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The Effect of Conductivity Values on ST Segment
Shift in Subendocardial Ischaemia

Peter R. Johnston* and David Kilpatrick

Abstract—The aim of this study was to investigate the effect of
different conductivity values on epicardial surface potential dis-
tributions on a slab of cardiac tissue. The study was motivated by
the large variation in published bidomain conductivity parameters
available in the literature.

Simulations presented are based on a previously published bido-
main model and solution technique which includes fiber rotation.
Three sets of conductivity parameters are considered and an al-
ternative set of nondimensional parameters relating the tissue con-
ductivities to blood conductivity is introduced. These nondimen-
sional parameters are then used to study the relative effect of blood
conductivity on the epicardial potential distributions.

Each set of conductivity parameters gives rise to a distinct set
of epicardial potential distributions, both in terms of morphology
and magnitude. Unfortunately, the differences between the poten-
tial distributions cannot be explained by simple combinations of
the conductivity values or the resulting dimensionless parameters.

Index Terms—Anisotropy, bidomain model, conductivity values,
simulation, ST depression, subendocardial ischemia.

I. INTRODUCTION

DEPRESSION of the ST segment of the electrocardiogram
has been recognized as a sign of ischemia for many years

[1]. However, most explanations of the mechanisms responsible
for this depression have been controversial [2]. In an attempt
to further our understanding of this phenomenon, we recently
introduced a mathematical model for ST segment changes due
to subendocardial ischemia in a slab of cardiac tissue [3]. The
model was based on the bidomain representation of cardiac
tissue [4] and the tissue conductivity values of Clerc [5] were
used to perform the simulations.

The aim of our previous study was to investigate the spatial
change in epicardial potentials as the degree of subendocardial
ischemia increased to full thickness. We also considered the ef-
fect of simplifying assumptions such as isotropic cardiac tissue
and ignoring fiber rotation.

The aim of this present study is to investigate the effect the
actual conductivity values have on the epicardial surface poten-
tial distribution on the slab of cardiac tissue. Here, we are in-
terested in the spatial distribution of ST segment change, not
the temporal and, thus, the source chosen is static and represen-
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tative of a typical source in the center of the ST interval. This
study was motivated by the wide variability in published bido-
main conductivity parameters (summarized by Roth [6]). On
the other hand, the conductivity of blood, which is important
in these simulations, is generally accepted to have a reasonably
small variability at frequencies of up to 1 MHz [7].

Roth [6] has presented a “recipe” for determining relative
bidomain conductivities given nominal properties of the cardiac
tissue. However, this recipe does not include the conductivity
of blood, which is perhaps not surprising as many simulations
using the bidomain model are primarily interested in the elec-
trical stimulation of cardiac tissue [8]–[10]. On the other hand,
simulations of defibrillation [11], [12] require blood conduc-
tivity values (as well as conductivities of other regions within
the thorax).

This paper will, first, present a summary of the effect of the
existing bidomain conductivity parameters on the epicardial
potential distribution. Then, by normalizing the conductivities
with respect to the extracellular conductivity in the longitu-
dinal direction, it will use the recipe of Roth [6] to study the
relative effect of blood conductivity on the epicardial potential
distribution. Effects of other parameters, such as the ratio
of longitudinal to transverse intracellular conductivity and
anisotropy ratio, are also considered.

II. M ETHODS

A. Model Description

The model to be used in this paper has been described pre-
viously [3] and only a brief outline will be given. The cardiac
tissue is represented by a block of tissue, infinite in theand

coordinate directions and of unit thickness in thedirection
with the epicardium represented by the– plane. The endo-
cardium is, therefore, represented by the plane at , in con-
tact with a volume of blood extending to infinity in the positive

direction.
The tissue is approximated by the bidomain model [4], [13],

[14] for which the governing equation for the extracellular po-
tential, , can be shown to be

(1)

where is the transmembrane potential and
is the intracellular potential. The tensors and reflect
the anisotropic conductivity, as well as fiber rotation, within the
cardiac tissue [3]. Anisotropic conductivity is given in terms
of the intracellular and extracellular longitudinal and transverse
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conductivities , , , and . Also, the potential distribution
in the blood, , is governed by Laplace’s equation

(2)

The accompanying boundary conditions are that the potentials
tend to zero at large distances from the origin, that is, as

and , . Since the epicardium is
assumed insulated, it follows that:

at (3)

Further, at the interface between the tissue and the blood, there
is continuity of potential and current, i.e.,

at and (4)

where is the conductivity of blood. Finally, since the blood
mass is assumed infinite in the positivedirection, as

.
Equation (1) is a Poisson equation for the electric potential

in the extracellular space with the source term being the gen-
eralized Laplacian of the transmembrane potential distribution.
Since it is assumed that there is a difference in plateau poten-
tials between the normal and ischemic tissue, this term will
be nonzero, thus creating potential distributions which are ob-
served as ST depression or ST elevation on the body surface.

The fibers in the tissue will be assumed to rotate through an
angle of 120 (chosen for consistency with our previous model
[3]). If the fibers on the epicardium are aligned along the posi-
tive axis, then the longitudinal direction at any depth, with
respect to the positive axis is given by

(5)

As mentioned above, this rotation is taken into account in the
conductivity tensors.

It will also be assumed that the region of subendocardial is-
chemia occupies a square finite region in theand directions,
centered on the axis. In the direction, the region is bounded
by the endocardium, but does not extend to the epicardium.

A technique for solving the governing equation [Equation (1)]
has also been described previously [3] and so will only be de-
scribed in outline here. A two-dimensional (2-D) Fourier trans-
form in the and directions is applied to equation (1), re-
sulting in an ordinary differential equation in thedirection.
This equation is solved for the Fourier transform of the poten-
tial in the extracellular space using a one-dimensional finite dif-
ference method with nodes clustered near the ischemic border.
The resulting Fourier transforms are inverted to recover the ex-
tracellular potentials using a 2-D fast Fourier transform. Inver-
sion in this fashion slightly changes the physics of the problem.
Instead of dealing with a domain which is infinite in theand
directions, the domain is now of finite extent and the boundary
conditions are of an insulating type. In order to minimize the
difference between these two situations, the computational do-
main is made large enough to allow the boundary potentials to
approach zero.

B. Modeling Parameters

It will be assumed that the block of tissue modeled is 1 cm
thick and 16 cm in each of theand directions. The region of
ischemia is a square of side 4 cm centered on the origin and the
parameters governing the width of the ischemic border are all
0.01 cm (see [3]), which reflects a narrow ischemic boundary.
Finally, the difference between plateau potentials in normal and
ischemic tissue, , was set at 30 mV.

The main aspect of this paper is to demonstrate the difference
in epicardial surface potential distributions arising from the dif-
ferent conductivity values available in the literature. Some of
the most frequently quoted values are given in Table I. As men-
tioned by Roth [6], there is a significant variation in each of
these parameters, up to a factor of three, and not always in the
same direction, from experiment to experiment. In contrast to
this, the conductivity of blood exhibits a much smaller variation
and is generally accepted to be about 0.0067 S/cm. Three sets
of simulations based on these parameters are presented in Sec-
tion III.

Roth [6] also mentions the auxiliary parameters, (length
constants of the tissue in the longitudinal and transverse direc-
tions, respectively), (ratio of intracellular and extracellular
conductivities) and (one minus the anisotropy ratio in the ex-
tracellular and intracellular spaces) (see [6] for the exact defini-
tions). Values for these parameters are also included in Table I.
Based on considerable experimental evidence, Roth [6] suggests
the following nominal values for these parameters: ,

, and . Using these values, the following di-
mensionless bidomain conductivities (normalized with respect
to ) are obtained: , ,

, and .
The next step is to consider normalizing the conductivity of

blood. The natural approach would be to normalize with respect
to , as suggested by Roth [6]. However, given that the conduc-
tivity of blood is incorporated in the model through the boundary
condition (4), which also contains , it would be more appro-
priate to normalize all the conductivities with respect to one of
the extracellular conductivities. In view of the nominal parame-
ters chosen by Roth [6], it was decided to normalize the conduc-
tivities with respect to , thus preserving the straightforward
nature of Roth’s dimensionless representation and giving

(6)

(7)

(8)

(9)

Using Roth’s nominal parameters yields the same values for
the dimensionless conductivities as with the original normaliza-
tion.

In a similar fashion, define the dimensionless blood conduc-
tivity as

(10)
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TABLE I
VALUES OF BIDOMAIN TISSUECONDUCTIVITIES FROM THE INDICATED

SOURCES(IN S/cm), THEIR CORRESPONDINGDIMENSIONLESSVALUES

AND, VALUES OF THEAUXILIARY DIMENSIONLESSPARAMETERS

Values for this quantity are given in Table I for the three avail-
able data sets of conductivities. As can be seen from the table,
the value of ranges from 1 up to about 6.

III. RESULTS

Figs. 1–3 show the epicardial surface potential distributions
for varying wall thickness ischemia using the three data sets
given in Table I. Each figure shows the epicardial potential dis-
tribution when the inner 10% [panel (a)], 40% [panel (b)], 70%
[panel (c)], and 90% [panel (d)] of the wall is ischemic.

First, consider Fig. 1 obtained using the conductivity values
determined by Clerc [5]. At 10% ischemia, the potential distri-
bution could be described as a valley (ST depression) with al-
most circular cross section, but at 40% ischemia, the valley has
three distinct minima and there is an encroaching zero line ex-
tending from the positive and negativedirections. The depths
of these valleys are shallower than those at 10% ischemia. At
70% ischemia there is a breakthrough of positive potential (ST
elevation) on the epicardial surface, directly above the positive
and negative borders of the ischemic zone, which extend to the
sides of the region, and the valleys have separated into three dis-
tinct regions. At this point, the depths of the valleys have again
increased and there is the first indication of the large potential
gradients above the border of the ischemic region. At 90% is-
chemia, most of the potential above the ischemic region is posi-
tive, except for a small region in the center. The valleys to either
side of the ischemic region are again deeper than previously.
With full thickness ischemia (not shown here, see [3]), there are
high potential gradients around the ischemic border, the poten-
tial is always positive above the ischemic region, being higher

toward the edges. Finally, both the positive and negative poten-
tials are more extreme than in any previous situation.

Now, consider the same sequence of plots based on the data of
Robertsetal.[15] (Fig.2).The first thing toobserve is that theepi-
cardial potentials have greater magnitudes than those generated
from the data of Clerc and the pattern of increasing/decreasing of
potentials with degree of ischemia is similar. With this in mind,
there isnotagreatdifferencebetween theepicardialpotentialdis-
tributions up to about 50% ischemia (not shown), except that the
potential gradients are significantly higher. However, at 70% the
ST elevation above the ischemic border does not extend to the
boundaryof theregionandat90%ischemia, theregionofpositive
potential above the ischemic region is isolated by negative poten-
tialonallsides.Finally,at full thickness ischemia(notshown), the
patternsare againsimilar to the patterns from Clerc’s data, except
that themagnitudesaremoreextreme,resulting in largerpotential
gradients.

A different situation arises when the data of Roberts and Scher
[16] are used (Fig. 3). First, observe that in general, the potentials
aremuchmoreextremethaninthetwopreviouscasesandtheneg-
ativepotentialshavesmallervariations inmagnitudeasthedegree
of ischemia increases. Another observation is that the three dis-
tinct valleys that appear in the previous two cases do not appear
for this data set. At 70% ischemia there is evidence of large po-
tential gradients, but no suggestion of the ST elevation as seen in
the previous situations. Even at 90% ischemia, there is no signif-
icant positive potential observed; however, there are large poten-
tialgradientsat thedirectionextremesof theischemicboundary.
The potential distribution at full thickness ischemia is not signif-
icantly different from those distributions obtained using the first
two data sets described previously, except that the magnitudes of
the potentials are greater.

Fig.4showstheepicardialpotentialdistributionat70%suben-
docardial ischemiaobtained forvariousvaluesof theparameter
with and . A value of [Fig. 4(a)] yields
a distribution similar to that obtained using the data set of Clerc
[5] [Fig. 1 (c)]. Increasing to 1 Fig. 4(b)] again yields a distribu-
tionsimilar to thatobtained using the data set ofClerc [5] (Fig.1),
but has magnitudes more of the order of the potential obtained
from the data of Robertset al.. As is increased to 2 Fig. 4(c)] the
distribution becomes similar to that obtained using the data set of
Robertset al.[15] (although the positive regions are smaller). Fi-
nally, with Fig. 4(d)] the distributions obtained approach
that obtained from the data of Roberts and Scher [16], although
the magnitudes are somewhat smaller.

In order to assess the effect of the ratio of blood to tissue
conductivity, simulations were performed with the dimension-
less tissue conductivity values given in Section II and values of

and . For the purposes of illustration, epicardial
potentials are only shown for 70% ischemia as this showed the
greatest degree of variation with the original data sets. The re-
sulting potential distributions are shown in Fig. 5. With
[Fig. 5(a)], there is a great similarity to distributions obtained
from the data of Clerc (Fig. 1), except that the magnitudes of
the potentials are greater (more of the order of the potentials ob-
tained from the data of Robertset al.). When [Fig. 5(b)],
there are small regions of ST elevation near two corners of the
ischemic region. This is similar to the distribution from the data
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(a) (b)

(c) (d)

Fig. 1. Epicardial surface potential distributions during the transition to full thickness ischemia using the conductivity data of Clerc [5]. Distributions are shown
for subendocardial ischemia at (a) 10%, (b) 40%, (c) 70%, and (d) 90%. Each panel shows the maximum and minimum potential value, with a contour intervalof
0.2 mV. The solid lines represent positive potential, the broken lines, negative potential and the thick solid line is the zero of potential. The thickdashed line in (a)
represents the projection of the ischemic region onto the epicardium (this region is common to all subsequent contour plots).

of Robertset al., except that these positive regions are consid-
erably smaller. Finally, with [Fig. 5(c)], a potential dis-
tribution similar to that obtained from the data of Roberts and
Scher is observed. The similarity lies in the fact that the potential
is generally negative everywhere and there are large potential
gradients near the ischemic boundary; however, this simulation
has several minima in the potential distribution, as opposed to
that shown in Fig. 3. It is interesting to note that increasing
above three does not greatly affect the resulting potential distri-
butions in either shape or magnitude.

IV. DISCUSSION

This paper has investigated the effect electrical conductivity
values have on ST segment epicardial potential distributions
induced by subendocardial ischemia. Three sets of measured
tissue conductivity values were used to obtain the epicardial po-

tentials and then a normalized set of conductivities were used to
consider the relative effect of blood conductivity.

The effect of the three measured sets of tissue conductivity on
epicardial potential distributions is shown in Figs. 1–3. The main
observations are the changes in morphology and potential mag-
nitude between the data sets. All simulated potentials are smaller
in magnitude than those encountered in the experiments of Liet
al. [17]. It should be noted that the data from Liet al.were de-
rived from true ischemia in either the territory of the left anterior
descending (LAD) or circumflex (CX) coronary arteries over the
epicardium of anin vivoheart. The heart includes the septum and
right ventricular blood volume, not included in this model.

The conclusions from the experimental data were that the po-
sition of the ST depression maximizes over the left ventricular
front wall, which is the boundary between the LAD and CX
artery territories. Experiments with progression of ischemia can
not accurately say how much myocardium is ischemic when ST
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(a) (b)

(c) (d)

Fig. 2. Epicardial surface potential distributions during the transition to full thickness ischemia using the conductivity data of Robertset al. [15]. The format of
the figure is the same as Fig. 1.

elevation develops, but it is believed to be nearly 100%. The ST
depression is increased as the degree of ischemia is increased
and when approaching full thickness ischemia, ST elevation
moves from the boundary of the ischemic region to be situated
above its center.

A further difference between the model and the experimental
data is in the choice of the reference. Although this does not alter
the pattern, the degree of positivity or negativity is obviously af-
fected by the reference electrode chosen. In addition, the model
uses a fixed potential difference between transmembrane poten-
tials for ischemic and normal tissue, whereas, in experimental
work, this driving potential is dependent on the time after the
onset of ischemia.

An additional factor in experimental ischemia is that it is
not absolute. The technique used is to reduce flow by a snare
and increase work by pacing, resulting in graduated ischemia.
Additionally, the electrophysiologic properties of the ischemic
boundary are not accurately known.

As mentioned previously [3], this model (using the conduc-
tivity data of Clerc [5]) predicted a relationship between the re-
gions of subendocardial ischemia and the position of ST depres-
sion over the epicardium, an observation in contrast to published
experimentaldata[18], [17]. Itwasalsomentionedthatthemagni-
tudes of the simulated potential data were smaller than those ob-
served experimentally [17]. However, the model did predict the
high potential gradients near the border of the ischemic region,
and that ST depression increased before the occurrence of ST el-
evation and continued to increase as ST elevation increased.

UsingtheconductivitydataofRobertsetal.[15], results insim-
ulated potential values which are closer in magnitude to the ex-
perimentally measured values (Fig. 2). However, the model still
suggests that the epicardial ST depression pattern localizes the
subendocardial ischemia.Themodel,with thisconductivitydata,
stillpredicts theSTelevationandthehighpotentialgradientsnear
the ischemicborder.Hence, inonesense,using thissetofconduc-
tivity data brings the model closer to the experimental data.
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(a) (b)

(c) (d)

Fig. 3. Epicardial surface potential distributions during the transition to full thickness ischemia using the conductivity data of Roberts and Scher [16]. The format
of the figure is the same as Fig. 1.

Finally, using the conductivity data of Roberts and Scher [16]
results in a completely different set of epicardial potential distri-
butions. To begin with, the magnitudes of the potential are closer
to the experimental data than either of the previous data sets.
However, there is no ST elevation observed over the ischemic
region until the ischemia is nearly full thickness, which would
fit with the experimental evidence [17]. On the other hand, there
is no increase in ST depression with increasing ischemia as sug-
gested by the experimental data. The model is still consistent in
that it localizes the region of ischemia and there are high poten-
tial gradients near the ischemic border.

The transition in results from Figs. 1 to 2 to 3 is perhaps some-
what unexpected. First, going from Fig. 1 to 2 yields potential
distributions of similar morphology but with increasing magni-
tudes. This might be expected as there is an increase in intracel-
lular conductivities and a decrease in extracellular conductivi-
ties between the data sets of Clerc [5] and Robertset al. [15].
However, continuing with this idea, the results in Fig. 3 would
not be expected. Again there is an increase in the intracellular

conductivities and a decrease in the extracellular conductivities,
but the resulting potential distributions are completely different.
It might be expected that increases in ST depression for this data
would be matched with an increase in ST elevation and a similar
distribution to the first two data sets.

On the other hand, considering just the fact that the three data
sets yield different magnitudes of potential, a possible explana-
tion for this is the increasing values (Table I) for the three data
sets. The values of increase as 0.2784 (Clerc), 1.2727 (Roberts
et al.), and 2.8333 (Roberts and Scher), which matches the trend
of increasing potential magnitudes. To test this hypothesis, sim-
ulations were performed with values ranging from 0.25 up to
3 (keeping other values constant) (Fig. 4). The results tended to
match the general trend in shapes and magnitudes of the epicar-
dial distributions for the three different sets of measured conduc-
tivity parameters considered. Hence, varying this one parameter
can explain some trends in the data.

It has been mentioned previously [3] that a possible reason for
the smaller than expected potential magnitudes in the model was
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(a) (b)

(c) (d)

Fig. 4. Epicardial potential distributions at 70% subendocardial ischemia with� = 1 and� = 0:75. The panels correspond to different values of�: (a)
� = 0:25, (b)� = 1, (c)� = 2, and (d)� = 3. The format of each panel is the same as in Fig. 1.

the presence of the infinite blood mass. To investigate this hy-
pothesis, simulations were performed with various values of
(Fig. 5). Since it is assumed that the blood conductivity is con-
stant (due to its generally accepted value), changes inrepre-
sent changes in the tissue conductivity values (all other param-
eters remaining constant). From Table I, it can be seen that in-
creasing also corresponds to increasing potential magnitudes.
The simulations revealed the same change in potential patterns
as with the variation in tabulated tissue conductivity parameters,
but, surprisingly, the magnitudes of the potentials were reason-
ably similar. Hence, varying can also explain the change in po-
tential patterns, but not the change in magnitude. Therefore, the
relativeconductivitiesofbloodand tissuearenotconsidered tobe
important as changes in the value ofcan account for changes in
morphology and magnitude of the potential distribution.

Now consider the effects of and the ratio . It can be
seen that for a fixed value of, increasing and decreasing

both increase the dimensionless transverse conductivities

and . It turns out that increasing these conductivi-
ties allows ST elevation to occur at lesser degrees of subendo-
cardial ischemia, thereby resulting in earlier ST elevation over
the ischemic region. Again, changing these conductivity values
has little effect on the magnitude of the potentials. On the other
hand, decreasing these conductivities tends to result in ST de-
pression occurring over the entire surface with sites of ST ele-
vation occurring only toward full thickness ischemia.

From this discussion, it can be concluded that there is a com-
plex interplay between the parameters in this model and the re-
sulting epicardial potential distributions.

V. CONSLUSION

This paper has used a previously proposed bidomain model
of cardiac tissue to study the effects of tissue and blood con-
ductivity on the behavior of ST depression and elevation during
subendocardial ischemia. The model can be described in terms
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(a) (b)

(c)

Fig. 5. Epicardial potential distributions at 70% subendocardial ischemia with� = 1 and� = 0:75, with an anisotropic ratio of 4. The panels correspond to
different values of� : (a)� = 1, (b)� = 2, and (c)� = 3. The format of each panel is the same as in Fig. 1.

of the four parameters , , , and , which have been
varied both in accordance with experimental values and artifi-
cially. Note that a slight variation in the definitions of the dimen-
sionless conductivities has been introduced to that used previ-
ously [6].

Based on a comparison of the morphology and magnitudes of
the simulated and measured epicardial surface potential distri-
butions, it could be argued that the conductivity values proposed
by Robertset al. [15] should be used for the purposes of simu-
lation with realistic conductivity values. On the other hand, for
simulations based on the dimensionless representations of Roth
[6] with modifications suggested here, these values should be
augmented with a dimensionless blood conductivity parameter

of about one, or slightly greater.

However, in terms of a comparison with measured data, there
are still shortcomings in the model regarding the actual mag-
nitude of the potentials, as well as its ability to localize suben-
docardial ischemia. Clearly, these two anomalies cannot be ex-

plained with the simple geometric character of the model pre-
sented. A more geometrically realistic model is required to an-
swer all the questions posed by this complex situation.

Accurate values for conductivity parameters are necessary
and may need to reflect the individual experiment. A further as-
sumption which needs to be tested is that conductivity values
for ischemic muscle are the same as for normal muscle. These
must be determined from an experimental model.
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