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Abstract

The global attitude synchronization problem is studied for networked rigid bodies under directed
topologies. To avoid the asynchronous pitfall where only vector parts converge to some identical value
but scalar parts do not, multiplicative quaternion errors are leveraged to develop attitude synchronization
protocols for rigid bodies with the absolute measurements. It is shown that global synchronization of
networked rigid bodies can be achieved if and only if the directed topology is quasi-strongly connected.
Simultaneously, a novel double-energy-function analysis method, equipped with an ordering permutation
technique about scalar parts and a coordinate transformation mechanism, is constructed for the quaternion
behavior analysis of networked rigid bodies. In particular, global synchronization is achieved with
our analysis method regardless of the highly nonlinear and strongly coupling problems resulting from
multiplicative quaternion errors, which seriously hinder the traditional analysis of global synchronization
for networked rigid bodies. Simulations for networked spacecraft are presented to show the global

synchronization performances under different directed topologies.

Index Terms

Coordinate transformation, global attitude synchronization, multiplicative quaternion error, net-

worked rigid bodies, ordering permutation, directed topology.

I. INTRODUCTION

Attitude synchronization of networked rigid bodies plays a critical role in many applications,
such as multiple quadrotors [1], [2], spacecraft formation flying [3]-[5], and multiple-robot

systems [6]. This problem is generally solved with the design of synchronization protocols for
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networked rigid bodies. As reported in [7], networked rigid bodies can be driven to an identical
orientation, priori unknown or prescribed, with the synchronization protocols based on attitude
information of its nearest neighbors and itself. One of the most fundamental problems for protocol
design and analysis is that the attitude configuration space is not diffeomorphic to a Euclidean
space [8]. In consideration of this problem, most existing protocols are proposed by attitude
representations such as Euler angles [9] and Rodrigues Parameters [10]. It is worth mentioning
that both representations are either kinematically or geometrically singular, which are limited to
the local attitude maneuvers [11]. Modified Rodrigues Parameters can be employed to represent
all physical orientations, but the singularity is inevitable when the rotation angle is +27 [12].
The axis with angle zero should be carefully defined for the axis-angle representation [13]. In
addition, while the rotation matrices can be considered as one approach to cover all physical
attitudes, not all the information available in one rotation matrix are necessary for the attitude
representation [11]. To avoid the inherent singularities and use as few parameters as possible,
we consider quaternions as a good alternative to map all physical attitudes.

In the case of a quaternion, four parameters satisfying the unity constraint are generally applied
to represent the physical orientations of rigid bodies. As introduced in [1], quaternions do not give
rise to the aforementioned singularities. However, there are two basic issues when quaternions
are used. The first issue is that quaternions double cover SO(3), which is called the special
orthogonal group [5], that is, one physical attitude always corresponds to a pair of antipodal
quaternions [11]. An implication of this nonunique projection is that properties for kinematics
of rigid bodies on SO(3) can not be derived using quaternions directly. Therefore, the quaternion
representation should be treated carefully to escape from the abovementioned two-fold covering
phenomenon. The second issue is how to construct attitude errors between two rigid bodies after
obtaining absolute orientation information [10]. In the literature, some protocols with additive
quaternion errors are developed [4], [14]-[16]. Of note is that these protocols may give rise
to the non-unity constraint [4] or an asynchronous pitfall where only vector parts converge to
some identical value while the scalar parts do not [14]-[16]. The other approach to overcome
this shortfall involves multiplicative quaternion errors [17]-[19]. Therefore, the development of
multiplicative quaternion error-based synchronization protocols is well-motivated.

Nevertheless, the analysis of the global objective based on multiplicative quaternion errors
is quite challenging, and one of main difficulties lies in that multiplicative quaternion errors

involve strong coupling problem arising from the product of the scalar parts and the vector parts
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of quaternions. To address this problem and thus reach synchronization, some progress has been
made in the recent past, while most analysis methods are only applicable to the circumstances
under some restrictive initial conditions. In [10], the proposed analysis method is only applied to
the condition that the initial attitudes are contained in a positively invariant set. In [18], all the
initial orientation matrices should be assumed to be positive definite. From [19], the scalar parts
of quaternions should be positive at the initial moment. Note that the initial orientation restriction
is helpful to handle the aforementioned coupling problem in traditional analysis frameworks, but
it hinders the achievement of global attitude synchronization. Hence, it is of great significance
to develop an appropriate analysis method, with which the initial orientation restriction can be
relaxed and thus the global objective can be achieved.

Moreover, it is worth mentioning that most of the existing works based on multiplicative
attitude errors focus on solving synchronization problems under the undirected topologies or
the strongly connected topologies. In [19], the synchronization can be reached only if the
communication graph is restricted to be strongly connected, because the positive left eigenvector
of the Laplacian matrix associated with the eigenvalue zero does not exist under quasi-strongly
connected topologies. For the analysis of [17] and [20], the symmetric property of the weighted
adjacency matrix of an undirected graph is utilized to obtain the attitude synchronization. The
strict connectivity condition of the topologies, obviously, can not be guaranteed sometimes
because of the complexity of the communication environment, and thus it is required that attitude
protocols can be applied to quasi-strongly connected topologies. Hence, how to implement the
synchronization analysis for quasi-strongly connected topologies is another task of interest.

Motivated by the task of almost global synchronization with the absolute attitude measurement
in [10], also investigated in [3], [17]-[19], [21], we are aimed at global attitude synchronization
of networked rigid bodies using absolute attitude information. Further, a necessary and sufficient
condition on topologies is obtained for global synchronization. The main contributions of this
paper are summarized as follows.

1) To handle the coupling problem arising from multiplicative quaternion errors and achieve
attitude synchronization under directed topologies, a double-energy-function analysis method,
relying on no eigenvectors of Laplacian matrix, is firstly developed. It is verified that attitudes
of all rigid bodies can eventually converge to some identical attitude if not all scalar parts of
initial quaternions are zero, which replaces the initial condition with all positive scalar parts

of initial quaternions should be positive in [10], [19], [21].
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2) To further relax the initial orientation constraints, a novel coordinate transformation-based
analysis method is proposed. Especially for quasi-strongly connected topologies, it is diffi-
cult to prove the existence of appropriate transformations. Thanks to this method, attitude
synchronization can be achieved regardless of the initial orientations, which implies that the
initial condition in [17]-[19] can be relaxed to the global scope;

3) It is concluded that global attitude synchronization can be accomplished if and only if
topologies are quasi-strongly connected, which contains the case of strong connect. As a
result, the application of networked rigid bodies with the absolute attitude measurement is
further expanded. This can not be achieved in the existing works, e.g., [17], [19], [20], where
the proposed methods heavily rely on the strong connectivity of topologies or symmetric
property of the weighted adjacency matrix.

The remaining parts of this paper are organized as follows. In Section II, some useful prelimi-
naries for graph theory and quaternion-based attitude kinematics are firstly introduced, followed
by the problem formulation and the protocol design in Section III. The synchronization over
strongly connected topologies and quasi-strongly connected topologies are presented in Sec-
tions IV and V, respectively. In Section VI, simulations under different directed topologies are
provided. Conclusions are drawn in Section VII.

Notations: For a matrix A = [a;;] € R™*", | A|| denotes the spectral norm of A. Let n =1,
and then || A|| denotes the I3 norm of A € R™. 0 and I denote the null matrix and the identity
matrix with required dimensions, respectively. S? = {x € R? : ||z|| = 1} is the two-sphere
and S® = {x € R* : ||z|| = 1} is the three-sphere. For any & = [z, x5, z3]T € R?, the vector

cross-product operator is defined as

0 —xz3 x
T = | x3 0 —Z1| >

—T9 I 0

which shows |z*|| = ||z|| = ||| and zz* = 0.

II. PRELIMINARIES

In this section, some concepts about graph theory are firstly reviewed. Then the quaternion-
based kinematics is introduced to facilitate the attitude synchronization protocol developed in

the subsequent sections.

March 28, 2022 DRAFT



A. Graph theory

The communication topology is described as a directed graph denoted by ¥4 = {4, &},
where .# = {1,..., N} is the node set and & C A" x 4 is the directed edge set. A directed
edge (j,7) denotes that j is a neighbor of ¢ such that i can directly receive the information
from j. The neighboring nodes of 7 constitute a set .4 = {j : j € 4 and (j,i) € &}. The
weighted adjacency matrix is defined as & = [a;;] € RN 4,5 € A4 such that a;; > 0 if
(4,7) € & and a;; = 0, otherwise. It is worth pointing that (¢,7) ¢ & and thus a; =0, Vi € 4.
In particular, 4 collapses into an undirected graph if &/ = &/T. The degree matrix is defined
as 2 = diag{d;} € RV*N where d; = Zje _ @ij- The Laplacian matrix of ¢, denoted by
£ € RV*N satisfies .¥ = 9 — /. A path is formed by a finite sequence of edges in &.
Moreover, if, for certain node i, there exist paths from ¢ to every other node in ¢, then we
have that ¢ is quasi-strongly connected and ¢ is a root. Especially, ¢ is also said to be strongly
connected if all nodes in & are roots [22]. For example, Figs. 1-2 intuitively show the strong
connectivity and the quasi-strong connectivity with five rigid spacecraft, which can be used for

simulation verification in Section VI.
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Fig. 1. A strongly connected topology.

B. Attitude kinematics

In practical applications, the quaternion representation is developed based on Euler’s rotation
theorem, which states that the relative attitude between any two coordinate frames can be

presented as only one rotation about some fixed axis. Generally, the quaternion is treated as
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Fig. 2. A quasi-strongly connected topology.

[e:(t), ¥ ()] € S with () € R and g;(t) 2 [¢"(2), ¢?(t), ¢ (¢)]T € R3 denoting the scalar
part and vector part of the quaternion, respectively. According to Euler’s rotation theorem, &;(t)

and g,(t) can be expressed as

ei(t) = cos (¢i2(t)> and q,(t) = ei(t) sin (‘bT(t)) , )

where ¢;(t) € R denotes the Euler angle and e;(t) € R?® denotes the so-called Euler unit axis.
From (1), [&;(t), ¢F (¢)]T and [—&;(t), —q} (t)]T represent the same physical attitude.
For a group of N rigid bodies, attitude kinematics of rigid body ¢ € .#" governed by Euler’s

rotational equations of motion is given by

1

4,(t) = 5 (@' (t) + &:())]) wi(t), @

where w;(t) denotes the angular velocity of rigid body ¢ with respect to the inertial frame .%#;
expressed in the body-fixed frame #%. Moreover, from the definition of S, we can know that

g;(t) and g,(t) satisfy the unity constraint:
et +a (Hat) =1, 3)

which implies |e;(¢)| < 1 and ||g;(¢)|| < 1. For more introduction and properties of quaternions,

the readers are referred to Section 2.2 in [23].

March 28, 2022 DRAFT



III. PROBLEM FORMULATION

Considering the preliminaries, we can present the objective as follows. Let the graph ¢ be
quasi-strongly connected and initial physical attitudes of networked rigid bodies be arbitrary.
The objective of this work is to develop an analysis method, with which the adopted attitude

protocol can be shown to achieve global attitude synchronization, namely,

lim |e;(t) —€;(t)| =0

t—o00

lim qu(t) - qj(t)H =0, 4)

t—o0
forall 2,5 € A
To reach the objective (4), we first introduce the multiplicative quaternion error of rigid body

¢ with respect to rigid body j, which can be defined as

£i(t) = ei(t)e; (t) + gi (H)g;(t)
q,;(t) £ ;(t)a;(t) — ei(t)g;(t) + @ (H)g; (1), (5)

where €; ;(t) and g; ;(t) denote the scalar part and the vector part of the multiplicative quaternion
error, respectively. From [23], €2 (t)+q;;(t)q, ;(t) = 1 holds. Based on this definition, we adopt
the attitude synchronization protocol as

wi(t) = — Z aijq; ;(t). (6)

JEN

Remark 1. The protocol (6) is constructed using the absolute attitude measurement introduced
in the first case of [10], and is similar with the attitude synchronization protocols in [18], [19].
It is of note that the implement of the protocol in [18] require that |¢;(0)| < % for all rigid
bodies, which means that €;(0) > */75 and is also used in [24]. In addition, [19] should meet
ei(0) > 0 for all rigid bodies. These results are all non-global synchronization. As one of main
contributions, we can show that global attitude synchronization can be achieved under (6) with

the different analysis method.

To implement the attitude synchronization protocol (6), we first construct the unique mapping

between the physical attitude and the quaternion representation. According to the definition of the

March 28, 2022 DRAFT



initial quaternion representation of rigid body i, S? can be divided into four different subspaces

as
es? ei(0)>0}
€S*:¢;(0)=0 and qi(O)ES+}
eS? ei(0)<0}
€S%: £,(0)=0 and g,(0) es_}, )
where S, and S_ are defined as
Sy 2{x=[z;] €S : 23>0}
U{z=[z;] €S*:23=0and z, >0}
U{w:[xi] 682:x3:x2:Oandx1>0}
S_2{z=[r|eS*:x¢ S}, 8)
respectively and are illustrated in Fig. 3. From the definition of the quaternion in (1), S; and
Ss represent the same physical attitude space, and S2 and S, represent another same physical
attitude space, which means that the entire physical attitude space can be represented by using

only S; and S. As a result, it is reasonable for us to construct the one-to-one mapping between

the physical attitude space and S; U S, at the initial time, that is,
[€:(0),q; (0)]" € S1US,, VieN. ©)

Moreover, to analyze global attitude synchronization under the quasi-strongly connected topolo-
gies, we first present following definitions for the discussion. 4 = {4, &} is considered as a
quasi-strongly connected topology. Let 4#* C .4 be the root-node set which consists of all root
nodes of ¢. Without loss of generality, we assume that the set .4 is given by 4" = {1,..., N*}
with 1 < N* < N. Denote the non-root node set 4™ & A\ AT ={j:j€ A4 and j & N}
which can also be expressed as 4™ = {N*+1,..., N}. Denote also the induced directed graph
Ggr = {AN", &7}, where &F = {(j,i) € & : i, € A"}, It is worth noticing that /™ = &
holds and ¥ collapses into a strongly connected graph if N* = N. With these definitions, we

recall a useful lemma about ¥4*.

Lemma 1 [25]. For a quasi-strongly connected directed graph 4, 9~ is a subgraph of 4, and

furthermore, 4" is always strongly connected.
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Fig. 3. The illustrations of the sets S; and S_.

As given in Lemma 1, the strong connectivity of ¢* always holds. In addition, from the
definition of the root node, it is obvious that the root nodes would not receive the information
from non-root nodes. As a result, it is reasonable for us to start with the analysis of strongly
connected topologies in Section IV, which reveals the attitude behaviors of the root nodes, and

then move to the analysis of quasi-strongly connected topologies in Section V.

IV. SYNCHRONIZATION OF ROOT-RELATED RIGID BODIES

In this section, we study the attitude behaviors of the root-related rigid bodies, which can also
be considered as a general strongly connected graph described by ¥* = {A#",&"} according
to Lemma 1. Based on this fact, we present a double-energy-function analysis method for the
evolution of scalar parts and vector parts.

According to (9), we naturally have [g;(0), g} (0)]T € S;US,, Vi € A", which can be divided
into two conditions as
i1) [£:(0),47(0)] €Sy, Fi € N
i2) [e:(0),gF(0)]" €Sy, Vi € N
In the following, we focus on the attitude-behavior analysis of the scalar parts of quaternions
under il) and i2), which plays a key role in addressing the coupling problem arising from the

product of the scalar parts and the vector parts of quaternions.
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10

A. Evolution of the scalar parts of quaternions

Before the detailed analysis of the evolution of &;(t), we first recall a useful lemma below

about min;e s+ £;(t).

Lemma 2 [26]. Let ¢,(t) be equal to mine 4+ €;(t) and k(t) be the index function such that
er@t)(t) = €(t) for all t. In the case of the nonuniqueness of k(t) (i.e., i(t) = €;(t) = €.(2)
for some i # j and t), there exist some measurable k(-) in a way such that éy)(t) = E.(t) for

almost all t.

With the existence of the measurable k(t) from Lemma 2, we can propose the following result
under the initial condition i1) with the attitude-behavior analysis of the single rigid body k(t)

that is generally time-varying.

Lemma 3. Let 4* be strongly connected. If the initial condition il) is met and the protocol (6)
is applied, then, 1) £.(t) > 0 for almost all t; 2) lim;_,o €;(t) = C1,Vi € N where C1 is a

positive constant.

Proof. 1) From Lemma 2, there exists a measurable function k(t) such that e,(t) = ex)(t) and

€x(t) = Ex(e)(t) for almost all ¢, regardless of the nonuniqueness of k(t). Thus,
gj(t) — exw(t) 2 0, Vi € Ay (10)
To proceed, we can design an energy function as
Wi (e (1), Qi (1)) 2 ”qk(t) (t)||2+ (€k(t) (t) — 1)2- (11)

For simplicity, we denote W1 (t) = Wi (ex()(t), @y (t)) in the subsequent text. Clearly, through
q;f(t)(t)q;c‘(t) (t) = 0 and (2), (11) may directly lead to

Wi(t) = QQE(t) () ke (£) + 2 (e () — 1) Exeey(2)
= Qo) (H)wiy (t) (12)

for almost all ¢£. With inserting the attitude synchronization protocol (6) into (12), we have

Wi(t) = — Z r(t)i ey () Dcey 5 (1) (13)

VIS
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11

Considering the expression of g;;(t) in (5) and invoking q;f(t) (t)azs(t) = 0 again, we can

transform (13) into

Wi(t) = — Z ()65 () gy (8 Qagey (E) + Z ar(e)i€re) () Qage (1) a;(t). (14)
J€EM I€M )

Let us now consider the case of ex)(t) > 0, it easily follows from (14) that

. 1 1
Wi(t) <3 > ak(t)jak(t)(t)q;f(t)(t)qk(t)(t)+— > arwsere (t)g; (t)g;(t)

JEJV ) Je‘/’/lc(t)
> i (aky (e (©). (15)
IEN
Considering (3) and (10), we can rewrite (15) as
Z ak(t)j€k(r) (t 2 - Ek(t)( Z ak(t);€;(t 5%@)(75)) 3
]E‘/Vk(t) I€Nte
which further leads to
Wl(t) < - Z Ok(t)j (é‘j(t) — EK( t) - = Z Qk(t)jEk(t) 5k(t)( )— Ej(t))2 <0. (16)
I€M%e I€M
Moreover, considering (3), we can rewrite (11) as
Wi(t) = 2 — 2 () = 2 — 2e.(t) 17)

forallt > 0.

In view of (16) and (17), it is obtained that £,(¢) > 0 holds if £.(¢) > 0. This, together with
the condition €,(0) > 0, leads to £,(¢) > 0 for almost all ¢ and &.(¢) > 0 for all ¢ according to
the so-called real induction or continuous induction in [27].

2) Based on the above result, we can further derive that e, (¢) > e.(T) > €.(0), Vt > T where
T > 0 is some time instant. To prove this, we can apply the reduction to absurdity. Considering
g«(t) = 0 for almost all ¢ from 1), we suppose, on the contrary, e,(t) = ex)(t) = €(0) =0
holds for any ¢ > 0, which implies that the scalar parts of all neighbors of the rigid body k(t)
are equal to 0 according to (16) and (17). Considering the strongly connected property, we can
obtain that €;(t) = 0, Vi € A", Vt > 0, which is a contradiction with the initial condition i1).
Thus, it is obvious that &,(t) = €,(T) > €.(0) =0,Vt > T

In addition, it is worth highly emphasizing that £,(¢) < 1 always holds, which, together
with that £,(t) > 0 holds for almost all ¢, implies that lim; ., €.(¢) = C;. Considering that
ex(t) 2 e.(T) >0, Vt > T, we arrive at C; > 0.
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12

To derive that lim; .., €;(¢) = C; holds for all i € 4", we invoke the reduction to absurdity
again. With considering the definition of ¢, (t), we suppose that lim sup,_, . €;(t) > Cy, 3i € N
holds. It is obtained that €,(¢) won’t remain at C; by virtue of (16) and (17) because each node
has the neighbor nodes according to the strong connectivity, which makes a contradiction with
lim;_,o €,(t) = Ci. As a consequence, it is obtained that lim; ,o £;(t) = Ci, Vi € 4. The

proof of Lemma 3 is complete. (]

If the initial condition il) is met, we might adopt Lemma 3 to analyze the evolution of &;(t).
However, it does not work when i2) is met because ¢;(t) = 0 holds for all i € A4 and ¢t > 0
according to (2), (5), and (6). To address this problem, we can construct an appropriate coordinate

transformation, which is stated in detail in the following lemma.

Lemma 4. Let the initial condition i2) hold for 4*. There exists some u = [g,,q ]" € $?
denoting the transformation quaternion of another inertial frame %; with respect to %1 such

that attitudes of all rigid bodies can be expressed as

&i(t) = ei(t)eu + g7 (t)q,,
4;(t) = €uq;(t) — €i(t)q, + @; (1)q,, (18)

foralli € A" in F; with the initial quaternions satisfying £;,(0) 2 0, Vi € A" and max;c 4~ £;(0) >
0.

Proof. For t = 0, ;(0) = ¢} (0)g, holds according to the initial condition i2). To prove the
existence of u, we can divide the analysis into two parts with considering g;(0).

Part 1: q§3)(0) > 0, 3i € A", It is obvious that the candidate w can be chosen as [0,0,0, 1]T
to provide ¢;(0) > 0 for all s € 4", where not all &;(0) are zero.

Part 2: q§3)

be [0,1,0,0]T if ¢ (0) = 1, Vi € 4" and [0,0, 1,0]T, otherwise.

7

(0) =0, Vi € A". Under this condition, we can have the observation that w can

From the above discussions, we can obtain the existence of w satisfying (18). The proof of

Lemma 4 is complete. O

Remark 2. It is shown that Lemma 4 bridges the gap between two initial conditions il) and
i2) through a coordinate transformation. In addition, it is worth mentioning that the coordinate
transformation does not change multiplicative quaternion errors and thus is reasonable in the

analysis of the attitude synchronization.
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13

Remark 3. Note that, in the analysis, we only need to ensure the existence of u in Lemma 4,
and do not require its value in the design of the protocol. Moreover, although the analysis is
based on the information of the networked rigid bodies, the synchronization protocol for each

rigid body is designed only with the attitudes of its nearest neighbors and itself.

Further, it is worth emphasizing that
€;j(t) = €;;(t) and fli,j(t) = qi,j(t) (19)
hold for any rigid body ¢ and j according to [23], where
&5(t) = &(D)8;(t) + @; (Ha;(1)
q;,5(t) = &(1)a:(t) — Ei(8)a;(t) + @5 (£)d; (¢), (20)
denote the scalar part and the vector part of the multiplicative quaternion error expressed in %7,

respectively. As a result, attitude kinematics can be expressed in .%; as

(1) = —al (Bwi(t)

ai(t) = > (@ (t) + &t)]) wi(t) @0
according to (2), (6), (18), and (19). It is worth noticing that w;(¢) in (21) is same with that in

(2) because (19) holds. This shows us that the angular velocity input computed by (6) in %

can be directly used in kinematics expressed in .%;.

B. Evolution of the vector parts of quaternions

In addition to the above results of Lemmas 3 and 4, to prove the global attitude synchronization
theorem of ¢ based on multiplicative quaternion errors, we still need to recall the following

lemma.

Lemma 5 [28]. (Lemma 8.2, Barbalat’s lemma) Suppose that f : R — R is uniformly continuous

on [0,00) and that lim;_, f(f f(r)dr exists. Then lim; . f(t) = 0.

With Lemmas 3-5, we are in a position to present the global synchronization result of the
strongly connected topologies %™ based on multiplicative quaternion errors in the following

theorem.
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Theorem 1. Let 4" be strongly connected. For any initial physical attitudes of networked
rigid bodies, if the protocol (6) is applied, then global attitude synchronization over 4* can

be achieved.

Proof. According to (9), we only need to consider two kinds of initial conditions, i.e., i1) and
i2).

Step 1): Coordinate transformation. If the initial condition i2) (i.e., £;(0) = 0 and g;(0) €
Sy, Vi € A7) is satisfied, there must exist some coordinate transformation which can be
constructed by employing Lemma 4 such that £,(0) > 0, Vi € 4" and max;e s+ €;(0) > 0.
Similarly, if the other condition i1) is met, u can be chosen as [1,0, 0, 0] such that £;(0) = &;(0)
and q,(0) = g;(0) hold. This implies that there exists some coordinate transformation in any
situation. This fact, together with (21) and (19), shows that it is reasonable to analyze the attitude
synchronization based on &;(t), q;(t), and g, ;(¢).

Step 2): Attitude synchronization analysis. We can design a positive energy function as

Wa(t) = D (1@l + (&0 - 1)%). 22)
1ENT

It is worth emphasizing that (22) can be reformulated into Wa(t) = > .. .« (2 — 265(t)) in
terms of (3). Note also that from Lemma 3 and the existence of the coordinate transformation

in Step 1), we obtain
lim &(t) = ¢y, Vie N7, (23)
—00
where C'l € R is some positive constant, which thus implies
lm DD ay (@) — &(t) =0 (24)
iENT jENT

and

lim Wy(t) = 2N* — 2N*C. (25)

t—o0
It then follows from (25) that lim; ., fot W, (7)dr exists because of the natural boundedness of
W5(0). It is worth noticing that this fact is critically important for the subsequent analysis.
With the properties of (-)* in Section I and (21), it is obtained that
Wa(t) =) @ (thwi(t). (26)

1ENT
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With the similar analysis steps to (13)-(16) in the proof of Lemma 3, it can be shown that
(26) leads to

= Z Z Qij (éz(t) — Z Z a'l,jgl 'L J(t))2

GENT jENT zeJVr JENF
-5 Z Y- aa®) l|a) - 40| @7
ze;/V"Jel/V‘”

By noticing the definition of &; ;(¢) in (20) and inserting (24) into (27), we can deduce
=Y > ay Gt + >0 aygilt) Ei(t) - 1) (28)
IENT jENT IENT jENT
To use Lemma 5, let us check the uniform continuity of 5 (t) with the boundedness of Wj(t).
From (28), we obtain
=3 Y a (éi(t) (i) — 1) + &(D)é:4(t) ) S ay (az . éj(t)> . (9)
IENT jENT IENT jENT
With invoking (19) and €7 ;(t)-+q;;(t)q, ;(t) = 1 again, we have l|a@:;®)|| < 1and|é;;(t)| < 1.
This fact, together with (6), implies ||w;(¢)|| < N*— 1. Now according to (21), it is obvious that

. 1 )
40| <5V =1) and [, < (v - 1), (30)

As a consequence of (20) and (30), we have
Lat)] <3V -1). 31)

By noticing |€; ;(t) — 1| < 2 and |&;(¢)| < 1 and considering (29)-(31), we obtain
Wal)| <5 (Vv =17, (32)
|

which implies that T,(t) is bounded and thus ensures that W,(t) is uniformly continuous.
According to (22), (25), and (32), it follows that Wg(t) is further ensured to approach zero

from Lemma 5, namely,

lim W(t) = 0. (33)

t—o0
As discussed in Section III, the coupling problem from the products of the scalar parts and
vector parts of quaternions makes the synchronization difficult to analyze. In other words, due to

the existence of &;(t), the synchronization can not be directly derived only through (24), (28), and
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(33). Thanks to (23) from Lemma 3, it follows that lim; ,, &; ;(t) = 1 and lim; q,;(t)=0

if a;; # 0. According to the definition of strongly connected topologies, we can draw that
1 2. — 3 y. . — - . r
tli)rgsz,](t) 1 and tli)rg) q;;(t)=0, Vi£je N,
which further implies that

lim [&,(t) — &;(t)] = 0

t—00
tllglo ||Qz(t) - f];(ﬂ” =0
for all 7, j € A4 according to (6), (19), (21), and Lemma 3.
Step 3): Inverse coordinate transformation. Because there exists a coordinate transformation
constructed in Step 1, the corresponding inverse transformation must exist. Obviously, attitude
synchronization over the strongly connected topology ¢* can be obtained according to (2). In

conclusion, with the protocol (6), the global synchronization over ¢* can be achieved. The proof

of Theorem 1 is complete. O

Remark 4. Another fact worth highlighting is that the global synchronization result based on the
double-energy-function method consisting of Lemma 3 and Theorem 1 is entirely different from
the existing works [17]-[20] aiming to achieve non-global synchronization. This analysis frame-
work consequently relaxes the initial condition and extends the applications of multiplicative

quaternion error-based protocols.

V. SYNCHRONIZATION OF ALL RIGID BODIES

In this section, the attitude evolution of all rigid bodies, including root-related and non-root-
related rigid bodies, associated with the quasi-strongly connected graph & are treated together
with the double-energy-function method.

Before the analysis of attitude evolution, we are required to consider the following initial
conditions of all rigid bodies associated with ¢.
ii1) [:(0),qF(0)] €Sy, Fi € A and [£,(0),gT(0)] €5, U Sy, Vi € A
ii2) [:(0),qF(0)]" €Sy, Vi € A and [£;(0), gF(0)] " €S, U Sy, Vi € N

For iil), we can develop the following result under the quasi-strongly connected topologies,

which is similar to Lemma 3 in Section IV-A.
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Lemma 6. Let &4 be quasi-strongly connected. If the initial condition iil) is met and the protocol

(6) is applied, then the attitude synchronization over 4 can be achieved.

Proof. From the initial condition iil), we can conclude that £;(0) > 0, Vi € 4" and max;c 4+ €;(0) >
0. To proceed, we can divide the analysis into three steps as follows.

Step 1): The behaviors of ¢;(t) and g,(t) for all i € 4", From the definition of 4", it
is obtained that & has paths from Vi € A" to Vj € 4™, whereas ¢4 has none paths from
Vj € A ™ to Vi € 47, which shows that the attitude behavior of Vi € .#* can be analyzed
without considering Vj € .4, This fact, together with the strong connectivity of ¢*, shows that
if the initial condition iil) is met, then lim; , €;(f) = C; > 0 holds for all i € .#* according
to Lemma 3. In addition, g,(t) for all ¢ € 4" also converge to some identical constant vector
from Theorem 1.

Step 2): The behavior of ¢, (t) £ min;c 4 ¢;(t). With the analogous analysis method to that

of Lemma 3, we can design the following energy function
V(ex(t)) = 2 — 2e,(t), (34)

which, together with the same analysis as that of Lemma 3, show us that lim;_,, £,(¢) exists.
Furthermore, it is not hard for us to obtain that lim;_,, £,(¢) = C; holds with the reduction to

absurdity and the result of Step 1), which implies

0 < C; < liminf min g(t). (35)
t—oo0 iEN BT

Step 3): The behaviors of ¢;(¢) and g,(¢) for all : € .#". In order to prove the convergences
of &;(t) and g;(t) for all ¢ € .4, we suppose, on the contrary, that the attitude synchronization
is not achieved when time approaches infinity. As a consequence, thanks to (35), there exists

some appropriate coordinate transformation such that

t—oo e mr
holds, where &;(t) denotes the scalar part of the quaternion of rigid body i € .4 after some
coordinate transformation and C’l 2 limy_, oo €(t), Vi € A™. This must not occur according to

the analogue analysis of Step 2). Therefore, (4) can be achieved. The proof is complete. (]

Moreover, we have the following lemma when ii2) is met.
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Lemma 7. Let the initial condition ii2) hold for 4. There exists some transformation quaternion

v € {u} where u is defined in (18) such that attitudes of all rigid bodies can be expressed as
éz(t) = gi(t)av + q,zT(t)q'u
4;(t) = €,9,(t) — &i(t)q, + q; (t)qy, (37)

for all i € N with the initial quaternions satisfying £;(0) = 0, Vi € A and max;c 4~ £;(0) > 0.

Note that Lemma 7 is totally different from Lemma 4. In Lemma 4, we are only required to
show the existence of w such that £;(0) > 0, Vi € A" and max;c 4+ £;(0) > 0. However, with
choosing some candidate v € {u} in Lemma 7, we should provide that £;(0) > 0, Vi € ./,
while ensuring that max;e 4+ £;(0) > 0 holds. Obviously, the non-root-related rigid bodies makes
the analysis of the existence of v more difficult. For example, if there exists a non-root-related
rigid body with the positive scalar part and the negative vector part, three candidate u presented
in Lemma 7 cannot be chosen as v here, otherwise £;(0) < 0 appears. The detailed analysis is

presented as follows.

Proof of Lemma 7. Considering the definition of the initial condition ii2), we naturally divide

the analysis into four parts:

1. ¢P(0) > 0, 3i € #™, [€:(0),gF(0)]" €5y, Vi € N

2.¢7(0) >0, 3i € A, [6:(0),qF(0)] €5y, Ti € N

3.¢P(0) =0, Vie A, [51(0),q?(0)] €Sy, Vi € N
[

4. ¢®0) =0, Vie #7, [£0),47(0)]" €8y, i € A
Next, we investigate these parts one by one to reveal the existence of v.

Part 1: It is not hard to find that the candidate v can be [0,0,0, 1] such that max;c s £;(0) > 0
and £;(0) > 0, Vi € 4 according to (37).

Part 2: With a scalar ¢; defined as

¢1 2 min{g;(0) : i € A™ and ¢;(0) > 0},
we can present the candidate v as
1 T
v = [(1 — )2 ,0,0,el]
It is noted that for [e;(0), q;F(O)]T € S1, i € A™, we know that €,(0) > ¢; > 0 and q(3) (0) >

— (1 — €2)"/* holds and thus obtain that &;(0) = (1-— 61)1/ £i(0) + e1¢!¥(0) > 0. Moreover, the

transformation of other quaternions is easy to handle and thus is omitted.
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Part 3: In this part, €;(0) = 0 always holds, which means that ||g;(0)| = 1,Vi € 4. With

following two definitions:
€ = min{qgl)(()) 11 € A and q§3)(0) =0}

€32 min{qf')(O) 11 €A™ and q§3) (0) > 0},
we can choose the candidate v as

1 1 T
14+e)\? 1—€)\?2
v= !0,( 5 ) €3,< 5 ) €3, (1—6%) } ,

which definitely guarantees that ¢;(0) > 0, Vi € .4 and max;c 4+ €;(0) > 0. To find a valid

(SIS

v, refer to Fig. 4 where the blue arrowed line denotes the vector g,. Next, it follows that the
analysis of the validness of above chosen v.
From the definitions of €5 and e, it follows that —1 < e < 1 and €3 > 0 always hold. For

any [si(O),q;f(O)}T with ¢¥(0) > 0, we have ¢{” (0) > €3 and ||q;(0)|| = 1 and thus

[ A

1 1
~ ]. + € 2 1 — € 2 1
&(0) = (——2—2> esq”(0) + ( 5 2> e32(0) + (1 - €2)2 ¢P(0)

leading to

N[

1 1
. 14+e€\2 1—€)?2
£:(0) > (T2> e3q§1) (0) + ( 5 2> 63q§2)(0) + (1 — eg) €3

>-(1-A) e+ (1-&)2q
=0.

For any [51'(0),‘1?(0)]T with ¢2(0) = 0, we have 1 > ¢(0) > e > —1 and invoking
lg;(0)|| = 1, and thus obtain

1
A 1+e)? 1—€2\?
a0 = (552) a0+ (152) w0

[

1
1+e\?2

> 0.

As a consequence, in this part, we have &;(0) > 0, Vi € 4" and max;e 4+ £;(0) > 0.
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Fig. 4. The illustration of the existence of q, € S+. The coordinate of A is [e2, (1 - (—:g)l/2 ,0], the coordinate of B is
(14 €2) /2)"2,((1 — e2) /2)*%,0], the coordinate of C is [((1+ e2) /2)** €3, (1 — €2) /2)*/? €3, 0], and the green dash-

dotted line represents the plane perpendicular to gq,,.

Part 4: We also have another three definitions:

e 2 min{g(0) : i € A, £(0) =0, and ¢¥(0) = 0}

(1>

€5 min{qf’)(o) (i€ N, g(0) =0, and qz@ (0) > 0}

€6 = min{g;(0) : i € 4™ and ¢;(0) > 0}.

With the similar analysis process to that in Part 3, we can prove that the candidate v consists of
!
81) = (1 - 66) 2

1 T
1462 1—€\2
q, = ( 5 4) €5€6, ( 2 4) €5€q, (1 - Eg) 66] .

From the above analysis of Parts 1-4, we can arrive at the existence of v under the initial

[N
N[

condition ii2). The proof of Lemma 7 is complete. O

As a consequence, the attitude synchronization problem with the quasi-strongly connected
topologies based on multiplicative quaternion errors can be addressed with the help of Lemmas

6 and 7, which is organized in the following theorem.
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Theorem 2. For a group of N rigid bodies whose attitudes are initially arbitrary, let the attitude
synchronization protocol (6) be applied. Then the global attitude synchronization objective (4)

can be achieved if and only if the communication topologies are quasi-strongly connected.

Proof. Sufficiency: Obviously, according to (9), there exists some appropriate coordinate transfor-
mation quaternion v according to Lemma 7 such that £;(0) > 0, Vi € .4 and max;c 4+ £;(0) > 0
hold. Consequently, it is concluded that the attitude synchronization in .#; can be achieved
according to Lemma 6 regardless of the initial attitudes if the topology graph is quasi-strongly
connected. This also implies that the global attitude synchronization objective (4) can be achieved
in #. Necessity: For a time-invariant communication topology, if the quasi-strong connectivity

is not satisfied, the synchronization can not be achieved [25]. The proof is complete. (]

Remark 5. Thanks to the proposed double-energy-function analysis method, global synchro-
nization can be verified under quasi-strongly connected topologies. This method is different from
these in [17]-[20], which are aimed at the attitude synchronization under strongly connected or

undirected topologies. Clearly, this condition of topologies is more general and practical.

Remark 6. 7o clearly demonstrate the idea of the global synchronization performance, we only
investigate the kinematics without regard to torques, which is also implemented in literature,
e.g., [10], [29]. Furthermore, with the tracking of the desired angular velocity (6), it is easy
to simultaneously consider the kinematics and dynamics via the back stepping method or the

dynamic surface control [14], [30].

VI. SIMULATIONS

To illustrate the validity of the proposed global attitude synchronization algorithm, two cases
for one group consisting of five rigid spacecraft under different topological graphs are considered
in this section.

Case 1: A strongly connected topology. The nonzero edge weights of the adjacency matrix
o/ are given by ais = 1.0, ag; = 0.5, ags = 0.8, ay3 = 0.6, and a4 = 0.3. The corresponding
communication graph of the networked rigid spacecraft is illustrated in Fig. 1.

Case 2: A quasi-strongly connected topology. The nonzero edge weights of the adjacency
matrix &/ are given by a5 = 1.0, agyy = 0.5, az2 = 0.8, ay3 = 0.6, and ass = 0.3. The

corresponding communication graph of the networked rigid spacecraft is illustrated in Fig. 2.
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Fig. 5. Simulation results under strongly connected topologies (Case 1).
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Moreover, the initial quaternions can be given arbitrarily. For the sake of simplicity, the initial

quaternions of five rigid spacecraft are respectively set as

[£1(0), g, (0)"] " = [0, —0.6894, —0.6140, 0.3843] "

[£2(0), @5(0)"] " = [0, —0.0602, 0.7248, 0.6863]"

[£3(0), g5(0)*] " =[0, 0.8975, —0.4409, 0.0119]

[£4(0), g,(0)*] " =[0.4796, —0.0077, —0.5447, —0.6879] "
[65(0), @5(0)"]

e5(0), g5(0)] " =[0.5929,0.1024, 0.7263, 0.3325]" .

Note also that the above initial condition with €;(0) = 0, 3¢ € .4 can not be handled with the
analysis methods in [18] and [19] where the initial rotation matrices should be supposed to be
positive definite, which is equivalent to that none of the scalar parts of quaternions can be zero.

The simulation results of Cases 1 and 2 are illustrated in Figs. 5 and 6, respectively. From
the above cases, it is obvious that all quaternions converges to some constant values in both
cases regardless of the initial attitude condition with the help of the synchronization protocol (6).
Additionally, the simulation results in terms of €,(¢) can also be shown in the left-top subfigures
of Figs. 5 and 6, where ¢,(t) is non-decreasing along the time axis. These results effectively
illustrate that the attitude synchronization objective can be achieved under strongly connected
topologies or quasi-strongly connected topologies with any initial conditions, and verify the
correctness and the rationality of the analysis framework.

In comparison to the existing works, e.g., [18], [19], it is shown that the initial condition can
be extended from local scope to global scope under the analysis framework. Moreover, it has
been demonstrated that the undirected graph could be relaxed to the strongly connected graph
and furthermore the quasi-strongly connected graph, which can not be achieved with the existing
analysis methods in the literature. Thus, it is revealed that the proposed double-energy-function
method effectively expands the scope of application of multiplicative quaternion error-based

synchronization protocol.

VII. CONCLUSIONS

In the present work, the global attitude synchronization problem for networked rigid bodies
has been investigated in the presence of directed topologies. To achieve this objective, we

have involved multiplicative quaternion errors to design an attitude synchronization protocol for
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networked rigid bodies, rather than additive quaternion errors. Moreover, a new double-energy-
function analysis method has been developed for global attitude synchronization. Specially, a
novel energy function of the rigid body with the minimum scalar part, equipped with an ordering
permutation technique and a coordinate transformation mechanism, has been proposed, which
has been proved to guarantee the positive property of all the scalar parts when time tends to
infinity in some newly defined inertial frame and thus relax the restricted initial condition. Based
on this fact, another energy function of the networked rigid bodies has been proposed to prove
that all rigid bodies are driven to approach the same attitude eventually. With the above double-
energy-function method, global attitude synchronization has been rigorously analyzed based on
Barbalat’s lemma. Notably, the analysis method can be applied to quasi-strongly connected
topologies, which has proved to be the sufficient and necessary condition for global attitude
synchronization. Finally, for a practical example on a group of rigid spacecraft, various cases
under strongly connected graph and quasi-strongly connected graph are illustrated, which have
verified the global attitude synchronization performance. Based on this research, global attitude

synchronization over the switching topologies will be one of our future works.
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