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Analysis of Compressing PAPR-Reduced OFDM 1Q
Samples for Cloud Radio Access Network

Aya Shehata™, Philippe Mary

Abstract—A common problem of the virtualized cloud radio
access network architecture (C-RAN) is the compression of the
time-domain IQ samples before transmission over the fronthaul
link. Considering a multicarrier waveform such as OFDM, whose
1Q samples follow a quasi-Gaussian distribution, the conventional
Gaussian quantizer may be used as the optimal solution to the
compression problem. However, since the high peak-to-average
power ratio (PAPR) of OFDM signals remains a serious problem,
various techniques may be employed to reduce the time-domain
fluctuations of the IQ samples in the OFDM, resulting in a change
in its distribution. The latter fact makes the Gaussian quan-
tizer suboptimal. The literature lacks a performance analysis of
the conventional OFDM-based compression techniques when the
PAPR of the OFDM signal is reduced. Therefore, in this paper,
we study for the first time the impact of reducing the PAPR of
the OFDM signal before compression in the C-RAN architecture
through rate-distortion analysis. We consider clipping and tone
reservation PAPR reduction algorithms. The former is the sim-
plest PAPR reduction approach, while the latter is one of the
most effective algorithms used in broadcasting standards such as
DVB-T2 and ATSC 3.0. We first derive the distribution of the
PAPR-reduced OFDM IQ samples. This is used to optimize the
thresholds and codebook levels of a non-uniform scalar quan-
tizer and the number of quantization bits allocated for each
quantized level in the entropy coding stage, along with the MER
performance analysis. The simulation results show that the con-
ventional Gaussian-based compression techniques applied to a
PAPR-reduced signal is not very robust to the statistical changes
in the signal unless the signal distribution at the input of the
Gaussian quantizer is not significantly affected. However, a sig-
nificant gain is obtained when the quantizer is optimized with
respect to the true distribution of the PAPR-reduced I1Q samples.

Index Terms—C-RAN, clipping, compression, quantization,
entropy coding, MER, OFDM, PAPR reduction, tone reservation,
DVB-T2, ATSC3.0.

I. INTRODUCTION

EXT generation wireless networks have recently adopted
N the promising architecture of the centralized Cloud Radio
Access Network (C-RAN). The C-RAN architecture is based
on splitting the base station functionalities into two parts,
the baseband unit, located in the cloud, and the remote
radio unit, located on transmission sites, and connecting them
by a fronthaul link responsible for conveying the digitized
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IQ samples [1], [2]. The fully centralized solution of such
an architecture implies moving the physical layer including
baseband processing and network layer functionalities to the
cloud [3]. It provides high flexibility, low maintenance and
operational cost. However, the huge bandwidth requirement for
the transmission of high-resolution IQ samples generated by
the baseband processing in the cloud remains a major problem
of this architecture. The classical approach is to use higher
bandwidth optical fibers to transport the 1Q samples, but this
comes at a very high cost. Therefore, IQ data compression
before transmission over the capacity-constrained fronthaul
link is an attractive approach to reduce the data rate over the
fronthaul link for the C-RAN architecture.

Orthogonal frequency division multiplexing (OFDM) is the
most commonly used multicarrier modulation scheme in recent
standards, e.g., Long-term Evolution (LTE) [4], Digital Video
Broadcasting-Second Generation Terrestrial (DVB-T2) [5],
and Advanced Television Systems Committee 3.0 (ATSC3.0)
standard [6]. Therefore, recent studies mainly rely on exploit-
ing the statistical characteristics of the OFDM signal to reduce
the data rate on the fronthaul link.

In recent years, several data rate compression approaches
have been studied to represent the trade-off between achievable
compression performance, signal distortion, design complex-
ity and computational delay, which are summarized in [7], [8].
In [9], a non-uniform quantizer based on an iterative gradient
algorithm was proposed. In [10], a Lloyd-based non-uniform
quantizer and entropy coding were used to reduce the data
rate of the fronthaul link. Vector quantization combined with
decimation and block scaling was explored instead of scalar
quantization to take advantage of the temporal correlation
between IQ samples and increase the compression gain, but
at the cost of higher computational complexity [11], [12].
In [13], the correlation between samples is explored through
the well-known linear predictive coding to solve the complex-
ity problem posed by vector quantization. In [14], trellis coded
quantization has been implemented, which provides better
compression performance than scalar quantization and lower
computational cost than vector quantization. In [15], a discrete
cosine transform (DCT) based compression scheme has been
proposed. The DCT is a Fourier-dependent time-frequency
transform characterized by its strong energy compaction prop-
erty. Therefore, after DCT, the signal can be represented by
coefficients in the frequency-domain, which can be divided
into blocks of high and low frequency components. On this
basis, the conventional compression methods, e.g., Lloyd-Max
quantization and Huffman coding, are used to quantize and


https://orcid.org/0000-0003-0466-6179
https://orcid.org/0000-0001-7838-564X
https://orcid.org/0000-0003-3669-5695

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

encode the high-frequency components with a smaller num-
ber of bits and the low-frequency components with more
bits. In general, quantization and entropy coding are the main
techniques to reduce the IQ data rate.

However, the addition of many subcarriers via the IFFT
results in a signal characterized by a high peak-to-average
power ratio (PAPR), which remains one of the main prob-
lems of the OFDM system. The high peak power of the signal
leads to severe performance degradation when the signal is
passed through a high power nonlinear amplifier. Many tech-
niques have been presented in the literature that are applied
to OFDM signal in the time-domain to reduce its PAPR,
e.g., [16, and references therein].

In this paper, clipping and tone reservation (TR) PAPR
reduction techniques are considered. Clipping is the simplest
technique for PAPR reduction that provides a high reduction
gain, although it results in signal distortion [17]. TR is an
efficient method for PAPR reduction that has been adopted
by several standards, e.g., DVB-T2 [5] and ATSC 3.0 [6],
and it gives an upper bound on the PAPR reduction without
distortion [18]. The concept of the TR algorithm is to dedi-
cate a subset of the subcarriers, called the peak reserved tones
(PRT), to change the OFDM signal distribution to another
with a lower PAPR. This subset of reserved tones is loaded
with complex values and added to the original signal, resulting
in a transmitted time-domain signal with reduced PAPR. The
symbols modulating the PRTs are the solutions of a convex
quadratically constrained quadratic problem (QCQP). Many
researchers have investigated a solution to the PRTs allocation
problem in a suboptimal but simpler way [19, and references
therein]. The major drawback of the optimal QCQP solution
of the TR algorithm is its high complexity. However, adopting
the C-RAN architecture increases the acceptability of the com-
plexity of the QCQP solution by moving the implementation
to the cloud.

Thanks to the central limit theorem, OFDM IQ samples are
generally assumed to be Gaussian distributed at the output of
the IFFT modulator. Therefore, the compression blocks, i.e.,
quantization and entropy coding, are optimized for a Gaussian
distribution. However, processing the OFDM signal in the
time-domain with a PAPR reduction technique changes the
distribution of the IQ samples. To the best of our knowl-
edge, no studies have been conducted on the robustness of
the Gaussian-optimized quantizer considering any of the PAPR
reduction techniques prior to compression, nor on the proposal
of an optimized quantizer for signals with modified distribu-
tion due to PAPR reduction techniques. In this context, we
have presented in a recent study the analytical analysis of the
optimized quantizer and entropy coding for OFDM signals
processed by the clipping algorithm [20]. In addition to our
previous work, we include the study for signals processed by
the QCQP algorithm. Hence, the contributions of this article
can be summarized as follows:

o The distribution of PAPR-reduced IQ samples is derived
and validated, taking into account clipping and TR
obtained with the optimal QCQP solution. These analysis
are based on recent studies that evaluate the amplitude
distribution of the PAPR-reduced OFDM signal in the
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Fig. 1. Downlink system model of a C-RAN system.

case of clipping and TR-QCQP algorithms, [21] and [22],
respectively.

o The obtained IQ distribution is further exploited to
optimize the compression blocks, i.e., quantization and
entropy coding, and to obtain an asymptotic expression
for the modulation error ratio (MER), which reflects
the joint effect of PAPR reduction and quantization
operations.

o The robustness of a Gaussian-optimized quantizer to a
change in the signal distribution at its input is investi-
gated.

o Based on these analysis, we quantify the performance
gain in MER when using a quantizer optimized with
respect to the true distribution of PAPR-reduced IQ sam-
ples based on various tuning factors of the clipping and
TR-QCQP algorithms compared to the Gaussian-based
quantizer.

The remainder of this article is organized as follows. Section II
describes the system model and revisits the recent state of
the art, which evaluates the effect of PAPR reduction in
changing the amplitude distribution of the OFDM signal.
Section III details the analytical IQ distribution of the PAPR-
reduced signal in case of clipping and TR-QCQP, and they
are used optimize the compression techniques. Section IV
validates the accuracy of the theoretical findings through
numerical simulations. Moreover, the gain in MER achieved
by the PAPR-reduced optimized compression techniques is
highlighted. Conclusions are drawn in Section V.

II. SYSTEM MODEL
A. OFDM Transmission Chain

Let us consider the downlink OFDM transmission chain
depicted in Fig. 1. An OFDM system with Ngg subcarriers and
M-QAM modulation is considered. A PAPR reduction tech-
nique is applied to the OFDM signal in the time-domain at
the output of the IFFT modulator and then compressed before
being transmitted over the fronthaul link. Let, in the time-
domain, s € CVi*1 be the original complex OFDM baseband
signal vector, with its kth entry expressed as

Ner—1

1 - 27k <1
k) = —— TN Vk=1[0,...,Nj—1] (1
s(k) m;s(") [ i — 11 (1)

where, § = [5(0), ..., 5(Ng — D]T e CNnx1 5 a vector of
QAM symbols modulating the subcarriers. In Fig. 1, the vec-
tor z,, € CNmx! js the PAPR-reduced IQ samples before
the compression and zgy € CNix1 after the decompres-
sion. For N sufficiently large, the real and imaginary parts
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— Amplitude distribution of clipped signal, i;g:p(r)
-------- Amplitude distribution of OFDM signal, fg, (r)

Fig. 2. PDF of the amplitude of the time-domain signal with and without
clipping at Viax = 7.

of a complex sample s(k), Yk € {0, ..., N — 1}, denoted
by xs(k) = Re(s(k)) and ys(k) = Im(s(k)), respectively,
are zero-mean Gaussian distributed. Hence, its magnitude
rs(k) = |s(k)| is Rayleigh distributed and its phase 6s(k) =
Zs(k) is uniformly distributed over [—m, 7].

B. PAPR Reduction Techniques

1) Clipping: Clipping consists in limiting the high ampli-
tude peaks of the signal to a certain threshold Viax without
affecting the phase of the signal. The clipped time-domain
signal zicllllp(k) is given by:

Zicrllip(k) _ {S(k), if Is(k)] < Vimax

) ’ 2
Vmaxelg’rv if |s(k)] = Vinax- @)

The amplitude of the signal at the input of the clipper is
Rayleigh distributed
-5
g, (r) = g ML r=0 €))
0, otherwise,

where R; is the random variable (RV) representing the ampli-
tude of the input signal and or,y is its mode. The clipping

ratio is defined as A = ;/(;“—22"‘
nal amplitude as per (2) and it simply modifies the amplitude
distribution as reminded in the following lemma.

Lemma 1 [21]: The time-domain amplitude distribution of

the clipped PAPR-reduced signal, is expressed as follows:

fclip(r) _ fRS(r)v lf 7 < Viax
Rin E_AS("_ Vimax), if 7= Vmax

Clipping is applied on the sig-

“4)

where Rj, is the RV representing the amplitude of the PAPR-
reduced signal, §(r) is the Dirac distribution and e s
the probability that the amplitude of s exceeds Vpax, i.e.,
f§° fr, (r)dr = e=.

Fig. 2 depicts both distributions fz (r) and f%;f(r). Clipping
is simple but it may cause high signal distortion.

2) Tone Reservation: TR technique reduces the signal
PAPR by adding a time-domain peak cancelation signal ¢ €
CNix1 to the original OFDM signal s. Thus, the tone-reserved

PAPR-reduced signal zglR is expressed as follows:

2Rk =s(k) + ck), YVk=1[0,....Nw—11. (5

Let ¢ be the frequency-domain vector consisting of Ngs; subcar-
riers composed of m tones reserved for peak reduction. These
tones belong to the subset 3 such that B = {k € [0, ..., Ng —
1] : 5(k) =0} and B¢ = {k € [0, ..., Ngre — 1] : ¢(k) = 0}.
Thus, S and ¢ lie in disjoint frequency subspaces, which
ensures that the TR technique is a distortion-less process. The
concept of TR is to design an efficient algorithm capable of
computing the peak cancelation signal ¢ in such a way that
there is a trade-off between PAPR reduction efficiency and
computational complexity.

The PAPR reduction efficiency of the TR algorithm is eval-
uated by two main tuning factors, namely the percentage of
subcarriers dedicated for PAPR reduction out of the total num-
ber of subcarriers, denoted by Nprt and the power allocated to
PRTs. Typically, standards such as DVB-T2 add a peak power
constraint to PRTs, denoted by Ppgrr, to limit the power dedi-
cated to PAPR reduction compared to the power of data tones,
denoted by Pgaa- Let Ppc be the power control in dB, which
denotes the difference between the maximum PRT power and
the average data power. Thus, the power constraint condition
can be mathematically expressed as follows [18]:

max  [|&(m)||%, < TP, (6)
nep

P
where ||-||s denotes the infinity norm, I' = 10710 and Pprt =
I".Pgata. The TR optimization problem can be formulated and
solved optimally as a QCQP convex problem defined as [18]:

min T
C
subject to | x +¢|%, <, (N

where 7 is the maximum power of z;,. For cases considering
a power constraint on the PRTs, as in DVB-T2 and ATSC3.0
for instance, (6) is added as an additional constraint to (7).
QCAQP solution achieves the highest PAPR reduction level but
at a high computational complexity.

TR modifies the amplitude distribution of the OFDM signal.
The authors in [22] evaluated the amplitude distribution of the
tone-reserved signal solved by the optimal QCQP algorithm.
They have shown that it is possible to model the amplitude
distribution as a superposition of two separate modes, which
is stated in the following lemma.

Lemma 2 [22]: The time-domain amplitude distribution
of the tone-reserved PAPR-reduced signal, is expressed as
follows:

(2900 = (1 = ) iy () +p Ty (), ®)
where
Ray _ pGEV .
., () = {ng (1 - FFV (), Zj 20
and
_ fGEV(r)s lf rEDz
Py (1) = {Olf otherwise (10)
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Fig. 3. PDF of the amplitude of the time-domain signal with and without

TR-QCQP, with different power controls and Nprt = 1%.

where Riy; and Rj,» are the RVs representing the samples
drawn from the first and the second modes, respectively, p is a
scaling parameter between the first and the second mode and
g is a normalization parameter that ensures [ fg, (rdr = 1.
f,%ay(r), FSEV (r) and f$EY (r) are the Rayleigh PDF, the gener-
alized extreme value (GEV) cumulative distribution function
(CDF) and the GEV PDF, defined respectively as follows:

2

-5 .
P =a5e =0
0, otherwise,
r—p —1/k
—( 14k (5 .
K = | (ED) Ty ren )
0, otherwise,
and
Lyyktle= if rep
fGEV _ Uzt(r) e s lf re Dy 13
& (1) 0, otherwise (3)
_ —1/ka
with t(r) = <1 +k2<r m)) , (14)
o)

where 0,4, is the standard deviation fitting the Rayleigh
distribution, w1, o1, k1 < 0, uz, o and kp < O are respec-
tively the location, scale and shape parameters that fit the
GEV CDF FgEV (r) and the PDF t(PS’EV(r), respectively and
D =] — 00, —Z—:] and Dj :]—oo,,uz—‘;—;] are their
respective domains.

The parameters of the Rayleigh and GEV distributions are
computed in [22] using probability weighted moments esti-
mation method. Fig. 3 shows the amplitude distributions of
the OFDM signal before and after TR-QCQP, i.e., fg (r) and
f,%SQP(r), respectively. As already mentioned, the f,%fQP(r)
PDF can be modeled with a bimodal distribution whose param-
eters depend on the power control Ppc. The QCQP algorithm
modifies the signal in such a way that the high amplitude sam-
ples has a lower probability to appear, compared to Rayleigh
distributed samples. By doing so, QCQP concentrates the high
amplitude samples to some levels that can be quantized with-
out additional distortion. This results in a bump at the tail of
the Rayleigh distribution, while the other samples still follow
a Rayleigh amplitude distribution.

IEEE TRANSACTIONS ON BROADCASTING

C. Compression Techniques

1) Scalar Quantization: Each IQ sample is quantized sep-
arately to one of N quantization levels, each represented by R
quantization bits. The well-known Lloyd algorithm (LA) gives
a scalar N-level non-uniform quantizer (NUQ), optimized in
the sense of the minimum mean square error (MSE) for a
given distribution of samples [23]. According to LA, decision
thresholds ¢;, Yi=1[1,...,N — 1] are

_ it i1

2 (15)

li
where, fp and ¢y are set to the minimum and maximum pos-
sible values of the signal, respectively. Quantization levels
qi, Yi=[l,...,N], are the centroid of each decision region,
e.g., for the in-phase component

ftfil xfy (x)dx

—_ (16)
/[jil fx (x)dx

qi =

where fx(x) is the PDF associated to the in-phase component
x(k) = Re(zin(k)), Yk, of the PAPR-reduced signal. The same
holds for the Quadrature-phase component.

2) Entropy Coding: Entropy coding (EC) is a lossless com-
pression technique. It generates variable length codewords by
assigning longer codewords to the lower probability levels
and shorter codewords to the higher probability levels. In this
paper, Huffman coding is used in order to reduce the amount of
bits transmitted over the fronthaul. It is a well-known, simple
method for practical implementation of entropy coding and
that approaches the Shannon’s source coding theorem [24].
Thus, the average codeword length assigned to the ith quan-
tization level can be represented with the information entropy
as

t
Ly = —10g2/ fx (x)dx. a7
li-1

D. Performance Metrics

The Rate R, MER and signal to quantization and noise
ratio (SQNR) are the metrics used to evaluate the performance
of the model under study. In this context, R is defined as
the average number of bits required to represent a single 1Q
sample.

1) MER: The MER gives a measure of the performance
of the system by comparing the actual location of a received
sample with its ideal location. It is defined as the ratio between
the power of the original signal and the distortion introduced to
the original signal. Therefore, the MER of the decompressed
signal is defined as

E[ISP’]

MER = ———————-,
E[ls_zout|2]

(18)

with E[.] is the expectation operator, S and Zy,; are the RVs
representing the IQ samples before the compression and after
decompression, respectively.
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2) SONR: The SQNR is used to evaluate the performance
of the compression achieved by quantization, since EC is
indeed distortion-less. In this case, z;, is considered as the
reference signal and the SQNR is defined as

E[|Zin|*]
]E[|Zin - out|2] ’
where Z;, is the RV representing the PAPR-reduced samples.
In that perspective, the following facts need to be considered
for proper system evaluation.

o In case of clipping PAPR reduction technique, both clip-
ping and quantization operations contribute to system
performance degradation.

« In TR PAPR reduction technique, the received signal Zgy
is followed by removing the TR added signal, thanks to
the orthogonality between the data and the tone-reserved
signals in the frequency-domain. Thus, the distortion
induced to the OFDM signal is caused only by the quanti-
zation. Consequently, the MER can be evaluated between
s and zyy after removing the added TR signal in the
frequency-domain or between the intermediate signals
Zin and z,y. We will consider the latter case, where the
system MER can be computed directly from (19), taking
into account only the quantization distortion.

e The MSE in the denominator of (19) indicates the
quantization distortion. Through our analytical analysis,
we consider the asymptotic (high bit-rate) quantization
distortion stated as follows.

Proposition 1 [25]: The asymptotic distortion-rate for-
mula for a non-uniform scalar quantizer is known as
“Panter and Dite formula” and stated as:

2—2R 00 3
D1 o(R) ~ T( / ﬁ/fx(x)dx> .

SQNR = (19)

(20)

where fy(x) is the PDF of the quantizer input signal, R =
log,(N) and N is the number of quantization levels.

III. ANALYTICAL STUDY OF THE OPTIMIZED
COMPRESSION TECHNIQUES FOR A PAPR-REDUCED
SIGNAL

The optimization of a Lloyd-based quantizer may be led
using either a known probabilistic distribution or an observed
long training sequence (TS) of data. The main drawbacks of
the latter is

o An N-level quantizer trained on a k-length TS requires

computing N.k distances and assigning k data points at
each iteration until convergence.

« A sufficiently long TS is essential so that the resulting

quantizer hopefully works well for future data.

o The algorithm must be repeated multiple times with

different initial TS to mitigate dependence.
Such intensive computations make Lloyd’s algorithm slow,
especially for large datasets. Therefore, prior knowledge of the
probabilistic description of the source is more efficient and
requires less computational complexity. On the other hand,
Huffman coding suffers from a deviation from the entropy
bound when the statistical property of the source is unknown.

Therefore, in this section, we first derive the distribution of
the PAPR-reduced IQ samples, i.e., fx(x) and fy(y) for the
In-phase and Quadrature-phase components, respectively. The
parameters of the NUQ and EC blocks for the new distribution
of the signal with reduced PAPR are analyzed and conse-
quently the joint effect of PAPR reduction and compression
distortion is modeled by MER analysis.

A. Distribution of the PAPR-Reduced 1Q Samples

The conversion from polar to Cartesian coordinates of the
complex samples is such that (x,y) = ¢(r, 6) with:

X =rcosf F=4/x2 42
y = rsing 0 =0, (xy), 1)

where ¢ : { +— A is a one-to-one mapping from the polar
coordinates domain ¢ to the Cartesian coordinates domain A
and <p2_1 A [—m, ] with:

tan~! (%), if x>0

tan’l(ﬁ)—n, if x<0,y<0
o'y =17 —tan(Y), if x<0,y>0 (22)

/2, if x=0,y>0

—1/2, if x=0,y<0.

According to the change of variables theorem, the joint PDF
of the couple (X, 7Y) is

fx,y(x,y) = [V (x, Y[R, 05, (r(x, y), 0(x, y)), (23)

where |J(x, y)| is the modulus of the Jacobian of the mapping
¢ computed as

dr dr

ax dy 1
()| = 30 90| = TS YV (x,y) #(0,0) (24)
x By x“+y

As reminded in Section II-B, the considered PAPR reduction
techniques modify the signal amplitude without affecting the
phase. Thus, Yk € {0, ..., N — 1}, rin(k) = |zin(k)| and
Oin(k) = Zzin(k) are samples drawn from two independent
random variables, i.e., Rj, and ®j,, respectively. Hence, the
joint PDF of (Rin, ®jy) is the product of the marginal PDFs,
ie., fr, 0, 0) = fr, (Nfe,, ).

1) Clipping: The respective domains of the polar and
Cartesian coordinates become ¢ = [0, Vinax] X [—m, 7] and
A =1— Viax, Vimax[?, respectively. Using the amplitude dis-
tribution of the clipped signal in Lemma 1, the joint PDF of
the polar coordinates can be expressed as

2

r

2
2 Olay

_A .
62_7-[8("_ Vmax)s i ¥ = Vinax.

Thus, substituting (25) and (24) into (23), the marginal PDF
of the Cartesian coordinate of a clipped RV is obtained as

22
Y — - L
2Tro‘rzay 27 /x2 + y?

X 5(\/)(2 —|—y2 - Vmax>>dy- (26)

2
20,
e iy,

f 0, (. 0) = fr<Vme )

Vmax
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Thus, a closed-form expression of the PDF of the clipped 1Q

samples can be obtained as in the following theorem.
Theorem 1: The probability distribution of the clipped

PAPR-reduced IQ samples after IFFT, is expressed as follows:

_x2

i 1 - V
fg{hp )= —¢ 25r2ay erf max
[2mal, [202,
e A 1

?m, € 1= Vimax> Vmax[ (27)
where erf(u) = (2//) [ exp(—*)dt is the error function.

Proof: Using the integral identity in [26, eq. (1), Sec. 3.321,
p. 336] and applying the change of variable z = /x2 + y2, then
adequately rearranging the terms leads to the given distribution
of the In-phase component f}}hp(x). |

From (27), one can check that without clipping, i.e., when
Vmax — 00 and hence A — 00, the second term vanishes and
the error function tends to one. This leads to the zero-mean
Gaussian distribution characterizing the OFDM signal.

2) TR With QCQP Solution: The respective domains of the
polar and Cartesian coordinates are { = [0, co) X [—m, 7] and
A = R2. The joint PDF fg %P (r,0) is the product of the
amplitude distribution of the TR QCQP signal in Lemma 2
and the phase distribution f(g)i ®) = 2 . Hence, Substituting
the joint PDF in (23) together with the Jacobian determinant
in (24), the marginal PDF of the Cartesian coordinate of the
tone-reserved RV is obtained from

+y2
(1 =p)g 57
§m%@=/ e (1= ey )y
—0 ray

fx, (%)

0
+/ _r
—00 27024/ X2 + y2

fx, @)

G(x, yletle 0> gy (28)

—(1+4 —Vk
where, FSEY (r(x, y)) = e (1+8 (VaH2-m)) ’ (29)
k2 —1/ky
d Gor,y) =1+ — {2 +y2— . 30
and G(x,y) ( +02< x+y Mz)) (30)

where X1 and X, are the RVs representing the samples drawn
from the first and the second mode of the In-phase Cartesian
distribution, respectively. Finally, one can show that the distri-
bution of the In-phase component, f)Q(CQP (x),! can be expressed
as in the following theorem.

Theorem 2: The probability distribution of the TR-QCQP
PAPR-reduced IQ samples after IFFT, is expressed as follows:

QP = fx, () + fx,(v), xe1—d*,d [ (1)
where
_ 2 42
fy, (x) = AP oy | VI =% (32)
V2 O'ray Zo'r%y

IThe distribution of the Quadrature-phase component, tcylip(y) and

fgCQp(y), derives from the same steps as in Theorems 1 and 2, respectively,
given that the phase is uniformly distributed.
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with 7y = g + =+ ((1n2) kl—l) (33)

and

_, X P
= Z Z E[Ttkapr+p2+ 1D+ 1,91
P1=0py=0
— L@ +p2+1)+1,92)], G4

fx, (x) =

_1 P —(+2p)
with, & = ( 2><p )[1 y chgz], 35)
P1 2
2
2
and c¢| = 0—2, = 1202 - 2cq,
k3 k>
c3 = —c1 —ex + pi — 2%,
ko 7’32
Yi=|14+—=—u2) ,
o2
1
k %
Y = [1 + 0—2(\/)@ +a? - Mz)] " (36)
2
and
d* = max <rs, ny — 0—2) 37
k

where I'(u,v) = fvoo e 't“~'dt is the upper incomplete

Gamma function, (,C) is the generalized binomial coefficient
defined as (}) = (2)," where, () = ]_[fl;é(r —n) is the falling
factorial and p, g, opay, (1, 01, k1, (42, 02, and k; are the fitted
parameters of the amplitude distribution fgiSQP(r) in Lemma 2.

Proof: See Appendix A. [ ]

We can see that the distribution of the TR-QCQP IQ samples
takes the form of a series expansion with gamma functions
and depends on the estimated fitted parameters of the GEV
and Rayleigh distributions, which model the amplitude of the
tone-reserved signal in Lemma 2.

B. Derivation of Optimized Quantizer and EC Parameters

Based on the PDF of the clipped PAPR-reduced IQ samples
in Theorem 1, the parameters of the optimized compression
techniques can be derived by injecting this PDF into (16)
and (17), as in the following proposition.

Proposition 2: The codebook quantization levels for the
real and imaginary parts of a clipped signal and the aver-
age codeword length assigned to each quantization level in
the entropy coder stage can be expressed by (38) and (39),
respectively, on the bottom of the next page, where Q(u) =
(1/+/27) [° exp(—v?/2)dv is the Q-function.

Proof: Applying the adequate change of variables u =
V2. — %% and x = Vi sinu for the numerator and the
denominator of (16), respectively, along with the integral iden-
tity in [26, eq. (1), Sec. 3.321, p. 336], ¢°'® and L.," are
obtained. ]

Without clipping, i.e., when Vipax — 0o and hence A — oo,
the error function tends to one and the exponential term
in (38) and (39) tends to zero and we obtain the parameters
of a quantizer and an entropy encoder, optimized for a zero-
mean Gaussian distribution analyzed in [8]. The PDF of the
tone-reserved IQ samples obtained in Theorem 2 remains com-
plex because special functions with complex arguments are
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involved. Therefore, closed form expressions for the codebook
quantization levels and the average codeword length assigned
to each quantization level are unattainable for PAPR-reduced
signals with tone-reservation techni%ue and they are com-
puted numerically by injecting fSCQ (x) into (16) and (17),
respectively.

C. Derivation of Asymptotic MER and SONR

A closed-form expression of the MER and SQNR in (18)
and (19), respectively, can be evaluated asymptotically for the
clipping PAPR reduction technique based on Theorem 1 as
stated in the following lemma. In that case, the asymptotic
SQNR is only important to evaluate the distortion caused by
the quantizer.

Lemma 3: The asymptotic MER and SQNR expressions of
a compressed clipped OFDM signal, considering a scalar NUQ
and EC can be expressed by:

2
MERCP = P _ 20ty (40)
- D Dclip - D Dclip’
c + LQ c+ LQ
and
] clip
SQNRIP — —i (41)
LQ

where Dc, Dilg’ and PZI:IP are the clipping distortion, asymp-
totic quantization distortion and the power of the complex
clipped IQ samples, given in (43), (44) and (44) on the bottom

of the page, respectively, where

where (F; is the confluent
[26, Sec. 9.18, p. 1019].

Proof: See Appendix B. [ |

For TR-QCQP, the asymptotic MER of the compressed
tone-reserved OFDM signal can be computed numerically
from (18) based on the PDF of the tone-reserved 1Q samples
fgCQP(x) in Theorem 2. The numerator of (18) is the aver-
age Sower of a complex tone-reserved IQ sample, denoted by
P and is calculated from P& =2 ffz* 2P ()dx.
As shown earlier, quantization is the only source of distortion
for the TR PAPR reduction technique. Therefore, the denom-
inator of (18) is the quantization distortion asymptotically
computed from Proposition 1.

hypergeometric function

D. Complexity Analysis

The algorithmic complexity of the proposed optimized com-
pression techniques is the complexity of the Lloyd algorithm
for non-uniform scalar quantizer [23]. This algorithm is a two-
step iterative process satisfying the two optimality conditions
given in (15) and (16). Each iteration requires to compute N —1
decision thresholds and N quantization levels, with N = 2R R
being the number of bits, hence the complexity of an iteration
is in O(N). Iterations continue until the algorithm converges,
i.e., when the quantization distortion does not improve any-
more. The computations of the decision thresholds (15) and
the codewords (16) depend on the PDF of the samples which is
a bit more complex than for a strictly Gaussian signal. Indeed,
for a clipped optimized quantizer, the quantization levels are
computed from Proposition 2 with (38). For the tone-reserved

1 Vinax 1 e A optimized quantizer, quantization levels are numerically com-
a= > erf > | b= 202 and ¢ = o puted using Theorem 2 in (16), which is far more complex
\/ 27 Oray \/ 2073y y than computing a Gaussian quantizer. However, it is worth
(42) noting that these implementations are moved to the cloud in a
iy 7
Ora Vinax - arza o,% —A
\/%erf<\/2cr72> e My —e My | 4 62_n|:\/vr%1ax - ti2—1 - \/Vr%lax - tl2j|
clip W
g " = — (38)
erf( VZ";‘; >[Q<Zm;) - Q(U:;y>] +e iy [arcsin(ﬁ) — arCSin<Vzax)]
v/ “Yray
: t t i t t
L;l_lp = —log, | erf S |:Q( ll) — Q( - >:| +e Py [arcsin( il > — arcsin( ! )] (39)
[ 202 Oray Oray Vimax Vinax
ray
2
V2 5 3 V2 g
De =202, T2, 22 )| — 2200 Vinax T | =, =082 ) + V2 o 2oy (43)
ray ( 202, 2" 262, max
petio _ 2 —2‘3/5‘/"‘“11?1(1- 3 _Vr%aX> S (l- I; ng) (44)
L - ’ ’ ’ k]
< 6 [6ba 2727 6oy, 25 3or%lyv3 a? 2" " 3ogy
2 Viiax Viiax
pu = 2 o )| [T T ) Voo Ve as)
T \/ 2or2ay \/ 2Ur221y

J2o,
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Fig. 4. Simulated and analytical PDF of clipped PAPR-reduced IQ samples
for different clipping ratios A.

CRAN architecture in which the complexity is a less stringent
constraint than in radio heads.

IV. RESULTS ANALYSIS

This section validates through simulations the distributions
of the IQ samples obtained after clipping and tone-reservation
techniques derived in Theorems 1 and 2, respectively. These
expressions are then exploited to analyze the effect of reducing
the PAPR of the OFDM signal before compression in a C-
RAN architecture.

In our simulations, without loss of generality, we consider
an 8-MHz DVB-T2 frame structure with 64-QAM constella-
tions.> The 32k FFT mode is considered for the analysis of the
clipping PAPR reduction technique with 32768 active subcar-
riers conveying the QAM symbols. On the other hand, only the
8k mode with 8192 subcarriers is considered for TR-QCQP
due to the prohibitive computational complexity of QCQP for
larger FFT sizes. It can be emphasised that an Ngg size of 8k
is sufficiently large to ensure the convergence of the real and
imaginary parts of the complex OFDM signal to a Gaussian
distribution. This ensures a fair comparison between the clip-
ping and TR analysis. In TR, when analyzing the impact of the
different power control Ppc applied to PRT subcarriers com-
pared to data subcarriers, we set a percentage of dedicated
subcarriers Nprt = 1% and the PRT positions are those used
in the DVB-T2 frame structure. While, in case of a different
percentage of subcarriers dedicated for the TR algorithm Nprr,
we set a power control Ppc = 10 dB and randomly generate
the positions of the PRTs.

A. Distribution of the PAPR-Reduced IQ Samples

1) Clipping: We start by validating the obtained clipped
PAPR-reduced IQ samples PDF in Theorem 1. Fig. 4 shows
the PDF for different clipping ratios of 2.6 dB, 4.5 dB, and

2Note that the order of the constellations has a very limited impact on
the distribution of the samples in the time-domain. Hence, simple 64-QAM
is used in the simulation instead of more sophisticated constellation such as
rotated 256-QAM, which is used in DVB-T2 and ATSC3.0 for instance.
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Fig. 5. Simulated and analytical PDF of TR-QCQP PAPR-reduced IQ
samples, with and without power constraint and Nprt = 1%.
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Fig. 6. Simulated and analytical PDF of TR-QCQP PAPR-reduced 1Q
samples, with different percentages of reserved tones and Ppc = 10 dB.

7 dB, respectively. The analytical curves perfectly match the
simulated ones, which validates the obtained statement in
Theorem 1. It is worth noting that the distribution of the
clipped IQ samples converges to a zero-mean Gaussian dis-
tribution when increasing the clipping threshold. Indeed, as
the clipping threshold increases, the distortion decreases as
expected from (27).

2) TR With QCQP Solution: We validate the distribution
of the TR-QCQP PAPR-reduced IQ samples expressed in
Theorem 2. Fig. 5 shows the analytical® and the simulated IQ
PDF for a set of 1% PRT over the total number of subcarriers.
The power constraint applied to PRT subcarriers compared to
data subcarriers is set to 5, 10 dB or no constraint. Moreover,
in Fig. 6, the simulated and analytical PDF are shown for
different percentages of reserved tones over the total number
of subcarriers and with a power constraint Ppc = 10 dB. It is
important to mention that the TR algorithm introduces a power
increase on reserved subcarriers compared to data subcarriers,
according to the power constraint defined in (6). Thus, in order
to ensure a fair comparison, the energy of the tone-reserved

3We use the fitted parameters of the amplitude distribution of the TR-QCQP
signal estimated in [22].
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PAPR-reduced signals is normalized to 1. Finally, our findings
in Theorem 2 are perfectly validated by Figures 5 and 6. For
our upcoming analysis, it is important to investigate how the
distribution of the tone-reserved 1Q samples depends on the
tuning factors Ppc and Nprr.

a) Impact of power control Ppc: The distribution of
the signal before applying the tone-reservation algorithm is
Gaussian, as observed in Fig. 5. On the other hand, the PDF
after TR is a multimodal distribution with a major mode and
two minor modes taking the form of “shoulders” on each side
of the main mode. The probability of the minor modes is very
small compared to the main mode and depends on the value of
the power control Ppc. The main mode still follows a Gaussian
distribution at small signal values, and the power assigned
to the PRTs allows the tail of the distribution to change as
follows. When additional power is added, the tail of the dis-
tribution decreases and the concentration of the minor mode
becomes more significant. More precisely, when no power con-
straint is applied, the tail of the distribution is reduced as much
as possible.

b) Impact of percentage of PRTs: The larger the number
of reserved tones, the more the PAPR is reduced. Therefore
and as previously, the tail of the distribution decreases, along
with the growth of the minor modes, when Npgrt increases, as
observed in Fig. 6.

B. Distortion-Rate Analysis

In this section, we show the gain in the performance of the
lossy compression technique, i.e., quantization, resulting from
the change of the distribution of the OFDM signal when it is
subjected to a PAPR reduction technique. These analysis are
presented asymptotically based on Shannon distortion-rate the-
ory. Shannon gave a fundamental lower bound (SLB) for the
distortion-rate function, which indicates the minimum achiev-
able distortion for a given rate D*(R) that should be considered
in any lossy compression technique. SLB for a stationary iden-
tical and independently distributed (i.i.d) source and MSE
distortion D is given by [27]

D*(R) = ——22(03 2R (46)
2re
where e is the exponential and i(X) is the differential entropy
of an absolutely continuous RV X and is defined as
h(X) = —f fx (x) log, fx (x) dx. (47)
X

where X is the set denoting the support of RV X. Although the
distortion-rate function has a simple expression, it cannot be
evaluated analytically except in a few special cases. However,
it is well known that the Gaussian source maximizes the dif-
ferential entropy and hence the SLB for a given variance [27].
Therefore, for a RV X with a given variance o2, h(X) is upper

bounded by

h(X) < hg(X) = %10g2<2n602>, (48)

and the distortion-rate is in turn upper bounded as follows:

D*(R) < Di(R) = o227k, (49)
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Fig. 7. D:lip (R) and D(*QCQP (R) functions for clipped and TR-QCQP PAPR-

reduced signals, at different A and Ppc, respectively, bounded above by the
Gaussian distortion-rate function D*G (R).

where hg(X) is the differential entropy of a Gaussian random
variable with variance o2 and D’é(R) is SLB for a Gaussian
source.

Fig. 7 shows the distortion-rate Shannon bounds for clipped
signals with different clipping ratios, denoted DZlip(R), and
for tone-reserved signals with different power constraints,
denoted DBCQP(R), together with the Gaussian upper bound
D, (R). The Gaussian upper bound D;(R) is plotted from (49),
while the distortion-rate functions D’C“hp(R) and DZSCQP(R)
are computed numerically using the corresponding PDFs in
Theorems 1 and 2, respectively, in (46).

It can be seen that the highest distortion results from the
Gaussian distribution. At low clipping ratios, the deviation
of D’C“hp(R) from the Gaussian D{;(R) is clearly seen. As the
clipping ratio increases and the signal converges to a zero-
mean Gaussian distributed signal, this deviation decreases.
Moreover, DBCQP (R) is slightly lower than the Gaussian upper
limit. This is because the TR-QCQP algorithm preserves the
distribution of the OFDM signal except for a slight change
in the tail of the distribution. Indeed, when the power con-
trol Ppc increases, the tail of the TR-QCQP PDF decreases
and the contribution of the minor modes increases. Therefore,
the DBCQP(R) of a tone-reserved signal is farther from the
Gaussian upper bound.

In summary, to infer the gain obtained when the distribution
of the signal to be compressed is non-Gaussian, the relative
distortion reduction of the clipped and tone-reserved PAPR-
reduced IQ samples PDFs relative to the Gaussian PDF, i.e.,
D§(R) — D;‘lip(R) and Df;(R) — DECQP(R), respectively, are
summarized in column 2 of Table L.

Moreover, for the sake of clarification and comparison,
Fig. 8 shows the asymptotic scalar quantization distortion
defined in Proposition 1, i.e., Panter and Dite formula for
Gaussian, for clipped and tone-reserved signals together with
their SLB. The asymptotic scalar quantization distortion is
calculated from the following closed-form expression for the
Gaussian signal, DJ, = Y3222 [28], derived in (44)
for the clipped signal and computed numerically for the
tone-reserved signal. The difference between the asymptotic
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TABLE I
DISTORTION REDUCTION FOR CLIPPED AND TR-QCQP SIGNALS,
RELATIVE TO THE GAUSSIAN-DISTRIBUTED SIGNAL AND THE
ASYMPTOTIC DIFFERENCE IN DISTORTION BETWEEN THE LLOYD
QUANTIZER AND SLB FOR EACH PDF

PDF DE(R) - D*(R) | DLq(R) - D*(R)
Gaussian PDF 0 4.34 dB
TR-QCQP, Ppc = 10 dB 0.83 dB 2.52 dB
TR-QCQP, no power limit 1.24 dB 2.26 dB
Clipped, (A = 1.59 dB) 2.0 dB 2.97 dB
Clipped, (A = 1.07 dB) 2.72 dB 3.47 dB
Clipped, (A = 0.51 dB) 3.72 dB 3.60 dB

Gaussian signal
5 T T T T TR-QCQP, Ppc = 10 dB

T S —— TR-~-QCQP, no power constraint
S —— Clipped signal, A = 1.59 dB
~ —— Clipped signal, A = 1.07 dB
* —— Clipped signal, A = 0.51 dB
—— Shannon lower bound

—% Asymptotic Lloyd quantization

o
T

_ Distortion [MSE in dB]

N
o
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o os 1 15 2 25 3 s
Rate [bits/ IQ sample]

Fig. 8. Asymptotic distortion of Lloyd quantizer and SLB for clipped and
TR-QCQP PAPR-reduced signals, at different A and Ppc, respectively, vs
resolution.

quantization distortion and SLB for each PDF is summarized
in column 3 of Table I. Obviously, the Lloyd quantizer can
achieve lower MSE, i.e., better performance by approach-
ing SLB for clipped and tone-reserved signals than for the
Gaussian signal.

C. Gaussian Quantizer Performance Evaluation

In this section, the robustness of Gaussian-optimized com-
pression techniques when applied to a PAPR-reduced signal
is evaluated. The results are given thanks to the SQNR to
highlight the effect of the quantization block.

1) Clipping: Fig. 9 shows the simulated SQNR w.r.t. the
clipping ratio A for different resolutions. The solid lines repre-
sent the optimal performance of the Gaussian quantizer applied
to a Gaussian OFDM signal. The dashed lines represent the
SQNR obtained when the Gaussian quantizer is applied to the
clipped 1Q samples. We first conclude that applying a Gaussian
quantizer to a clipped signal results in a severe degradation of
the SQNR. Moreover, the performance loss increases as the
resolution of the quantizer increases. Finally, the higher the
clipping threshold A, the lower the performance loss, since the
distribution of clipped IQ samples converges to a zero-mean
Gaussian distribution. Therefore, the SQNR curves reach a
constant ceiling at high clipping thresholds.

2) TR With QCQP Solution: Fig. 10 shows the simulated
MER as a function of the resolution R for different values
of Ppc and Nprr, respectively. The solid line represents the
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Fig. 9.  SQNR vs clipping ratio A of a Gaussian quantizer applied on a
clipped signal vs the resolution.
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Fig. 10. MER vs resolution of a Gaussian quantizer applied to a TR-QCQP

signal. (a) different power constraints Ppc and Nprr = 1%. (b) different
percentages of PRTs Nprt and Ppc = 10 dB.

optimal performance of a Gaussian quantizer applied to a
Gaussian OFDM signal. The dashed lines represent the MER
obtained when the Gaussian quantizer is applied to the tone-
reserved PAPR-reduced 1Q samples. We first note that using a
Gaussian quantizer on a tone-reserved signal does not lead
to any performance degradation, on the contrary, a slight
improvement in the MER performance is obtained compared
to the Gaussian case. Moreover, MER is getting better when
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Fig. 11. MSE per each quantization region for different power constraints.
(a) 4-level quantizer with 2 bits per sample. (b) 8-level quantizer with 3 bits
per sample.

increasing Ppc or Nprr. This can be explained as follows
based on our previous analysis. The main mode follows the
Gaussian distribution. Therefore, the Gaussian codebook quan-
tization levels in this region is optimally adapted. On the other
hand, the tail of the distribution is reduced when increasing
Ppc or Nprr which means that high amplitude values occur
with quasi-null probability, resulting in lower quantization dis-
tortion compared to purely Gaussian distributed samples. We
show the partial quantization distortion experienced by each
quantization region for 4 and 8 level quantizers in Fig. 11a)
and Fig. 11b), respectively. The quantization distortion of
tone-reserved signals is reduced on the first and last regions,
compared to the distortion on the OFDM signal, while they
are the same in other regions, since the distributions are quite
similar.

D. Comparison of Gaussian and Optimized Quantizers

Even though the Gaussian quantizer has been shown to
be very robust to the modification in the distribution of the
samples after PAPR reduction in some situations, this does
not mean that no gain can be expected from an optimized
quantizer. In this section, we therefore use the obtained distri-
bution of the PAPR-reduced 1Q samples to study the gain in
system performance obtained by optimizing the compression
techniques.

1) Clipping: In Fig. 12, the analytical expression of the
MER provided in Lemma 3 is validated by plotting the ana-
lytical and simulated MER as a function of the clipping ratio A
for different resolutions. Due to the precision of the asymptotic
quantization distortion formula in Proposition 1, the analytical

40

- - Analytical MER
— Simulated MER

5 L L L L L

4 6 8 10 12
Clipping ratio A [in dB]

Fig. 12.  Simulated and analytical MER vs clipping ratio A of clipped
optimized compression techniques for different resolutions.
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M 143
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Fig. 13. MER of Gaussian and optimized compression techniques vs clipping
ratio A for different resolutions.

expression of MER at high resolutions agrees perfectly with
the simulation results, as long as R > 4 [28]. Moreover, the dif-
ference between the theoretical and simulated MER does not
exceed 0.25 dB at low resolution, which validates the proposed
MER expression.

Fig. 13 shows the MER for both Gaussian and clipped opti-
mized compression techniques obtained from the proposed
analytical study as a function of the clipping ratio A for dif-
ferent resolutions. First, MER increases as the clipping ratio
increases and at high clipping ratios, only the quantization dis-
tortion affects the system performance. Second, the higher the
clipping ratio, the more the signal distribution approaches the
zero-mean Gaussian distribution. Thus, the two types of com-
pression techniques merge to achieve an upper bound that is
the MER when only the quantization distortion of a Gaussian-
distributed signal at a given rate is considered. This explains
the 6-dB gap between the different rates at high clipping ratios
and verifies the famous 6-dB quantization rule [29].

In conclusion, applying optimized compression techniques
to a clipped PAPR-reduced signal improves the performance
of the MER at low resolutions and low clipping ratios,
i.e., a highly clipped signal. However, compared to pure
Gaussian compression schemes, the degree of improvement
decreases when resolution increases, reaching about 0.02 dB
when an average of 7 bits per 1Q sample is used. This can
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Fig. 15. Simulated and asymptotic MER vs resolution of TR-QCQP
optimized compression techniques for different power constraints Ppc.

be explained by exploring Fig. 14, where the clipping and
Gaussian quantization distortions are plotted separately for
different resolutions. It can be observed that although the
quantizer is not optimized for the clipped input signal, the
quantization distortion is negligible compared to the clipping
distortion at high rates. This is because a large number of
quantization levels in a finite quantization region effectively
reduces the quantization distortion to almost 0.006 even if it
is not an optimized quantizer. Thus, in both cases, clipping dis-
tortion becomes the only dominant fixed distortion compared
to quantization distortion.

2) TR With QCQP Solution: We confirm the asymptotic
MER numerically, using the obtained PDF of the TR-QCQP
IQ samples in Theorem 2. Fig. 15 compares the asymptotic
theoretical MER with the one obtained by simulations for dif-
ferent power constraints on the reserved tones. Theoretical
values are represented by bars bordered with dashed lines
while those obtained by simulations are bars bordered by solid
lines. They agree acceptably at the high rates. More precisely,
the deviation between the asymptotic and simulated results
is less than 0.18 dB for R > 5. This validates our theoret-
ical findings in Theorem 2. Hence, we can use the derived
IQ PDF along with the estimated parameters of the amplitude
distribution in [22] to evaluate the performance of different
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Fig. 16. MER of Gaussian and optimized compression techniques vs
resolution for different power constraints Ppc and Nprt = 1%.
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Fig. 17. MER of Gaussian and optimized compression techniques vs
resolution for different percentages of PRTs Nprt and Ppc = 10 dB.

compression techniques without having to perform complex
and time consuming numerical simulations.

Figs. 16 and 17 show MER of both Gaussian and
tone-reserved optimized compression techniques obtained
by numerically integrating the IQ distribution obtained in
Theorem 2 as a function of resolution R for different Ppc and
Nprr, respectively. A zoom on the high-rate region is also
included. It is found that optimizing the compression tech-
niques to the distribution of the tone-reserved signal improves
the MER performance at high resolutions. Moreover, the MER
performance gain increases significantly when the power con-
straint Ppc or the percentage of reserved tones for TR Npgrr
increases.

This can be explained by the fact that higher rates, i.e., a
larger number of quantization levels covering the finite quan-
tization region, reflect the ability of the optimized codebook
quantization levels to exploit the statistical changes in the tail
of the distribution. Indeed, the role of the optimized compres-
sion techniques becomes more efficient when the contribution
of the minor modes becomes more significant by increasing
the Ppc or the Nprr. For example for a Ppc = 10 dB and
a PRT ratio of 1%, as defined in the DVB-T2 specifications,
the optimized compression techniques improve the MER by
about 1.6 dB compared to the purely Gaussian compression
technique, when 7 bits per IQ sample are used in average.
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V. CONCLUSION

This paper investigated the effect of reducing the PAPR of
an OFDM signal in the time-domain before compression in a
C-RAN architecture. The analytical distributions of the PAPR-
reduced OFDM IQ samples have been derived and validated by
simulation analysis for both clipping and QCQP PAPR reduc-
tion techniques. The obtained IQ distributions were used to
optimize the codebook levels of a non-uniform scalar quan-
tizer and the average number of bits allocated by the entropy
encoder in addition to the analysis of the MER, modeling the
joint effect of PAPR reduction and quantization operations.

First, by analyzing the theoretical Shannon bound for the
obtained distributions of the clipped and tone-reserved sig-
nals, we show how the compression techniques take advantage
of changing the distribution of the signal to be compressed.
The simulation results have shown that the Gaussian-optimized
quantizer is not very robust when applied to a clipped signal.
Moreover, the gain of using an optimized quantizer consid-
ering the clipping operation is highlighted, especially in the
low-rate quantization region. However, the gain decreases sig-
nificantly in the high-rate region. While, in the case of the
TR-QCQP algorithm, the Gaussian quantizer works properly
when applied to a tone-reserved signal, because the distribu-
tion of the latter is close to a Gaussian one. However, we
show that the optimized quantizer based on the distribution of
the tone-reserved IQ samples fulfils a significant gain in the
high-rate quantization region, especially for a high number of
tones reserved for TR and high power constraint.

APPENDIX A
PROOF OF THEOREM 2

The multiplication of the Rayleigh distribution by the GEV
CDF in the amplitude distribution of the tone-reserved PAPR-
reduced signal fgiSQP(r) in Lemma 2 is complex to integrate.
Therefore, in [22], the authors propose a suitable approxima-
tion that has been numerically tested to ensure an appropriate
trade-off between the complexity of the expression and the
accuracy of the computations.

The approximation consists in replacing the GEV CDF in
f%SQP(r) in Lemma 2 by a unit step function truncated at
rs = U1+ Z—ll((ln 2)~k —1), ie., u(r—ry). Thus, fg, , () in (8)
can be expressed by:

f = |4 O —ur=r). i refonl g
inl , otherwise,

Based on this approximation and remembering that fg, ,(r)
is equal to a GEV distribution over [0, uy — Z—;] and 0
elsewhere. The respective support of the amplitude distribu-
tion of the TR-QCQP signal is redefined over [0, d*], where
d* = max (ry, U2 — Z—j). Thus, the evaluation of fy, (x) in (28)
can be developed as follows:

d* (1 ) _X +\2
fx, () =/ A L PR u(r —,/x2+y2)dy. (51)
d* 27‘[ Uray
The unit step function redefines the integral over

—J/r2—x2,/r2 —x2].

Then, using the integral identity

in [26, eq. (1), Sec. 3.321, p. 336], fx, (x) can be expressed
as in Theorem 2.
In the same way, fx, (x) in (28) is evaluated from

G(x, y)k2+le_G(X’y)dy. (52)

sz(x)=L/ _ L
wo2 Jo  /x24y?

I

Consider the change of variable ¢ =
G(x,y) is in (30). Thus,

day -y

dy o/ + 2

G(x,y) in I, where

G e+,

2
y= \/<m+ 2y — 1)) —, (53)
and the integral limits are stated as
k 123
Y1 = [1 + —z(x—m)} *, and
02
ko > 2 )
vy = 1+O—2( 2+ d —M) (54)
Hence, we get:
! v
=-m e Vdy. (55)

\/ u + 2
Let us assume the following notations

2

) 24202
2 9 C2 =

k3 ko

ky _ 1)>2 _2

c] = —2cq, andcg:,u%—cl—cz—xz,

(56)

and with adequately rearranging the terms, [ is stated as
follows

1] _1
I = —0’2/ <C11//_2k2 + Czl/f_kz + 63) :
Y1

e Vdy. (57)

I

Thus, using the generalized Newton multinomial theorem [30]
to expand Iy, I; can be developed as

EE ()

p1=0p2=0

Cglfpzcgzwkz(pwpﬁl)’

(58)

Substituting /; into I and using the integral property in [26,
eq. (2), Sec. 8.35, p. 899]. Together with filling I into (52)
and with further simplification of the expression, fx,(x) can
be expressed as in Theorem 2.

APPENDIX B
PROOF OF LEMMA 4

For the clipping PAPR reduction case, Ps is the power of
a complex Gaussian distributed signal with standard deviation
Otray, Thus, Py = =202

ray*
D¢ and DLQ are the powers of the clipping and quantiza-
tion distortions, respectively, which are considered statistically



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

independent [31]. Let us first derive the clipping distortion D¢
which can be computed as follows:

Dc = E[|S - Zfr}ipﬂ] - E[(RS - Rin)z], (59)

Expanding the expectation operator and taking the clipping
definition (2) into consideration leads to

De = B[R, — Rw?] = /

Vmax

]

(r — Vimax) g, (P)dr.  (60)

After expanding the squared term and using the integral iden-
tity in [26, eq. (9), Sec. 3.381, p. 346], D, can be expressed
as in Lemma 3.

The asymptotic quantization distortion Dy g is derived from
“Panter and Dite formula” in Proposition 1. As already shown
in Section III-A, the in-phase and the Quadrature-phase of a
PAPR-reduced complex signal are identical at the input of the
quantizer. Therefore, the quantization distortion is the same
for both components and can be derived for complex samples
as follows:

. 2—2R 00 -
ng:T / VEEP (x)dx 61)
—00
[ S —
1

The evaluation of (61) using the PDF of the clipped 1Q samples
given in Theorem 1 leads to the following integral derivation,

Vimax 1 — - V.
I= / Ly o[ Y
—Vimax / 2 O'r%y / 20'r2ay
1
e A 1 ’
dx. (62)

2 Vmax2 —x?
Let us assume the following notations

1 \%
a = erf fmax s b= 2—2, ) .
\/ 2rog, \/ 202, Oray T
(63)

Thus, using the generalized Newton binomial theorem [30], /
can be developed as

Vmax ot l 2 %71{ C
= [ 5 () )
—Vmax k=0 k V2 — .X2

max
1
1k
2\ 3
Vinax (ae b") ck

O/

Rearranging the terms in 7 leads to

kdx, (64)
V2 _ xz)

max

_ b(1=3k) .2
B — X

g 13 [ Vmax e
=3 (e [
o (V=)

I

(65)
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Thus, with proper variable substitution along with the integral
property in [26, eq. (1), Sec. 3.383, p. 347], I; is solved as

1 2—k 1 N
n= (50 3) (o)

1 3—k% 5 .

x 1F AT s —dViax | | with, £ < 1, (66)
where d = b(;zy‘). Finally, substituting /7 into I, filling /
into (61), and with further simplifications of the expression,

Dilg) can finally be expressed as in Lemma 3.

Finally, PSP s the power of a complex clipped 1Q sample,

Zin

computed with the distribution in Theorem 1, i.e.,

i Vimax .
Pelie — 2 /_ ) 2P (x) dx. (67)

Using the integral identity in [26, eq. (5), Sec. 3.321, p. 336]
for the exponential function, P;" is expressed as shown in
Lemma 3.
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