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Transmission-Constrained Consensus of
Multiagent Networks

Xiaotian Wang, Housheng Su

Abstract—This paper studies the consensus problem
for multiagent systems with transmission constraints. A
novel model of multiagent systems is proposed where the
information transmissions between agents are disturbed by
irregular distortions or interferences (named transmission
constraint functions), and this model is universal which
can be applied in many cases, such as interval consensus
and discarded consensus. In the transmission-constrained
consensus problem, we obtain the necessary and sufficient
condition that agents can converge to state consensus.
Furthermore, a more general case is studied in which the
system reaches an equilibrium. Based on some techniques
of algebraic topology and stability theory, the existence,
uniqueness and stability of the system equilibrium point
can be proven, which means the system can reach an
asymptotically stable equilibrium. Moreover, the state val-
ues of the equilibrium are only decided by the network
structure and transmission constraint functions, but not
the agents’ initial states. Finally, numerical simulations are
presented to illustrate the proposed theorems and corollar-
ies.

Index Terms— Multiagent system, Consensus, Transmis-
sion constraint, Directed graph, Asymptotically stable.

[. INTRODUCTION

N the past few years, distributed coordination of multiagent

systems (MASs) has attracted much attention due to its
broad application prospects in civil, military and other fields.
One of its fundamental problems is consensus, which requires
that agents achieve agreement about certain quantities of
interest that depends on all agents’ states. Many scientific
problems of consensus have emerged, and lots of control
protocols are proposed in this area, such as consensus tracking
[1], average consensus [2] and robust consensus [3], [4].

In most of the above consensus problems, agents’ states
are not constrained. However, there are various state con-
straints on agents in many real-world scenarios, such as
restricted actuators and limited communication distance. Im-
posing state constraints on agents has notable significance
and great research value. The constrained consensus problems
have been studied from different perspectives. For example,
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the constrained consensus and optimization problems have
been studied, where agents’ states are constrained in closed
convex sets [5]. A novel state-constrained consensus (named
interval consensus) problem has been proposed and studied
in [6]. Moreover, alternative approaches for imposing state
constraints have been proposed in [7], [8].

Information sharing is a necessary condition for MASs to
admit a consensus solution. In the process of information
transmitting, there are various unfavorable factors such as
environmental interference, noise, and attenuation. Therefore,
it is impractical and ideal to assume that agents can re-
ceive neighbors’ information without distortions and noise
disturbances. Previous researches on the imperfect information
transmission often focused on switching topology, communi-
cation delay, communication link fault, packet loss, etc. For
example, average consensus problem is studied in [9], where
time-varying delay and packet loss are considered under the
undirected communication network.

In the above constrained consensus problems, the con-
straints are imposed on agents’ states or inputs, directly. In this
work, we impose constraints on the information transmitting
to make the agent’s received information different from the
original information of its neighbour, and research the effect
of this difference on system stability. To distinguish our
problem from other constrained consensus problems, we call
it transmission-constrained consensus. In this problem, the
deformed transmitted information is depicted by heteroge-
neous functions (named transmission constraint function). And
a variety of functions can be chosen as transmission constraint
function, hence this study is so universal that it can be applied
in many cases. Some applications and motivating examples are
given in subsection

The first part of this work can be regarded as a study on the
consensus conditions for the MAS with distorted transmitted
state information (attenuation or saturation). The necessary and
sufficient conditions for the ranges of transmission constraint
functions are obtained. A non-empty intersection of constraints
is an important condition for MASs to achieve consensus. In
many state-constrained consensus problems, it is assumed that
the constraints have a non-empty intersection. However, in
this paper, we also consider the non-empty intersection case,
where the multiagent systems may not achieve consensus, but
an equilibrium. In the second part of this study, it is proved
that when the transmission constraint functions are distributed
in a specific range (i.e., satisfy the conditions of Theorem {4 or
[), the system will reach an asymptotically stable equilibrium



even though that intersection of constraints is empty.

Compared with the existing works about the consensus of
networked systems with constraints, the contributions of this
work can be obtained as follows.

1) This work first studies the transmission-constrained
consensus of multiagent networks. The transmission-
constrained consensus model studied in this paper does
not have a definite form, so that it can be regarded as a
paradigm. The multiagent systems that can be translated
to this model are able to make the system achieve con-
sensus under the necessary conditions, such as interval
consensus [6]. Unlike traditional constrained consensus
problems, transmission-constrained consensus problem
has the following features:

a) each link in the interaction network is limited by
an individual constraint function, which is more
general in reality;

b) constraint functions do not have a uniform type,
and they can be various functions, such as trigono-
metric function, saturation function and Sigmoid
function, etc.

Those features make the transmission-constrained model
have a wide range of application, but also bring hetero-
geneity into the dynamics, which increases the difficulty
of analysis.

2) For the transmission-constrained consensus problem, we
obtain some consensus conditions, in which a neces-
sary and sufficient condition limits the distribution of
constraint functions. As a more general case than the
consensus case, equilibrium of MAS is seldom studied.
We investigate this phenomenon and obtain conditions
of equilibrium’s existence, uniqueness and stability. Due
to the novel model, where the unknown transmission
constraints make the dynamics nonlinear, the analysis
of MAS’s stability is quite a challenge. We design some
linear boundaries and propose the corresponding lemmas
to analyze the boundedness of dynamics. Then, we
analyze the limit points of multiple solutions to prove the
convergence of MASs. By coordinate transformations,
another Lyapunov function is constructed to study the
stability and uniqueness of equilibrium.

The paper is organized as follows. Preliminaries and prob-
lem statement are given in Section II. Main results are
provided in Section III. Supports of numerical examples are
provided in Section IV, and Section V concludes this work.
Finally, we put all proofs in appendixes.

[I. PRELIMINARIES
A. Graph Theory

This paper studies the problem of transmission-constrained
consensus of multiagent networks. Consider a MAS with n
agents, and denote N = {1,2,...,n}. The finite vertex set is
denoted by V = {v1,...,v,}, and £ C ¥V xV denotes edge set
where (vj,v;) € £ means that there exists a communication
link from agent j to agent ¢. The adjacency weight matrix
A € R™"*" is defined as a;; > 0 if and only if (v;,v;) € £, and
a;; = 0, otherwise. Then, the underlying interaction network

of MAS is described by a (weighted) graph G = {V,&, A}
which is a triple. (v;,v;) is defined as the directed edge from
agent j to agent ¢, and N; = {v; € V: (v;,v;) € £} denotes
the neighbor set of agent ¢. Denote «; = 2?21 a;; as the row
sum of A, and a = max «;.

B. Problem Statement

For any 7 € N, denote the state of v; by z;(t) € R. Then
consider the continuous-time dynamics of single-integrator
MAS with n agents: &;(t) = u;(t), ¢ € N, where u;(t) € R
is the control input.

The problem studied in this work is different from the
general MAS dynamics. In this problem, the information
transmissions between agents are disturbed by interference
functions (or attenuation functions), i.e., the transmission of
state x;(¢) is replaced by a transmission constrain function
fij (xz(t)) fij represents the transmission constraint imposed
on the link from ¢ to j. Then, the transmission-constrained
consensus algorithm of x;(t) is

Blt) = wilt) = Y a [ f (e, (0) —w®)]. )

JEN;

Assumption 1: V1,5 € N, the transmission constrain func-
tions f;;(x) are piecewise continuous.

Remark 1: Since Vi,j € N, f;;(x) are piecewise continu-
ous, the autonomous system (I)) may have multiple solutions.
However, the following theorems and corollaries apply to both
unique and multiple solutions.

Assumption 2: The directed graph G is strongly connected.

Assumption 3: There exists an interval [0,,dp], a value
0 € [Om, O] and two rays

Ll(IL') = kl(x - 8) +8,
Lz(a?) = k‘g(.ﬁ - 6) + 0,

T e (70078]7
x € [0, +00),

where ki, ko < 0, such that Vj € N, i € N},

v < fij(x) < Li(z), € (—00,0m);
Ly(z) < fij(z) <z, x € (0m,+00).
Assumption 4: For any ¢’ € (—00, 0p,) U (O, +00), there
eixst j € N and ¢ € N}, such that f;;(x) is continuous on 2’
and fij(SC/) 7é z'.
This paper aims to find which transmission constraints could

make MAS stable and obtain the consensus conditions for
MAS (I).

C. Applications and Motivating Examples

The distortion (attenuation or saturation) in information
transmission or detection is an actual embodiment of trans-
mission constraints. Those transmission constraints may be
caused by objective physical constraints, or those constraints
are added on purpose.



1) Objective Constraints: There are three kinds of objective
constraints to show those transmission constraints are common
in real world scenarios.

o Information distortion caused by transmission.
Energy loss exists during the signal transmission, which
may cause information distortion. The voltage drop on
wires is an inevitable phenomenon during signal trans-
mission. If state of agent (or device) are represented by
voltage of a signal, and this signal is transmitted on wires,
then we can get an information distortion

R
fij(xi) = mxi’
where Ry is the resistance of wires, and R, is the
equivalent resistance of the port.

o Information distortion caused by detection.

In real world scenarios, agents use sensors to get them-
selves or neighbors’ states. However, except for noise
interference, state information cannot be obtained pre-
cisely due to the inherent characteristics of sensors. For
example, temperature offset leads to signal fluctuation
in ultrasonic distance measurements [10]. Likewise, the
saturation characteristic of hall sensor may cause infor-
mation distortion, i.e., f;;(x;) = sat(z;) [11].

o Information distortion caused by privacy protection.

In social networks, individuals may express an opinion
that is different from his/her private opinion, due to the
pressure of conforming to a group standard or norm [12],
[13]. Hence, x; could represent the private opinion, and
fij(x;) is the expressed opinion.

2) Subjective Constraints: As a class of constraints, trans-
mission constraints could make agent’s states converge into the
expected set (see Theorem [2 and Remark [3). Especially, Since
we do not specify the formula of transmission constraints,
different transmission constraints can be designed to suit dif-
ferent scenarios, such as interval consensus [6] and discarded
consensus [14]. Related discussions are in remarks [5] and [6]

Those above examples show that information distortion
during transmission is a common phenomenon in the real
world. Hence, study consensus under transmission constraints
is necessary.

D. Notations and Some Definitions

Notations: The set of positive integers is denoted by N¥.
Consider a matrix B = [b;;] € My, and denote |B| =
[|bi;]] (i-e., element-wise absolute value of matrix B). d*Z(t)
denotes the upper right Dini derivative of Z(t). The arrow
¢ =’ means ‘implies’, and the arrow ‘ <=’ means ‘if and
only if’. Denote sign function

1, if x >0,
sign(z) =40, ifz=0,
-1, ifx<0.

The distance between interval [0,,, dps|™ and vector x(¢) is
denoted by

distance ([0, On]", x(t)) =

min

x(t) — c||.
ce[am,aM]nH (t) =l

Denote e = {ey,...,e,}’ to be an equilibrium of MAS
(]II), then it can be concluded that for all 7 € N,

l’z(t)’& = Z aij (fji(ej) — ei) = 0
JEN;
Denote the error between the state x(t) and equilibrium e by
€Z(t) = l’z(t) — €y, Vi e N.

Introduce the definition of consensus zone, and this work
can be divided into two parts: the part of non-empty consensus
zone and the part of empty consensus zone.

Definition 1: For MAS (), denote ©;; = {z : f;;(z) = x},
and consensus zone ® = (|  ©;,. Consensus zone means

(vj,vi)€E
the transmission constraints vanish when all the states of MAS
are in this consensus zone.

Theorem 2] shows that under the given conditions, MAS ()
reaches consensus and its states fall into consensus zone.

Remark 2: For any time, if an agent’s state is in consensus
zone, then the information it transmits to its neighbors is
without transmission constraints. If all agents’ initial states
are in consensus zone, then the MAS becomes a standard
consensus dynamics. In that case, under a strongly connected
digraph (or the digraph has a spanning tree), the MAS will
reach consensus and the consensus value is in the consensus
zone. That is why we name it consensus zone.

[1l. MAIN RESULTS

In this section, we first analyze the convergence of MAS in
subsection [[TI-A] Secondly, for the non-empty consensus zone,
we get the consensus conditions in subsection Thirdly,
for the empty consensus zone, the system’s states may achieve
an equilibrium, and the existence, stability and uniqueness of
equilibrium are studied in subsection [[lI-C|

A. Convergence analysis

The following theorem states the conditions where the states
of the multiagent system are bounded, and gives the boundary.
Furthermore, the conclusion of Theorem [I] plays an important
role in the proofs of Theorems [2] and [3]

Theorem 1: Along the system (TJ), suppose Assumptions [T}
Pl 3] and ] hold, and k1ky = 1. Then for any MAS (1) and
initial state x(to) € R",

Jim distance ([0, )™, x(t)) = 0,

if and only if for any MAS @), initial state x(tg) € R™, and
j S ]N—7 1 E ./V}, 8m < f”(.ﬁ) < 81\/[, S [am,(‘)M]

B. Nonempty Consensus Zone: Consensus

Then, we introduce conditions of transmission-constrained
consensus. The following theorem states the consensus con-
ditions for MAS, and the condition about range of constraint
functions is necessary and sufficient.

Theorem 2: Along the system (I), suppose Assumptions [T}
and@hold, and f;;(z) = x, € [Om, On]. Then, for any
MAS (1), i € N, lim x;(t) = v*, v* € [0, Ip] if and only
if for any MAS (), k1ks < 1.



Remark 3: Theorem [2] shows that although the initial state
is not in the consensus zone, the transmission constraints
will limit the final state of the system. Hence, it shows that
imposing constraints on links of the interaction networks can
indirectly limit agents’ states.

Remark 4: Under the conditions in Theorem [} the con-
straint functions can be various functions. For example, con-
straint functions can be Sigmoid function or tanh function,
which have many applications such as activation function in
artificial neural networks, logistic function in biology, etc.
More candidate constraint functions are given in the numeral
example section.

Remark 5: In [6], the interval consensus problem is studied.
We propose a smooth interval consensus model:

.Tl<t) = Z Qij [Tj (iﬂj(t)) — .’Ei(t)], 1€ 1V'7
JEN;
pr+ (1 —p)g, ifz>q,
T(x) =< x, if p<z<yq,
pr+ (1 —p)p, if z <p,

where p € (0,1) is a constant. By Theorem [2 it can be
concluded that the system will reach interval consensus.
Remark 6: The discarded consensus problem is studied in
[14], but the initial states of system must be in the constraint
set. Another discarded consensus model can be proposed:

.’Ez(t) = Z aijxj(t) — Z aijxi(t)7 (2)
JENG,x;(t)EQ, JEN;
where Q., = [—¢;,¢;] is the constraint interval of agent 4

[14]. By Theorem 2] we can get that the MAS (2)) will reach
discarded consensus with arbitrarily initial states.
Remark 7: Consider the following multiagent system:

x;(t) = Z aij[sin (z;(t) + 7) — z;(t)], i € N.
JEN;

Due to the consensus zone of MAS (B) being ® = {0},

Theorem [2] shows that the agents’ states will converge to 0,

when the underlying directed graph G is strongly connected.

Corollary 1: Along the system (), suppose following con-
ditions hold:

1) Assumption 2 holds;
2) the consensus zone P # (;
3) forany j € N,ie N, and w # 0,

1< fij(x +w) — fij (@)
w

3)

<1l, zeR.

Then, Vi € N, tlim z;(t) = v*, v* € .
—00

C. Empty Consensus Zone: Existence, Stability and
Uniqueness of Equilibria

In this part, the existence, stability and uniqueness of
equilibria are discussed and proved.

Theorem [3] gives the existence conditions of equilibrium,
which is a prerequisite for the Theorem [5]

Theorem 3: Suppose Vj € N,i € N, fi;(z) is a con-
tinuous function. If there exists an interval [0,,,0y] and
VjieN,ieN;,

6m S flj('r) S 8M7 T e [amaaM]a

then the system (I) exists at least one equilibrium. In fact, all
equilibria of the system lie within [0, 9x/]™, if the following
conditions hold:

1) Assumptions [2} [3] and [4] hold;

2) kiko =1, and 0y, < fij(x) < Oy € [Om, Oma]s

3) fi;j(z) is a continuous function, Vj € N, i € Nj.

Theorem [3 establishes the existence of equilibrium and
gives the region where all equilibria exist. But it does not
illustrate whether the MAS will reach equilibria, not to men-
tion the stability of equilibria. Theorem [ indicates that the
system will converge to an asymptotically stable equilibrium,
if some conditions hold.

Theorem 4: Along the system (T), suppose following con-
ditions hold:

1) Assumption 2 holds;

2) there exists a equilibrium e = {ey,...,e,}7, ie.,
l‘z(t) . = Z Qjj (fji(ej) — ei) = 0, Vie N.
JEN;
3) there exist two rays
Lei(e) = kere, €€ (—00,0];
Leo(e) = kese, € €]0,400),

where keq,keo < 0 and ke1keo = 1, such that Vj €
N, i e N,

e < fij(ei +¢) — fij(ei) < Le(e),
Lea(e) < fij(ei +¢) — fij(e:) <,

4) for any ¢’ # 0, there exist j € N,i € N, such that
fij(e; + €’) is continuous on ¢’ and f;j(e; + ¢’) —
fij(ei) # €.

Then, the equilibrium e is unique and asymptotically stable,
ie., tllglo z;(t) = e;, Vi e N.

Remark 8: Unlike Theorem [2] the boundary rays in Theo-
rem [4 are two clusters of parallel lines with the same slopes,
but the endpoints may be different. The auxiliary lines in Fig.
[] are the illustrations of two clusters of parallel lines.

Remark 9: The unique equilibrium’s values are only de-
cided by the network structure and transmission constraint
functions, but not related to the initial states of MAS (]II)

The following theorem can be regarded as a combination of
theorems [3] and ] which gives the conditions for the system
to converge to an asymptotically stable equilibrium.

Theorem 5: Along the system (I)), suppose following con-
ditions hold:

1) Assumption 2 holds;
2) the consensus zone ® = (;
3) forany j € N, i € Nj and w # 0,

_1<fij($+w)_fij(x) <
w

€ € (—00,0);
€ € (0,400).

1, T ¢ @”



Fig. 1. The constraint functions in Examplem
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Fig. 2. The trajectories of x(t) in Example

Then there exists a unique, asymptotically stable equilibrium
of the MAS ().

Remark 10: Theorem [] requires a known equilibrium of
MAS. In contrast, Theorem [j] relaxes the condition that the
equilibrium is known, i.e., we just need to know the constraints
functions and the connectivity of interaction networks, then we
can predict the trajectory of MAS. In conclusion, Theorem [3]
states the existence, stability and uniqueness of Equilibria.

Corollary 2: Suppose the directed graph G is strongly con-
nected and the consensus zone ® = (). If forall j € N, i € N,
fij(xs) = kij(x;)z; + my;(z;) is a continuous and piecewise
linear function with its slopes k;; € (—1,1] and m;; = 0
when k;; = 1, then the MAS () has a unique, asymptotically
stable equilibrium point.

IV. NUMERAL EXAMPLE

In this section, four numeral examples are presented to
illustrate the theorems and corollaries proposed in this paper.
Examples [T] and 2] illustrate the consensus theorem. Addition-
ally, example [3] illustrates the theorem for stability, uniqueness
of equilibrium, i.e., Theorem @

In all following examples, the number of agents n = 5
with underlying strongly connected graphs. For simplicity, in
examples [2] and [3] let fi;(x) = fi(z), Vj € N.

TABLE |
CONFIGURATION OF TRANSMISSION CONSTRAINTS IN EXAMPLE[T]
Transmission Constraints f;;
fii \J
1 2 3 4 5
%
U | — [ — [ (h+doz | — =
2 — | = fa fo | (fe+ fa)/2
3 Ja | — — — fe
4 Ja | Jo | (fetfa)/2 | — —
5 fe | Je — — —
6L —fi(z) =2
fo(z) = min{max{—1,z},3}
f3(z) is a triangle wave
al— fi(z) is a piecewise function
fi@) = Eiy fil@)/4
Ok
= N
0 [ p AN
2F \\\
Lo S
-6 -4 -2 0 2 4 6

Fig. 3. The constraint functions in Example[2]

Example 1: The adjacency matrix in this example is

0 0 36 0 O
0 0 46 13 6.5
A =136 0 0 0 76|,

05 14 21 O 0
29 65 0 0 0

Fig. [T shows candidates for the constraint function imposed
on the information transmissions, and the configuration of
constraint functions is shown in Table [l It shows that the
consensus zone ® = {0}. Fig. [2| shows that MAS achieves
transmission-constrained consensus with tlggo x2(t) = 0. In

this example, the constraint function f.(x) is a piecewise
continuous function similar to a sawtooth wave. And the
constraint function f.(x) can be chosen approximately as the
boundary rays since it satisfies the Condition (ii) of Theorem
and k1ko = 0.8 < 1.

Example 2: The adjacency matrix in this example is

0 25 06 O 0

0 0 0 0 45
A,=10 56 0 33 0
05 0 0 0 O
19 0 0 0 O
In Fig. 3l we can get that the consensus zone ® = [—1,1]°.

The auxiliary line in Fig. 3] represents the boundary rays with
kiko = 0.64 < 1. Fig. [d] shows that z(t) — ® as t — oo.
Example 3: The adjacency matrix in this continuous-time
example is Ajs. Fig. [f] shows that no matter which initial
states of agents are, MAS will reach the same equilibrium,



2.5
2t
1.5
1F
g 05
0
= Agent |
0.5 ——Agent2 |
Agent 3
-1 —— Agent 4 |
- Agent 5
15 . . . .
0 1 2 3 4 5

time

Fig. 4. The trajectories of x(t) in Example

Fig. 5. The constraint functions in Example

i.e., unique equilibrium (see the points (ei, fi(ei)) shown by
circles in Fig. 5). It is easy to know that for any equilibrium
e, there exist two clusters of rays (see auxiliary lines in Fig.
[3) satisfying the Condition (iii) of Theorem 4] or the Condition
(iii) of Theorem [5] which means that the system will converge
to a unique, asymptotically stable equilibrium, even though we
do not know the value of equilibrium.

V. CONCLUSION

This paper focuses on the transmission-constrained consen-
sus problem of multiagent networks, where information trans-
missions between agents are affected by irregular constraint
functions. We obtain the necessary and sufficient conditions
about the range of transmission constraint functions where
agents’ states can converge to consensus. Due to the piece-
wise continuous constraint functions, the LaSalle invariance
principle is not applicable in those proofs. We construct a
sophisticated Lyapunov function and discuss the boundaries
of multiple limit points of MAS states to facilitate the conver-
gence analysis. Meanwhile, in some cases where the system
cannot achieve consensus, there is an asymptotically stable
and unique equilibrium independent of the initial values of
agents’ states. Finally, the numerical simulations are presented
to verify the effectiveness of theoretical results.

6 3 1
time

Fig. 6. The trajectories of x(t) in Example

APPENDIX |
PROOF OoF THEOREM[]

A. Technical lemmas

First of all, we introduce some technical lemmas.

Lemma 1: (Lemma 2.2 in [15]) If for all i« € N, Z;(x) :
R?Y — R is of class C!, and denote Z(y) = max Zi(y)-
Denote N,,(t) = {i € N: Z(y) = Z;(y)} the indices set in
which the maximum is reached at time ¢. Then it turns out
that d*Z(y(t)) = max Zi(y(t)).

€N, ()

Lemma 2: If O € [0y, O] and k1ko = 1, then

On — O > min{(1 — k2)(Onr — 9), (L — k1)(0 — Om) }-
Proof: When Oyr — O, =0 or (Opr — 0)(0 — O) =0,
the conclusion is obvious.
When 9y — 0, > 0 and (Op — 0)(0 — Oy) > 0, we
use a contradiction argument to prove it. Let Oy — Oy <
mln{(l — kz)(aM — 8), (1 — k‘l)(a — 8m)}, i.e.,

{aM — O < (1= ko) (Bpy — 0);

BM—6m< (1—k1)(8—8m). @)

Since @ € (Om,On), we let & = pdyr + (1 — p)0,, with
p € (0,1). Then, @) can be rewritten as

aM — 8m < (1 — kz)(l — p)(aM — 8m);
Ot — O < (1 k1)p(Dar — D).

Then, we can get that —ky > %= > 0 and —k; > % > 0,
which implies that k1ky > 1. We get a contradiction, and
prove the Lemma 2] [ |
The following lemma shows the implicit inequality from
the given condition, and it helps us discuss the boundedness
of transmission-constrained consensus dynamics.
Lemma 3: Denote x,,(t) = minxz;(t), zps(t) = max x,(t),
i€N €N

Ly (1‘1(15)) = klxi(t) + (]. - kl)a, Lo (;vz(t)) = kzl‘i(t) + (1 —
k2)0 and
Y (t) = max {L1 (xm(t)) — (b)), zp(t) — Lo (a:M(t))},

where O is a constant value. If k1, ks < 0 and k1ko = 1, then
VieN,

D) Y(t) =xm(t) — La(zm(t) = zum(t) > La(2i(1));



2) Y(t) = Li(am(t)) — 2m(t) = xm(t) < La(z4(2)).
Proof: We first discuss Item |I[, i.e., the case where
Y (t) = zpr(t) — Lo (war(t)), which means that 2 (t) > 0.
Note that for any ¢ € N, if x;(t) > 0, it is easy to know
that,

M(t) > 0> 0+ (1= k) (0 —xi(t)) = Ly (2i(t)).
For any ¢ € N, if z;(t) < 0,
Y (t) = zm(t) — Lo (2 (1))
(]. — kg ( [(t ) ].— kl (a—l'z(t))
— zp(t) — a> Z;(a ()

Then we can get that xp/(t) — kyz;(t) — (1 — k1)0 > 0,

which implies

Therefore, the proof of Item [I] is completed. The proof
method of Item [2] is similar to that of Item [I} and hence is
omitted here. Hence, Lemma |§| is proved. [ |

Lemma 4: For the MAS (]I[), if there exists an interval
[Om, Onr]™ such that for all j € N, i € N,

Om < fij(x) < Om, @ € [Om, Oum)s

then [0y, Opr]™ is a positively invariant set.
Proof: The dynamics of MAS (I) can be rewritten as

i(t) = h(z(t) = (hl(x(t)),..‘,hn(x(t)))T, 5)
where h; (:L'(t)) = Zje/\/} a;j [fji (xj(t)) — xl(t)}

The initial states of () 1s zp = xz(fp). Assume that
x(to) € [Om, Onr]™. Since the vector field A is pointing inwards
[Om, Ons]™ that is an n-dimensional cube, it concludes that

() € [Om, On]™, V> to.

(1—k)d, VieN.

It shows that [0,,,,Oas]™ is a positively invariant set and the

proof is completed. [ |

Lemma 5: Along the system (I)), suppose there exist an
interval [0y, On], a value O € [0y, Opr] and two rays

Li(z) = k1(z — 9) + 0,

LQ(SE) = ]ﬂg(.’b — (9) + 8,

where k1ky = 1, such that Vj € N, i € NV,

x € (—00,0);
x € [0,+00),

z S flj(x) S Ll(‘r)a T e (_Oovam);
améflj(x)§8M7 S [amaal\/f];

Denote 2, (t) = minz;(t), zpr(t) = max x;(t) and
[4S]

ieN
Y (t) =max {Or — Om, ta1(t) — O, Ot — T (1),
zar(t) — La(xar (1)), L1 (zm(t)) — zm (8) }.

If Ops — Oy, > max{(1—k2)(Opr —0), (1 —k1)(0—0m,)}, then
Y (¢) is a non-increasing function for any initial state z, € R".
Proof: By the structure of Y (¢), there exists five cases:

1) Y(t) =Yi(t) = zp(t) — La(xar(t))s
2) V() = Va(t) = o (1) — O

3) Y(t) = YB(t) =L (xm(t)) - xm(t)’
4) Y(t) = Y4(t) = 8M — .Z‘m(t 5

5) Y(t) =Y5(t) = Om — O

The Case [I] is analyzed firstly. Since

wpr(t) = Lo (xar(t) > Oy — O > (1 = k2)(On — 9),
it implies that x M( ) > O
Denote Ty (t) = {k : z(t) = I}l%xl(t)}' By Lemma
we have ©
d*Yi(t) = d* max { (1 = ko) (:(8) - 9) }
= aax {0k 30 ay (i (s(0) —wilt)) |

JEN(t)

For all ¢ € Z;(t), which means that z;(t) = zp(t), and
we conduct the following analysis:

wm 2 La(zg) > fii(wg) if w5 < Om;
Tr > O > fi(Tg) if x; € [Om, Om):
>y > fii(x;) if z; > O,

where the first inequality follows from Lemma |3| and the fact
that /() — Lo (2 (1)) > Li(zm(t)) — zm (2).

Then, it can be concluded that d*Y;(¢) < 0 when Y () =
Yi(t) = anr(t) — La(zar(2)).

Secondly, the Case [2] is discussed. Since xps(t)
Onr — Oy, it implies that zps(t) > Oay.

Since xps(t) — O > Ly (a:m(t)) — &, (t), we can get that

xpr(t) 2k12m () + (1 — k1)0 + Oy — 2 (¢)
=Ly (2m(t)) + O — T (t)
>L1(zi(t)) + Opm — T (t), VieN.

_amz

It turns out that

xyr > La(xy) > fii(zy) i 25 < O
xar > Om > fi(xj) if z; € [Om, Ou);
Tpr > T > fji(a?j) if Tj > 8M,

where the first inequality follows from xp; > Ly (x;) + O —
T > L1 (z;) when 2, < Oy
Then, it shows that

320 s {5 (o) -510)) <0

JEN(L)

The analyses of cases [3] and [] are symmetric to those of
cases [I] and [2] hence they are omitted. As for Case [3] the
conclusion is obvious.

Therefore, by the above five cases, it can be concluded that
Y (t) is a non-increasing function. [ |

Lemma 6: Suppose the MAS () satisfies the conditions in
Lemma |§l Denote the initial time ¢y. Then for any ¢ > t(, we
have

1) Y(to) =0y — O — O < IL’Z(t) < 8M, Vi e N,

2) Y(to) = amlto) — Lo(zm(t) = zn(t) >

La(xa(to))s



3) Y(to) = Li(zm(to)) — zm(te) = azu() <
Ly (Im (to));
4) Y(to) = zm(to) — Om = zpo(t) > min{x,, (to), Om }s
5) Y(to) = 8M — :L‘m(to) — (,CM(t) <
max{xM (to), aM}
Proof: Y (ty) = Ors — O, means that x(to) € [Om, Oar]™.
By Lemma |4] we can get that [0,,,0p]™ is a positively
invariant set, and this case is proven trivially.
When Y(to) = :L‘M(to) — Lo (LL'M(tQ)), if {Em(t) <
L2 (J?M(to)), we have

Y(t) > L1 (l‘m(t)) — xm(t) > (1 — kl)(a — LQ(J?M(tQ)))
= — k2(1 - kl)(l’M(to) - 8) == (1 - kg)(l’M(to) - 8)
:Y(to),

which contradicts the Lemma 5] By symmetry, the case where
Y (to) = L1 (@m(to)) — zm(to) is also proven.

When Y (t9) = s (to) — O, it means that Lo (2 (t)) >
Om. Since zps(t) < war(to), Vit > to, we have Lo (w;(t)) >
La(za(to)), Vi € N, t > to. Hence, it can be concluded that
Fi@; () = min{a;(t), Om, Lo (25(t)) } > min{w,, (t), 0},
Vi, j € N. Therefore, we can get 2, (t) > min{z,(t9), Om }.
By symmetry, the case where Y (t9) = dpr — o (o) is also
proven. This proof is completed.

When Y (tg) = Oar — @ (o), it shows that Ly (z,(t)) <
Om. Since x,,(t) > xm,(to), YVt > to. Hence, it can be
concluded that f;;(z;(t)) < max{z;(t),0n, L1 (zm(t))} <
max{zp(t),0nm}, Vi,j € N. Then, a contradiction argument
is used to prove that xp/(t) < max{zn(t9),0n}, VI > to.
Assume that 3¢, > to, xar(¢x) > max{zps(to), Opsr }- Hence,
there exists a T' > t¢, such that for any ¢ € [to, 1,

xM(t) S max{xM(to), GM},
xp(T) = max{zp (to), Om },
d+$M(T) > 0.

Since

dtzy(T) = max iy(T)

1€ (T)
Z Qij (sz‘ (%(T)) - xl(T))
JEN(T)
< ij i(T),0m} — 2 (T
B 2 e D ud =)
JEN(T)
= max Z aij (max{zas(to), Onr}
P
— max{xM(to), 8M}) = 0,

= max
1€ (T)

which leads to a contradiction and it shows that zp;(t) <
max{x(to), 0}, VE > tg. By symmetry, the case where
Y (to) = Onm — zm(to) is also proven. [ |

B. Proof of Theorem![d]
Proof:

1) Necessity: A contradiction argument is applied to prove
the necessity.

For simplicity, we assume that there are only two agents in
MAS (), i.e., N = {1,2}. Since G is strongly connected, it
turns out that N7 = {2} and Ny = {1}.

Denote the initial time ¢y > 0. Suppose there exist j €
N,i € Nj and z;(to) € [Om,On] such that

fii(z5(to)) = O +w, w>0.
Without loss of generality, assume that j = 1 and i = 2,

ie., f12 (l‘l(to)) = Oy + w in which xl(to) € [87,“81\/[} Let

Iz(to) = flg (xl(to)) and f21 (xz(to)) = 1‘1(t0), then it can
be concluded that for all ¢ > ¢,

#1(t) = a1 (f21 (z2(t)) — acl(t)> —0,
Fo(t) = as ( fra (22 (t)) — xg(t)) —0.

which implies that x;(t) = x1(tg), x2(t) = z2(to), YV > to.
Moreover, because
x1(to) € [Om, Oml,
fi2(z1(t0)) = On +w > O,
za(to) = fr2(z1(to)) = O +w > O,
fa1(z2(to)) = z1(to) < Omr,
it is easy to find two rays L and Lo satisfying the Assump-

tions and the condition k1ky = 1 is also satisfied.
Since V't > tg, x2(t) = Oy + w > Oay, it shows that

Jim distance [0y, Opr]™, x(t)) # 0.

Hence, we get a contradiction and the proof for the necessity
statement of Theorem [I] is proved.

2) Sufficiency: We prove it in three steps.

Step 1: Since O € [0,,,0nr] and kiky < 1, by Lemma
there exist two possibilities:

1) GM — 8m > max{(l — kg)(aM —8), (]. — /ﬁ)(a— 8m)};

2) Oy — O < (1—]62)(81\/[—8) or Oy — Oy < (1—

k1)(0 — Om).

We discuss the Possibility [T) in the rest of Step [I] and the
Possibility [2)) is analyzed in Step 2}

Assume that Opy— 0y, > max{(1—k2)(Ipr—09), (1—k1)(0—
Om)}. Form Lemma [5| we have that Y (¢) is a non-increasing
function.

Let n be the number of agents. Since

Y (t) = max {aM — O, Tr (t) — Oy Ot — T (B),
J)M(t) — L2 (.IﬁM(t)), L1 (.Tm(t)) — J)m(t)},
we continue this proof case by case.
Case 1: Y(to) = Yl(t()) = l’M(to) — L2 (I'M(to))
By Lemma |§|, we have for any t > ¢,
Ly (l‘m(t)) =k (l‘m(t) — 8) + 0

Sk‘lkgl'M(t()) + kl(l — k2)8 + (1 — kl)(’) = QTM(to).

Choose ig € Zo := {i : z;(t9) = Tm(to)}. For any j € N,

we can get that

Fiio (1)) < max {zpr(t), L1 (zm(t)), Onr } < war(to).



It implies that
Eig(6) = D aigs [ Fio (z5(1))
JEN,
< aiglwar(to) — i, (1)),

which implies that

— Ly (t)]

iy () < e 070N (to) + [1— e 0= )y (t).
If t € [to,to + 7], then we have for any i¢ € Zy,

iy () < Y0rm(to) + (1 —v0)zas(to), (6)

where vg = e,

Choose i1 € Iy = {i : 35 € Iy, j € N;}. By the
conditions of Theorem T]and the equation (6)), it is trivial to get
that fiys, (i, (t)) < zas(to). Hence, for any t € [to, to+7/n],
there exists a constant 4, € (0,1) such that

fioir (2ig (£)) < Yozm(to) + (1 = 7o)z (to)-
Then, we can get that
T
T, (to + E)
<e"nwa;, (to) + [aiyig Vo (Tm(to) — zar(to))

to+ 3 .
+ Olz'ILEM(to)] / e~ i (to+;fs)d5

to
<e “nway(te) 4+ (1 —e 1w )z (to)

to+% .
+ iyio Yo (Tm (to) — s (t0)) / e lloti=s) gy
to

gy 4 —a;, T
=zum(to) + f(l — e )y (zm(to) — zar(to))-

i1
Since there exists a constant p; > 0 such that for any ¢; €
Iy, ig € Ny, p1 < a{;—lo(l — e~ @1 7). Therefore, it means
2o (to + ) < p1vhm(to) + (1 — p1yb)war(to). Similar to
(@), we can get that for any iy € 7y, t € [to + 1o + 7],

xi, (1) < 12w (to) + (1 = y1)zm(to), (7N

where 71 = p17Y)70- Continuing the above analysis over [to +
Im,to+ 7], ¥Vm =1,2,...,n — 1, it can be concluded that
for all 2 € N,

zi(to + 7) < Yno1Zm(to) + (1 — yn—1)zar(to),

where v, 1 = pn—175,_27%0-
If 2, (to) < zas(to), then there exists a constant w € (0, 1]
such that 2., (t9) < wd + (1 —w)zp(to). Here, we have

Yi(to+7) = (1—ke)(zn(to+7)—0) < (1—wyn-1)Y1(to).

If z,(tg) = zam(to) > Om, we use the Assumption
M) to get the convergence. Since there exists 4g, i1 such
that f;y:, (24, (to)) is continuous on z;,(to) = zar(to) and
fioir (ziy(to)) < @ar(to). Hence, there exists T'(w’) such that
Vit e [to, to + T(w')], fioi1 (Jﬁio (t)) <w'o+ (1 — w’)mM(to),
where the constant w’ € (0,1]. Similar to (7), we have
Vit e [to+ T (W), to +nT (W),

xiy (1) S w10+ (1 —wi)za(to),

where w; = piw’7g. Furthermore, it shows that
Y1 (to + nT(w')) S (1 — wn_l)Yl(to),

where wy,—1 = Pr—1w),_270-

The analysis of Case (1| is completed. The case Y (tg) =
Y3(to) = Li(zm(to)) — @m(to) is symmetric to Case SO
we omit its analysis.

Case 2: Y(to) = Yg(to) = .%‘M(t()) — 6m

By Lemma@ we can get that Vi € N, ¢ > tg, xp(to) >
Ly (z;(t)). Hence, it is trivial to get that

zi(to +7) < Yn—1Zm(to) + (1 = yn—1)xa(to), Vie N.

Furthermore, we can get that Y5 (to+7) < (1 —wy,—1)Y2(t0)
or Ya(to + nT(w')) < (1 — wy—1)Ya(to). The case Y (ty) =
Yi(to) = Op — xm(to) is symmetric to this case, so we omit
its analysis.

Finally, we get 2(t) — [0, Op]™ as t — oo, and the proof
of the Possibility [T] is completed.

Step 2: In this step, we will complete the proof of Pos-
sibility [ i.e., dar — O < (1 — ko)(Dar — D) or Dpr —
Om < (1 — k1)(0 — O,). By symmetry, let Oy — O, <
(1 — k1)(0 — Op,), which implies that 39}, > dps, such that
Oy — Om = (1 — k1)(0 — Op). Denote

Y'(t) =max {9y — Om, xas(t) — O, Opyp — T (8),
(1 - kg)(xjw(t) - 8), (1 - kl)(ﬁ — Tm t))}

Similar to the proof in Step (1} it concludes that x(t) —
[Om, 03] as t — oo. Then, we use a contradiction argument
to prove that for any solution x(t) — [0, On|™ as t — oo.

Assume that there exist a solution Z(¢) and * € N, such
that Z;+(t) — (Om, 0},) as t — oo. Then, there is a T* such
that for any ¢t > 7™ and j € N, fi-; (:iz(t)) > Om.

Since the directed graph G is strongly connected, we can
get that there exists a 7’ > T* such that Vt > T, i € N,
Jﬁz(t) > 8m

Denote Z(t) = max{Zp(t),0n}. Repeat the analysis of
Stepm it shows that lim Z(t) = das, which implies that

limsup &;+ (t) < Oar.
t—o0

Therefore, the trajectory of Z;«(¢f) cannot converge to
(0w, 0] as t — oo. Here we prove that for any solution
xX(t) = [Om, On]™ as t — 0.

The proof is completed. [ ]

Remark 11: In the sufficiency proof, the idea of construct-
ing auxiliary variables to analyze the boundedness of MAS is
inspired by [6]. However, since our dynamics is not Lipschitz
continuous, the LaSalle invariance principle is not applicable.
We design some linear boundaries and propose the correspond-
ing lemmas to eliminate nonlinearity, and analyze the states’
trending to obtain the boundedness of agents’ states.

APPENDIX I
PROOF OF THEOREM [



A. Technical lemma

Lemma 7: (Proposition 4.10 in [3]) Let graph G has a
directed spanning tree, and consider the dynamics of MAS
defined over G:

N
= aij(z;(t)
j=1
in which 6;(t) is piecewise continuous on [tg, c0) and is finite.
If lim 6,(t) = 0, Vi € N, then lim z;(¢t) — z;(t) = 0,
t—mo0 t—o00
Vi,5 € N.

i(t)) +0i(t), i=N,

B. Proof of Theorem|43

Proof:

1) Necessity: Antagonistic interaction means that the under-
lying edges between agents have negative weights. A signed
graph G4 is structurally balanced if there exists a bipartition
{V1,V2} of the nodes, where V1 UV, =V, Vy NV, = 0,
such that a;; > 0 Vu,v; € V,, (m € {1,2}) and a;; <
0 Vv €V, v; €V, m#1 (m,l € {1,2}) [16]. We use a
contradiction argument. Consider the MAS with antagonistic
interactions

N
1) = lajl(sign(aiy) - 25 (0) = 2s(1)),  ®

in which the signed graph G5 = {V;, &, As = [a];]}, and sup-
pose the signed graph G; is strongly connected and structurally
balanced. By the bipartite consensus theorem (Theorem 2 in
[16]), it shows that the system (8] reaches bipartite consensus
but not consensus, in which agents’ state values are the same
except for the sign.

Let A" = |A,| = [|a;|] and G = {V,, &, A'}, i, G is a
strongly connected graph with only cooperative interactions.
Assume the MAS () is under the graph G’, and for all ¢ €
N, j €N, fii(z;(t)) = sgn(aj;) - z;(t), which implies that
k1ks > 1. With the above assumption, the dynamics of MAS
(1) is equivalent to the dynamics of MAS (8). Therefore, it is
turns out that MAS (I) cannot achieves consensus.

On the other hand, it is obvious that under the above
assumption, the system (I) satisfies all conditions in Theorem
2l By Theorem [2] the states of agents will converge to a
consensus value. Hence, we get a contradiction and the proof
for the necessity statement of Theorem [2] is proved.

2) Sufficiency: Applying Theorem [T} we have:

X(t) — [3m,8M]”, as t — oo. 9)
Notice that if 9, = 9, then it turns out that lim x;(¢) =
t—+o0

Om = Oy = v*, Vi € N, and therefore the sufficiency
statement of Theorem [2] is proved.

Hence, we continue our proof in the condition that 0,, <
Opr. Assume 0, < Jys in the following.

Step 1: In this step, it shows that the states of agents tend

to achieve consensus.
ZN a;j (fji(xj(t)) - mj(t)), and the
EXr,

Denote 6;(t) =
dynamics of MAS can be rewritten as

d
i) = > aii(a(t) -

JEN;

z;(t)) + 6;(2). (10)

Then, we use a contradiction argument to prove that
tlim 0;(t) = 0, Vi € N. Without loss of generality, as-
—00
sume that there exists a solution x(¢), such that Vi € N,
liminf 6;(¢) > 0 and 34¢* € N, liminf 6;«(t) > 0.

t—o0 t—o0

P = {xi1,x2,..-} denotes the set of all limit points
of z;«(t) as t — oo, i.e., there are time sequences {¢ }
with lim ¢/, = oo and lim z;«(t,) = x1, and {¢}

. n— oo n—oo
with lim #/ = oo and Jim ;- (tn) = X2, etc. Since

n—o

litm inf 6;-(t) > 0, it turns out that 37’ : i* € N/, such that
e el

sup {lim sup (f“/(x) — x)} > 0.

Xi€P T X

Furthermore, since x;=(t) — [Om, Opm] as t — oo, it can be
concluded that lim sup fi;/ () > Oy,

r—)@m
Therefore, there is a time sequence {t:} — oo with

{2 ()} — Oy, and hm firir (23 (£5)) > O It is clear
that 0,,, € P.

Since fi+;(z) is continuous in [0, 0ys] and has finite
breaks in (—oo, Oy, ), there exists a time sequence {t7'} C {t*}
and f;=; () is continuous on z;« (t), V¢ € {¢.’}, which implies
that f;+y (z;+(t)) is continuous on {¢'}.

Further, there exist ¢ > 0 and T(e¢), such that
fieir (@3 (t)) > Op and fi=is (2-(t)) is continuous in (t —
€,t+€), for all ¢ > T'(¢) and t € {¢)’}. Denote closed and
connected interval I = [t — §,tx + 5], where t > T'(¢) and
tp € {ty}, ke NT.

Since litm inf0;(t) > 0, Vi € N, it can be concluded that

—r 00

—00

Notice that "flk fixir (xl(t)) > Op, and repeat the analysis
of Theorem 1| we can get that litm inf z;+(t) > Op,. Then, it

— 0
turns out that 0,, ¢ P. Here, we find a contradiction.
Hence, we have proven that flirn 0;(t) =0, VieN.
[ — 00
Applying Lemma [7} we can get that
i wi(t) — (1) =0, VijeN. (11)
i

Step 2: In Step [T] it shows that the states of agents will
converge to consensus. In this step, by the fact that z(t) —
[Om., On]™, we prove that for any ¢ € N, tlim x;(t) = v* and

— 00
v* € [8m,8M}

By @), it turns out that for any w; > 0, there exists a finite

T7 > 0, which holds the following inequation:

6m—w1§$i(t)§aM 4wy, Vt>Ti,7€N. (12)
Without loss of generality, assume that W <ap(Ty) <
Oy + wq, where k is a fixed node.

Similarly, by (TT), 37% > 0 which is finite, there holds

|z;(t) — x(t)| Sws, Vt>Ts, i€N. (13)
According to (I2) and (T3), let w; and wo be sufficiently
small, and we get that 0,,, < x;(T%) < Oy +wi +wa, Vi € N,
where T, > max{T1,T»}.
Depending on whether 31 € N, z;(T) > 9ps or not, there

are two cases in the following proof.



1) 31 € N, z;(T,) > On. Repeating the analysis in Step
[Iin the proof of Theorem [I] we can get that
V(1) = max { (1 = k2) (2i(t) - 9) }
(8) = max { (1 = o) (2:(t) — 9)
is non-increasing for ¢ > T,. Since 1 — k3 > 0, it turns
out that max x;(t) is non-increasing for ¢t > 7.
1€
2) Vi € N, 0, < z(Tx) < Op. It is easy to get
fij(zi(Ty)) = xi(Ty), Yi,j € N, and the system
degenerates into a standard multiagent system at time
T.. Therefore, it is easy to know that max ; (t) is non-
1€
increasing for ¢ > T.

Combining the above analyses, we can conclude that
max x;(t) is non-increasing for ¢ > T,. Furthermore,
i€
max x;(t) converges to a finite limit value (denote the value
i€
by v). According to (TT), mil{ll x;(t) must converge to the same

1€
limit value ©. Since milal zi(t) < xj(t) < max x;(t), Vj €N,
ic i€
it is trivial to get that tlim z;(t) =v=v* VieN.
—00

Using (@), we can conclude that v* € [9,,, ). Based on
the above analysis, it is shown that all z;(¢) will converge to
a finite limit v* and v* € [0, O]

|

Remark 12: The robust consensus idea is inspired by [6].
However, since our dynamics is not Lipschitz continuous, the
system may have multiple solutions. We analyze the limit
points of multiple solutions and integrate the relevant variables
over a short period to analyze the system’s convergence.

APPENDIX I
PROOF OF THEOREM[3]

Proof: By Lemma ] it shows [9,,,, Op]™ is a positively
invariant set. By the Brouwer fixed point Theorem extended
to dynamical systems [17], we can conclude that there exists
an equilibrium in [9,,, dps]™. Hence, along the system (), the
existence of equilibria is proven. By Theorem [I] it shows that

Jim distance ([0, O™, x(t)) = 0,

which implies that every equilibrium e € [0,,, On]™. [ |

APPENDIX IV
PROOF OF THEOREM[4]

Proof: Denote
V(t) ZIZ%%\)I( {(1 — kel) (ei — a:i(t)), (1 — k‘eg)(l‘i(t) — ei)}
:1;%?\)1( {(1 - kel)( - El(t))v (1 - keQ)gi(t)}7

and clearly V' is Lipschitz continuous. At first, we will prove
that V'(¢) is a non-increasing function.

Denote &, (t) = min gi(t), en(t) = rgg}lcsi(t).

By the structure of V' (), there exists two cases:

D V(t) = (1 — ke2)en (¢);

2) V() = (1 —ker)(—em(t)).

We first consider the Case [I] which implies that Jt*,
V(t*) = m?\)l({(l — ke2)ei(t*)} and ep(t*) > 0. Denote
€

I = N = ] .B L h
(t) = {k : ex(t) Igleag(ez(t)} y emmaﬂwe ave

dTV(t*) = d" max { (1- k‘e2)€i(t*)}

€N
- 25, (00 3 () )
‘ JEN;
:ielga(i(*) {(1 — kea) Z Qij (fﬂ (ej + 5j(t*)) —e; — Ei(t*)) }
‘ JEN;

Furthermore, noticing that > a;;(fji(e;) —e;) = 0, we can
JEN;
conclude that

g(t") = Z aij(fji(e; +¢;(t) — fiile;) —ei(t)).
JEN;
(14)

Let €;; = e)7, which implies ¢ € Z.(¢t*). Applying Lemma
[B]on (T4) and under condition 2, we can get that

e > €; > fji(ej +e5) — fiirley) ifej > 0;
Eir > Lel(ifj) > fjil (ej + Ej) — fji/(ej) if g; < 0.

By the above two analysis, it concludes that d*V (t*) < 0
when (1 — kea)enr(t*) > (1 — kel)( — em(tY)).

The proof of Case [2]is similar to the above proof, and hence
are omitted here. Combining the two cases, we have proved
that d*V (¢) <0 for all ¢ > .

Repeating the analysis of Theorem [I} we have x(t) — e,
as t — oo. Since the equilibrium e is asymptotically stable
and the initial states x(ty) can be arbitrary, e is a unique
equilibrium. The proof is completed. [ ]

APPENDIX V
PROOFS OF THEOREM[BIAND COROLLARY[2]

A. Proof of Theorem[d
Proof: We first prove the existence of equilibria.
By conditions 2 and 3, we can get that for any j € N, ¢ €
N and w # 0,

fij(z +w) — fij(2) <1, z€eR
w - 7

—1<k*< (15)
which implies that f;; is a continuous function. For simplicity,
let k* € (—1,0).

By (13), it can be concluded that there exists at least one
intersection between functions f;; and f(z) = z,ie., ©;; # 0.
Denote X, = max{:v tx € UGij} and X,, = min {x :
x € U@”} Since ®ij 75 0, let LL';Kj S @ijs ie., fij(l';kj) = !L‘:}
By (13), it shows that

fij(@f; +w) < fij(zf;) +w =z} + w,
fij(@f; +w) > fij(zf;) +w =z} + w,

w > 0;
w < 0,

which implies that

(16)



There are two parallel lines with slope k* € (—1,0):

Lp(z) =k2+ (1 - k)X,
Ly(z)=k'z+ (1 —-k") X,

and it can be concluded that

fij(x) < Lu(x),
fij(@) > L (),

Let L*(xz) = —z + X + X, with slope k = —1.

Since —1 < k* < 0, it is easy to know that between L* and
the parallel lines Ly, L,, exist two intersections (y,,, yas) and
(ynrs Ym) where yas > Yy, which implies that Ly (y,,) = yamr
and L,,(yn) = ym. And it is easy to know that y,,, < X,,, <
Xar < yur- Then, it can be concluded that

Jij(x) < La(x) <y,

Combine (T6) and (I7), we can get that y,,, < f;;(z) < ynr,
Ym < & < yu. By Theorem [3 it shows that the system (T)
has at least one equilibrium. Then, we will show that the MAS
(T) has only one asymptotically stable equilibrium.

Assume one of equilibria is e* = {ej,...,e’}T, and denote
the error between z(t) and e* by ¢;(t)* = x;(t) —e}. By (13),

x < X,
x> X,,.

Ym < T < X

(17)
X <2< ym.

we have for all j € N, i € N,
e; < fij(ei+ef) — fij(er) < k'ef, e <0;
k*e; < fij(ei+¢€f) — fij(ei) <ei, & >0.

Since k* € (—1,0), it shows that k*k* < 1. Hence, the

Condition 3 of Theorem W4 holds. Because N 0 = ]
(’Uj,’Ui)Ec‘:
and for any j € N, ¢ € Nj and w # 0,
1< fij(@ +w) — fij(2) <1, z¢0,,

w

we can conclude that for any e* # 0, there exist j € N,i € N
and 6 > 0, such that f;;(e; +¢') — fij(e;) # €', Ve’ €
(e* — §,e* 4 §). Hence, the Condition 4 of Theorem [4] holds.

Apply Theorem [ it shows that the equilibrium e is a
unique, asymptotically stable equilibrium. ]

B. Proof of Corollary[g

Proof: Because f;;(z;) is a continuous and piecewise
linear function with its slopes k;; € (—1,1] and m;; = 0
when k;; = 1, it turns out that for any w # 0, —1 <
M <1,z ¢ ©;;. Apply Theorem this corollary
is proved. u
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