Tibs(sik—1)Ek(Si k). The belief b 4(s;1.x) from
time 1 to time K can be derived as

H sz k (sz 1 61 Si, 1 H Tkék Si k)

=1 k=2
- (67)
Next, the backward message <b_b(slk) is calculated from

b sle

time K to time 1, starting with b 4(s; x) = 1 for all s; g,
which is given by

<_
b s(si,k) = fsz‘,kJrl_)Sifk
- BP BP (68)
= Z fs; Hz—>si,k+1mfAk+l—>si,k+1p(8i,k+1|8i,k)-
8i,k4+1=0
Thus, the belief bs(s;1.x) can be recognized as a

hidden Markov model (HMM) with observation sequence
{&1(si1), - -~_§€1(51,K)}» transition matrix 7} and initial
probability b s(s;1). We adopt the forward-backward algo-
rithm [44] to estimate the belief bs(s; 1.x), resulting an
HMM smoother. The track management can be achieved by
comparing the belief b,(s; ) with the track confirmation and
deletion thresholds.

E. Derivations of Belief bry(I1;.x)

Fig. 5 shows the clutter mixing weights estimation subgraph
corresponding to the belief br (7, 1.x), 7 =0, ..., Np, which
contains the variable nodes 7, %, £ = 1,..., K. The belief

MF

Nz, H—)f,rT i f o, k_”r“' f"r k +1_*7V-r k
SR Z e AL = i B
m

Fig. 5: The mixing weights estimation subgraph of byy(I1;.x ).

br(mr k) is given by

MF
fa,—=Trk

MF
fw,yk_'_l — Tk " (69)

br(mrk) 0" o,

b (mr k) bﬂ'(ﬂ"r,k)

Initializing b (1) o Dir(m,1;0,11) as a Dirichlet
distribution at time 1, the forward messages b (7, ) then
can be calculated from time 2 to time K, which consist of
factor-to-variable messages

MF
frr =k

:/ nﬂT,k,lﬁfﬂT,k lnp(ﬂ-r,k‘ﬂ-ﬂk—l)dﬂ-ﬂka (70)

Nk
ml}/ljc Tk = exp ( Z nAk—>fA<é lnp(ag—,j,khrﬂk))' (71)
j=1

Note that M i f = b x(mrk—1) is a Dirichlet distri-

%
bution, i.e., b (77 r-1) = Dir(mrx_1; 07 k—1k—1). By the
definition of p(7, ;|7 k—1), the predicted belief also follows a

Dirichlet distribution, i.e., m}" o X Dir (77 ki 0r gj—1)»

Nc
where o pp—1 = EMp 100 g 1jk—1/ Do r— O k—1lk—1



and M _, is the estimated total number of clutter at time
k — 1. Then, the message mMF is calculated as

fag —mr i
Nk
MF _ ~C
mfAi‘HTT,k —exp( 2 : arjk 1n7T"'7k)
j=1 (72)
NMmk
T e
- .
Thus, the forward message b (m, ) is calculated as
— X Nmk o
b 7r(7rr,k) OCDII‘(7T7-7]€_1; ar,k‘|k—1)(ﬂ—7’,k Zj:l ik
Numk (73)
o< ) Bt s,
We recognize b (7rr) = Dir(mr g|o ki) as a Dirichlet

o . Nark »
distribution with oy x = > °527" r jk + O pfk—1-

Next, the backward message <b_ #(mrx) is calculated from
time K to time 1, starting with b (7, i) = 1 for all 7, g,

which is given by

< MF
b 7r(77-r7k) = meT’k_Haw.,,k

ME (74)
=€xXp (/mfﬂ,kﬁ—mm lnp(TrT,k"i‘l'WT,k)dﬂ-T,k"i‘l)~

Note that ml}’f

T, k+1
tribution, given by br(mrry1) = Dir(mrgi1; 0rpg1x)-

e = br(mr k+1) is a Dirichlet dis-

By the definition of p(m, ky1|m- k), we have b (7 )
Dir(7m; g|ar gjk+1), which is also a Dirichlet distribution,
where o ypt1 = KMy 100 k1K / Z]T\COZO Qpr 41| K> Where
M4 is the estimated total number of clutter at time k + 1.

Finally, the belief b, (7. ) is calculated by a Dirichlet
smoother as by (m; ) = bx(mrk) b (7). By applying
the product of Dirichlet distribution, we have b (7w, ;) =
Dir(7r k|ar g k), Where o px = gk + @7 gps1. The
estimated number of clutter component 7 is M, = My, i|x

. Nar - . .
with M = SN j=1" @rj being the estimated total
number of clutter.

F. Derivations of Beliefs ba(A1.x)

Fig. 6 and Fig. 7 show the data association global subgraph
and the corresponding local MP subgraph for the belief of
Ay, respectively, which contains the variables nodes aﬁ) ik and
CL%j,k,i: 1,...,NT, TZO,...,Nc,jZO,..WNM’k, k=
1,..., K. The belief bs(A) can be computed as

MF BP BP
ba(Ax) XMy, A, X Mf g —A XM — A

BP BP (73)
X Mgy, —A, X Mg, A
. MF .
The belief m fy, Ay 1S computed as
Nk N N¢
BP _ MF MF
mekHAl« - H Hmekﬁaﬁyj’k mfyk%ai’j,k' (76)

7=0 =1 7=0

11

Fig. 6: The global data association subgraph of b4 (Ayg). The
time index k is omitted for the simplicity. In addition, each
variable node a%y ik (a. j, &) also connects with the factor nodes
fy; and fa: (fag) as in Fig. 7, which are not shown here

for the simplicity.

Dl
nwi,k—hfy]"k m mMyFk i¥
iy s

BP
mfljvkﬁai.],k

Fig. 7: The local subgraph of data association. The x; 1, E; j
t t t

and a;,j , represent x; (wik)’ E; . (E;)) and a; ;. (a2 ;1)

when calculate the association between measurements and

targets (clutter).

MF

is calculated as
Ty, —ai ;)

The message m

MF
t
Ty, =ai

:exp/nxyykefyk lnP(Yj,k|X;,k)ai’j”“de,k
t yab t 77
:exp( Nt | = fy,, I p(yjklx; )"0+ de; +

.t yab t
/nffﬁ,wka Inp(my; 0 )"0 do ).

Since ngs gy, = b(; ;) and gy = b(0} ). Eq. (77)
can be calculated as

MF
mek —ag

t

(78)
=exp|a; ;  (B[Inp(y; k| )]+ EInp(m; ;o7 1)])],

where,

Eln p(y; x|} )] = Bl(y;x — Ha} )" Ry (y; — Ha} )]
= TY<R121 (HP!, H" + (H&}, — y,)(HZ}, — yj,k)T)>v
(79)

and E[lnp(m;x; oy ,)] can be calculated as (The details are



shown in Appendix V-A),

E[lnp(m; k; Ug,k)]

—(2n— 1) Inmyy —nm ]kﬁi’“ +2a'§,k%4' ®0
The message ml}’[‘fk “ac , Is calculated as,
M ras 0
:eXp/ nxe, oy, MP(Yj k| X0 ) 0k dXE
(81

= ([ mas gy, Wl )° o

/ Mo ot PO 3 0% )5 ).
With Nge = fy, = b(a”:j,k) and Mot —fy, = b(‘fﬁ,k)’ Eq. (81)
can be derived as
MF

m
v, —=as

= exp[ ar ik (]E[lnp(ym |iii,k)]+E[lnP(mj,kﬁi,k)])] )
= In(1/Vg) if 7 = 0; otherwise,

(82)
where E[lnp(yj7k|i§7k)]

. D
Elln p(y; a7 )] = -5 In27 + E[ln\D ]

1 (83)
- §E[(yj,k — &5 4) DS (g — 25 4],
where,
E[ln|DS Zw U T 2 W kb (84)
]E[(yjk - ﬁ?i,k)TD;k(yj,k - ji k)] (85)

1 “ R
=mpB7 . + i (Y — wi,k)TWT K (Yik — 27 5),

where 9(a) = dInT(a)/da is the digamma function [41].
Then, E[In p(m; x; 07 ;)] is derived as (The details are given
in Appendix V-A),

E[ln p(m; ;07 ;)]
) 054 n (86)
nm; . + 5= .

4 T, k 2a‘r,k: —4

=2n—1)Inm;; —

The belief mB f - A, is calculated as

Nt
BP BP
fAl—>Ak fAl—m w’

(87)
=1
where,
1

P Z p(af,o,k\si,k)”si,k%f%

nge_mz,o,k -
Si,k:O
1 BP et (88)
B {Zsm_o (1 - Pd(Si,k))mf if ajop =

Sik —Sik’
1
D o Pa(sip)mi?

s otherwise.

The belief m™! f . Ay is calculated as

H/ranC —al Ok’

(89)

mfAc *}Ak

where,
mE =exp [n Inp(al . |mrx)dm (90)
fA(, —a® Sk p Wr,kﬂfAi p 7,5,k T,k T,k

Note that nr_, —f,. = br(m; ). We have
’ k

MF

_ c
Mfac—as ,, = €XP (aS ;1B ,])
o1
:exp(”kf E a/k
The belief m® fz _,a, Is calculated as
Nk N Nc
IL I o, TLE e, )
fIk*}Ak fI] K*}al dsk fI]\k*}a"'ejxk
j=1 i=1 7=0
The belief mEBF n riv
e belie M —at & dmfI oas,, A€ derived as
BP _ § : )
mfjj A e T ij,k(AJ-,k)
Aj k\{a; Vs k}
Ne 93)
X H Nat, e H Mag ;= f1;50
/=1\1 7=0
BP _ 2 : )
mij’k—mj_YM = ij,k(AJJf)
Ajr\{ag ;. }
Nop No 94)
X Hnaﬁ,j,k_’flj,k H naf— ' w10
=1 T'=0\7
where Nt =1, and Nae | —fr,, are
_ . MF BP BP
naﬁ:jvk_)fljwk_mfyk*}ag,j,kmfAi*}a;,j,k fEtk*)aE,j,k’ 95)
_ . MF MF BP
nai_j k%flj_k _mfy Ha:’jykmfAi—)af_’j)kmec —ag ;g
The belief mB f A, is calculated as
Nuy,k Ny Nc
BP BP
el | I | LN | L A )
7=01i=1 7=0
: BP
The belief m [ and m% va | —vac,, Are calculated as
N,k
BP _
meEk_nlszGk - Z fE; zk H Mgt —)fEr 5
Aﬁ,k\{aﬁ,j,k} Jj'= 1\7
N,k ©7)
BP o c
M fge | 5aS = > fre k)H”a;j,ﬁﬁngk’
As—,k\{ai,j,k} j’:l\j
where nag,jykﬁngk and L
_ . MF BP mBP
Nq a; ;. IQQ’fEt - mkaﬁaﬁwj,k fAi—Nl; fIk Sk 98)

MF BP

MF
TNge =m c m c
g TES fyp=as ;' fag —al My, —as ok

By applying some mathematical tricks in Appendix V-B,
we obtain the simplified messages as follows,
t
B, = i
75 )

0(: k+z ez ]knll,]k+z 7,7,k T,]k

99)



C

. 07 ik
Bz k= ;

(100)
98]k+291jkn1jk+ Z 97‘ ]kn‘r g,k

t 1 c 1
Nij k= 2N 2y Nr0k= N c 101
J E /Mok\] ﬁt}]l X H M, k(l +B ) ( )

Nk

[T 50 (U457 5 k)

0 = 4 L)

c N c
/BTOk+H /Mlk\] (1+B7,j’,k:)

where 57 ;. BS s 07 ks 05 ks i j s 11555 are defined in
Eq. (110) and Eq. (112). The values of all messages BH P
B i ks nt k> and 77, are initialized as one and updated
via Eq. (99)-Eq. (102). The message-updating procedure is
terminated after the difference between two successive mes-
sages is less than 62F or a maximum number of iterations
rBP is reached. The data association may have multiple local
optimal solutions corresponding to the multiple fixed points
of the message update rules, which may prevent convergence.
To this end, we introduce a damping to the message update,
ie., =y + (1 —~)u"", where 1 denote a message and
v is a damping factor. A higher value of ~ leads to a slower
convergence rate but often with more stable convergence.
The proposed hybrid data association algorithm can be
viewed as a generalization of existing data association algo-
rithms solved with BP, which contain the one-to-one con-
straints that model one target generates at most one mea-
surement and one-to-multi constraints that model one clutter
component potentially generates a large number of measure-
ments at one scan. Specifically, the hybrid data associations
degenerates into one-to-one data associations [24], [28]-[30]
when only targets exist and degenerates into one-to-multi data
associations [31], [32] when only clutter exist. Different from
the algorithms in [24], [28]-[32] that use the two multimodal
random variables to represent a redundant formulation of data
association, instead as in [37]-[39], the data association event
is modelled as a binary random variable and the corresponding
constraints are established, then the marginal association PDFs
are inferred by BP.

G. Initialization, Implementation, Computational Complexity

We introduce a scheme for initializing the beliefs of target
joint augmented state X}, ,, target visibility state 1., clutter
joint augmented state X7, ;-, and clutter mixing weights IT;.x.
The target track is initialized by a two-point method. We
assume that the maximum speed of any target in Carte-
sian coordinates is less than v,,,,, and the number of con-
secutive missing measurements of any tracks is less than
Lp,ax. Suppose that there is a measurement generated from
a target at scan k, then the measurement can be used to
initialize a potential track with another measurement at scan
k+ 06,0 < & < Lpay within distance dv,.x. We initialize
the IG distributions of target mean SNR and clutter mean
CNR using the maximum likelihood estimation, and let o« = 3
and § = 222\;1 m?2 /N, where N is the total number of
initial measurements generated from the corresponding target
or clutter and m,, is the strength of measurement n. The belief
of target visibility state is initialized as bs(s; 1 = 1) = f; with
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fs as the initial target visibility probability. The parameters of
the spatial distribution of the nonuniform clutter component,
i.e., GW, are initialized by clustering technologies, such as
variational mixture of Gaussians clustering [41]. Given that the
number of measurements generated by each clutter component
varies slowly, we initialize the clutter mixing weight parameter
a1 with the initial mixing weights of clutter component 7.

Given the initial beliefs on X7V -, S1.x, X{. 5, and IT;.x,
we can iteratively calculate bx (X7}, 5 ), bs(S1.x), bx (X ;).
brr(I11.x ), and ba(A;.x) in principle by running MP de-
scribed in this section. The proposed MP algorithm is illus-
trated in Fig. 8 and summarised as Algorithm 1, which are
explained as follows. Firstly, initialize the belief b (X?, ).
b(o)(5’1 K)s b(o)( i), and bg)(HLK). At the [th iteration,
the belief 554)( %) 1s 1nferred using the incoming messages
b Y (Xt)s b(l 1)(51 1), b V(X5 0, and by (k)
calculated in the (I—=1)th 1terat10n, as the red lines in Fig. 8.
Then b(l)( ¢ ) is used to infer b()l() (X1 %), bg.)(SlzK),
b(X)(XiK), and b\ (TI;.), as the balck lines in Fig. 8. The
algorithm terminates when the MP converges or when the
maximum number of iterations is reached.

| Measurements |
l Yi:K
| Global initialization |
0 c 0 0 y 0
B (X540 07 (M) | B9 (X110).08) (S
Data Association (LBP)

_,| |<_

v WAL

Target visibility state
(HMM-Smoother)

b (ASk) y

Clutter mixing weights
(Dirichlet-Smoother)

K:K

Clutter augmented state
(IGGW-Smoother)

Target augmented state | _
(ERTSS/IG-Smoother) |

No

Clutter estimation Target Tracking

| |
by Mmme%/*\#@MhWW&m
W

x)b8 (Si)

b (X5 ) by (Thike) Yes b (X

Fig. 8: The flowchart of MP-RMTT.

The complexity associated to the proposed MP-RMTT
algorithm is discussed next. Note that the proposed MP-RMTT
is an iterative and batch process algorithm with the batch
window length K and the number of iterations N, among
five subgraphs, and the corresponding computational cost is
provided in Table. I and described below. The estimation of
target joint augmented state is solved by an ERTSS and IG
smoother with a computational cost ¢!, = O(2KNr). The
estimation of clutter joint augmented state is carried out by
an IG smoother and GW smoother (referred to as IGGW
smoother) with a computational cost ¢ = O(2K N¢). The
forward and backward algorithm is used to estimate the target



Algorithm 1 MP-RMTT algorithm

Input Yi.x, the maximum number of iterations rrl\ffx;

Olltpllt bx(X{:K), bx(Xf:K), bs(sl;K), bH(Hl:K), and
bA(AlzK);

1: Initialization: initialize by (X' ), b (XS )
b(g?)(SLK), b(no)(Hl:K), the tracks number N7 and
clutter components number N¢.

2 for [ =1:7MP do

3. Data association: estimate bg)(ag’ ;%) and bg)(a; k)

1 = 1,...,NT, _] = 1,...,N]u, T = 0,...,Nc, k=
1,..., K via Eq. (99)-Eq. (102);
4:  Clutter mixing weights estimation: calculate
be(mri) k=1,....,K, 7=0,...,N¢ via Eq. (69);
5. Target visibility estimation: calculate bs(s; %), k =
1,...,K,+=1,...,Np, via Eq. (64);

6:  Clutter augmented state estimation: calculate
bz (x5 )) and by (05 ), k=1,...,K, 7=0,...,Ne,
via Eq. (50) and Eq. (62), respectively;

7. Target augmented state estimation: calculate
bz(xy ;) and b, (07 ,), k= 1,...,K,i=1,...,Nr,

via Eq. (35) and Eq. (43), respectively.
8: end for

visibility state and the computational cost is ¢; = O(K Nr).
The estimation of clutter mixing weights is solved by a
Dirichlet Smoother with a computational cost ¢, = O(K N¢).
The data association is solved by the LBP with a computa-
tional cost ¢, = O(KN,(Np 4+ No)Ny), where N, is the
maximum number of BP iterations. Overall, the computational
complexity is cotal = Nyp(ch + ¢ + ¢s + ¢x + ¢4)-

TABLE I: Computational complexity.

Hidden variables | Equation Computational complexity
bx (Xt ) (35), (43) O(2K N, Nr)
bx (X7 ) (50), (62) O(2KN;N¢)
bs(S1:x) (64) O(KNrNr)
bri(Il1.x) (69) O(KN,N¢)
ba(A1:x) (99)-(102) | O(KNyNao(Nt + Nc)Nar)

IV. SIMULATION AND ANALYSIS
A. Scenario Configuration

1) Scenario parameters: We consider a simulation sce-
nario with five targets together with interference from the
environment and countermeasures within a two-dimensional
surveillance region. As shown in Fig. 9, all the five targets
appear and disappear at k = 1 and k£ = 340, respectively.
The trajectories of Target 1 and Target 2 can be split into
two intervals. The two targets are separated spatially during
the first interval. In the second interval, both targets move
in parallel at a distance of 20 m. The other three targets
(Target 3-Target 5) cross at k = 175. Furthermore, there
are three elliptical non-uniform clutter components generated
by the interference in the simulation scenario, as shown in
Fig. 9. Clutter Component 1 is generated by the chaff cloud
jamming affected by Target 1 and Target 2, and Clutter

Component 3 is generated by the chaff cloud jamming affected
by Target 3, Target 4 and Target 5. Clutter Component 1
appears and disappears at £ = 130 and k£ = 170, respectively.
Clutter Component 3 appears and disappears at kK = 172 and
k = 225, respectively. Clutter Component 2 is generated by
the atmospheric interference, e.g., thick fog, from k = 227
to £ = 280. By the assumptions of high target speeds and
stable atmospheric environment, the position of nonuniform
clutter moves within a relatively small area and the shape of
the clutter may change in different interference stages.

x10*
2L T; : [1, 340]
T, : [1, 340]
E1stT (1,340 T ¢ [1,340)
> C; : [130,170] Cs : [172,225]
l L
0; : [227,280]
1 15 2 25 3 35 4 45
X (m) «10%

Fig. 9: True trajectories of targets represented by red lines
and shapes of nonuniform clutter components represented by
blue ellipses. T; (C) : [k1, ko] illustrates that Target ¢ (Clutter
Component 7) appears and disappears at k1 and k9. Start/Stop
positions of each target are indicated by A/

In the first interval of Target 1 and Target 2, both of the
two targets follow the constant velocity motion moving close
to each other, then follow the constant acceleration motion
until the velocity in the Y-axis is zero. In the second interval
of Target 1 and Target 2, both of the two targets follow the
constant velocity motion. Since the performance evaluation
focus on the second interval of Target 1 and Target 2, it is
assumed that Target 1 and Target 2 follow the constant velocity
motion over all of their interval during the tracking processing
for the sake of convenience. Target 3, Target 4 and Target 5
follow constant velocity motion over all of their interval. The
parameters of the constant velocity motion are

1 T T *
F:Iz®{0 1],Q=o—3><12® ﬁ 2 |, (103)
2

where T' = 1.25 s is the sampling period, and o2 = (.01 In/s2
is the variance of the driving processes. The parameters of
targets are given in Table II unless noted otherwise.

TABLE II: Configurations of targets.

D Initial state Lifetime | SNR
1 [10000, 40, 13465, —40] T [1, 340] 10/3
2 [10000, 40, 6570, 40] T [1, 340] 50/3
3 [28000, 40, 20543, —12]T [1, 340] 10/3
4 [28000, 40, 18000, 0] T [1, 340] 50/3
5 [28000, 40, 15458, 12] T [1, 340] 10/3

SNR= S,E /No as defined instead of being expressed in log scale.

Each of the nonuniform clutter component is elliptical and
spatially follows a two-dimensional Gaussian distribution. The



centroid and axes of the ellipse are used to determine the mean
and covariance of the corresponding Gaussian distribution. The
configurations of clutter are shown in Table III.

TABLE III: Parameters of clutter.

ID | Number Mean Covariance Lifetime CNR

0 30 7 7 [T, 340] I
= - = =2

1 20 ngkom “5“‘ go [130, 170] | 2073
r § r 2

2 20 2;35,”1 1 lgm go (227,280] | 10
r 7 r 12

3 30 41271‘0“1 1 gm go [172, 225] | 203

Covariance denotes the initial covariance Df,’o of clutter component 7.
Number denotes the initial numbers A, o of clutter component 7.
CNR= S¢ , /Ny as defined instead of being expressed in log scale.

The sensor measurements consist of position information
and strength information with detection threshold d = 0.715.
The spatial measurements have zero-mean white Gaussian
noise with covariance R = diag(20 m,0.6°)2. The mea-
sured signal strength is sampled by the inversion method
and the acceptance-rejection method for Swerling-I model and
Swerling-1II model [41], respectively.

2) Algorithm Parameters: The forgetting factors of target
mean SNR transition PDF and clutter mean CNR transition
PDF are ' = pu¢ = 1.05. The forgetting factor of clutter
spatial transition PDF is £ = 0.99. The balance parameter of
clutter mixing weight transition PDF is x = 5. For parameters
of MP, window length K = 7 and sliding step s = 3,
SMP = 1073, the maximum number of iterations M = 3.
For BP in the data association, the iterative convergence
threshold 5¥P = 10~ %, the maximum number of iterations
rBP =1000 and the damping factor v = 0.9. The detection
probability Py(s; x = 0) = 0.01 if the target is not visible.
The target birth probability is set to p, = 0.15 and the target
survival probability is set to ps = 0.8. For track initialization,
the maximum speed of any target in Cartesian coordinate is
Vmax = [120 m/s 120 m/s]T, and the number of consecutive
missing measurements of any tracks is less than L,x = 3.
The initial target visibility state is f; = 0.5. The thresholds of
track confirmation and deletion are set to 0.75 and 0.5.

3) Performance Evaluation: The performance metrics are
given by

o Correct associations rate of targets and measurements
(CAR);

e Number of false tracks (NFT) [45];

e Mean optimal subpattern assignment [46] for target po-
sition estimation (MOSPA) with order and cutoff param-
eters as p = 2 and ¢ = 631 m respectively;

« Relative SNR error (RSE), given by Ac; /0 k3

o Total number of nonuniform clutter point (TNNC);

o Root Mean Squares Error for nonuniform clutter position
estimation (RMSE);

o Wasserstein distance for nonuniform clutter shape esti-

mation (WD), given by ||z — &1|% + tr{Dk. + Dy —

2 \/Dkﬁk\/Dk}, where the square root of a matrix
D is defined as the matrix Y for D =Y Y.
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The values of metrics are average of 100 Monte Carlo runs.

4) Simulation Scenarios: We consider three scenarios to
demonstrate the performance of MP-RMTT. We outline the
three scenarios in Table IV. We compare MP-RMTT against
the PHD, CPHD, and CBMeMBer filter with integrated clutter
estimation using measured strength information, which use
the methods as in [19] with the nonuniform clutter spatial
estimation method in [10], referred to MP-RMTT, PHD,
CPHD, and CBMeMBer, respectively. We also compare the
first iteration output of MP-RMTT, referred to MP-RMTTs®.
In all of the algorithms, the same scenario input is used.

TABLE IV: Simulation scenarios.

Scenario | Clutter Spatial distribution | Nonuniform Clutter
1 Uniform \
2 Uniform and Nonuniform Unvarying
3 Uniform and Nonuniform Varying

B. Scenario 1: Data Association Aided by Al

The first scenario focus on the capability of target mean
SNR estimation and the discrimination ability for closely
spaced targets aided by the obtained target mean SNR esti-
mation. There are Target 1 and Target 2, and only uniform
clutter. The history of measurements generated by targets and
clutter, as well as the target trajectory estimation obtained by
MP-RMTT are shown in Fig. 10. During the first interval,
MP-RMTT can obtain nearly stable SNR estimation for each
target. Since the trajectories of the two targets are very close
in the second interval, it is obvious that the two targets cannot
be distinguished by spatial measurement alone. The tracking
result in Fig. 10 shows that the two targets can be distinguished
and tracked by MP-RMTT with strength information.

12000 I--

10000

Y (m)

8000

12000

Y (m)

10000 -
8000 -

1 15 2 25
X (m)

%10

Fig. 10: The history of measurements generated by targets
and clutter, and trajectories estimation of targets (bottom)
obtained by MP-RMTT. The black and colored lines represent
the target true trajectories and valid tracks, respectively. This
representation is also used in the figures below.

To analyze the performance of target mean SNR estimation
and target tracking with strength information, the evolution
of the MOSPA distance and RSE are evaluated, as shown in
Fig. 11. It can be seen that stable SNR estimations are obtained
for all algorithms as the RSE converges to a small value. The



presented results also demonstrate that MP-RMTT performs
better than the PHD, CPHD, and CBMeMBer filters.
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Fig. 11: Monte Carlo average of MOSPA distance (top) and
RSE (bottom) of targets.
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The obtained MOSPA distance and CAR results w.r.t. dif-
ferent target SNRs are listed in Table. V. In the case of the
MP-RMTT that solely exploits kinematic information (referred
to MP-RMTT-KI) will inevitably lose the CAR during the
second interval. As expected, the obtained CAR take values
around 50%. The tracking algorithm utilizing the strength
information can obtain an CAR of 80% when the SNR of
Target 1 is three times larger than that of Target 2. As the
SNR of the second target increases, the ability to discriminate
also improves. The MP-RMTT with the Swerling-IIT model
achieves almost optimal CAR with 97% when the SNR of
Target 1 is nine times larger than that of Target 2. Note that,
MP-RMTT is superior to PHD, CPHD and CBMeMBer in
terms of the MOSPA metric.

C. Scenario 2: RMTT for Unvarying Clutter

The second scenario focus on the RMTT capability in
unvarying clutter background. There are all five targets, one
uniform clutter component, and three nonuniform clutter com-
ponents. The history of measurements generated by targets and
clutter are shown in Fig. 12a. The tracking and nonuniform
clutter estimation results of MP-RMTT are shown in Fig. 12b.
The black and colored ellipsoids represent the covariance
matrices of each nonuniform clutter component. This repre-
sentation is also used in the figures below. The presented
results demonstrate that MP-RMTT tracks all five targets
correctly, and no false track is generated. Meanwhile, MP-
RMTT successfully estimates the spatial and shape of the
nonuniform clutter.

To reveal the performance improvements brought by the
MP-RMTT, three simulation tests are performed. In the first
simulation, the spatial distribution of clutter is set to a uniform
distribution where the expected number of clutter per scan is
known, referred to MP-RMTT-NCE. In the second simulation,
MP-RMTT, PHD and CPHD are used for clutter estimation
and target tracking, and the first iteration output of MP-RMTT
is also considered. The algorithm knows the clutter intensity
exactly in the third simulation, referred to MP-RMTT-KCE.

1 15 2 25 3 35 4 45
X (m) x10*

Nonuniform clutter 1
Nonuniform clutter 2
Nonuniform clutter 3

—e—Truetrgjectories
Measurements
Uniform clutter

(a) Measurement

x10*
2l Trk 3 :
Trk-5
Tael Trk-2
N Clu 2
Cly-3 ‘ ‘ ‘
2 25 3 35 4 45
X (m) x10*

(b) Trajectories and clutter estimation

Fig. 12: Measurements, tracks and clutter estimation obtained
by MP-RMTT.

The MOSPA of target position and NFT are given in Fig. 13.
It is clearly seen that MP-RMTT has comparable perfor-
mance to algorithms with known clutter intensity perfectly.
On the contrary, the performance without clutter estimation
is severely degraded. The TNNC, RMSE and WD metrics
for clutter estimation are given in Fig. 14, which shows that
MP-RMTT has the best clutter estimation performance. The
results indicate that the proposed MP-RMTT has comparable
performance to an algorithm with a perfectly known clutter
distribution, demonstrating the effectiveness and robustness of
the algorithm.
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Fig. 13: Monte Carlo MOSPA (top) and NFT (bottom) for
target tracking.
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TABLE V: Performance comparison in different SNRs

SNR = [10/3 10] dB

SNR = [10/3 20] dB

SNR = [10/3 30] dB

Algorithms . . . . . .
Swerling-1 Swerling-1I Swerling-1 Swerling-11 Swerling-1 Swerling-11
OSAP CAR OSAP CAR OSAP CAR OSAP CAR OSAP CAR OSAP CAR
MP-RMTT-KI 49.2 0.51 49.7 0.52 49.5 0.48 48.7 0.51 51.8 0.46 48.2 0.48
MP-RMTT 42.0 0.80 39.0 0.90 36.8 0.92 35.0 0.97 37.2 0.94 34.7 0.98
PHD 713 \ 71.6 \ 70.9 \ 70.3 \ 69.7 \ 70.8 \
CPHD 158.5 \ 1532\ 159.1 \ 1540  \ 1572\ 1534\
CBMeMBer  80.2 \ 79.5 \ 79.3 \ 782 \ 80.0 \ 787 \
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Fig. 14: Monte Carlo TNNC (top), RMSE (middle) and WD
(bottom) for clutter estimation.

Fig. 15 depicts the performance comparison of target track-
ing w.r.t. different number of clutter. As shown in the top
of Fig. 15, MP-RMTT performs better on MOSPA compared
to other algorithms. The MP-RMTT®* and MP-RMTT have
comparable performance on the false track acceptance rate
(as shown in the middle of Fig. 15), which are better than
PHD and CPHD. In terms of RSE (as shown in the bottom
of Fig. 15), MP-RMTT is slightly better than MP-RMTT®t,
besides, PHD and CPHD are worst. Meanwhile, by comparing
the MOSPA and RSE of MP-RMTT®' and MP-RMTT, it
is clearly seen that the performance is improved by the
closed-loop process, illustrating the effectiveness of the closed-
loop iterative framework. Overall, MP-RMTT outperforms the
other algorithms. It is due to the fact that the closed-loop
iterative and batch processing of MP-RMTT can improve the
performance and robustness of target tracking.

Fig. 16 shows the performance comparison of clutter es-
timation w.r.t. different number of clutter. The performance
of MP-RMTT®' is comparable to the performance of MP-
RMTT w.r.t. the number of clutter (as shown in the top of
Fig. 16), which is better than PHD and CPHD. In terms of
clutter RMSE (as shown in the middle of Fig. 16), which is
decreased slightly as the increase of the number of clutter, MP-
RMTT outperforms the MP-RMTT®* slightly; PHD and CPHD
are the worst. The WD in the bottom of Fig. 16 shows that,

MP-RMTT is superior to the other two algorithms. Because
PHD and CPHD use the same clutter estimation algorithm,
they have comparable performance. MP-RMTT outperforms
both PHD and CPHD.

5 — |
e
g J
z
=
Cm === O mmm =G = G = D= == D)
_200f T ’ - ’ T
£
gloon;;
Z ol - g
10 10 s S |
S s
Ocr'""9'""?""‘?"""?‘""?
100 120 140 160 180 200
Clutter Number
‘—O—CPHD PHD =—©—MP-RMTT MP—RMTTQ‘

Fig. 16: Performance comparison of clutter estimation w.r.t
different number of clutter.

D. Scenario 3: RMTT for Varying Clutter

The third scenario focuses on the RMTT in varying clutter
background. The scenario contains all five targets, a uniform
clutter component and three nonuniform clutter components.



Assume that the number and the shape of nonuniform clutter
components are time-varying and given by

1 — kZ
Ak = (1 + = sin (Ttitw» Aro,
2 kend - kstart
1 k—kT (104)
D¢ = (7 — Mstart )Dc ’
o 3 " k;-nd - k::tart 70

where the initial number A, o, initial covariance DY ,, start
time k%, and end time k7 ;, of the nonuniform clutter
component 7 are represented in Table. III. The results reveal
that the number of each nonuniform clutter component starts
at A;o and then varies as a sinusoidal function, and that
the shape starts at D7 (/3 and then increases linearly. The
history of detections and the clutter estimation as well as target
tracking results are shown in Fig. 17. This demonstrates that
MP-RMTT can obtain target trajectory and nonuniform clutter
estimates in cross and close target scenarios.

Nonuniform clutter 1
Nonuniform clutter 2
Nonuniform clutter 3

—e— Truetrgjectories
Measurements
Uniform clutter ~ x

(a) Measurement

E15 \
> Trk-2 Clu-2
Clu-1
y~
1t :{én
Clu-3
¥ Trk-1 ) ) ) ) )
1 15 2 25 3 35 4 4.5
X (m) x10*

(b) Trajectories and clutter estimation

Fig. 17: Measurements, the trajectories and nonuniform clutter
estimation obtained by MP-RMTT. The three ellipses of each
nonuniform clutter component from small to large represent
the covariance matrix of the clutter region at k = k], ., k =
kliare + 20 and k& = K, + 40 respectively, where k7, is
start time of the clutter component 7.

The MOSPA of target position and NFT are given in Fig. 18.
As the same as in the second scenario, excellent performance
is achieved when the clutter distribution is perfectly known,
and the performance without clutter estimation is severely
degraded. It is worth noting that as the clutter varies, the
NFT of PHD and CPHD increases, even up to two per scan,

resulting in a dramatic increase in MOSPA. The performance
of MP-RMTT does not degrade as the clutter varies and is
comparable to the optimum. The TNNC, RMSE and WD
metrics for clutter estimation are given in Fig. 19. The TNNC
metric of PHD and CPHD deteriorates as clutter varies. It
can be seen that MP-RMTT has the best clutter estimation
performance. These results demonstrate that the proposed MP-
RMTT algorithm does not degrade as the clutter varies.
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Fig. 18: Monte Carlo MOSPA (top) and NFT (bottom) for
target tracking.
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Fig. 19: Monte Carlo TNNC (top), RMSE (middle) and WD
(bottom) for clutter estimation.

Fig. 20 shows the target tracking performance w.r.t. different
target SNR. Fig. 21 illustrates the clutter estimation perfor-
mance w.r.t. different numbers of clutter. Likewise in Scenario
2, the results show that MP-RMTT outperforms PHD and
CPHD, and improves with the increasing number of iterations,
illustrating the robustness of MP-RMTT.

V. CONCLUSIONS

We proposed and demonstrated the application of the MP
method to the problem of RMTT by JCETT using mea-
surements with strength information. The proposed MP-based
method exhibits outstanding and robust tracking and clutter
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Fig. 20: Performance comparison of target tracking w.r.t.
different number of clutter.
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Fig. 21: Clutter estimation performance comparison Ww.r.t.
different number of clutter.

estimation performance. This was achieved through the es-
tablishment of a closed-loop iterative framework for target
tracking and clutter estimation. Simulation results in three
scenarios with different target and clutter distributions showed
that the proposed method is superior to methods without clutter
estimation and previously proposed methods. In particular,
the proposed MP algorithm has a significant improvement in
clutter estimation performance relative to PHD and CPHD
filters. Promising future research directions are the multi-
sensor extension of the proposed method in multi-sensor
tracking scenarios as well as using other feature information to
discriminate between targets and clutter, such as micro-motion
and polarization information.

APPENDIX

A. Derivation of]E[lnp(mjyk; O’f’k)] and E[lnp(mj7k;af’k)]

Because E[lnp(mjﬁk; O’;?’k)] and E[lnp(mj7k;az9)k)] are
both expectations of Rayleigh distributions, for the sake of
brevity, we denote o ; and of, here by o; 5. The expectation
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E[lnp(mik; ai,k)] is derived as follows.

E[In R (m; k; 01 )]
2

E[lnp(mjyk;aiyk)] =

c mA’

:E[(2n —1)lnm;, —nlno;, —n i:] (105)
1

=2n—1)Ilnm; — nE[ln Uz’,k] - nm?”“E[ai’k]'

The closed-form solution of the expectation E[In o; | is hard
to obtain. To this end, we use a second-order Taylor expansion
of In(o; 1), given by

2
204 k Ok

Elo,r] 2E[0s1]2 (106)

N W

In(o; k) = In(E[o; x]) +

Substituting Eq. (105) into Eq. (106), yields

=2n—-1)Inm;—
nIE[UZk] _E{nmik} B

QE[Givk]Q Ui,k

E[Inp(m;k;oix)]

(107)
nin(Elo; x]) +

n
5 )
where,

Qg ke Bik

Elo}] = == Elo; 1] = ,
o) = Gk Blowl = S
2 (108)
Elo?,] = UL .
[O—’L,k] (ai,k _ 1)(ai,k _ 2)

Substituting Eq. (108) into Eq. (107), yields

E[Inp(m;i;oix)]
ik n

(109)
51 k N 2(a; ) —2)

=2n—1)Ilnm;; — nm] &
B. Derivation of Data Association

We find that it is convenient to define the following mes-
sages

MF
gt fri—ai;, k(l) fAt —a; k(l)
.4,k = MF J
mek*)aljk(O) fAt —aj ’“(0) (110)
B SRR NG
T, k= )
fyk —ag k(()) fAc —ay . k(o)
BP BP
¢ fIk_>a ]k(l) c . fIk—>a° ik (1>
sk BP (O) Q7 gk BP (0) ’
fr,—a ik fIk_ngk (111)
p g I k(l) pc _ Nag g1, k(l)
2J5k » Projk —
S Ry S () I e ()
BP
fEi_—m k(l) . me,fc—>aT7k(1)
N5,k BP yNr ik = —BP s
fEt, —ay . O) mec —)aT] k(O) (112)
Nq kaA)fEt.’k fE(‘Yk(l
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Using the definition in Eq. (111), O‘E,j,k and «f ; ;. can be
calculated as follows.

Fﬁ]k B 1
,J k=t t TV N, ¢ ’
okt P Do Pir kT 20 PY ok (113)
c FCJ k 1
QX7 gk = ==~ N PR
TC T, k+ Zz:TI pg,j,k}—I—ZT/C:O\T pT’,j,k
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NT NC
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By Eq. (95), Eq. (111) and Eq. (112), we have
Btv]a a]7k gajﬁk’ ﬁf—,j7k = 6‘?’,j,kai,j,k7 (115)
Pigik =05 kigh P7gn =05 5475 5 k-
Substituting Eq. (115) into Eq. (113), we obtain
0! .
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Using the definition in Eq. (112), n; ;, and 75, can be
calculated as follows
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