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Claudia Nagel , Cristian Barrios Espinosa , Karli Gillette, Matthias A.F. Gsell , Jorge Sánchez ,

Gernot Plank , Olaf Dössel , and Axel Loewe , Senior Member, IEEE

Abstract—Objective: The bidomain model and the
finite element method are an established standard to
mathematically describe cardiac electrophysiology, but
are both suboptimal choices for fast and large-scale
simulations due to high computational costs. We
investigate to what extent simplified approaches for
propagation models (monodomain, reaction-Eikonal and
Eikonal) and forward calculation (boundary element and
infinite volume conductor) deliver markedly accelerated,
yet physiologically accurate simulation results in atrial
electrophysiology. Methods: We compared action potential
durations, local activation times (LATs), and electrocardio-
grams (ECGs) for sinus rhythm simulations on healthy and
fibrotically infiltrated atrial models. Results: All simplified
model solutions yielded LATs and P waves in accurate
accordance with the bidomain results. Only for the Eikonal
model with pre-computed action potential templates shifted
in time to derive transmembrane voltages, repolarization
behavior notably deviated from the bidomain results.
ECGs calculated with the boundary element method were
characterized by correlation coefficients >0.9 compared to
the finite element method. The infinite volume conductor
method led to lower correlation coefficients caused
predominantly by systematic overestimations of P wave
amplitudes in the precordial leads. Conclusion: Our results
demonstrate that the Eikonal model yields accurate LATs
and combined with the boundary element method precise
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ECGs compared to markedly more expensive full bidomain
simulations. However, for an accurate representation of
atrial repolarization dynamics, diffusion terms must be
accounted for in simplified models. Significance: Simula-
tions of atrial LATs and ECGs can be notably accelerated to
clinically feasible time frames at high accuracy by resorting
to the Eikonal and boundary element methods.

Index Terms—Atrial electrophysiology, bidomain, eikonal,
electrocardiograms, finite element method, local activation
times, monodomain, P waves.

I. INTRODUCTION

IN COMPUTATIONAL cardiac modeling, the bidomain
model is the most biophysically detailed formulation to

compute the spread of the de- and repolarization wavefront
and the electrical source distribution throughout the cardiac
tissue. Furthermore, the finite element method is considered the
gold standard for computing the body surface potentials from a
given distribution of the electrical sources in the heart to extract
electrocardiograms (ECG) at standardized electrode positions.
However, both methods are computationally expensive and are
thus suboptimal for generating large in silico datasets of car-
diac signals for machine learning applications [1], [2], or for
efficiently simulating excitation propagation in cardiac digital
twin for certain clinical applications such as to guide ablation
therapy [3]. Hence, simplified models with fast solution times are
needed to speed up the generation of in silico datasets of cardiac
signals, such as local activation times (LATs), electrograms or
ECGs by several orders of magnitude [4]–[6]. Yet, the signals ob-
tained with these simplified methods need to be physiologically
accurate and resemble the results obtained with the bidomain and
finite element method. In this work, we therefore aim to quantify
the inaccuracies arising in simulated atrial signals when resort-
ing to simplified computational methods. While comparisons
of this type have already been performed for the ventricles [5],
[7] and partly also for four chamber heart models [8], a study
focusing on atrial electrophysiology is lacking to the best of
our knowledge. However, this is substantial since the atria
stand out by a highly complex myocardial fiber structure, lo-
cally heterogeneous properties regarding ion channel and tissue
conductivities and higher anisotropy ratios as compared to the
ventricles.
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Fig. 1. Torso model with the segmented organs and electrode positions (transparent and clipped views) from the anterior and posterior view in
the top and bottom row, respectively. The right panel shows the anatomically detailed atrial model that was augmented with fiber orientation and
labels for anatomical structures. Heterogeneous conductivity and ionic properties were assigned to spatially distinct regions in the mesh. Resulting
APs featuring ionic heterogeneity are depicted on the right side in red together with the baseline Courtemanche et al. cellular model in blue.

The monodomain, reaction-Eikonal (RE), and the Eikonal
model solved by the fast iterative method constitute the simpli-
fied propagation models investigated in this work. Forward cal-
culation techniques applied in this study comprise the boundary
element and the infinite volume conductor methods. Simulations
were carried out in sinus rhythm with and without the inclusion
of fibrotic tissue modeled as passive conduction barriers [9],
slow conducting tissue patches and rescaled ion channel con-
ductivities representing cytokine effects [10], [11]. We assess
the errors between simplified propagation models and forward
calculation methods to the gold standard bidomain and finite
element formulations with metrics extracted from the simulation
results on cellular, tissue and organ scale comprising APDs,
LATs, and ECGs, respectively.

II. METHODS

A. Model Generation

An anatomically detailed model of the torso was obtained
by multi-label magnetic resonance image segmentation as de-
scribed in [12]. The contours of atria, ventricles, lungs, liver
and torso were exported as triangular surface meshes. These
were smoothed and resampled with an average edge length
of 0.5 mm, 5 mm, 5 mm, 7 mm and 15 mm, respectively,
using Meshmixer (Autodesk, San Rafael, CA, USA) and In-
stantMeshes [13] whereby details were corrected manually in
Blender (Blender Foundation, Amsterdam, The Netherlands) to
avoid intersecting segments and ensure a sufficient mesh quality
and topology. The segmented atrial endocardial surfaces were
fed into the pipeline described in [10], [14], [15] to obtain a
volumetric tetrahedral bi-atrial geometry with a homogeneous
wall thickness of 3 mm and an average edge length of 523 μm
augmented with inter-atrial connections, labels for anatomical
structures and myocardial fiber orientation. In contrast to fully
personalized approaches where fiber orientation can be defined
based on information extracted from diffusion tensor imaging
data, we defined myocardial fiber architecture in a rule-based
way as described in [14] building on the solution of Laplace’s

[16], [17]. Meshtool [18] was used to generate a tetrahedral
model of the full torso while preserving the surfaces of the
considered organs. Tags for the atrial and ventricular blood pools
were allocated to all elements in the volumetric torso model
located inside the surfaces bounded by the atrial and ventricular
endocardial walls with closed valve and vein orifices. A detailed
view of the torso and atrial model is depicted in Fig. 1.

Isotropic extracellular conductivity of 0.0389 S/m, 0.028 S/m,
0.06 S/m, 0.7 S/m and 0.22 S/m was assigned to lungs, liver,
ventricles, atrial and ventricular blood pools and the remaining
torso tissue, respectively, as reported in previous work [19]–[21].

In order to conduct comparable experiments with the mono-
or bidomain model that require conductivities, and the Eikonal-
based models that resort instead to conduction velocities (CVs),
it is crucial to consistently associate conductivities and CVs
for all heterogeneous tissue regions in the atria. Therefore,
anisotropic and locally heterogeneous conductivities were as-
signed to five different regions in the atria comprising regular
bulk tissue, crista terminalis, pectinate muscles, inferior isthmus,
and inter-atrial connections. CVs corresponding to the mon-
odomain conductivities reported in [22] for 0.33 mm resolu-
tion voxel models were therefore first calculated as described
in [23]. Using tuneCV [24], [25], intra- (σi) and extracellular
(σe) conductivities as well as the monodomain conductivities
(σm) were iteratively optimized for the tetrahedral mesh setup
described above while keeping the σi/σe ratio fixed. For this
purpose, five strand geometries with a length of 10 cm were
generated each characterized by a resolution corresponding to
the average edge length of one of the heterogeneous conductivity
regions in the atria. Intra- and extracellular conductivities in
longitudinal and transversal fiber direction as reported by Clerc
et al. [26] as well as by Roberts et al. [27] were initially assigned
to the elements in the slab meshes. In an iterative optimization
procedure, the conductivities were adjusted until the CV con-
verged to the target value derived from [22]. In this way, the
originally reported intra- and extracellular conductivity values
were scaled while the ratios between them were kept constant
along the eigenaxes [25]. In the following, we refer to the tuned
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conductivities obtained by initially assigning the values reported
by Clerc [26] and Roberts et al. [27] to the slab meshes as
Clerc and Roberts conductivities, respectively. The resulting
heterogeneous and anisotropic conductivity setup for each atrial
region is summarized in Table SI in the supplementary material.
For the monodomain simulations, we considered two different
cases which we refer to as “monodomain with and without
explicit conductivity tuning”. For the first one, we repeated
the tuneCV optimization using the monodomain propagation
model and obtained the monodomain conductivities listed in
Table SI in the supplementary material. In the second case,
we directly computed the monodomain conductivities from the
tuned intra- and extracellular bidomain conductivities as half of
their harmonic mean.

The Courtemanche et al. cell model [28] was used in the
simulations described in Section II-B. To reflect regionally
heterogeneous electrophysiology, maximum ion channel con-
ductances were rescaled compared to the baseline model as
reported in previous work [22], [29] and are summarized in
Table SII in the supplementary material. The final CV values
in longitudinal and transversal fiber direction as used for the
Eikonal and RE simulations described in Section II-B were
subsequently calculated with tuneCV [24] based on the tissue
and ion channel conductivity settings in each atrial region.

B. Propagation Models

1) Bidomain Model: The bidomain model represents the
propagation of the electrical de- and repolarization wavefront
through the cardiac tissue [30]–[32]. Here, the intracellular and
extracelullar domains are coupled and intertwined in a system
of partial differential equations. Solving this system provides
at each point in the cardiac tissue the intracellular Φi and
extracellular Φe electrical potentials:

−∇ · ((σi + σe)∇Φe) = ∇ · (σi∇Vm) (1)

∇ · (σi∇Vm) +∇ · (σi∇Φe) = β

(
Cm

∂Vm

∂t
+ Iion − Is

)

(2)

where Vm = φi − φe is the transmembrane potential σi and
σe are the intracellular and extracellular conductivity tensors,
respectively, β is the surface to volume ratio of the membrane,
and Cm is the membrane capacitance per unit surface. Addi-
tionally, Is and Iion are the transmembrane stimulus and ionic
currents, respectively. The ionic current Iion depends on the
state variables η that are calculated with a non-linear system of
ordinary differential equations. To solve the bidomain equation,
we defined a reference electrode on the anterior, lower left hand
side of the torso. Homogeneous Neumann boundary conditions
were imposed at the boundaries of the myocardial tissue (intra-
and extracellular domains) and the torso (extracellular domain).
At the myocardial tissue to torso interface, φe is constrained to
be continuous and no-flux is enforced in the normal direction �n
for φi:

�n · σi∇φi = 0 (3)

Also at the boundary of the torso that is not in contact with
the myocardial tissue, a no-flux boundary condition for φe is
imposed:

�n · σb∇φe = 0 (4)

where σb is the conductivity of the bath (torso). Additionally, the
continuity of the normal component of the extracellular current
( 5) and φe at the tissue-bath interface ( 6) is enforced:

σe∇φe · �n = σb∇φe · �n (5)

φe|e = φe|b (6)

Initial conditions of the model were defined by the state vari-
ables of the cell models paced to a limit cycle at 1 Hz. Numerical
methods used to solve the bidomain model equations rely on
high resolution meshes which is the main cause of the model’s
high computational cost [33]. Nonetheless, the bidomain model
is considered the most accurate of the available cardiac models
for tissue level electrophysiology.

2) Monodomain Model: Assuming that the intra- and ex-
tracellular conductivity tensors are proportional, i.e. their
anisotropic ratios are equal, the bidomain model can be sig-
nificantly reduced to the monodomain model [31]–[33]:

βCm
∂Vm

∂t
= ∇ · (σm∇Vm)− β(Iion(Vm, η)− Is) (7)

where σm is the monodomain conductivity tensor. This tensor
can be expressed in terms of half the harmonic mean of intra-
and extracellular conductivity tensors:

σm =
σiσe

σi + σe
(8)

The assumption of equal anisotropy does not fully hold in reality.
However, this model still offers a close approximation of the
wave propagation. [8]. For a planar wave moving along the
fiber directions monodomain and bidomain models are exactly
equivalent. The extracellular potential field Φe can be approx-
imated from the monodomain transmembrane potentials as a
source model by solving the elliptic bidomain (1) at a temporally
coarser scale. However, the volume conductor cannot influence
the transmembrane voltage distribution in this approach and bath
loading effects are ignored. This concept is referred to as pseudo-
bidomain approach [7] and is computationally only marginally
more expensive than a standard monodomain simulation. The
monodomain and bidomain models can be discretized in space
using different approaches [34]. For this study, we used the finite
element method [24].

3) Eikonal Model: The Eikonal model is based on the
macroscopic kinetics of the wavefront propagation [5], [31],
[32], [35]. Solving the Eikonal equation seeks to find the acti-
vation times T for each node x based on a local speed function:√

∇T (x)�M∇T (x) = 1, (9)

T (x) = T0 for x ∈ Γ, (10)

where M is the squared CV tensor and T0 are the initial con-
ditions for the activation sites Γ. Although Vm is not directly
calculated in this model, it can be inferred from the activation
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times:

Vm(x, t) = U(x, t− T (x)) (11)

where U is an AP timecourse. It was obtained based on a
simulation of a planar wavefront propagating in a tissue block
from which the transmembrane potential Vm was extracted at
a node in the center of the mesh. Specific AP timecourse were
used in different anatomical regions. Numerical simulations are
significantly faster because of the simplicity of the equation
and lower resolution meshes that are required. Unfortunately,
the Eikonal model fails to accurately represent the influence
of bath loading effects, high wavefront curvatures, reentry, and
wave-collisions on CV. [5], [36]. In the case of complex patterns
of activation that occur for example during atrial fibrillation,
these limitations become more significant. Nonetheless, these
simulations still provide a decent approximation of wave propa-
gation under healthy conditions. In these case, the shortcomings
of the Eikonal model are still present but their effects are less
pronounced.

4) Reaction-Eikonal Model: When applied to coarse
meshes, the mono- and bidomain models both exhibit slowed CV
for a given tissue conductivity [5], [34]. The general RE model
uses the activation times obtained by the Eikonal model to enable
biophysical models to calculate the transmembrane potential in
coarse meshes [5]. The resolution requirement is relaxed because
the thin wavefront does not need to be explicitly represented. The
RE model calculates an Ifoot current to replicate the activating
effect of the diffusion term on neighboring cells and applies it
to the reaction model at the time given by the Eikonal solution.
In this work, only the RE+ version of the model is considered
(12), in which the Ifoot current is added to the diffusion term
instead of replacing it.

βCm
∂Vm

∂t
= ∇ · (σm∇Vm) + Ifoot − β(Iion(Vm, η)) (12)

Thus, the activation of the nodes can be achieved by ei-
ther the diffusion term or the Ifoot current and neighboring
nodes also interact during repolarization. The RE+ variant is
more accurate when comparing to the monodomain model in
coarse meshes and the repolarization gradients are significantly
smoother. However, RE models are unable to activate the same
node several times (as for example required for simulations of
reentry) and share the limitations of the standard Eikonal model
regarding the influences of wavefront curvature, source sink
mismatch and bath loading on CV.

C. Forward Calculation Methods

When modeling the torso as a passive volume conductor, the
bidomain formulation can be reduced to its parabolic part to
solve the forward problem of electrocardiography for a given
distribution of Vm. The Poisson equation in (1) can be solved
numerically by discretizing the full torso domain with finite ele-
ments (finite element method). To comply with the terminology
in related work [37], we use the term finite element method
(FEM) in the following when referring to solving Poisson’s (1)
numerically using a finite element discretization scheme even

though this discretization scheme was also used to solve for
example the bidomain equations. Standard extracellular conduc-
tivities were hereby assigned to different organs as described in
Section II-A. By assuming isotropic myocardial properties in
the extracellular space, a reduced set of dipole sources can be
mapped onto the surfaces bounding the organs with different
conductivity properties. Then, the boundary element method
can be used for computing the body surface potentials and the
ECG. In the latter case, applying Green formulas and boundary
conditions as well as assuming equal anisotropy ratios in the
intra- and extracellular domain allow for reformulating (1) as a
surface integral to compute the extracellular potential Φ at any
point �r on the torso surface:

Φ(�r) ≈ 2 · Φ∞(�r)− 1

2π

K∑
k=1

σk
− − σk

+

σT

∫
Sk

Φ(�r′)
(�r − �r′)

|�r − �r′|3
�dS ′,

(13)
whereby the minuend describes the potentials attributable to the
sources in an unbounded medium with conductivity σT . The
subtrahend in (13) accounts for secondary sources introduced
by the bounded volume conductor. σk

− and σk
+ characterize the

conductivities inside and outside the respective surface Sk. The
potential Φ∞ can be expressed either using the transmembrane
voltage distribution on the cardiac surface [38] or the primary
impressed currents �Jp [39] as volumetric sources inside the
bounded volume conductor Vh:

Φ∞(�r) =
1

4πσT

∫
Vh

�Jp · (�r − �r′)

|�r − �r′|3 dVh (14)

When computing the ECG using the infinite volume conduc-
tor method (IVC), the heart is assumed to be immersed in a
medium of infinite spatial extent with a homogeneous conduc-
tivity σT . This reflects in the sum over the surface integrals in
(13) being neglected for calculating extracellular potentials on
the torso surface:

Φ(�r) ≈ Φ∞(�r) (15)

D. Simulation Scenarios

Simulations were carried out on the bi-atrial volumetric model
described in Section II-A in sinus rhythm with and without the
inclusion of fibrotic tissue patches. For the former case, several
elliptically shaped patches with their principal axis aligned to
the macroscopic atrial fiber orientation were manually defined
predominantly on the posterior wall of the left atrium and the
left pulmonary vein antrum as reported by Highuchi et al. [40].
These regions extended transmurally and are shown in Fig. 2.
To not only account for the patchiness of atrial fibrosis but also
for its diffuse deposition, 80% of the cells within the elliptical
patches were defined as fibrotic. In this way, the volume fraction
of left atrial fibrosis quantified to 22 % of the total left atrial
tissue volume. Remodeled conduction properties were assigned
the fibrotic regions in three different ways: In the first case,
fibrotic elements were removed from the atrial mesh and instead
assigned to the extracellular domain following the concept of
percolation [9]. In this way, we introduced passive conduction
barriers that do not have a transmembrane voltage and thus do not
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Fig. 2. Overview of the different propagation models, forward calculation methods, simulation scenarios and evaluation metrics used in this work.

contribute to the electrical source distribution on the myocardial
tissue surface. In the second case, fibrotic regions were charac-
terized as slow conducting patches with CVs reduced by 80 % in
transversal and 50 % in longitudinal fiber direction compared to
the healthy baseline case. Conductivities in these regions were
obtained as described in Section I. In this way, anisotropy ratios
were increased by a factor of 2.5 in fibrotic areas promoting
wave propagation along myocardial fiber orientation and thus
forming the basis for functional reentry circuits. In the third
case, ionic properties of the fibrotic cells were remodeled by
rescaling the conductances of the sodium (gNa), the L-type
calcium (gCaL) and the inward rectifier potassium current (gK1)
by a factor of 0.6, 0.5 and 0.5, respectively, compared to the
baseline conductances of the Courtemanche et al. cell model to
account for cytokine remodeling effects [11].

Sinus rhythm simulations were initiated at a sinus node exit
site located at the junction of crista terminalis and the superior
vena cava. We obtain the transmembrane voltage distribution for
the LATs computed with the Eikonal model as described in (11),
whereby the respective ionic model parameters in each region
as listed in Table SII in the supplementary material were taken
into account for calculating the AP templates.

The Cardiac Arrhythmia Research Package (CARP) [41] and
openCARP [24] were used for computing the spread of the
depolarization wave with different propagation models as well as
ECGs with the finite element and the infinite volume conductor
method. The algorithms described by Stenroos et al. [39] were
used for calculating ECGs with the boundary element method.
As recommended by Schuler et al. [42], we downsampled the
surface mesh bounding the atria to a resolution of 2.5 mm
for computing the transfer matrix. Furthermore, we applied
Laplacian smoothing to the transmembrane voltage sources to
ensure a continuous wave propagation on the coarse mesh.

E. Evaluation Metrics

From the source distribution obtained from simulations using
different propagation models, we calculated APDs at 90 %
repolarization (APD90) for each node in the mesh. Also at
each vertex in the geometry, we extracted LATs defined as the

timestep with the steepest AP upstroke. For both, APDs and
LATs, the accuracy of each propagation model simulation was
quantified as the absolute difference to the respective value for
each metric obtained from the bidomain simulation with the
Clerc conductivities.

To assess fidelity of simplified forward calculation methods
along with different propagation models, we evaluated the Pear-
son correlation coefficient of the respective ECG results with the
ECGs obtained by solving the forward problem with the finite
element method based on the bidomain source model computed
with the Clerc conductivities.

III. RESULTS

A. Propagation Models

The effect of different propagation models on the activation
sequence (LATs) is visualized in Fig. 3. The total activation time
in the healthy reference scenario solved with the bidomain model
was 102 ms. In the top panel, the distributions of the signed
differences between the examined propagation models’ LATs
and the bidomain results obtained with Clerc conductivity ratios
evaluated at all mesh nodes are visualized as violin plots. In the
bottom panel, the difference to the bidomain results are mapped
onto the atrial geometry. The mismatch in LATs was most pro-
nounced for the bidomain scenario with Roberts conductivities
and much smaller for the simplified propagation models. For
the Roberts conductivity ratios, the LATs were systematically
smaller than the ones resulting from the reference bidomain
simulation with the Clerc conductivity settings. Furthermore,
the error increased with the spread of the depolarization wave
front leading to small deviations close to the sinus node exit
site, but errors of up to −14 ms at the latest activated areas
at the posterior wall of the left atrium and the coronary sinus
in the right atrium. The mean and standard deviation of the
absolute errors between the bidomain and monodomain LATs
with and without explicit conductivitiy tuning were 0.93 ±
0.61 ms and 1.02 ± 0.64 ms. With the temporal resolution of the
sampled simulated myocyte APs being 1 ms and the LATs being
calculated as the point in time marking the steepest AP upstroke,
in particular the LAT results for the monodomain simulation
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Fig. 3. Local activation time (LAT) results in sinus rhythm for healthy (non-fibrotic) tissue for different propagation models. The top panel shows
the distribution of the signed LAT differences taking the bidomain simulations executed with the Clerc conductivity ratios as a reference. From left to
right, the violin plots show the results for the bidomain (Roberts conductivities), the monodomain (with and without explicit conductivity tuning), the
RE+ and the Eikonal simulations. The bottom panel shows the signed LAT differences mapped on the atrial geometry for each propagation model
in the above order. Mean and standard deviation of the absolute LAT differences are shown in the bottom row for each case.

with additional conductivity tuning were below the accuracy
with which the LATs were determined. RE+ and Eikonal LAT
differences quantified to 1.37 ± 1.16 ms and 1.43 ± 1.17 ms,
respectively. The signed LAT error to the bidomain results was
distributed similarly across the atrial tissue among these two
propagation models (see Fig. 3 bottom panel). The LAT results
in the simulation scenarios involving fibrosis remodeling were
only slightly different compared to the sinus rhythm results de-
picted in Fig. 3. The largest differences occurred for the Eikonal
propagation model in the simulation scenario where fibrosis was
modeled as slow conducting tissue. There, the absolute error to
the bidomain results quantified to 1.71 ± 1.46 ms compared
to 1.43 ± 1.17 ms in sinus rhythm without the inclusion of
fibrosis.

APD90 results are visualized for the simulation scenario with
fibrosis modeled as ionic conductance rescaling in Fig. 4. For
the monodomain simulations, the mean and standard deviation
of the absolute APD90 discrepancies to the bidomain results
obtained with Clerc conductivity ratios were below the temporal
resolution of the AP time course of 1 ms. Absolute errors to the
bidomain simulation with Roberts conductivity ratios and the
RE+ results quantified to 2.92 ± 3.07 ms and 1.13 ± 1.69 ms,
respectively. In both cases, the highest errors occurred in regions
around the fibrotic tissue patches. APD90 results for the Eikonal
simulation were characterized by an absolute error to the bido-
main simulation results of 25.1± 20.72 ms. Furthermore, the AP
signal trace obtained from a tissue strand simulation and used as

a template to infer the transmembrane voltage distribution for
the Eikonal LATs is visually clearly distinguishable from the
bidomain AP especially in fibrotic regions (see Fig. 4 bottom
panel).

ECGs obtained from the transmembrane voltage distributions
from the simulation scenario with fibrosis modeled as ionic
rescaling as depicted in Fig. 4 and using the boundary element
forward calculation method are visualized in Fig. 5. The 12-lead
ECG is displayed for a duration of 650 ms whereby the signal
sections in the interval [0 ms, 150 ms] and [150 ms, 650 ms]
represent the P wave and the atrial repolarization, respectively.
The latter is typically not visible in the ECG of a full heartbeat
since the repolarization phase of the atria temporally coincides
with the ventricular activation and the respective signal parts are
thus buried within the QRS complex.

The observed discrepancies in the AP signal course between
the bidomain and Eikonal simulation also reflects in the ECG.
As can be seen in Fig. 5, the repolarization signal obtained
with the Eikonal and bidomain propagation model differ. In lead
aVL, the polarity of the repolarization wave was even inverted.
Apart from the atrial repolarization ECG signal obtained with
the Eikonal model and precomputed AP templates, the choice
of the propagation model did not markedly influence the ECG
as the remaining signals in Fig. 5 show only minor differences.
Furthermore, the correlation coefficients between the bidomain
ECG obtained with the Clerc conductivity ratios and the other
examined propagation models are summarized in Table I for the
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Fig. 4. APD90 results in sinus rhythm with fibrotic substrate replacing 22% of the left atrial myocardial tissue modeled as rescaled ionic
conductances. The violin plots in the top panel represent the distribution of APD90 discrepancies to the bidomain results for all investigated
propagation models. In the bottom panel, the signed APD90 differences are mapped onto the atrial geometry. Fibrotic regions are encircled with
black dashed lines. The APs are shown for one node within the fibrotic area on the posterior left atrial wall. Bidomain APs are visualized in light blue,
the other signal trace was obtained with the respective propagation model. The numbers in the bottom line show the mean and standard deviation
of absolute APD90 differences with respect to the bidomain simulation results.

Fig. 5. ECGs calculated with the same forward calculation method (BEM) but different propagation models (color coded) with the transmembrane
voltages resulting from the simulation scenario with fibrosis modeled as ionic conductivity rescaling.

TABLE I
CORRELATION COEFFICIENTS BETWEEN THE ECGS OBTAINED WITH THE
BIDOMAIN AND SIMPLIFIED PROPAGATION MODELS WHEN SOLVING THE

FORWARD PROBLEM WITH BEM. COLUMNS REPRESENT DEPOLARIZATION
(P WAVE), REPOLARIZATION AND THE ENTIRE SIGNAL

intervals [0 ms, 150 ms] (P wave), [150 ms, 650 ms] (repolariza-
tion) and [0 ms, 650 ms]. The lowest correlation coefficient for
the P wave occurred for the bidomain simulation with Roberts
conductivity ratios. For all simplified propagation models, the
P wave correlation coefficients were above 0.92. Except for the
Eikonal model, the correlation coefficient of the ECG signal
sections representing the repolarization phase wave was above
0.99. ECG and APD90 results only marginally differed for the
remaining fibrosis remodeling scenarios as detailed and visual-
ized in the figures S6-S10 in the supplementary material.
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Fig. 6. ECGs calculated the same source distribution resulting from a bidomain simulation with Clerc conductivity ratios and with different forward
calculation methods in the simulation scenario with fibrosis modeled as slow conducting tissue. ECGs calculated with the finite element method
(FEM), the boundary element method (BEM) and the infinite volume conductor method (IVC) are visualized with the solid, dash-dotted and dotted
lines, respectively.

B. Forward Calculation Methods

ECGs calculated with different forward calculation methods
based on the same source distribution stemming from the bido-
main simulation with Clerc conductivity ratios are depicted in
Fig. 6 for the simulation scenario with fibrosis modeled as slow
conducting tissue. The correlation coefficients covering the ECG
signal parts of the P wave between the gold standard FEM
approach and each of the BEM and IVC method quantified to
0.94 and 0.83 for fibrosis modeled as slow conducting tissue.
Especially the IVC method yielded too high ECGs amplitudes
in the precordial leads and inaccurately captured atrial repolar-
ization in the inferior leads II, III and aVF.

IV. DISCUSSION

A. Main Findings

In this work, we compared atrial APD90, LATs and ECGs
computed with the bidomain, monodomain, RE+ and the
Eikonal propagation models as well as with the finite element,
the boundary element and the infinite volume conductor for-
ward calculation methods. The largest deviations in LATs were
observed between the bidomain simulations with Clerc and
Roberts conductivity ratios. As the absolute LAT errors increase
with the propagating wavefront, discrepancies in LATs can be
traced back to more pronounced bath loading effects occurring
in the Roberts conductivity settings. With a higher ratio be-
tween extracellular bulk and isotropic bath conductivities, the
depolarization wave propagates faster in close vicinity to the
interface between blood pool and endocardial wall leading to
earlier LATs throughout the cardiac tissue. Due to the thin atrial
wall, the bathloading effect is visible transmurally and thus
leads to globally faster conduction velocities in the bidomain
simulation with the Roberts conductivity setup. However, in this
work, conductivities were tuned as described in Section II-A
without a bath attached to one face of the strand meshes. In-
corporating the bath already in the tuning process would have

led to more similar results between the bidomain simulation
results obtained with tuned Clerc and Roberts conductivities.
This systematic underestimation of LATs also reflects in the
ECG. The bidomain simulation with the Roberts conductivity
settings yielded the smallest P wave correlation to the bido-
main ECGs with the Clerc conductivity ratios and markedly
shorter P wave duration. Also Sebastian et al. [43] found that
the choice of conductivity ratios in the intra- and extracellular
domain as well as in longitudinal and transversal fiber direction
had a marked effect on CV and LATs. Intra- and extracellular
conductivity values were derived by Clerc and Roberts et al. in
animal experiments on specimen from excised trabecular cardiac
bundles. Measuring intra- and extracellular current flow using
microelectrodes allowed for a computation of the resistance and
in turn the conductivity in longitudinal and transversal fiber
direction in both, the extra- and intracellular space. Considering
the complex and cumbersome in and ex vivo experiments to
derive these parameters, fixed ratios betweenσi andσe along and
perpendicular to the myocardial fiber orientation need to be as-
sumed when personalizing computer models. As a consequence,
the high uncertainty of the ratio between σi and σe which cannot
be measured patient-specifically with reasonable efforts further
justifies the application of simplified models that do not involve
uncertainties in non-measurable entities and only cause minor
differences in LATs, ECGs and APD90. Among all investigated
simplified model solutions, the monodomain model yielded the
most accurate results regarding activation times, repolarization
behavior and ECGs. However, explicit conductivity tuning for
the monodomain model neither had a notable effect on LATs,
nor APD90, nor on the 12-lead ECG. With mean and standard
deviation of the absolute LAT differences to the bidomain results
quantifying to 1.37 ± 1.16 ms and 1.43 ± 1.17 ms for the RE+

and the Eikonal model, respectively, which differed only slightly
due to numerical jitter. The distribution of LAT discrepancies
to the bidomain results mapped on the atrial geometry was
similar for the Eikonal and the RE+ model. The LATs of the
simplified propagation models were especially higher compared
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to the bidomain results in regions on the posterior left atrial
wall. In these areas, different wavefronts collided causing an
acceleration of the wave in the bidomain model, which is not
captured in the (reaction-) Eikonal model. Source-sink mismatch
effects caused by convex wavefronts entailing conduction slow-
ing in the bidomain model cause smaller LATs in the Eikonal
simulation results. This effect is especially visible in the area
where Bachmann’s bundle connects to the anterior wall of the
left atrium, i.e. where a small source (Bachmann’s bundle) meets
a large sink (the left atrium). At the apex of the right atrial
appendage, two convex wavefronts traversing the tissue from the
lateral and the septal right atrial wall collide and cause Eikonal
LATs to be smaller than the ones resulting from the bidomain
simulation. The P waves computed with the reaction-Eikonal
and the Eikonal source distribution showed similar correlation
coefficients of 0.921 and 0.920 to the bidomain results. How-
ever, when evaluating repolarization dynamics, the RE+ model
clearly led to more precise results. This reflects on the one side in
smaller APD90 discrepancies to the bidomain simulation results.
The small APD90 discrepancies between the monodomain and
RE+ simulation results might have occurred due to differences
in the activation pattern or a mismatch between the diffusion
term and the Ifoot current in the case of curved wavefronts or
wave collisions causing different AP upstrokes and amplitudes
which subsequently lead to subtle APD changes. On the other
hand, the RE+ model is capable of faithfully replicating both
the P wave as well as the atrial repolarization phase in the ECG,
whereas with the Eikonal model, only the P wave highly re-
sembles the bidomain results. Using precomputed AP templates
to obtain the transmembrane voltage source distribution for the
Eikonal LAT results, APD90 results were systematically smaller
compared to the bidomain results in regular bulk tissue regions
and systematically higher in fibrotic regions. The more precise
representation of repolarization behavior in simulation results
using the RE+ model is due to local APD balancing caused by
the diffusion term. Consequently, also the repolarization signal
in the ECG obtained with the source distribution derived from
the Eikonal results only showed a correlation coefficient of 0.62
to the bidomain ECG.

ECGs calculated with the BEM highly resembled the ECGs
obtained with the FEM. P wave correlation coefficients to the
FEM approach quantified to 0.94 and 0.93 for the simula-
tion scenario with fibrosis modeled as slow conducting and
non-conductive patches, respectively. In the former scenario,
transmembrane voltages can be used as a source model for the
forward calculation, whereas in the latter, volumetric sources
such as primary impressed currents were necessary to model
the effect of passive conduction barrier not contributing to the
electrical source distribution in the heart. If the surface trans-
membrane voltages had been used as sources for the forward
calculation in this case as well, an offset in the isoelectric line
in the P wave would have been induced. The infinite volume
conductor method instead yielded more inaccurate ECG results.
Especially in the septal and anterior leads, the ECG amplitudes
were overestimated by a factor of >2 compared to the FEM
results. On the one side, this observation can be traced back
to the method’s assumption that the atria are immersed in an

infinite medium of a homogeneous conductivity, which does
not allow considering a heterogeneous conductivity setup in
the torso. On the other hand, the high ECG errors occurred
predominantly in leads measured at electrode locations on the
body surface in close proximity to the cardiac sources. Thus,
neglecting the attenuating effect that the bounded torso volume
conductor introduces causes a more pronounced effect on the
resulting ECGs in V1-V3.

Simulations were run on a 16 core CPU machine (Intel
Xeon Gold 6230, 2.1 GHz). The full bidomain and the pseudo-
bidomain simulation for a duration of 450 ms were completed
in 25 and 1.5 hours, respectively. Computation time for the RE+

setup was 1.4 hours on a 6 core machine. The computation of the
transfer matrix for the BEM approach in the case of a heteroge-
neous torso volume conductor with seven surfaces bounding the
atria, the torso and other organs took 2 hours on a 4 core CPU
machine (Intel Core i5, 2.4 GHz). The speed-up in computation
times when using simplified propagation models is comparable
to a ventricular setup. Computational performance improved by
one order of magnitude when using the monodomain model [7]
and up to three orders of magnitude when using the Eikonal or
RE+ model [4], [5] compared to bidomain. However, increasing
the number of cores the simulations are ran on could change
the results regarding algorithmic efficiency as different models
might exhibit different scalability properties when parallelized
to multiple threads or processes [44]. Solvers with strong scaling
capabilities have been shown to provide the basis for fast sim-
ulation runs of the biophysically detailed monodomain model
without any cutbacks on anatomical and electrophysiological
properties [45]. In the simulations in our study, the degrees of
freedom in terms of number of nodes and elements in the mesh
was the same for all propagation models. High resolutions in
time and space are required for numerical convergence of the
bi- and monodomain solution [46]. As described by Woodworth
et al. [47], a high mesh resolution is a necessary requirement
for CV convergence, especially for low conductivities (see also
Fig. S3 in the supplementary material). On the other side,
(reaction-)Eikonal models are capable of faithfully estimating
activation time sequences on coarser meshes [5], [48]. The
computational complexity of the Eikonal model depends on the
method used to solve it [49], but is approximately O(n log(n))
with n being the number of nodes in the mesh. These properties
could be taken advantage of to further reduce computational cost
when running simulations based on these simplified models.

Computational savings using the BEM approach are on
the one hand due to the decreased problem complexity when
discretizing the domain with surface instead of volume ele-
ments [37]. On the other hand, coarser resolution meshes can
be applied which is the key influencing factor for an improved
computational efficiency over FEM [50].

B. Related Work

In our work, we studied the differences in activation and
repolarization times when using different propagation models
in atrial electrophysiology, which, to the best of our knowledge,
has not been done before in a comprehensive way. However,



520 IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING, VOL. 70, NO. 2, FEBRUARY 2023

comparable studies have partly already been conducted for the
ventricles and four-chamber heart models. Potse et al. [8] found
that activation using bidomain was 2 % faster compared to the
monodomain approach for a complete cardiac cycle. Also in
our study, the monodomain activation times were on average
1 ms higher than those obtained from the bidomain simulation.
Pashaei et al. [51], [52] as well as Wallman et al. [4] found
that the differences in activation times are small for a ventric-
ular simulation setup when comparing biophysically detailed
approaches and the Eikonal model. Neic et al. [5] compared
extracellular potential fields, electrograms and ECGs calculated
with the RE and the bidomain model for the ventricles and
concluded that the simplified model can replicate the gold stan-
dard results with high fidelity. Gassa et al. [53] investigated the
suitability of an RE model to generate re-entrant activity on a
bi-atrial geometry and succeeded in replicating the wave patterns
resulting from a monodomain simulation. We have also recently
shown that the Eikonal-based models can produce activation
times and ECGs resembling full bidomain simulation results
with high fidelity in an atrial model without cellular remodeling
placed in a homogeneous torso volume conductor [54]. Here, we
extended the setup to heterogeneous scenarios covering cellular
and conductivity heterogeneity in both the torso and the atria and
observed similar results. This work confirms the findings from
previous studies mainly conducted for ventricular simulation
setups.

Previous studies have also investigated the application of
simplified forward calculation methods to computed ECGs.
Schuler et al. [42] suggest the calculation of ECGs based on
the BEM with coarse resolution surface meshes bounding the
heart and the torso whereby parameters to blur the cardiac
sources are optimized beforehand to avoid discontinuous wave
propagation. In this way, they obtained body surface potentials
in accurate accordance with the bidomain simulation results
for a ventricular setup. However, one major drawback of the
BEM approach is the impossibility of accounting for anisotropic
conductivity in the myocardium [37]. However, we found that
P wave correlation coefficients still quantified to>0.93 showing
that the isotropic assumption yields similar ECGs compared to
the bidomain results. For the infinite volume conductor method
instead, not only the assumption of isotropic myocardial conduc-
tivities but also of a homogeneous torso volume conductor has
to be made. Moreover, the simplified assumption that the atria
is immersed in a medium of infinite spatial extent holds. Al-
though the general P wave morphology was preserved, the ECG
still substantially differs regarding peak-to-peak amplitudes in
the precordial leads and atrial repolarization in the inferior
leads as it reflects in our results and was reported in previous
work [55]. For the application field of computing intracardiac
electrograms, the reader is referred to the review by SÃ¡nchez
et al. [6].

C. Limitations

In this work, we investigated 4 different simulation scenarios
comprising a healthy baseline case and three atrial models
infiltrated with fibrosis, which was modeled either as slow

conducting patches, non-conductive conduction barriers or ionic
conductance rescaling. For the spatially distributed fibrotic areas
(patchy and diffuse), none of the fibrosis remodeling scenarios
had a marked effect on the ECG compared to the healthy
baseline case. Ionic conductance rescaling, slow conducting
fibrotic patches and percolation reflect in the ECG as a slight
prolongation of the repolarization phase and an offset in the
isoelectric line, a marginal prolongation of the P wave and
a decrease in peak-to-peak P wave amplitudes, respectively.
However, all these effects on the ECG are small and would show
up in a more pronounced way if different fibrosis remodeling
approaches were combined [1]. However, we intentionally de-
cided to investigate the effect of different propagation models
and forward calculation methods in each of these simulation
scenarios separately to shed light on which fibrosis remodeling
aspects can be accurately captured by the simplified model
solutions.

In our simulation setup, we did not consider motion and
contraction of the atria for the sake of reducing model com-
plexity and computational cost. Moss et al. showed that a fully
coupled electro-mechanical model does not have any influence
on simulation results regarding atrial activation and that resulting
P waves exhibit negligible differences to the ones computed on
a non-deforming model [56]. However, the atrial repolarization
results of our study might be affected to a larger extent by the
lack of a coupled model as previous studies reported a substantial
impact of mechanical feedback on electrophysiological behavior
in the ventricles [57], [58], especially during the repolarization
phase [56], [59].

CVs were derived from the values reported in [22]. Based
on them, conductivities were computed using tuneCV [25] as
described in Section II-A using strand meshes. However, no bath
loading effects, mesh and wavefront curvature were considered
when tuning the CVs, which might lead to mismatching CVs and
conductivities assigned to different regions in the more complex
atrial geometry. Adding a bath in the experiments set up for
the tuning process, could lead to more similar LAT and ECG
results between the bidomain results with Clerc and Roberts
conductivities on the bi-atrial geometry. Moreover, performing
the tuning with a bath attached to the strand geometries would
lead to different monodomain conductivities for the setups with-
out explicit conductivity tuning while the conductivity values in
case of explicit conductivity tuning for the monodomain sim-
ulation would remain unchanged. Conductivities in transverse
and longitudinal direction needed to be scaled by a factor of 54
and 12, respectively. The tuning procedure caused the original
transversal vs. longitudinal conductivity ratios reported by Clerc
and Roberts et al. to change while keeping intra- vs. extracellular
conductivity ratios constant.

The average edge length of the atrial geometry was 523μm. To
quantify the numerical error arising due to the mesh resolution,
we conducted experiments on a 5 cm × 2 cm × 2.8 mm block
mesh with a resolution of 528 μm and a refined resolution of
265 μm by linearly subdividing the elements (see Fig. S2 in
the supplementary material). Using the same numerical settings
as for the experiments on the bi-atrial geometry, we ran a
simulation of a planar wave passing through an isthmus and
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then propagating with a curved wavefront. Conductivities were
adjusted using tuneCV [25] as described in Section I to the
CV in the regular atrial bulk tissue region. Maximum LAT
differences between the experiments on the coarse and the fine
mesh were 1.2 ms. Considering the total activation time in the
block of 43 ms, the error introduced by the coarse mesh reso-
lution was 2%. The root mean squared errors between two APs
resulting from the simulations on the coarse and the fine mesh
were 0.0186 mV and 0.0491 mV for the two nodes marked in
Fig. 2 in the supplementary material. When adding a fibrotic
region to the block, the maximum absolute LAT error between
the experiments on the fine and the coarse mesh was 1.2 ms
(∼2 %) as well (see Fig. 3 in the supplementary material) for
planar wave propagating along fiber direction. The latter is
approximately also the case in our bi-atrial simulation setup
where the depolarization wavefront traverses the elliptically
shaped fibrotic patches growing predominantly in fiber direc-
tion. However, if a notable transverse wave propagation had to be
represented, our chosen mesh resolution of 523 μm would have
been too coarse to capture the wave propagation at a velocity of
0.15 m/s. Thus, the mesh resolution chosen for the atrial model
in this study might introduce an error of 2 %, which is equivalent
to an absolute LAT error of ∼2 ms on the bi-atrial mesh. Due to
the small root mean squared error between the APs of the coarse
and the fine mesh, no additional discretization error affecting
APD90 is expected.

V. CONCLUSION

The results presented here show that the Eikonal model is
capable of faithfully producing LATs and P waves compared
to full bidomain simulations with a reduction of computation
times by a factor of up to three orders of magnitude. However,
propagation models neglecting diffusion terms lack the fidelity
in terms of repolarization as shown by APD90 deviations. Thus,
RE models are needed e.g. in cases where repolarization dy-
namics are of significant importance such as e.g. for re-entry
mechanism studies. ECGs calculated with the BEM accurately
resemble the FEM results for both P waves and the ECG in the
repolarization phase. When computing ECGs with the infinite
volume conductor method, the systematic overestimation of
peak-to-peak P wave amplitudes especially in the precordial
leads should be taken into account when evaluating P wave
features.
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