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Abstract—Resistive crossbars designed with non-volatile mem-
ory devices have emerged as promising building blocks for
Deep Neural Network (DNN) hardware, due to their ability
to compactly and efficiently realize vector-matrix multiplication
(VMM), the dominant computational kernel in DNNs. However,
a key challenge with resistive crossbars is that they suffer
from a range of device and circuit level non-idealities such as
driver resistance, sensing resistance, sneak paths, interconnect
parasitics, non-linearities in the peripheral circuits, stochastic
write operations, and process variations. These non-idealities
can lead to errors in vector-matrix multiplications, eventually
degrading the DNN’s accuracy. It is therefore critical to study
the impact of crossbar non-idealities on the accuracy of large-
scale DNNs (with millions of neurons and billions of synaptic
connections). However, this is challenging because existing device
and circuit models are too slow to use in application-level
evaluations.

We present RxNN, a fast and accurate simulation framework
to evaluate large-scale DNNs on resistive crossbar systems. RxXNN
splits and maps the computations involved in each DNN layer into
crossbar operations, and evaluates them using a Fast Crossbar
Model (FCM) that accurately captures the errors arising due to
crossbar non-idealities while being four-to-five orders of mag-
nitude faster than circuit simulation. FCM models a crossbar-
based VMM operation using three stages - non-linear models
for the input and output peripheral circuits (Digital-to-Analog
and Analog-to-Digital converters), and an equivalent non-ideal
conductance matrix for the core crossbar array. We implement
RxNN by extending the Caffe machine learning framework and
use it to evaluate a suite of six large-scale DNNs developed for
the ImageNet Challenge (ILSVRC). Our experiments reveal that
resistive crossbar non-idealities can lead to significant accuracy
degradations (9.6 %-32%) for these large-scale DNNs. To the best
of our knowledge, this work is the first quantitative evaluation
of the accuracy of large-scale DNNs on resistive crossbar based
hardware. We also demonstrate that RxNN enables fast model-
in-the-loop re-training of DNNs to partially mitigate the accuracy
degradation.

Index Terms—Resistive crossbar, Non-volatile memory, Cross-
bar modeling, Crossbar non-idealities, Deep Neural Networks,
Vector-matrix multiplication, In-memory Computing, Analog
Computing, Machine Learning, Artificial Intelligence

1. INTRODUCTION

Deep neural networks (DNNs) have transformed the field of
artificial intelligence in the past decade, and are currently used
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in several real-world products and services for speech recog-
nition, image analysis, natural language processing, search
engines, recommendation systems, and more [1]], [2]. How-
ever, the large and rapidly growing computation and storage
requirements of DNNs pose severe challenges to the systems
on which they are deployed.

Resistive crossbars have garnered significant interest in
realizing DNNs due to their ability to perform the under-
lying computational kernel, viz. vector-matrix multiplication
(VMM), efficiently. They may be designed using a range
of emerging devices, including Resistive RAM (ReRAM),
Phase Change Memory (PCM), and Spintronics [3]-[6]. These
devices have several desirable characteristics such as high
density, non-volatility, and low voltage operation, enabling
highly compact and energy-efficient DNN implementations.
Consequently, several research efforts have explored resistive
crossbar based hardware at various levels of design abstrac-
tion [4]l, [71-1371.

A key challenge with resistive crossbars is that the per-
formed operation is only an approximation of the desired
vector-matrix multiplication. For example, consider the pro-
cess where digital inputs are first converted to voltages and
applied to the rows of the crossbar (which is programmed
with the weights as conductances), and the resulting column
currents are digitized to generate the digital outputs. Various
device and circuit level non-idealities, viz., driver resistance,
sensing resistance, sneak paths, interconnect parasitics, ADC
and DAC non-linearity, stochastic write operations, and pro-
cess variations may lead to errors in the computed vector-
matrix multiplications. These errors can degrade the overall
accuracy of a DNN realized on a resistive crossbar system.
Although DNNSs are resilient to some imprecision in their com-
putations [38]]-[40], this resilience is not unlimited. Therefore,
it is necessary to evaluate the impact of resistive crossbars non-
idealities at the application level in order to establish their
feasibility as the building blocks of DNN hardware.

Most previous efforts on resistive crossbar based DNN
implementations either do not consider non-idealities or model
non-idealities in a very limited manner (e.g., as limited preci-
sion). Moreover, they focus their analysis on very simple net-
works and datasets (e.g., MNIST). Thus, they leave open the
question of how non-idealities impact the accuracy of large-
scale neural networks and more complex tasks. State-of-the-



art DNNSs often contain tens to hundreds of layers, millions of
neurons and billions of synaptic connections. Evaluating such
networks requires a fast and scalable, yet accurate, model for
resistive crossbars that can be integrated into state-of-the-art
DNN software frameworks. Unfortunately, such a framework
is currently unavailable. Device and circuit simulation (SPICE)
models of resistive crossbars are accurate but extremely slow
and infeasible for large-scale network evaluation. On the other
hand, architectural models of resistive crossbars [27], [29]
target design space exploration and use highly simplified error
models that are reasonable for their context, but inadequate for
evaluating application-level accuracy of DNNs. For example,
these models do not consider error dependence on the crossbar
inputs, programmed conductances, and the crossbar column
performing the computation.

We propose RxNN, a fast and accurate simulation frame-
work to enable functional evaluation of large-scale DNNs
on resistive crossbars. RXNN splits and maps the DNN’s
computations into crossbar operations, and evaluates them
using a Fast Crossbar Model (FCM) that accurately captures
the errors arising due to crossbar non-idealities while being
four-to-five orders of magnitude faster than circuit simulation.
FCM models a crossbar-based VMM operation using three
stages - non-linear models for the input and output peripheral
circuits (Digital-to-Analog and Analog-to-Digital converters),
and an equivalent non-ideal conductance matrix for the core
crossbar array. The non-ideal conductance matrix for each
crossbar array is derived by pre-solving the voltage-current
equations (Kirchoff’s loop law and Ohm’s law) for the array,
requiring only a vector-matrix multiplication to subsequently
transform the input voltages to output currents.

We realize FCM using the well-known BLAS (Basic Linear
Algebra Subprograms) interface and develop RxNN based on
the Caffe [41] deep learning framework. We use RxNN to eval-
uate six large-scale DNNs for classifying the ImageNet [42]]
dataset and three simpler networks for classifying the CIFAR-
10 and MNIST datasets. Our evaluation suggests that crossbar
non-idealities impact accuracy much more significantly as we
move from the smaller networks (LeNet and ConvNet) and
simpler datasets to the larger networks (e.g., ResNet) and
ImageNet, motivating the need for further research in cross-
layer mitigation and compensation techniques.

In summary, the key contributions of this work are:

« We study the cumulative effect of resistive crossbar non-
idealities by characterizing the resulting errors in the real-
ized vector-matrix multiplication operations. We find that
the errors show significant data and hardware-instance
dependence that should be considered for accurately
modeling resistive crossbars.

« We propose FCM, a fast and accurate functional crossbar
model to capture the effects of crossbar non-idealities.

« We develop RxNN, a software framework that can eval-
vate large-scale DNNs on resistive crossbar systems
and help re-train to compensate for the effects of non-
idealities.

o We evaluate the application-level accuracy of 6 state-

of-the-art DNNs, viz. ResNet-50, VGG-16, GoogleNet,
AlexNet, OverFeat, and NiN on a resistive crossbar based
system. Our evaluation reveals that the degradation in
accuracy due to non-idealities can be significant (9.6%-
32%) for large-scale DNNs. This degradation can be
partially alleviated by re-training, but calls for further
research in compensation techniques.

The rest of the paper is organized as follows. Section
overviews the prior efforts related to this work. Section
provides the necessary background on resistive crossbars.
Section [IV| discusses crossbar non-idealities and demonstrates
their impact on vector-matrix multiplications realized using
crossbars. Section describes the proposed FCM models.
Section presents the RxNN software framework. Sec-
tion details the experimental methodology. We present
experimental results in section and conclude the paper
in Section Xl

II. RELATED WORK

Resistive crossbars have attracted significant interest in
recent years due to their ability to efficiently realize vector-
matrix multiplications, the key computational kernel in
DNNs [43[|-[46]. Prior efforts towards realizing DNNs on
resistive crossbar systems can be broadly classified into spe-
cialized hardware accelerator designs [7[]-[9]], [11]-[13]], non-
ideality mitigation schemes [14]-[18]], [22]-[26], and design
tools for resistive crossbar systems [27]—[30].

Specialized hardware accelerators. Resistive crossbar based
specialized hardware systems have been proposed for acceler-
ating DNN inference [7]-[11] and training [[12]], [13]. These
efforts focus on the evaluation of the proposed architecture
using performance, energy, and area as their metrics, and either
do not consider non-idealities or model only the quantized
nature of crossbar-based VMM operations.

Non-ideality mitigation schemes. Prior efforts have also
proposed methods to mitigate the impact of crossbar non-
idealities. These include (i) (re-)training [16]—[21]], (ii)) op-
timized weight to conductance conversion [14], (iii) rank
clipping to reduce the effects of non-idealities by lowering
crossbar dimensions [25], (iv) schemes to alleviate the effect
of hard failures [26], and (vi) hardware solutions to address
low-voltage induced drift [15]], programming errors [23[], and
IR drop [24]. The focus of all these efforts is to evaluate
and mitigate errors due to crossbar non-idealities. However,
they are restricted to simple networks and small datasets.
This limitation is in large part due to the lack of a scalable
simulation framework. Further, many of these efforts also
lack a detailed crossbar model and consider only a subset of
crossbar non-idealities.

RxNN complements the above efforts on hardware ac-
celerators and non-ideality mitigation schemes. Moreover, it
overcomes their limitations (such as considering only a limited
set of non-idealities), and can accurately model crossbar-based



systems while maintaining very high simulation speed (several
orders-of-magnitude faster than SPICE).

Design tools. To aid design space exploration, prior ef-
forts [27]-[30] have proposed circuit-level macro models to
evaluate crossbar systems. These efforts include (i) MN-
SIM [27], a simulation platform to evaluate inference accel-
erators designed using resistive crossbars, (ii) NeuroSim [28]],
a framework to evaluate crossbars systems designed for on-
chip training, (iii) a technology exploration tool for resistive
crossbars [29], and (iv) AutoNCS [30], a tool to optimize
the utilization and efficiency of a resistive crossbar system.
While the primary focus of these tools has been performance,
energy, and area evaluation of resistive crossbar systems,
they also include simplistic accuracy/error models that are
reasonable for design space exploration, but inadequate for
evaluating application-level accuracy of large-scale DNNs.
RxNN complements these efforts by focusing on accurately
and efficiently modeling crossbar non-idealities in the context
of large-scale DNNs.

III. PRELIMINARIES

In this section, we provide a brief background on resistive
crossbars and how they evaluate vector-matrix multiplication.

Figure[I] presents a typical resistive crossbar array design for
realizing vector-matrix multiplications. It consists of a 2D ar-
ray of synaptic devices, Digital-to-Analog converters (DACs),
and Analog-to-Digital converters (ADCs), and write peripheral
circuitry. It supports two main operations: (i) Programming,
i.e., a write operation performed sequentially on a subset of
synaptic devices, and (ii) Evaluation, i.e., the vector-matrix
multiply operation. The synaptic element at the intersection
of each row and column is programmed by enabling the
corresponding write circuits along the Write Wordline (WWL)
and the bitline (BL), to apply the necessary current and set it
to the desired conductance || A vector-matrix multiplication
is performed by using DACs to convert the digital inputs
into voltages on the RWLs, and sensing the resulting current
flowing through the BLs using ADCs.

Synaptic devices are programmable resistors that are com-
monly realized using emerging non-volatile memory technolo-
gies such as PCM, ReRAM, and Spintronics [3[|-[6]. Figure E]
illustrates an example of a spintronic synaptic device [5]]
consisting of a Magnetic Tunneling Junction (MTJ) and an
underlying Heavy Metal (HM) layer. The 3-terminal device
is programmed though the HM layer and sensed through
the MTJ. The position of the domain wall determines the
conductance of the MT]J that lies between G,y (when the
domain wall is to the far right) and Gy4x (when the domain
wall is to the far left). The number of unique locations at
which the domain wall can reside determines the precision
of the device. Although we consider this spintronic synaptic
device in our explanations, the RxNN framework is applicable
to the wide range of resistive devices used to design crossbars.

lalthough not shown in the figure, in general, an access transistor or selector
device may be required in addition to the synaptic device for write operations.
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Fig. 1: Resistive Crossbar array

Equation [I] specifies the ideal vector-matrix multiply op-
eration for an MxN dimensional crossbar. Ving., is a 1xM
vector consisting of the input voltages, G is an MxN matrix
comprising of the synaptic conductances, and Iout;j.,; is a 1XN
vector containing the output currents.

(D

Toutigeas = Vinjgeal * Gideal

IV. CrossBarR NON-IDEALITIES

In this section, we analyze non-idealities in resistive crossbars
and examine their impact on vector-matrix multiplications.

A. Crossbar Non-idealities

Figure 2fa) presents an equivalent circuit for the crossbar
array and the peripherals (DACs and ADCs) that includes
various non-idealities. The key sources of non-idealities are —

wire resistances of the crossbar interconnects, 9 sensing
resistances of the circuits that sense the output currents,
driver resistances of the circuits that drive the crossbar
TOWS, e sneak paths, e variance in synaptic conductance
due to process variations and imperfect programming, and @
non-ideal DACs. While we consider all these non-idealities in
subsequent sections, we select the non-idealities due to DACs
and sneak paths for a more detailed treatment below, in order
to illustrate the complexity of error modeling.

Non-ideal DAC. Figure [2Ja) shows the equivalent circuit for
a DAC that is represented using a resistive divider circuit with
an input determined resistance (Rpsc) and a fixed resistance
(Rpp). An applied digital input determines the value of Rpac
and subsequently decides the DAC’s output voltage (DAC,,;).
Note that, DAC,,, also depends on the effective resistive load
(Rroua), leading to deviations from the ideal value. Ry, is a
function of the synaptic conductances within the crossbar array
and therefore varies with the crossbar state (the values of all
synaptic conductances). The equation in Figure [3(a) shows the
error incurred due to DAC non-idealities which is a function of
both applied inputs (Rpac) and synaptic conductances (Rpyqq)-
Figure [3(a) also plots the non-ideal DAC output for two load
resistances, viz. 3.2kQ and 32kQ, respectively. As evident, the
DAC output voltage varies significantly with the load for any
given input.
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Fig. 3: Example of non-idealities in resistive crossbar

Sneak paths during vector-matrix multiplication. Ideally,
currents in resistive crossbars would be expected to flow from
left to right along the rows and from top to bottom through the
columns. However, due to the non-idealities described above
(specifically, wire resistances), internal node voltages within
the crossbar may vary, resulting in additional current paths,
which we refer to as sneak paths. Figure [3(b) illustrates sneaks
paths during vector-matrix multiplications for a 3x2 crossbar
array. We consider a crossbar state with all synaptic devices
programmed to 20KCQ, and the applied input voltages at the
rows are 0.2V, 0.01V and 0.2V, respectively. For this crossbar
state, we observe that the direction of current between nodes
ax and by, is flipped, i.e., the current flows from b, towards
the input (Vin2), instead of the expected direction. Sneak paths
are a function of both the crossbar state and the applied inputs,
and therefore further contribute to the overall dynamism in
errors due to non-idealities.

B. Errors due to Non-Idealities

Next, we study the impact of non-idealities on the com-
putational accuracy of the vector-matrix multiplication re-
alized using resistive crossbars. To this end, we compare
the outputs of vector-matrix multiplications obtained from

HSPICE simulations of non-ideal crossbar arrays with the
ideal computations (Equation [T) and analyze the sensitivity
of the errors to various parameters.

Sensitivity to crossbar size. We first examine how the
errors incurred due to individual non-idealities (WIRE,
SENSE), combinations of non-idealities (DAC+DRIVER,
WIRE+SENSE), and the cumulative effect of all non-idealities
(ALL) vary with the crossbar dimension. Figures 2[b) and [[c)
show the errors incurred during the vector-matrix multiplica-
tion realized using crossbars, with all synaptic conductances
programmed to Gy and Gyax, respectively. In both graphs,
the Y-axis represents the error in the last (N) column of
an NxN crossbar, and the X-axis represents the crossbar
dimension (N). In both cases, we observe that the errors
due to all non-idealities (ALL), individual non-idealities, and
subsets of non-idealities, increase with the crossbar dimension.
This is expected because: (i) the overall wire resistances
increase with crossbar array size, (ii) the sensing resistance
contribution to the overall bitline resistance increases, and
(iii) the DAC non-ideality increases due to a decrease in the
effective load resistance El Further, we also observe that for
smaller crossbars, the non-ideality due to DAC is predominant,
whereas, for larger crossbars, the wire and sensing resistance
effect becomes equally significant.

Sensitivity to crossbar state. Next, we characterize errors’
dependence on the crossbar state, i.e., the conductances of all
synaptic devices. To this end, we fix the inputs to a 64x64
crossbar array and vary the conductances of the synaptic
devices to obtain different crossbar states. Figure [2{d) shows
the maximum (MAX), minimum (MIN), and average (AVG)
errors across columns of the crossbar over 1000 random
crossbar states. We observe that the errors show significant
variation across these states. In Figure 2(d), we also plot the
errors for a sample crossbar state (Sample-Run) to demonstrate

Higher crossbar dimensions have more columns leading to increase in
parallel paths, consequently lowering the effective load resistance



the variation of errors across crossbar columns. Note that this
pattern is quite different from the patterns observed for MAX,
MIN, and AVG errors.

Sensitivity to crossbar inputs. To analyze the errors’ depen-
dence on the applied inputs, we fixed the conductances of all
synaptic devices and varied the inputs. Figure [2J¢) shows the
variations in errors across inputs. We observe that the variance
across inputs (MAX and MIN) for a particular column is
noticeable, but small in comparison to the variance across
crossbar states.

Sensitivity to crossbar columns. Figures [2(d-e) depicts how
errors vary across crossbar columns. While there is a slight
trend of increase in error as we go from the first to the
last column, it is not always the last column that incurs the
maximum error. Rather any column can incur the maximum
error depending on the crossbar state and the applied inputs.

Sensitivity to process variation and imperfect program-
ming. Finally, we also evaluate the impact of variations
by performing Monte-Carlo simulation on a sample set of
10,000 crossbar states obtained by considering variations in
synaptic conductances (o/u = 10%) [47]. Figure Qkf) shows the
maximum, minimum, and average error observed on a 64x64
crossbar array across these samples. The variations in synaptic
conductances can occur due to two prominent reasons: (i)
Process variations and (ii) Imperfect programming, i.e., errors
during write operations.

In summary, the non-idealities in resistive crossbars can
have a significant impact on the computations that they per-
form. Furthermore, the errors due to non-idealities are highly
dependent on various factors, including the conductances,
applied inputs, crossbar column and process variations. Thus,
a crossbar model should consider these factors in order to
accurately capture the impact of non-idealities on application-
level accuracy.

V. CRrosSBAR MODELING

In this section, we present a Fast Crossbar Model (FCM)
that accurately captures the impact of resistive crossbars non-
idealities on the performed vector-matrix multiplications.

A. FCM Overview

Figure [ overviews the proposed fast crossbar model that
consists of two phases: (i) Model generation and (ii) Model
evaluation. Model generation is a one-time step for each
DNN, whereas model evaluation is invoked to evaluate each
inference operation using the DNN. The key idea FCM is
to first abstract non-idealities in the core crossbar array by
transforming a weight matrix (W) into a non-ideal conductance
matrixX (Guon-idear)- Subsequently, using the generated G,o,—idear
matrix and non-linear peripheral (ADC and DAC) models,
FCM emulates the non-ideal vector matrix multiplications on
resistive crossbars. We discuss these phases of FCM in detail
below.

Crossbar model generator. FCM uses a crossbar model
generator to abstract the non-idealities arising due to process
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Fig. 5: Crossbar model generator: Details

variations, the non-linear synaptic conductance characteristics,
the sensing resistance, and the wire resistances. The model
generator takes crossbar parameters and a weight matrix
(W) as inputs and generates a non-ideal conductance matrix
(Gron—idgear) as the output. Using a three-step transformation
mechanism (listed in Figure E]), it converts W to G,on_ideal
based on crossbar parameters including synaptic device char-
acteristics (Gpins Gmax, precision), interconnect (Rsenses Frows
Teol), and circuit (crossbar size) parameters, and the chip
variation profile. Figure [3] illustrates the model generation
process in greater detail using an example, where we consider
the mapping of a PxQ weight matrix to crossbars of size
MxN. In step 1, the model generator slices the matrix W into
fragments and maps them to specific crossbar instances. The
fragment size is same as the crossbar dimension and to achieve
this for all fragments the corners of the matrix W are zero



padded if required. Note that, we need t=ceil(P/M)*ceil(Q/N)
crossbar instances, ‘P mod M’ zero-padded rows, and ‘Q
mod N’ zero-padded columns. Next, in step 2 (described in
Figure [6), weights are converted from digital floating-point
(FP) values to conductances (G) considering device conduc-
tance characteristics, parameters (Giy, Guax, precision), and
the variation profile. FCM supports synaptic devices with
both linear [5]], [48] and non-linear [18]], [44] conductance
characteristics, either using equations or lookup tables. We
sample the variation profile to obtain a unique variation factor
(VF) for each synaptic element within each crossbar instance.
At the end of step 2, we obtain a conductance matrix (G;)
for each crossbar instance. Finally, in step 3, the generator
abstracts interconnect non-idealities (Ryenses Feols Vrow) and
transforms the conductance matrices (G;) to the corresponding
non-ideal conductance matrices (Gpon—ideai—i)- Subsequently,
these non-ideal conductance matrices (G on—igear—i) are merged
to obtain one Gyyp—igeqr Matrix corresponding to the weight
matrix W. The transformation of G; to G,u—igeai—i 1S €Xxact,
and we provide the mathematical proof in Section

Digital weights Conductance (After Variation)
G Gy G'1k
Wi Wi Wik G'y1 Gy G'ox
Wa Waa Wak i i :
: : k : G G o Gy
Win. W Wk Where, G'jy. = Gje(1 + VFy)

4

Synaptic conductance
characteristics

Conductance
(Before Variation)

GIl 612 le]

Variation
Profile

Gz1 Gy o G

Get unique
variation factor
(VF) for each
device

c;,-1 Go - G

e

Digital weights (W)
Modeled using lookup tables or
equations (if available)

Fig. 6: Abstracting synaptic device non-idealities

Peripheral (ADC & DAC) models. Figure {4| details the ADC
and DAC models used by FCM to incorporate ADC and DAC
non-idealities. The DAC model is composed of a resistive
divider circuit with a digital input (Inp) dependent resistance
(Rpac) and a fixed resistance (Rpp). The resistive divider is
connected to a variable effective load conductance (Gp,uq)
whose value is dependent on the crossbar state (synaptic
conductances). FCM uses the equation shown in Figure H]
to compute the non-ideal input voltages (Viy—non—idgear)- In the
equation, Rpsc is determined using the digital inputs (Inp),
and G,y is computed using the G,pn—igeqs Matrix. We note that
Vin—non-ideal captures the data-dependence of the errors arising
due to a non-ideal DAC, since Rpac and Gp,.q are dependent
on the applied inputs and the crossbar state, respectively.
Using matrices Gon-idear a0d Viy—non—ideai, FCM computes the
non-ideal vector-matrix multiplication realized in crossbars
to obtain non-ideal output currents (Lyyr—non—idear). The ADC
model shown in Figure {4| (which can model non-linearity) is
then used to convert the Iys—non—idear to digital outputs (Out).

In summary, FCM abstracts both device and circuit non-
idealities into crossbar models that achieve several orders-

of-magnitude speed-up over SPICE, without compromising
on the modeling accuracy (in our experiments, FCM models
are functionally within 0.28% of HSPICE). We note that
achieving such simulation speed is not possible without some
abstraction, and that FCM provides a good tradeoff between
fidelity vs. simulation speed (detailed in section [VIII-Al.
FCM further derives simulation speed by realizing algebraic
operations using well-optimized BLAS (Basic Linear Algebra
Subprograms) libraries.
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B. Abstraction of interconnect non-idealities

In this section, we provide the mathematical formulation
for the abstraction of interconnect non-idealities (Step 3 of
crossbar model generation). We recall that in this step the
generator abstracts interconnect non-idealities (Rgenses Tcols
rrow) and transform the conductance matrix (G;) associated
with the i crossbar instance to the corresponding non-ideal
conductance matrix (G,on—igeai—i)- We achieve this transforma-
tion by leveraging circuit laws (Kirchhoff’s loop laws and
Ohm’s law) and linear algebraic operations (direct sum, row
switching, vector concatenation, row reduction, etc.).

We now explain the formulation using Figure [/| that shows
the equivalent resistive circuit of an MxN crossbar array. Vin;
represents the input voltage at the i row of the crossbar, Va; ;
denotes the voltage at the node a;;, and V;; is the voltage
difference between the node a;; and the node b;;. G;; is
the conductance of the synaptic device at the i row and
the j” column. Riense, Trow, and reor depict the sensing and
distributed wire resistances, respectlvely, and Iout indicates
the output current of the j” column. In figure (7| we refer
vertical and horizontal slices of the crossbar array as Column
Linear Systems (LSCols) and Row Linear Systems (LSRows),
respectively. To demonstrate the formulation of Gyn—igeqr, We
employ 6 major steps involving Equations 2 to 14. We next
describe these steps in turn below.

Step 1: Formulate column linear systems. We first formulate
column linear systems (LS Col; to LS Coly) using each vertical
slice of the crossbar, shown in Figure(7| Let us consider the j*



vertical slice corresponding to the LS Col; system (Equations
2 to 4). Using Kirchhoff’s Current Law (KCL) at all nodes
b; ; present in the j™ column, we obtain Equations 2 and 3.
Equations 2 and 3 are then combined to obtain the linear
system in Equation 4. In the case of an MxN crossbar, we
have N such linear systems (LS Col; to LS Coly).

A; + Veol; = VAcol; — J = lout; (2)
x=M
IOI/tl‘j = Z Gx,ij,j 3)
x=1
(Aj + J = Kj)Veol; = VAcol; 4)
where,
-1 GZ,_jrcol 2% G3,jrcol (M - 1) * GM,jrcoI
0 -1 G3,jTcol (M =2) % Gy, jreol
Aj= 0 0 -1 (M =3)* Guy,jreol ,
0 0 0 .. -1
Vl,j Val,j Rsense + (M - 1) * Teol
V2,j VaZ,j Rsense + (M - 2) * Teol
Veol; = sVAcolj =| . [, J= .
VM,j VaM,j Riense
Ki=[G; G, G|

Step 2: Merge column linear systems. Next, the column
linear systems (LSColy to LSColy) are merged to form a
larger Column Linear System (merged-LSCol) as shown in
Equation 5 and 6. We achieve this by using the direct sum (®)
matrix operation on matrices (Aj + J*K;) and K to obtain
block matrices COLmat and Gmat, respectively. In Equation
5, CVcol and CVAcol are vectors formed by concatenating
Veol; and VAcol; vectors, respectively. Note that, the vectors
Veol; and VAcol; are obtained in Step 1 (Equations 2 and 4).
Further, Iout,on.ideal in Equation 6 is a vector representing the
output currents.

COLmat * CVcol = CVAcol (5)
Gmat = CVcol = (Ioutyon-ideal)” (6)
where,
COLmat= & (AJ + J * Kj)
jel2,..N
Gmat= o (Kj
jel2,..,
Tout,on-ideal = [Ioun lout, IoutN]
CVeol = [Veol]  Veol] Veolf|"
CVAcol = [VAcol]  VAcol} VAcol}|'

Step 3: Formulate row linear systems. Similar to Step 1,
the row linear systems (LSrow; to LSrow,,) are formulated
considering horizontal slices of the crossbar. We use KCL at
nodes g; ; present in the i horizontal slice to obtain Equation

7 which represents the LSrow; system. In case of an MxN
crossbar, we have M such row linear systems (LSrow; to
LSrowy).

B; + Vrow; = VrowIN; — VARowj; @)
where,
G G Gi3 Gin
Gii Gipx2 Giz*2 Gin 2
B; = |Gt Giax2 Gizx3 Gin*3|ur,,
Gii Gipx2 Gi3*3 Gin*N
Vii Va;, Vin;
Via Vais Vin;
Vrow; = , VArow; = , VrowlN; =
V,',N Va,-,N Vini

Step 4: Merge row linear systems. Next, the row linear
systems obtained in Step 3 are merged to obtain a larger
Row Linear System (merged-LSrow) as shown in Equation
8. ROWmat is a block matrix obtained by performing the
direct sum (®) matrix operation on the matrix (B;). Moreover,
CVrowIN, CVrow, and CVArow are vectors formed by
concatenating vectors (obtained in Step 3) VrowIN;, VArow;,
and Vrow;, respectively.

CVrowIN — ROWmat = CVrow = CVArow (8)
where,
ROWmat= & (B)
i€l,2,..M
CVrow = [Vrow]T Vrow} Vrowg]
T T 717
CVArow = [VArow1 VArow, VArowN]
CVrowIN = [VrowINlT VrowIN] VrowINg]T

Step 5: Eliminate internal variables. Next, the vectors
CVAcol and CVcol comprising of internal variables Va; ;
and V;;, respectively, are eliminated. In order to eliminate
these variables, we use the merged-LScol and merged-LSrow
systems obtained in Step 2 and 4, respectively. However,
the merged-LScol and merged-LSrow equations cannot be
used directly due to the mismatch in their Right-Hand Sides
(RHS) (CVAcol # CVArow). We resolve this mismatch by
performing elementary row operations on Equation 8 to obtain
Equation 9. Note that, the CVrowINA vector and the ROW-
matA matrix are obtained by performing row switching, i.e.,
an elementary row operation, on the CVrowIN vector and
the ROWmat matrix, respectively. Next, the CVAcol vector
is eliminated using Equations 5 and 9 to obtain Equation 10.
Subsequently, the CVeol vector is eliminated using Equations
6 and 10 to yield Equation 11. Note that, Equation 12 details
the NETmat matrix introduced in Equation 11.

CVrowINA — ROWmatA = CVcol = CVAcol 9)



(COLmat + ROWmatA) = CVcol = CVrowINA (10)
(Ioutpon-ideal)’ = NETmat = CVrowINA (11)
NETmat = Gmat = (COLmat + ROWmatA)™! (12)

Step 6: Reduce matrix dimension. Finally, we reduce the
size of matrices NETmat and CVrowINA by leveraging
a key property of the CVrowINA vector, i.e., it contains
repeated elements. Recall that, the CVrowlIN vector is formed
by concatenating the VrowlN; vectors (Step 4), and the
CVrowlINA vector is obtained by performing row switching
operations on the CVrowlIN vector. Since the VrowIN; vector
(Step 3) has repeated elements, consequently, the vectors
CVrowlIN and CVrowlINA also have repeated elements. Ex-
ploiting this property, the columns of the NETmat matrix
that are to be multiplied by same elements in CVrowINA
can be summed using elementary column operations to yield
a compressed NETmatC matrix (shown in Equation 13).
Moreover, removing redundancies in vector CVrowINA leads
to the Vinnon_idealT vector. Further, Equation 13 can be re-
written as Equation 14 to obtain the Gpen-igear Matrix. Note
that, Gyon-ideal 18 @ function of (G, Ruse, Yeor, and r,,), and
therefore can be constructed using the intermediate matrices
COLmat, ROWmat, and Gmat.

(IOUtnon-ideal)T = NETmatC (Vinnon-ideal)T (13)

Tout,on-ideal = ViNpon-ideal * Gnon-ideal (14)

where,
Villgon-ideal = [Vinl Viny VinM]
Ghon-ideal = NETmatC’ = S (G, Renses Frows Reot)

VI. RxXNN FRAMEWORK

In this section, we present the overall RxXNN framework that
enables evaluation of large-scale DNNs on resistive cross-
bar systems. RxNN is a functional simulator obtained by
modifying the Caffe [41] deep learning framework to mimic
non-ideal vector-matrix multiplications realized on resistive
crossbars. Caffe models the convolution and fully-connected
layers of DNNs as matrix-matrix and vector-matrix multipli-
cations. RxNN maps these matrix-matrix and vector-matrix
multiplications to a resistive crossbar system and evaluates
application-level accuracy of DNN inference operations. It
takes the trained DNN network and weights, resistive crossbar
system description and crossbar parameters as inputs, and
evaluates the DNN inference operation using FCM models.
RxNN’s primary objective is to evaluate the application-level
accuracy of DNNs, however, it is also capable of generating
execution traces to enable performance and energy estimation.
RxNN can also be used for model-in-the-loop re-training to
improve DNN inference accuracy in the presence of non-
idealities.

Figure [8] depicts the RxXNN flow that consists of 3 steps.
In step RxNN maps the neural network to the specified

RxNN
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Fig. 8: RxXNN Overview

target architecture. The weights are read from the trained
Caffe model and virtually programmed into the crossbar array
instances. Subsequently, the conductance matrices (G) cor-
responding to each resistive crossbar instance are generated,
which are then transformed into the non-ideal conductance ma-
trices (Gpon—idear) by abstracting crossbar non-idealities. Next,
in step , the G,,on_ideqs Matrices associated with each DNN
layer are incorporated back into the Caffe’s original weight
data structure. RxNN transparently utilizes Caffe’s underlying
data structures and optimized BLAS libraries, which is key
to its performance and scalability. We note that steps 0—
e are performed only once for a given DNN and crossbar-
based architecture. Thereafter, in step o, RxNN evaluates
the DNN for the given set of test inputs using embedded
Gron-ideat Matrices and peripheral (ADC and DAC) models.
During network evaluation, the DAC/ADC models are invoked
as pre- and post-processing steps on the inputs/outputs of each
convolutional and fully-connected layer.

Next, we describe re-training with RxNN to improve the
inference accuracy of DNNs on resistive crossbar systems.
The major challenges that arise during DNN re-training for
crossbar systems are: (i) the data-structures (inputs, outputs,
weights) should abide by the range and resolution constraints
at all times, and (ii) errors and gradients computed during
back-propagation should be appropriately scaled to ensure
network convergence | RxNN meets these constraints by
utilizing a crossbar-based forward pass and a floating-point
based backward pass. It appropriately converts and scales
the data-structures between forward and backward passes to
ensure that the network re-trains with minimal impact on the
overall training time, which is extremely critical in the context
of large-scale DNNs.

VII. EXPERIMENTAL METHODOLOGY

In this section, we describee the experimental setup used to
evaluate the RxXNN framework.

Device/Circuit simulation. We use an in-house device model
of the synaptic element [5] that is based on the solution of
Landau-Lifshitz-Gilbert (LLG) magnetization dynamics and
Non-Equilibrium-Green’s Function (NEGF) electron transport.

3The stochastic-gradient descent solver assumes the forward and backward
passes to be contiguous and differentiable. However, crossbar abstraction of
vector-matrix multiplication does not ensure these conditions.
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Circuit-level simulations are performed in HSPICE using the
45nm bulk CMOS technology and the synaptic device model.
Our simulations use the ADC and DAC circuits proposed
in [49], [S0]. The interconnect parasitics (¥,oy, Fcor) are ex-
tracted using the device and crossbar array layouts. Figure [J]
shows these layouts that are performed using the design rules
specified in [51]. The table in Figure [J] details the device,
technology [52f, and variation parameters [47] assumed in
our experiments. We also characterize a resistive crossbar
array to compute energy at the crossbar-level which is used
as a technology parameter in RxNN to estimate system-level
energy consumption.

TABLE I: Benchmark DNN Applications

#Synapses | #Neurons Relative
Data-Set Network | #Conv Layers | #FC Layers (in billions) | (in millions) | Model Size
MNIST LeNet 2 2 0.0005 0.02 1
ConvNet 3 2 0.01 0.05 20
CIFAR-10
NiN 9 0 0.3 0.6 600
AlexNet 5 3 0.5 0.5 1000
NiN 12 0 11 1.7 2200
OverFeat 5 3 2.6 1.9 5200
ImageNet
VGG-16 13 3 15.5 13.6 31000
GoogleNet 59 5 1.6 3.2 3200
ResNet-50 53 1 5.1 13.8 10200

Application-Level simulation. We evaluated the application-
level accuracy and energy of several popular DNNs on the
resistive crossbar system using RxNN. Table [I] provides details
of the benchmark DNNs, including the number of convolution
and fully-connected layers, the targeted data-set, and the
number of neurons and synaptic connections. We also present
the relative model size to highlight the difference between
these benchmark DNNs. To evaluate energy consumption, we
use an architecture similar to [7]].

VIII. Resurrs

We now present the experimental results to demonstrate the
modeling accuracy and speedups achieved by FCM over circuit
simulation. We also evaluate the application-level accuracy
of large-scale DNNs on non-ideal resistive crossbar systems
using RxNN.

A. FCM: Crossbar-level Evaluation

Modeling Accuracy. Figure shows the errors in vector-
matrix multiplications realized using a 64x64 non-ideal cross-
bar. We compute errors using three different crossbar models,
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Fig. 10: Computation Errors observed in crossbar for various
crossbar models

viz., HSPICE, FCM, and MNSIM [27]]. The X-axis represents
the crossbar column, and the Y-axis depicts the error incurred
due to non-idealities in the vector-matrix multiplication. We
observe that the simple error model (MNSIM) deviates consid-
erably from the HSPICE model. This is expected, as it does not
consider the dependence of errors on several factors including
the applied inputs, the crossbar state, and the crossbar column.
In contrast, the FCM model considers these dynamic factors
and is therefore able to closely match the HSPICE model. The
maximum deviation between the errors estimated by MNSIM
and the errors computed using HSPICE is about 3.51%. In the
case of FCM, the maximum deviation is found to be 0.28%,
which is significantly smaller.

Speedup. To evaluate the speedup of FCM over HSPICE, we
measure the execution time of FCM and HSPICE for various
crossbar sizes. Figure [T1] details the speedup achieved using
FCM over HSPICE. We observe a speedup of about 5 orders
in magnitude. Moreover, as expected, the speedup increases
for larger crossbar arrays.

Model generation overhead. Recall that FCM’s crossbar
model generator transforms the weight matrix (W) to a non-
ideal conductance matrixX (Gon—igear)> Which incurs a one-time
overhead. In our evaluation, we found the modeling overhead
to be 0.038, 1.2, and 61 seconds for 16x16, 32x32, and 64x64
crossbar arrays, respectively. While considerable for larger
crossbars, these one-time overheads are amortized over a large
number of inference operations typically processed by RxNN.
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B. RxNN: Application-Level Evaluation

Next, we apply RxNN to evaluate the accuracy degrada-
tion due to crossbar non-idealities at the application-level
for the benchmark DNNs. We implement three different
resistive crossbar systems designed using crossbars of size
16x16 (Cross16), 32x32 (Cross32), and 64x64 (Cross64).
Figure [12[a) shows the accuracy degradation for these designs



with respect to our baseline, ie., an ideal crossbar with no
device and circuit-level non-idealities. We first compare the
accuracy degradation of the Cross64 design across DNNS.
We observe that for simple networks (LeNet and ConvNet)
the accuracy degradation due to non-idealities is quite small.
For example, LeNet and ConvNet networks suffer accuracy
degradation of 0.05% and 2.2%, respectively. In contrast, the
accuracy loss due to non-idealities is considerable for large-
scale DNNs. For instance, VGG-16, OverFeat, and Resnet-50
networks incur accuracy losses of 25.6%, 27.8%, and 32%,
respectively. We observe similar accuracy degradation trend
across simple and large-scale DNNs for the Crossl6 and
Cross32 designs as well.

Next, we compare the accuracy degradation across designs
with different crossbar sizes (Cross16, Cross32, and Cross64).
As evident from Figure [12{a), the accuracy degradation for
the Cross16 design is less than the Cross32 design, which is
in turn less than the Cross64 design. This trend is expected
as the impact of non-idealities is lower for smaller crossbar
arrays (Section[ITV-B). However, smaller crossbar arrays are not
desirable in terms of energy efficiency. Figure [I2{b) depicts
the normalized energy consumption per image for the Cross16,
Cross32, and Cross64 designs. The Cross16 design consumes
higher energy than the Cross32 design, which in turn consumes
higher energy than the Cross64 design for most cases. Since
the major components of the energy consumed in resistive
crossbar systems are peripherals (ADCs and DACs),larger
crossbar arrays that amortize the energy cost of ADCs and
DACs over more columns and rows have superior energy
efficiency. Note that, for the LeNet and ConvNet DNNSs, the
energy of the Cross64 design is higher than the Cross32
design. This is because the crossbars in the Cross64 design
are under-utilized in case of these relatively small networks.
Therefore, Cross64 suffers from energy overheads due to re-
dundant computations performed in the unused rows/columns.
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We next present the energy breakdown of three net-
works, viz., VGG-16, GoogleNet, and AlexNet realized on
the Cross64 design. Figure shows the energy breakdown
of these networks considering — read energy for inputs
(CMOS-Mem-Read), write energy for outputs (CMOS-Mem-

10

Write), and computation energy for vector-matrix multipli-
cations (Cross-Computation). We observe that the major en-
ergy component is the vector-matrix multiplications (Cross-
Computation) which is in turn dominated by the ADCs and
DAC:s.
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Fig. 13: Energy Breakdown for Cross64 implementation

In summary, there exists a fundamental trade-off between

the application-level accuracy and the system energy which
needs to be examined, in order to determine the architectures
for future resistive crossbar systems. RxNN intends to drive
these decisions by providing a software platform that can
precisely evaluate crossbar architectures executing large-scale
DNNeE.
RxNN speed vs. Caffe. We also evaluated the slowdown of
RxNN with respect to the baseline Caffe framework (without
any crossbar modeling), and found that it amounts to 2.5X
and 2.75X for inference and re-training, respectively, across
our benchmark applications. We believe this is a reasonable
overhead given the highly optimized nature of Caffe, and the
fact that much like Caffe, RxNN can also leverage multi-cores,
GPUs, and clusters for increased processing throughput.

C. Sensitivity of accuracy to non-idealities

To further illustrate the impact of non-idealities on the
application-level accuracy, we present a sensitivity analysis
in Figure [I4] We plot the accuracies of 6 large-scale net-
works, viz., AlexNet, VGG-16, GoogleNet, NiN, Overfeat,
and ResNet-50 for implementations differing in their degree
of non-idealities. The implementations that we use are: (i)
floating-point implementation realized on an x86 CPU archi-
tecture (FP32), (ii) 6-bit ideal crossbar design (Cross6) without
any crossbar non-idealities, and (iii) 6-bit non-ideal crossbar
based designs with and without variations (NI-Cross6-64x64).
Note that the FP32 CPU-based software implementation does
not use crossbars and hence does not suffer from any non-
idealities. As shown in Figure[T4] the accuracy drops from left
to right as more non-idealities are incorporated. We observe
two significant accuracy drops, one between FP32 and Cross6
implementations, and other between Cross6 and NI-Cross6-
64x64 implementations. The degradation between FP32 and
Cross6 is due to the limited precision of the synaptic devices,
ADCs, and DACs. In contrast, the drop in accuracy from
Cross6 to NI-Cross6-64x64 is due to the device and circuit-
level non-idealities.

D. Re-training DNNs using RxNN

Next, we show the effectiveness of RxNN in re-training
large-scale DNNs for resistive crossbar systems. To that end,
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we re-trained three networks, viz., AlexNet, VGG-16, and
GoogleNet, as shown in Figure [T3] Our experiments show
that with only 150 iterations of re-training RXNN can achieve
~9%, ~8%, ~26% improvement in accuracy for AlexNet,
VGG-16, and GoogleNet, respectively. Notwithstanding these
improvements, there is still a substantial drop in accuracy that
cannot be recovered by re-training alone, calling for additional
error mitigation and compensation techniques.
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Fig. 15: Re-training using RxXNN

E. Visualizing the impact of non-idealities

To provide further insights into the impact of non-idealities
at the application-level, Figure[T6|compares the output features
obtained from an ideal resistive crossbar system and a non-
ideal resistive crossbar system for two convolution layers
(Convl and Conv3) of the ConvNet network executing on
the CIFAR-10 dataset. Some of the significant distortions
in features are highlighted in the figure using circles. We
observe that the impact of non-idealities increases consider-
ably as we go deeper into the network (Conv3 layer outputs
show increased artefacts compared to Convl layer outputs
in Figure [T6). This is consistent with the observation from
Figure [T2{a) that deeper DNNs show greater degradation in
accuracy due to crossbar non-idealities.

In summary, our results underscore the utility of RxNN
in evaluating and re-training large-scale DNNs on resistive
crossbar architectures. They also motivate the need for further
research into techniques to mitigate and compensate the effects
of crossbar non-idealities in the context of large-scale DNNG.

IX. ConcLusION

Resistive crossbars realized using non-volatile meemory de-
vices promise to enable compact, energy-efficient hardware for
DNN:Gs. In this work, we evaluate the impact of various device
and circuit non-idealities that are present in crossbars on the
overall accuracy of large-scale DNNs. We propose FCM, a fast
and accurate model to evaluate vector-matrix multiplications
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realized on resistive crossbars. Using FCM, we construct
RxNN, a software simulation framework to evaluate large-
scale DNNs on resistive crossbar systems. Our experiments
with RxNN indicate that accuracy degradation due to non-
idealities is a significant concern for large-scale DNNs. Re-
training can only partly restore the accuracy lost, necessitating
a need for further error mitigation and compensation schemes.
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