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AB S TRACT

In solving the Fokker-Planek equaEion as applíed

to Èhe flrst-ordex phase-locked loop, a Fouríer series, s71th

t ine varying coefficients, ts used to represent the nodulo-2î

phase error probab iliLy density f unct ion. Solutions for the

FourÍêr coefficients are found analyt ica11y for sone sp ecial

cases. For these cases the nodulo-21T phase error ProbabilÍty

densÍty funccions are given anal-ytically. However, for the

general case, a nen Èechníque for comPutlng the Fourier co-

effíctenËs ts developed. The nethod is based upon the obser-

vatíon that the Fourier coeffícients can be ínterPreÈed as

the state variabl-es in an appropriate RLC ladder network.

The Fourier Coefflcients are co¡trPuted efficiencly by an RLC

ladder netsrork sirnul-ation on a digltal compuËer ' Results are

shown for cases invol-ving various signal-to-noise ratios and

ini.t.fal condiËÍons. Al-so, wíth the aid of Ehe RLC Ladder

approach, the 6teady state úodu1o-2n phase error probabtlÍty

densily functíon and the varianee are given in closed forms.

This thesís a1-so presents linearizaÈlon neËhods

applicable to first and second-order Phase-l-ocked 1-oops.

These have resulted in a systemaÈíc nethod of obtainíng the

transÍent statlstics of both loops rvithouL recourse !o Ëhe

Fokker-PLanck techntque, Results for dífferent values of

signal-Èo-nolse ratios are shorvn and compared with those ob-

talned by the RLC ladder approåch'
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CHAPTER I

INTRODUCT IO N

Suceessful- transrnission of lnfornaË ion !hrough a phas e-

coherent communication system requirês, by definiEion' a re-

ceiver capable of deÈern1n1flg or estimating Èhe phase and fre-

quency of the received slgnal níth as little error as possíble.

In thÍs thesís, we study Èhe noise analysis of a non-

l-inear devíce ca11ed the phase-locked loop that can be used

for trackíng the phase of the carrler coroPonent of the received

signal; this device thus generates a slgnal suitable for syn-

chronous denodulation, !'urthermorer Èhís devíce can be used

fo¡ de¡nodu1âtÍon of angle úodulaÈed signals (PM and FM) in the

presence of strong noise.

1.1 Nature of Phas e-1o ck

A phase-locked loop (PLf) is a nonlinear devlce r¡hich

autonatlcally controls an oscillat,or or a Periodlc function

generaËor so as to operate at a constant Phase angle relative

to a reference stgnal source. ¡ig. L shows the fundamental

hardr¡are structure of the loop wlth Èhe appropríate signals.

The three basÍc conponents of a phase-locked loop are:

a) a phase detector (PD),

b) a lLnear !Íne invâiian! lor't pass filter,

and c) a vo1!age-controlled osctLlaÈor (VC0).

The PLL operatLon can be described as f oLlor¡s:

The phase detecÈor (mult1pLier) compares /he phase of
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a periodic ÍnpuÈ signal agaÍnst the Phâse of the VCO i rhe

output of Ëhe PD is a neasure of the phase difference betr'leen

its two inputs. The dÍfference voltage is then fÍltered by

the loop filter and applíed to the VC0. The conÈro1 voltage

on the VCO changes the frequency in a direction EhaÈ reduces

!he phase dífference between the input signal and the loca1

oscillator

I,¡h en the loop is "1ocked"' !he conËro1 volEage Ís such

that the frequency of the VC0 is exactl-y equal to the average

frequency of the input signal.

A slightly different exPlanation rûay Provide a beÈter

understanding of the loop operaLíon. Suppose that Ëhe inconing

slgnal carries informatfon on íts phase or frequency' this

signal ls lnevitâbly corruPted by addltíve rioise. the rask

of a phaselock receÍver fs to reproduce the oríginaL signal

whiLe renoving as much of the noise as possíbJ-e'

To reproduce the signal Ëhe receiver rnakes use of a

local oscillator e¡hose frequency is very cLose to tha! exPect-

ed 1n the slgna3-. The 1ocal oscillator arid the Íncoming sig-

na1 r^ravef orrûs ate compared \,tlÈh one another by a phase detec-

Ëor whose error ouËput indicates the instantaneous phase díf-

ference, To suppress noise, the error is averaged over some

length of tlme and the averaged error is Ëhen used to control

Ëhe frequency of the oscillator.

Two inportant characteristics of rhe filter are Ëhat

the bândlridth should be very smal1 and Èhe filter should auto-

naÈica1J-y track the signal f'requency. These features' auto-
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matic tracking and narrolü bandv¡idth ' account for the úaj or

uses. of phaselock receiver, The narro\ù bandwidth makes iË

eapable of rejecting large anounts of noise.

L.2 Phase-locked Loop Components and Mechanization

It 1s no! our purpose in this rqork Ëo engage in exten-

sive descrlptions of the comPonents and equÍprnent v¡hich composè

the phase-locked 1oop. Howeverr since our Ëreatment ís neces-

sarl1y noËivated by practlcal conslderaËions iE is necessary

to ûeflLíon the charâcteristics of conponenËs whlch perËain to

Èhelr perfornance.

The VCO Ís essentially a frequency modulator, of which

there are nunerous varÍeties depending on the frequency range

of j-nterest. The only essentlâl characteristlc required of

a phase-locked loop VC0 Ís that its frequency disPlacenent

from the quiescent frequency be sÈrictl-y a linear function of

the input voltage over Èhe deslred frequency range.

The loop filt er, as ít ls considered here, consis t s of

J-umped passive el-erûents and anpllfiers connecËed to form a

1ow-pass filter. However, ln PractlcaL receivers sone fi1Èer-

1ng is ofËen performed aÈ an inËerrûedíale frequency (IF) by

modeling Èhe loop as shown in Fig. 2, ParEicularly \then the

VCO quiescent frequency is far removed froD the recelved-

signal frequency, This loop can be reduced Èo the nodel of

Fie. L [3].
The mosÈ complicated device to reâlÍze in the phase-

locked loop 1s the nultiplier (Phase-detector) because one
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requires a perfect elecÈronic multiplier which does not satux-

ate over the aroplitude and frequency range of interest. Hor,r-

ever, Ít is shor,¡n [ 3 ] that essenËía11y identícal perforroance

Ís achíeved usÍng practical "chopperrr muJ-tipliers.

Histor and A Li

One example of phaselock - of a sort - has been in

existence for üany years. ElecËrl-c utilities nairiÈain the

average frequency of their generators extrenely cl-ose to 6O

Hz, !a'rgely so that elecÈric clocks l.¡i11 noË gain or lose tine.

Frequency ls regul-ated by a kind of phaselock loop in rvhich

the slgnal is the time of day, ultimateLy derlved fron the

Bureau of Standards. This reference tlfte ls compared agalnsË

the tine indicated by a clock dríven by the utllity's genera-

!or. The comparlng device is a phase detector in fact, a1-

though not in nane, and the turbine and generaÈor consÈitute

a VC0. Any phase (tine) discrepancy inforrûaËion is used to

adJust the speed of the turbfne in a direction Ëhat will- re-

duce the discrepency. F11Èering comes 1n parÈ fron inertla

of the rotatlng nachinery and electrical ÍriertÍa of the sysÈen

l-oad.

This exanpLe, 1n which phase coroparíson and frequency

adjustEenË are perforned on an internittent basis and with

dlsturbances conlng from varlatlons of the load rather than

noise on the input signaL, is perhaps soûerùhat strained and

aËypical. Nonetheless, if one I,¡ere so inclined, the process

could be analyzed on a phaselock basis.
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The flrst r,ridespread use of phase-Iocked loops was in

Ëhe synchronÍzaÈíon circuit.s for color EeLevision 12,3J .

The appllcat íon of phas e1o ck Ëechnique in spac e b egân

\rith the launching of the first American artÍficial saËellires.

These vehicl-es earried 1ow-power (f0nW) CI{ transmtÈters; re-

ceived slgnals were correspondingJ-y weak. Due Èo Doppler

shift and the dríft of the transmitting oscillator, there rvas

considerable uncertaínty about the êxact frequency of the re-

ceived signal. At the 108-MHz frequency ortginally used the

Doppler shifÈ couLd range over a l3-KHz interval. With an

ordlnary, fixed-tuned receiver, bandr,¡idth $rould therêfore have

Eo be at l-easÈ 6-KHz, if not more. Ilowever, the sígnal itself

occupies a very narrorr spectru¡0, and eould be contained in

sonethlng 1íke a 6-ltz bandwidth.

NoÍse power ín a receiver ís dlrectly proportional to

bandwidth. Therefore, lf conventional techniques were used,

a noise penalty of 30db would have to be accepted. (The

nurnbers have become even more spectacular as technology has

progressed; transrûlssion ftequencles have moved up to S-band,

naking the Doppler range some !.75 K112,$¡hereas receiver band-

r,ridËh as sma11 as 3 llz have been achieved. The penalty f or

convenEional Ëechnlques wouLd thus be about 47 db). Such

penalties are intolerable and that fs rùhy nêrrosr-band, phase-

locked, trackíng r ec ei.vers âre used.

Noise can be rejected by a narror¡-band filter, but if

the filter 1s fixed the slgnal r,¡ilL almost never f ai-1 in the

passband and thus for a narro\,r ftlLer to be usable it Eust be
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capable of Èracking the signal. A phase-locked loop is capâble

of providing both the narro!¡ bandltidth and Ëhe tracking that

are needed.

tr'or a Doppler signal the infornatíon needed to deter-

urlne vehicle veJ-ociÈy is the Doppler frequency shift. A

phase-lock receiver is wel-1 adapËed to ÐopPIer reeovery, f or

iÈ has no frequency error r¡hen locked.

There are rûany other aPPlications of the PLL; we refer

to [3] - [10].

Having seen thaÈ PLLrs are used widely in nany appllca-

tions in nodern communications dealing .t'¡ith noise, the noise

analysis of the PI,L ts !herefore very imPortant.

The nain objective of !his thesis Ís the nolse analysis

of the phase-locked loop. This ls carrled out r'¡ith the aid

of the RLC ladder neLwork approach. This approach facilitates

the soluÈfon of the sÈaEed problem. The ladder netÌtork re-

presentatlon of !he problem is new, and to the best knowi-edge

of the auËhor, íË hâs not been Previously treated in Èhe líÈ-

eraÈure.

The thesl-s consísEs of six chapters, íncluding the

introduction. In ChâPÈer II' derlvations of the equation

describing Ëhe loop oPeraEion and the corresPonding ¡'okker-

?lanck equaËíon are presenced. IË 1s also shoI.¡n how Èhe

Fokker-Planck technÍque can be used to obta j'n Èhe phase error

probability density function (PDF) of the fÍrsÈ-order PLL '

Modulo-2n phase error probability denslty functÍon of

Èhe fírst-order PLL is dealt qtith in ChapEer III ' In this
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chapter the Fourler serles expansion ot L1ìe PD!' 1s Presented

as r{eLl as procedures for conputlng the Fourier coef ficients.

Analytic solutlons for two sPeclal cases (namely ' Câse 1:

ß=0, y=0 and Case 2: ß =0, yl0) are gLven. An approxlrnate

closed form soLutlon, based on the successlve approximaEion

rnethod, is also gÍven. The RLC ladder network approach which

is used to inves tí ga te the stability r¡f the sys tem and to solve

for the !'ourier coefficientsr Ís introduced. steady state

analys is is also gÍven.

Chapter IV deals v¡ith the statisËics of the linearized

first and second order PLÌ.r s wíËhout recourse Ëo Èhe Fokker-

Planck equation.

The resulËs of Èhe numerical solution are given, and

compared vith other published results ' in Chapter V. Also

in this chapÈer the results of Ëhe linearized loop are Plotted.

Chapter vI then outlines some concluding remarks.

Finally, nine appendices set out the mathematical proof of

some of the confronted equations.



CHAPTER II

PLL ANALYSIS BY USING THE FOKKER-PLANCK TECITNIQUE

Z,L Introduction

The applications of Ëhe PLL mentioned in ChapLer I and

many others spurred grea! interest in the development of phase-

1-ocking techníques. Due to Èhe inherent nonlinearLty of the

1-oop phase detector, early attenpËs Ëo analyze phase-locked

loop behavlor lnvolved the use of graphical phase plane methods

r¡hich are summarized by Viterbi [3]. The lnitial use of

Fokker-Planck technique, r¡hich is deseribed ln the thlrd part

of this chapter, !o determlne the sËeady staËe probabÍ1iËy

distribution of the firsÈ-order loop phase error r¿7âs accomp-

lished by Tikhonov [11,12]. Since !hen rnuch ¡¡ork has been

done usÍng the Fokker-Planck nethod of analysis -but liËtle hâs

been publ-íshed dealing r,rith the Ëransient behavior of the

phas e-error process.

Various technlques have been employed in atteroptíng !o

staÈ1st{cal-1y descrlbe Ëhe phase-error p!ocess of first order

phase-locked loops. Stationary phase-error dístributions are

well docunented by Viterbi [3] and Tikhonov If1]and[12]. Trans-

ient solutlons of the !'okker-Planck equation have been obtaifled

by Ðoniniak and PíckhoLtz [13], crandonl and Mengali [15] and

by 0h1son and Rutherford [14]. Doniniak and Plckholtz [13]

arrLved aË a direcÈ numerical solution to Ëhe Fokker-Planck

equaËÍon by subjecting lt to the same numerical procedures as

applíed to Ëhe one-dimensional heat-f1ott equaÈion by Von Neunann



t0

and Rlchtnryer [].61. Grandoni and Mengall [15] have proposeC

an approxlrnaËe method for solving the Iokker-PLa¡rck equation

for the flrst-order PLL, The method conslsts of lmposing a

gausslan s truc Lure on the probabllity density function, They

have obtaíned a set of ordinary, símultaneous differential

equations for the mean vâlue and the variance of che phas e

erro.r distrlbutlon. These equations have been solved numeri-

ca11y. 0h1son and Rutherford I j.4] have solved the Fokker-

Planck equation, as applled to the first-order PLL, numerl-

ca11y. They expressed the solutlon in terms of the product

of tr¡o f unctíons, one of rsh j-eh 1s independent of t j-ure. The

other functÍon is evaluàted numerically on a digiÈaL computer

for dlscret.e values of ti¡ne.

This study was started ln the belief thaE .the various

r¿ork 1n the analysis of the transíent behavior of the PLL

could be expanded and inproved, Dominiak and PickholÈz [].31

create seríous doubt as Èo the conpleteness and vaIÍdity of

their techníque in that their conclusÍon of insignificant

build up of probability nass at Ô = !2kî confllcts greatly

wíÈh qualitative estlÎnates of VÍterbÍ [ 3] and [ 17 ] and Líndsey

[10], and with the nunerical resulËs obtaÍned by 0hlson and

Rutherford [14]. Grandonl and Mengalirs results [15] do not

agree wiÈh Èhe exact probability density function, whlch can-

not be gausslan due to the loop nonllnearity, Ín partlcular

for snaLl sfgnal-to-noise raÈ1o . 0hlson and Rutherford 's [ L4 ]

computatfon technlque 1s extremely tf$e consumLng on any corn-

puter. In thelr aPproach up to 40,000 lteratlons []'4land[41] are required

for each case to obtaln the given results'



It

2.2 Equatlon Describlng the PLL lqperatJoq

The s Eochas tic dlfferential equatlon of the phase error

is obtalned. usíng the configuraÈlon of Ffg, 1. The phase de-

tector output fs

x(r) = 2AK sin0 (r) cos0r(r)
I

= AK I s 1n ( 0 ( r ) - 0 ' ( E )) + srn(0(È)+0,(L))] ( 2.1)
I

r,¡here 0 (t.) and 0r(t) are the input phase and the vC0 output

phas e respecrlvely.

The 1Ínear Èine-invarient, low-pass filEer ftlters out

the sum frequency component of its Ínput, X(t), \¿hl1e passÍng

the fi1Ëered versíon of the difference-frequency component;

thaË is,
t

I
e(t) = e (t) + AK I sin[0(u)-0'(u)]h(c-u)du0 tJ

o rìo (2.2)

'where it is assumed that the input is applied at È=o.

e (t) is the zero-input response \,thich depends only on the
0

initial conditions exis Eíng in the filter eixcuit at t=o.

In cas es where we have control over Ehese íni¿ial, condítlons

we generally set then equal Ëo zero, so that eo (t) = 0 .

TIìe vrelghting functlon h(t) is knot¡n as the lmpulse resPonse

of the filter.

The ouËpuÈ frequency of the VC0 is

qP=ro*K2e(t) (2.3)
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where {rJ is the quíescenË frequency of the VCO.
0

Assuning ËhaË the filter has zèro iniËiâ1 condl!ions;

that is e (t) = 0, equaËions (2'L), (2,2) a¡ð' (2.3) conbine
0

t
¿lot(r) |----ï:- = (ù +AKK I s i n [ 0 ( u ) - 0 ' ( u ) ] h ( t - u ) d udt o | 2 )

0

Now if we define the phase error

0(r) = 0(r) - 0'(È)

and the loop gain

K=KKr2

r¿e h ave 
t

do(t) =do(t) -o - AK I n<r-"lsrno(u)du (2,4)dt dt o ---- J '-'- -'
0

For a given lnpuÈ phase 0(t) ' Êhe soLuË1on 0(Ë) to the

integro-differentíal equatlon (2.4) describes exactly the

operaÈÍon of thê Pl,L.

In ordet to avoÍd repeating the constanË to through-

ouÈ the analysis, one mây define the inPut phase and the VCO

phase telative to the VC0 center frequency as

O (r) = 0(r) - o r
10

e (r) = e'(r) - t¡ t20
th en

0(E) = e (r) - e (r)r2
and (2.4) reduces to



,fi3lÐ. = :'-Lfl
dt dr

l3

t
î

^r( 
I h(r-u)s1n0(u)du (2.5)
)
0

çhlch can be nrodel.ed as shotvn in Fig'3.

AddJ.tive ncise, n (t) ' at the input is assumed to be

a. nar¡:or'¡band si:¡. Ëionary tsâussiarr p-locess tríLh zei:o*lìlean .'lud

Ëç,¡o-sided spectral d.ensity f, ""nt"r.d aboul the signal- frequency oo

n(t) has the fol1or';ing narror,¡-band noise representation [8] :

n(t) = { Z In (t)sint'r t + n (t)cost¡ t}r020

rlhere n (t) and n (t) are índependenL gaussian Processes12
r+ith zero-mean and ídentical specÈrâl dens j.ties, which are

Èhe same as the spectral densiEy of n(E) btrt tral.ìslated

downr¿ard ín frequency so as to be centered abouÈ zeto fte-

guency. A derivation simí1ar to Ëhe derivation of (2.5) is

.-.'ôi1.!-.1^ .i- t?l .-,1 117'l r.rif ln fhô n¡ico harriñr' fhê fôrÍr

n'(t) = -n (t)sinO (Ë) + n (t) cos0 (t)
1222

rvhere n'(t) Day

cess wíÈh spectral

the PLl, in Fig. 4.

no Lr given by

do(r) .-- 
dor(t)

dÈ dr

t
f

- K I h(r-u) [¡lsino(u) + n'(u)]du
l
0

be tr:eated as a whiEe gaussian randotn pro-
l\I

densiLy + this Leads to Lhe nodel of-z
The equation of operatlon of the PLL is

(2 ,6)
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Fígure 3. Phose-Locked Loop Modeled Wilhout No¡se

n'(t)

eJ r)

Fìgure 4. Phose-Loclcd Loop Modeled With Addíttve Noise

t rl , Al---{

Figure 5. Continuous Morkov Process
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2.3 Iokker-PlanckEquation

1n this secEion the effect of staEionary \,7hiEe gaussian

noise will be treated. Before proceeding one should define

a Markov process. A process is sald to be Markov if Ehe

Ëransitíon-probabÍ11Ëy disEribuEion (or densíty function) is

a functlon onJ-y of Ëhe present value of the process and not

of its pasÈ vatrues. It should be noted that physical process-

es descrlbed by a dtfferentíål equation $títh a whlÈe gausslan

dri-ving function w111 generally be Markov, Provided the equa-

Ëion ís of the firs t-o rder.

2,3,L Relations Governing PDF of Markov Processes

Let p(0,t) be the PÐF of Ëhe phase error 0(t) afEer

the ÍniÈla1 âpplication of the slgnal. This quant j-Ëy is, of

couïse, a function of Èhe lnltial condition, nanely Ëhe Phase

error at tine t=0 r rn¡hieh 1s denoted Öo . It is possible

that its lnitial- PDF p(0,0) 1s g1ven. This descrípt1on ín-

cLudes the posslbilÍty of a deterEinistic inít141 condítÍon'

tn çrhich case the inltlal densíÈy f uncti,on becoroes

P(o,o) = ô(0-Qo)

where ô( ) ls the Dirac deLta functlon.

Ileneef orth, the condilionaL probabtlity density Ís denoted

by p(OlOo,È). The quantlty p (O lOo, c) aO is the Probabí1itv

Èhat the value of the Process lies in the inftni!esirnal inter-

va1 between Q and 0+d0 , given that t seconds ago j-ts

value r¿as O Consider the contínuous Markov process of
0
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Fig, 5 [3], where È and 
^E 

are arbítrary and the val-ues of

the process at the lhree insEanÈs to, t, and t, are 4 o' z,

and Q respecËively. Since Ehe Ërans i t ion Prob ab il iÈy at

t depends onJ-y on z, it f ollor'¡s thaE the probability dens-
I

lty aE t ís índependenÈ of Ëhe value 0- at E- . Thus-2()o

p(öl z,At;Oo,t+At) = p(01 z,Át) (2.7)

By the deflniËion of a Markov Process' the joint ProbabiLíty

tlensity of Ëhe three samples of the process nay be denoted

p (ó,2,0 ) afÈer ooiLting the relatlve tlnes . Then
0

P(0,z,Qo) = p(2,00)n(Ql,,Qo)

= p(2,00)o(0lz) (2.8)

Integrating both sides of (2,8) with resPect ¿o z

and di.viding by p(00) , òne obtains after inserting Ehe

relatlve tlmes,
Ip(01ô ,t+^t) = I p(rlö ,t)p(Ôlz'Át)dz (2.e)-olo

EquatÍon (2.9) Ís che f undarnental- relation on the

condltional densíty function of a Markov Process' IE is

called the SnoLuchowski equatíon (or Èhe Chapman-Kolmogorov

eqnation). From (2,9) a Partial dlfferêntia1 equation 1n

terros of p(Ö,È) can be derlved [3] and [19]. The derivation

ls given in Appendíx H.

aP(oloo't) 
= 

"i, 
q+t' S ,o",r,p(oloo,r)r (2.r0)
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$lìerîe

D-(0) = Lin L | <0,¡np(azlz)t)Lzn 
^t-+o 

ôt J

= Lj m Ii [-.(ltz) 
n 

l-z-l
Át->o at

p(4',0) - ô(0-00)

where ô (d,-ö ) ls a Dirac del-ta funcÈton.
0

Hence, rne nay rvrlte (2 .10 ) f n the f orrn

EquaËion (2.10) is call"ed the !'olcker-Planck equation,

IL 1s shor¡n [20] that the Fokker-Planck equaÈ1on (2,LO)

appJ-ies e<1uaILy to the more general conditional probabiLíty

densít:y p(0ls(0 ), t) , ç¡here S(ó ) is the ínitíal distribu-00
tion of 0 at t=0. This result f ollor¿s from Èhe fact that

the derivation of (2.10) from (2.9) t3l remaLns valid if óo

is repi.aced by S(0 ).
0

The inítial- condj.tion fcr the Iokker-Planck equaEion

can be obtained as f ollorvs. l.lhen t=0 , p equal.s the given

initial- probabilÍty densíty. Thus, in C2.10) r,'hen p (0, t)

1s an abbreviation for p (O I s (Qo ) , t) , the appropriâte inlÈíal

cond ition is

P(0,0) = 5(Öo) Q.Lz)

0n the other hand, rvhen p(0, t) is an abbreviatlon for

p(ó lô , t) , the appropriaËe initial corrdition is'0

(2,rL)

(2.13)

ae (ö. t) - i f:U: '\n
ar ,,3, nt ãft'to"(o)P(o't)l (2'14)
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keep ing in roínd Ehe approprtate initÍal condition.

2.3,2 Fokker-Planck Equation for the First 0rder PLÌ,

ConsÍder the nonlinear model in the presence of noise

derived in Sec, 2.2, Fig. 3, where the loop ft1Ëer has unity

transfer function and the VC0 has a quiescenE frequency ro.

At the instanÈ t-0 one applies a sÍgna1 tríth an ânpIltude

A and frequency o ruhlch is close to the quiescènt frequency

t¡ of the osci11åtor. AdditÍve noise, n(Ë) , at the fronÈ
0

end of the recelver is a zero-mean gausslan process whose

sp ec Ëral dens iËy ls essentÍa11y flat over Ehe fr equency range

of the receiver and nay be assumed \rhite with value *o 
.

fhe equation clescriblng th. operrtion fron (2,6) is 
2

*áP = (t'r-t''ro ) KIAsinQ(r) + nr(r) ] (2.15)

The nolse n'(t) ls a stâ.tionary gaussian process with zero-

rnean and iÈ is nearly white over the frequency range of lnËer-

est, Therefore, it 1s concLuded thaÈ Èhe sol-ut1on of (2.I5)

1s a Markov process [3] and [].81. Ilence, Èhe phase error

probabí1-ity denslty function should satisfy equaËion (2,74),

Fron (2,15) one obtatns

^0(Ë)=0(r+Àr)-0(r) Ë+^ Ë
IAKsin6(t)lAt-K I n'(u)du
)

L

( 2.11) yields,

AK s 1nQ

(2 , t6)= [ (o-o )
0

Introducing (2.16) into

Dr(0) = (o-trro) - (2 .t7 )



and

n> 3

t9

(2.18)

(2.L9)

K2 N

nr(0) = -ã-o

Irn(Q) = 0

EqLration (2, J-9) is vaL j.d tor al1 processes r.¡hícl.ì satis-

fy a first-order ordinary dlffer:ential equation rvith a r'¡hiÈe

gaussian dr:lving function, Èhat is, a llarkov Process.

Substitution or(2,17) - (2.L9 ) into (2,L4) yields

K2N â2p(Q,r)fu+* = fu [(û]-r¡0-AKsin0)p(+,È)f * -Z-q -"--aail;
(2 .20)

It is convenient to exPress (2'20) Ín normalized form by

letting
-AKt!. = -;- Loop-noÍse .band\"idt.h

],4

^2Ao = ;-. Signal-Ëo-noise ratio
"o "1, in the loop bandrvídth

0J - tr)

v = ---'0- 
Detuning factor

' 4B-L

T = ABLÈ Normalízed tinìe

I = Llo, Nolse-co-signal ratÍo
in the loop band\.rídÈh .(2,2L)

Substltuting Q.,2I) into (2.20) yiel-ds Èhe normallzed Foklcer-

Planck equa!1on

¿pÍ*--!)=$ r(srno-y)p(o,r)r + ß&rá+o Q.22)
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Solut ío n of (2,22)

yieLds a complete

ô(t¡. Ho\n'ever, an

been f ound.

\,¡ith Èhe appropriate initial condítion

statistical des cr ipt ion of the process

analytic solution of (2,22) has never



CHAPTER III

MODULO-2?T PROBABILITY DENSTTY FUNCTION OF THE FIRST-ORDER PLL

3.1 Introduction

The resulÈ of greaËesË interest is P (0 'T) , l¡here 0

is taken modulo-2n; that ls, íf the actual phase is Ô r we

consider lnstead a pha'se of 0 = 0-2nT, t¡here n 1s an in-

Ëeger such thaÈ lOl.n
The reason for thls unusual defínitíon of phase lies

ín the unfortunaÈe nathematical propertj-es of the phase error

va¡iance. Because Èhere is soroe finite, albelÈ very srna11,

probabiliÈy of skipplng cycles (phase-junps) 1f any (gaussian)

nolse is present, an infinite number of cycles will have been

skipped after an inflnlte Ëine. Therefore, because the averag-

ing interval for deternining mean-square phase error' Ín Ëhe

sÈeady stale, nust be Ínfínite to be nathe!0atíca11y correct,

t.he rlgorous appi-tcatÍon of the conventlonal definition of

phase error leads to an lnfinite anse¡er. The deflnltÍon of

phase (moduLo-2n) avoÍds this natherûat.ica1 difficulty. FurÈher-

!ûore, Eost laboratory phase-meÊers have a range of only 2rl

radians.

It ís shol,¡n [3] that !he nodulo-2T probabilÍty densíty

funetlon, P(0,T) , where

p<o,r> = i p(6+2nk,1) lolsnk=--

saËisfies the I'okker-Planck equâtion

2r

(3.1)
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âP-(O,r) = 9= t(sin,Þ-y)p(o,r)1 a g ô2P(o,t) (3'2)
âr â0 .."--- Ao2

ALso, p(0,t) nust be periodic in Õ ' rvith period 2¡ ,

since for any integer m

Thetefore, \,t e may soLve (3.2) over the interval

one perlod, lOl:n , w1Èh the nornalizing condltlon

rïf
I p(O,r)dÕ = 1 for all t
)
-î

and trith the âppropriaËe iniËía1 condltion thaË will be

cus sed 1n Sec.(3.2.1). The fnitial condlÈ j-ons to be co

ed are

P(O+2nro,t) = | p[Õ+2n(m+k),t]
k=_co

co

= I P(Õ+2nn't)
fl = _co

P(o,o) = h I o I 'n

P(ô,0) = ô(o-o ) lol.n
0

of just

(3.3)

dis-

nsÍder-

(3.4)

(3.5)
and

where ô( ) is the Dirac delta functlon and to is Èhe

Ín1tla1 phase error.

A solutj-on of (3.2) 1s sought and wÍ11 lead to a sËat-

istlcal description of the f 1rs t-order PIL .
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Fourier Seríes Expansion of t.he Phase Error ProbabiliËy

!s!t g--IJ*É"

Based on the fact Ëhat P(0,T) is períodic, a Fourier

serles \.\rith tÍr0e varying coefficients can be used to rePresenE

P (0,r ) in the interval Õ [ -t '1r ] That is,

P(Õ,t) = ] ao (t) +

Henc e, Èhe phas

06(r) =

r,¡í11 be

oå (r) =

ÐetermínaÈion of

b (r) and a (t) leadsn0
oå (r) .

The coefficient

appl-yíng the norxnalizlng

,rl r 
t trr tt 

' 
co sno+bn (r ) s ínn@ l

error variance ofitt> defined as

o2P(o,r)do

. r, (-1)tarr(t)

.ti t n2

11

I
I
)
-It

Ít':-J

(3.6)

(3.7)

(3.8)

the I'ouríer series coefficienÈs arr(t)

to Èhe soLution of P (0, r) and

a (T) can be determined direcË1y bY
0

conditíon (3.3) which y1e1-ds'

. <.1 =l (3.e)
0

IntroclucÍng (3.6) fntI the tr'okker-Planck equation (3.2)

and ox0íttlng the Líüe T for the nonent yields'



24

,rl,,ån"o"r,a+ünsinn@) 
= (sinÕ-y)n!, a-t"r.,"t'nO*nbr.,eosnÕ)

* cosÕ tåto*rrl 
, 

(aneosnÕ*brrsinnÕ ) l

- u"l, ( n 2 a,rc o s nô+n 2 b,, s inno )

= 
,, rI , 

-t"r" tno 's innÕ+! 
, 
torr" ttt ' co snrÞ

+ y I na"stnno-y I nb,.cosnÕ
n)! " n>I --

+acosO+Iacos0.cosnÕo ,ri r t

+ t b cos@. s:-nn0-ß[ n2a-cosnÕ
,ri t t ,r!t n

- ß I n2b sinnô (3.10)',rit n

Maklng use of the trigenoroetric ldenti!ies,

s inx. sinnx = |t"o"(n-l-)x-cos(n+l)xl

cosx. cosnx = |t"o"(n-1)x*cos(n+L)xl

s inx. cosnx = |t "tr,{rr*f )x-sin(n-1)xl

cosx. slnnx = |t "ir,{rr*f )x+sin(n-1)xl

and combín1ng the similar Èerms in (3'10) y1e1ds'



(arrcosnÕ*brrsinné) =

+

Equating Lhe coeffícíenEs

25

- [ Ept-"os (n-l) o+ [ q+a.cos (n+l) rÐ

n9r t ll n>¡ - ^'

y I nb-cosnÕ+{cosO-ß I n2a.cosn'i'ri, n- --' , n9, n

I fo""tn(n-1)o+ [ 4, t,rsin(n+1)Õ
n)r ' " n)t -

y I narrsinnQ-ß [ n2brrsinnô . (3.1I)
Itz I n> I

r -n .. P nI j"'*, cosnÔ+ I ätr,-, co snÕ
rr=o Ír> 2

a
.¡ | nb-cosn0-ß | n2a-cosnô*;!cosÕ'ni r t ,ri, Ít ¿

Ï ä0"*, sinnÕ* I^q20.,-,"rrrÕft=o - fL> ¿

y I narrsinn@-ß [ n2brrsinnÕ (3.12)
n>t n>l

I
n¿r

(a co sn0+b sinnQ) ='nn

AfÈer appropriate redeftnitions of the dumny index in certaLn

of the suns, (3.11) becones

I
n> ¡

o

n
2

n
z

D

2

n
2

I
It

E each harrnonic i. (3. L2) yields 
'

a

b

a -8n2a -n- I n

bn_¡-ßn2bn-

a -vnbn+t I n

bn+r+Ynan

=0
0

n=Ir2r3,...

and

and (3.r3)
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Equations (3.13) constituËe two coupled systens of

sinultaneous differenËia1 equatÍons of infiniÉe dimension ;

theír solution yields arr(t) and bn(T).

3.3 InitlaL CondiÈions

In thís study we consider tr{o cases of ínitfal conditions.

3. 3.1 D et erninis t ic Case

I,lhen the inÍtÍa1 phase error at time t=0 fs knorvn,

iË wiIl be denoted by Õo , hence

P (0,0) = ô (0-ö )
0

(3 .14 )

The eorresponding Ín1t1a1 conditlons of the Fourier coeffi-

cients arr(0) and bn(0) "tn be deternined as foLlows.

Let qn(Ô-Õo) be periodic Pulse !raln of period 21t

and duration 2h , where h<¡/2. Consider only one period as

shown ín F ig. 6.

s(o-oo) = o lo-ool >tt

c(o-oo) = h lo-ool.t

lo-o l<r (3.1s)
' 0'-

and

(3.r.6)

Sincê q ís perÍodlc, a Fourier serLes can be used to rePre-

senË q fn the lnterval [-r,t] ; Ëhat is,

111

f olô-ô )dÕ = 1J " o'
-,ÌI



-T( E-h

Fìgure 6. Diroc Delto

q (@-q)

Functlon Representatlon
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I ^ + I ta cosnô+û sinnQ) (3.r7)q(a-ao) = 7 " o - rrgrtorr"'-rr\YTunÞl

r¿here

" 1T
â =:l q(0-Õ)d0

0 J 0

' -If

. ¡0"+h
= ! l'0 " l, do = !T ) zn T

0-h
0

. t1f
â = + I q(0-0 )cosnÕ d0n ÎJ o

-1I

- ,Ö +h
â = r l', " l= cosntÞ dQn 1r J zh

0-h
0

L . sln nh= -cosn\s --=-flonn

and

. tll
6"=#Jc(o-oo)sinnôd0

-?T

- ¡Ö*h-IlnI=;J " frsínnÖdÕ
0-h

0

I= - srnng srn nn
'' o -=r--

The DÍrac del-ta functíon can be defíned as

ô (0-0 ) = Lim q(0-0 )oh*oo

(3.r8)

( 3 .le )



s in nh
nh

to

s i nnÕ )
1
211

Hence

a (0)n'
and

b (0)
n

L im
h-'o

I
n> I

I co sn ( ô-ô
n> r l'

cosnÕ
0

s innÕ
0

I
1T

11
2T 'n

L1
2TT

1
1

L
1l

F , sin nh) ( cosnö #cosnö+sínnO: o nn On> I

(cosnQ cosnô*sinnÕ slnnÕ)
00

The Fourier series expansion of Ëhe DÍrac

díscussed in [101, t231, [24] and [31].

3.3,2 AÌbitrary Initial Phase Distributlon

If the íniËia1 phase errof

ly unknown, iË wíl1 be assumed to

that is,

(3.20)

(3'21)

delta function is

at Èiue 'r=0 ls complete-

have a uniforn dís ÈribuËion

lolìn (3 .22)

condlÈ1ons of the ¡'ourler

, wí11 be

P(0,0) = h
The co rr esponding init ial

eo ef f iclenË s, arr(0) and bn(0)

a (0) = 0n''

brr(0) = I (3.23)
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3.4 Conpu!âtlon of the Foulier Series CoefflcLents

To compute the Fourfer series coefffcients (arr(t)

and b_ (t) ) the Èwo coupled systems of lnflnlte dlmensionn

(3.13) have to be solved wl-th Èhe fnfElal condlÈlons dlscussed

ln Sec. 3.3.

UnforÈunate1y, a general closed form sol-utlon of (3,13)

cannot be obtained. Ilor¡ever for some speclal cases an analy-

Èic soLutton fs obLaÍned ln Sec. 3.4.L. An analytlc approx-

imate soluÈÍon based on the successive approxlnation úethod

is Siven in Sec. 3.4.2,

It should be mentLoned that the Fourler coefflcienÈs

satisfy Èhe Bessel inequall¿y [21]

a'
^q+ I (r, (t) + b2 (t) ) <¿:nn n> I

for all T>0

P2(o,r)do (3.24)

for f lxed (3 .2s)

the truncatlon justlflcatfon dts-

lnfinl te systenr of equations

I fll;.l
-Tt

However, sLnce P(Õrt) is a con!Ínuous, finite func-

Èion of Õ for T>0 , so 1s f2 çO,t¡ , and thus, the lnte-

gratÍon in (3,24) exists and is finlte. '¡'urthermore, the

Bess el inequality ( 3.24) Ímp1Íes that

and

lim
nl@

'I ]-

næ

arr(t) = 0

br.,(t) = o

Equations (3,25) rogeÊlìer wÍeh

cussed ln AppenrJix I indlcate that the
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(3.13) can be truncated and hence, P(0,r) and oå(r) ,

frorn ( 3.6) and ( 3,8) respecrlvely, can be calculaÈed r.¡1th

consJ.derable accuracy by using only a few terns of the ex-

panslon. Therefore, a solution of the two coupled systems

(3.13) r¡lth f íntt e dinensíon is soughr. This is done by

slmulation on a dígíÈaL computer. The resul!s are discussed

ln Chapter V. A solutlon can also be obËaíned by irnplenent-

ing any of rhe srell- es tabl ished t e chn ique s us ed for the anal-

ysis of RLC ladder netr.rorks t33l-t401. . The ladder neÈwork

representatlon of the problen Ís given in Sec, 3.5.

3,4,I AnalytÍc sol-utions for the Fourier Coefficlents
(Speeial Cases)

Analytic solutions of the infiníte sysrems (3.13) for

two special cases are presented. These cases correspond to

two different rûodes of operatÍon of the PLL. It is assuned

Ln both cases that Èhere is no additive noÍse r+1th the íncon-

ing sfgnal; that Ís, ß=0

3.4,|a Case of ß=0 and v=O

Thls 1s the case \*rhen Èhe frequency of the incomÍng

signal 1s knor¡n so that Èhe VC0 quiescent frequency can be

set accordfngly; consequently the problem 1s merely one of

tracklng the phase. The soluÈlon ls sought for Èhe case

nhere the lnLtial phase error ls conpletely unknown and 1s

Èherefore assumed Èo have a unlforn dlstrfbutlon; that 1s,

P(ô,0) = h , lOl S îr and zero elservhere. Thls is equivalenr to

an(0)=brr(O)=6.
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Ior Ëhis special case Ehe infinÍte sysËems (3,13) be-

come

n..na_(T) = ã a.,(T) - ;i-a_.,(r)I ¿ n-¿ ¿ n+t
and

ün{t) =åor,-r{t) -}bn*,(t) n=r,2,3,.. (3.26)

wi th
1a == , b = 0oT'o

and

â-(0) = b-(0) = o (3.27)nn

Slnce bo = 0 and bn(o) = 0 it is evident thaË

bn(t) = 0 for all r>0 (3.2S)

To deterr0Íne arr(t) , a soluËion of the forn

a*(t) = i er{t¡r(") (3.2s)
r=o

ls attenpLed. Ilhere *(r) 1s defined as

*(r) - K(K-1) (K-2) .... (K-r+r.)

Notlcing thaË when K is a nonnegative Ínteger Èhe series

(3.29) r.¡i11 obvlously terminate rüith K+1 terms or 1ess, and

thus convergence questions then are not invoi-ved. If use 1s

nade of Èhe easily establíshed relationshÍp

_ f (K+1)
f ( K- r+1)

**(r)-*(r+1)+"r(t)

(3.26) can be put ín !he form

(3.30)

( 3.31)
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æco

i ,r*t" - - 
'i 

'rr*(') - I {#u s.*,K(') (3.32)
r=o r=o r=o

after appropriaËe redefiûitions of the durnmy index Ín certain

of Ëhe suns. The requírenent thaE Ëhe coefficients of all

Tel-evant factoría1 powers of K vanish índependently then

yleLds the condlÈíons

e (t) = o
0

(3.33)

in correspondence with r=0 , and Ëhe recurrence fornula

r(r+1) t=1 ,1 .. (2.34)gr(r) = -rgï(r) - -T gaa¡(r) ! \J,

The lnltial condítíon, Cr(0) ' corresponding to ar.,(0) can

be easily evaluated from (3.29), The result ís

¡-t tf
cr(o) = Ët- (3.3s)

Equations (3.34) can be writÈen Ln matrix form as

å = I'
where

o = 1o o ç lTõ lÞl u2 oT

and

-1 -1

-¿ -J

(3.36)

B= (3.37)



The natrix I fs an upper

according Èo Cooke [26] has

nain dlagonaj-. Il enc e
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tr iangul-ar infinite naErix which

eigenvalues ìr, that lle on the

n=L,2r3, (3.38)

(3.36) can be puÈ Ín the fotm

À = -nn

and therefore the

g(t) =

where dr, '" are

conditÍons and u
n

As shown in

natrix that hâs as

where

solutlon of

-nTduennI
n> t

(3.3e)

iniÈia1

!o À
n

constants to be determlned fron the

is the eigenvector corresponding

Appendix A the modal natrix; ËhaË

1!s columns Ëhe eigenvectors, is

Q = {er,r =r¡affifif r

I{ence

e, (t) =

i -1
-t i!

^r-1z

¡ -1( i_i )]

r (n-1) I ,4 (n-r)! *n -nTe

(3.40)

(3.41)

(3 ,42)

r ! (r-1) !

The constanËs d

tl = (-1)n
n

By naklng use of

@

I (-r)"
n=o

, determfned in Appendix B, are
n

2
1T

the known relation [27]

_n I (n+r)
= f (r) (L+z)-t

lzl , t if r>0 z+ -L (3.43)
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the result of lnLroducing (3.42) into (3,41) fs

(-1)r . 2 -rsr(t)=Éf 
=lf 

(3.44)
e +I

Hence,

IiaK(r)=7 ¿ (-1)r(l) r.+l' (3.45)
T=O e +1

rqhích is the Binomíal serÍes of *,t- j-r*

Thus,

'lv
a*(t) = i lranh r/2]" (3.46)

Thís result can aLso be obtaíned by another nethod mentioned

in Appendlx C.

Having solved for the Fourler coefficients, Ehe modulo-

2r probabillty densiËy funcÈion and Èhe varlance of Èhe phase

error can be obtained by lntroducinC (3.28) and (3.46) into

(3.6) and (3.8) respecÈive1y

r(ô,r) =h*#"1 ,tÈanhr/2lncosno , (3.47)

and
*2 4 I a#ttanh t/2ln (3.4s)ofi(t)=i+ nì¡ n-

In Appendíx D íÈ is shorsn t.hat the infinite sum in

(3,47) converges Èo

1P(o,t) (3.49)



3.4.lb Case of ß=0 and YtO

In thís case the frequency of the incoming signal differs

from the quiesceflË frequency of Ëhe VC0; that is' Y+0 This

ís a nore praetlcal sítuation. The frequency dlfference rnay

be due to an actual difference bet\.teen Ehe transmitter and re-

ceLver, or lt roay be due Ëo a Doppler shÍft.

The initial phase error 1s assumed Ëo have a uni.f orm

distribuÊion. Foï this case the ínfinite systems (3.13) becoEe

årr{t) = ä "r,-,(r) - å an+r(r) - vnb,.,(t)

trrtt) = ä or,-, {t) - } br,*, (.) + ynan(r) , n=1,2,3, '. '

and

" = I and b = O (3.50)
OTf0

Based on lhe soluclon of ghe case l¡here Y=0 and a

knowledge of the sËationary soluË1on of (3.50) ' the complete

soluËion of ( 3 ' 50) r+iÈh the initiaL conditions

a (0) = b (0) = 0nn

is assumed ln the forûl

and

arr(t) = | tt<t)lt cos(nf (t)) ,

u,r(t) = f lt<.)ln srn(nf(t) )

(3.s1)

(3.s2)

v¡here f (T) and g (T) are func!lons of Ëime r wirh ínítia1

values

c(o) = f (o) = o (3'53)



3i

corresPonding Ëo (3.5r) .

InËroduclng (3,52) into (3.50) and onittíng the time

T for the momenÈ yields,

-gistn(nf)+åcos (nf) = |"o"((n-r) tl-{.o"( (n+1) f )-ygsin(nf )

( 3 . s4 )

eÊcos (nf )+Ësín(nf ) = !" rr, ( (n-1) r) -t'srn( (n+L) f )+ygcos (nf )

' (3'ss)

where
., df dsf=ãã and c=ãã

Mu1Ëtpl-lcation of (3,54) by cos(nf) and (3.55) by sin(nf)

afld addltlon yleId (after nakíng use of Ëhe trigenonetrÍc

ldenÈity cos (x-y) = cosx ' co sy + sinx'siny)

(3.s6)

(3.s7)

Also nultiplication of (3.54) by sin(nf) and (3.55) bv

cos (nf) and subtractlng yield (after naking use of Ëhe trig-

enonetric identity stn(x-y) = sinx'cosy - cosx'siny)

'r =.¡ - $ "rnr

Solutlons of the nonlinear' simultaneous dlfferential

equâtlons (3.56) and (3.57) are glven in Appendix E.

The re sult s are:

i.) For Y < 1

f (t) = arcran { + ranh(lÆtã)} (3.s8)
'/t-', ¿
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and

c(r) =

s Ính (;/1-y2 )

I.'^' ,L/-t-r'>t'
>l-

=arcran{ Y to"<!frT-t>
J-'ã-----{\"-L

sLr. ( rr'y2 -L)

/y2-eå'2 Gñz=T)

=1
arcran (f)

T

lîT¡V

( 3.5e )

(3.60)

(3.61)

(3,62)

(3.63)

li) For Y

f (t)

and

c (1)

iii) For

f (t)

and

c(r)

Iritroducing equaLions (3.58)-(3.63) into (3'52) yields

the corresponding Fourier coefficienËs eThich are to be subs Eít-

uÈed lnÈo equaËlons (3.6) to yield the nodulo-2n Probability

denslty functions of the phase error in Ëhe forn of an Ínfln-

iÈe series for each case. In Appendix F 1t is showfl Èhat these

írif iníÈe series, for dlfferent val-ues of Y , converge to

P(o,r) = h.
L-v2

cosh T -r2-'Æ4 slnh 1
I

- t.-r v J_-Y

l.cos0+y(1-cosh T, ) sinÕ
(3.64)

y<1where T, =

P(0't) =

when y=1

n (t2 +2-2r eo sÕ-t 2 
s inÕ )

(3.6s)
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and

'1

P¡lö 1\ = =-2It

\,7here

Y2-cosT -rl72-1 s 'nr
2

= Î,FîJ
, 

cosÕ+y ( l-cos'r, ) sínÕ
-l (3.6ó)

= arcsín Y (3 .67 )
0

!'or y>1 it follol,rs direc!ly fron (3.66) that P(0,r) is
periodÍc \,¡íth respecÈ Lo t and cannot Eend Èo any linil

with lncreaslng T , In thts case the phase error ís a perÍod-

lc nons tationary process.

.2

Hence for y1l

val-ue P (0,-) = ô(0-Õ )
0

Ëhe phase error. It is

Alternatively, Lf.

s È eady state phase error

loop never achieves loek;

or decreas e forever aJ.ong

1
0,r

Y>I

, P(0,T) will Ëend Eo lts stationary

, 0 is the steady sËate value of

shokrn in Sec. 3.6 that

(o-oJ ) < AK the loop locks wiEh a0-
Õ = arcsín y. If (uJ-uJ ) > AK the00
the phase errox continues to increase

a sinusÍodâ1 traJ ectory.

3.4,2 Approxlnate Solutlon Ín Closed Form

An approximate solutÍon of (3.L3) in closed forn can

be obfained by the successlve approxination method. Without

loss in generalÍÈy, the case when y=0 and P(0,0) = ô(0)

is considered. This is equivalent Èo soi-v1ng the systen

= å "n_,(t) -n2ßarr(t) - | a

and arr(O) = |

å (t)
n

wi th

,r+r ( t /

(3.68)



40

Mul-tiplying bo¡h sides of (3'6S) by .t'ßt and re-

arranging some of the Ëerms yields'

å1' ,""tßra,r{t)) = å."'ßt(.rr-, (r) - a,.,*, (t)) (3'69)

By inËegration (3.69) becornes

arr(t) = !"-"2ßt* !"-t'ßt ft ,""-,(.)-.r,*,(r)l"t'ßtdr.
o (3.70)

As an íniÈiaL guess , choosíng .jo ) C"l = an(0) = + to

be substiËuLed on the right-hand side of (3.70) to yield, as

a fírst approxímation'

(,),, 1 -n2ßta"'(T,, = ;. e

Introductng (3,71) into Ëhe right-hand síde of (3.70) yields,

as a second approxinâtíon,

l,)- I -n28r narr-'tt) = ; e " g;]ñZ:tt

- 2rr"-t'ß" ]

(3.7r.)

[ ( 2nco s he+ s iflhe ) e- 
(n2+l ) ßr

(3 .7 2)

wheree=2nßt.

As a third aPproxiûation one obtains

.(') (.) = *"-"ß'* tft' , '";il=lt'u' (2ncoshs * sinhe)

o"- (n2+l) gt

e¡1ffiru-l2n(4û4-9n2+4)coshe+(4nh-5n2+3¡sinhe]
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-- (r,2 +4¡ çt'r
J, 9--r-;1-;----, ^. (2nc.¡sh2¿ + 3slnh2e)4F(qn--vl

^ -n2 ßT
' -- 

tûe /4rìq-9n2+4)t ûtt,-2 1\¿tt,^z-ô\ \'
P\rr¡ r/ \r11 tl

. -n2 ß'r -r,2 ßT -.t2 ßrqne ne __ _ nte I ¡/1 r.\- 4;{t- - z(4"î4' - 4nr-l ) ' \r'/r,

s rnore convenient to

Ë) f a 
(K) rt l -u 

(I) (r) rdr' n-l n'ì l

(3 .7 4)

Kth approximê t j-on,

mation is not given

For nore successive approximaËions it

revrite (3.70) in the form

(x+r),-, 1 -n2ß'r, n [r--n'ß(ta; '(r)=îe *Z).
0

. where Èhe supe-rscript K denotes the

The form of h igh er order approx

because it is extTenreiy lengthy,

3.5 RLC Laddelr NeEI.rork Representation

More insÍght into the system of equations (3.13), and

hence to the analysis of the PLT,, can be obtained fron a network

theory poinÈ of vi ew.

Equatlons (3.13) :nay be considered as Èhe state equa-

tíons of RLC ladder net\.torks thaE have the Fourier coeffícients

as state variables.

Thls network representatlon of the Problem provides a

number of advantages, some are llsted here:

a) Solutlon for the Fourler coeff tcients can be obtalned

wlth Ëlìe ald of a ladder neËwork.

IË is mentJ.oned ln the precedlng sectlon Èhat the
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infinite systen (3 ' f3) can be truncated, hence a solu-

tion can be obtaíned by applying one of the nany Eech-

niques available in the liËerature for the analysís of

a finíte R!C ladder network t33l-t401.

By the virtue of this devel-opmenE Ëhe analysis of

Ladder networks Ís directly applicable !o the analysís

of rhe PLL.

b) suabll-iËy study of the sol-utlon' for boEh finite and

infinlte syste¡ûs, can be done vía network theory '

SEability of the ftniEe system Ís discussed ln Sec '

3,5.2a and that of t.he inflnite system in Sec. 3.5'2b.

c) A study and interPretation of the Èransient Process

of the PLL, for different iûiÈia1 condítions and SNR'

' can be raade in a laboratory uslng an RLC Ladder neÈ\'Ìork

sinulatiori,

3.5.1- Realízation of the RLC Ladder N

This sectlon gives the realizatlon of Èhe Rl,C ladder

neËworks thaL have Ëhe Fourler coeffÍcienËs, arr(t) and brr(t) '
as. state varÍabl-es.

Consider the Èl¡o tnfínite, coupled RLC l-adder networks

shown in Fj-g,7 níth sÈate equations given by

R 1 t, . Eà =--J-" -:-a -;-Þ +;-l L r L 2 L 1 L
11ll

. 1 G" - L e"
A ==-¿ - --3- a -=-a - --Zþ

2cl¡2c3c22 -2 2

"/ \¡

i\ . . .... ü\. ,y'.+- : .i. :.r.. . : l:,., -



q* +
t-

ba
=

f

I 
st

 s
e.

ti.
n 

A
nd

 s
eg

t¡
on

 
nr

h 
se

ct
iO

n

F
lg

ur
e 

7.
 

R
LC

 L
od

de
rs

 W
ilh

 C
ou

pl
ln

g 
R

ep
re

se
rt

ed
 b

y 
V

ol
tc

ge
 o

nd
C

ur
re

nt
 S

or
¡c

es

\-
-'-

.-



,R-r.l?Iq,
a=:--a-::a-=-a-:--o3L2L3L4L33r33

. 1 I irr. tt. L , 1 , tn, 8r,.,
a = :-(or =_)a - f,-(or ã-)"n- -(or ;)an+r--(or;-) Þn.t Lr, - cn' n-l n n n n - n n

R ' 
"'i =-=-.¡-¡ -*-¡ -=-LarL¡L?LI 1r¡

. 1 G,, t E"
b ==-b - ---- b +-a2ctCzcac2

-R-rt =+-b -:3b -+b +:3a
3L2l¿3L4t'3-3333

-. t r .. Rn. Grr.. | , I ., , "n, ,- 8.r.. 
-br. = i(or îro"_r- t(or {rot- \,.' Çrbn+r+ i-(or E)an

where b = b(t) and a = a(t). (3'75)

For Ëhe lvo systems (3'13) and (3.75) to be identical, Ëhe

el-ements of the ladder net\,torks should have the values

Rr, (or Grr) = 2ßn

Lr, (or 
"") = å

rr, (or e) = 2"1 ,

,l

and E = Ë n = 1,2,3,,... (3 .7 6)
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The t!eo infinlte Ladder netlJorks of Flg. 7 can be comblned

1n to one neÈwork wlth the ap proPr la t e choice for the coupling.

1t ls found thaÈ the coupl ing elements can be ideal gyrator s

r¿htch are passíve nonrecLprocal t!¡o ports. The resultlng

net!¡ork 1s shown in Ftg. 8.

3,5.2 Stabillt Stud

3,5.2a Stability of Èhe Finite RLC Ladder Net!¡orÀ

Since in the Seneral case equatlons (3.13) have not been

solved in closed forn, 1t 1s expedient to resort to a numerl-

ca1 soluÈlon. In this case a finíte number of sectÍons of the

RLC ladder net!¡ork is used. Hence, a sta',iLlty study of the

fÍnite systen is necessary. This ís carried out by applying

the Llapunov nethod of stability to the ladder net\eork of n

sectlons in FÍg. 8.

Èhe state equaÈions can be re\tritten

as

whe re

For zero ínputt

¡ù,=-uz (3.77)

a
!

a

I,

c2

L3
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(3.78)

where n ls the nurober of

Now let us pick Èhe

v (z) z1 Lz, o (3.7e)

as a ÈentaËive Li-apunov function for the sysÈem (3,77). Then

V(Z) aLong any trajectory ís obtâined as

. 1 .,ra 1 T .v(z) =;z-Lz+;z'Lz

.1

ladder seeË1ons.

function

vz*o

- I zrurt-tr ¡z

- I ,' (ttr+it) z

-zTnrz

r¡here HS synnetric part

+z'LL'Hz
z

(3.80)

of H

I
J

is the

t=l
L

given by
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Introducing (3.81)

ß,
ü12¡ ' 6

Ilence, Ehe assumed

the origifl of the

the Large [22],

2n

( 3 .81)

tnto ( 3.80) yields,

vz+o

for finiÈe values of

(3.82)

function V (Z) ls a LÍapunov funcEion and

systen (3.77) Ís asympÈoÈica11y stable ín

3 .5 .2b Stabilíty Study of the InfinlÈe Ladder

The stabillÈy of the infiniÈe RLC ladder neteTork of

Fig. 8 can be sËudied by a coroparlson meEhod' Thls neuhod

consists of conparing the ladder netk'ork of Fig.8 to another

one that has Èhe same toPology buÈ different êlenent vaJ-ues.

The method Ls demonstrated here on Êhe case ¡vhen Y=0

ancl Õ =0. In Èhi.s case b (T)=0 and hence, Èhe netlrork of
On

Fig. 8 ç¡íL1 have the configuratlon of Fig. 9a. Consider the

ladder neÈlrork of Fig. 9b ¡.rith state variables, Crr(t) ' sat-

isfying the rêcurrence re1âtion

ôrr{r) = }.r,_r(") nßc,r(t) - |crr*, (t) n = 1,2'3,,, (3.83)
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The reslstances and conductances of the ladder neE\'rork

of F1g.9a, except for the fllst reslstallce' are Srealer than

those of Flg. 9b. Hence' the forner ladder has more dampJ.ng

than the latter one. Aesuml-ng both netv¡orks have the same

lnttlal con<11t1ons and the same lnPut source r then from physÍcal

considerations (see A.ppendíx I) ít seens reasonable Eo åssume that

a (t) < c (t)n-n for all ( 3 . 84 )

Solutlons of (3.83), for

cussed in Sec, 3.3, are given

1cn(r) =+{áT37ranh

for cn(0) = arr(0) = 0

and

cn(r)=+{a

for Cn(0) = ar,(0) =

çhere

both initial condi tions dis-

in Apperrdix C. The results are

ê'tr+øt + arctanh < -Lll - ß]'¿ tTT6t
(3.85)

**b cosh T +a sinh T

a "."h r *-+t*-b 
"i"h T-x.

- ßÌ' (3.86)

t
11

a = t6+gz

¡=g+1

From (3.84), (3.85) and (3.86) one can surrnise that the in-

fintte ladder of F tg. 9â 1s s tab1e.

r* = tr lll6t
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3,6 Steady StâËe AnalYqis

The steady state úodulo-2r probabÍ1ity density func-

Eion aod !he variance of Ehe phase error can also be obtain-

ed wiÈh the aid of Ëhe RLC Iadder net\.7orks.

Since in the sEeady sEaEe (T*(o¡ all the serÍes in-

ductors become short-circuited and al1 Ëhe shun! caPacitors

bêcome open-circuited, the ladder network of Fig. 8 will

have the conf lguratÍon sho¡.rn in Fig. 10.

Applyíng Kirchhoffrs current and voltage laws yíeld'

a = -2nB a ta - 2Yhn+l n n-l n

. b = -2nß b + b + zya n = 1,2,3,,, (3.87)
n+l r¡ n-t n

In the case of no coupl-íng (y=0)' it ls evident thaË

br, = 0 because there Ís no input source.

Hence, ( 3.87) becones

â = -2n3a +an+l n n-t (3.88)

and the corresponding net\{olk is shown ln I'ig. 11.

The tecurrence formul-a (3.88) is identíca1 to Ehat of

the rnodif ied Bessel function [ 28] which is

- ,1 , - . t ì
r , \ã) = -¿rLg rn(Ë) + In_, (Ë)

n-r_ l Þ

tlence, a solution of (3'88) can have !he forn

( 3 . 89 )

arr(ß) = c(ß)rn(å) (3.e0)
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where C(ß) is a funcEion

as fo1lor+s.

The input resistance

of Fig . 11 is expressed bY

Uslng the seríes

Bessel functÍon of o rder

of ß (NSR) and
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can be det ermined

of the infÍnite resisEive net\tork

us ing Ehe con!inued fraction

(3.91)

and by expressing the dívlslon

tÍon ylelds '

in a contlnued fra c-
r (+)

0Þ

;15
1Þ

r (+)
o P = 2ß f

r, (å) 4g+
6ß +

1

IË is apparenË from (3.91) and (3.93) that

_ .1r (;)
R. (ß) = o'fr'n r (+)r'Þ

8ß +

1

¡ r'(Ë)
R- =;-(F

l-

nr 
o 
(f,)

(3.95) lnto (3.90) Yields '

Hence

a=
I

and
c (ß)

Introducing

1R,n(Ér=Zv'ræ
6^ Io * --:;-,--r -_atp 'r

in(å) = rfur" 
n!"

represenËation of the ¡nodÍf ied

n [28], Èhat is,

.1 .2k
\ zs)

Ii ("-Tk) !
(3 .9 2)

(3.e3)

(3.e4)

(3.es)



Havlne a-n
function and the

ed f rorn (3,6) and

?(0) =

r (+)nÞa = -'-"----;--n rro (ä)

2TI
0

I
2T
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(3.e6)

and b Ehe modulo-2n ProbabilÍry density
n

variance of Lhe phase error can be deLermín-

(3.8) as

r r1\
Fnó.+ ¿ 

-î-- 

cosnv
n>, nI (*)

0p

1

tro(ã) + 2

|.o"Õ
e

rår

_24-+¿ t¡ tt!,

"l,t"tå'cosnÕl

I
1

zrro (fr)
(3.97)

(3.98)

(3.ee)

(3.r00)

and

eÕ -
(-r)nrn(å)

,,'r 
o 
{f)

The steady statê nodulo-2n phase error probabiltty

densíËy function for Ëhe case when ß=0 and Y<1 can be

determined dÍrectly from lhe analytlc solution gi'ven ln Sec'

4.3.1,b, Frorn (3.58) and (3.59) one obtaÍns

f (-) = ârctan ---J- = arcslnY
fL4t

g(-) = 1

IntroducÍng (3.99) and (3.1-00) into (3.52) yields,

arr(-) = | "os Ir,(ar.sin'¡) ]

brr(-) = | srnIn(arcsínY) ]

and
( 3.101)
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llence, from (3.6) and ( 3. f01)

@'I 1P(0) =-r-i ) cosnIarcsiny-Ö]zlt
l1= l

(3.r02)

Compari.ng ( 3.102) anct ( 3, 20) ' then

P(0) = ô(O-arcsi'Y)

Hence, the steady state phase error

0 = arcsíny
0

(3.103)

(3.r04)

It should be noËiced that the sleady stare modulo-2¡ phase error

probabí1ity density functÍon and tlìe variance ' from equations (3.97) and

C3.98) , respeclívely, are consistent r'ríth those obLained by viterbj. [3]



citÄP T 11R rV

TRAI,ISIENT SllÄTISTICS 0F THE l'Ll l'¡ITll0LIT

lìllc0uB.s11 To THE FOKKI!.-PLANCK TECIINTQUI

4,I .U'._t_qoj_Ltc !j! on

To ob Lain the phase erro r Probability densily function

for a PLL dr:iven by a sinusoÍdal signaL and a narrorqband

sta!lonary noise Process ' the Fokkcr-Planck techníque is usual-

1y used,

Ilere another t.reatment ls presented which deals direct-

1y r+1th the l.inearized s!ochasEic differenLj.al equation of rhe

Loop plrase error It is shor"n t7l'lBl and [29] that the solu-

t ton of a linear sËochasElc dif ferential equat ion, dr iven by

a gaussia:t Process, is a gaussian P-¡ocees iqitlt lnear. valtie a¡'d

variance satisfying certain ordinary differenEial equations

of Èhe first-order.

Applieations of this Èh eo ry co the first and s econd-

orde-.- PLL t s are given.

4.2 First-Order Pha s e- 1o cke d Loop

It has l¡een shorvn Ín ChaPter I1 Èhat the equation des-

crlbes Ëhe fÍrst-order PLL operatÍon, equatÍon (2.15) 
'

tfq = (o-roo) - K[AslnQlt)+nt(t) l (4 'r)

Uslng the resul.t of [30], a lLnear: system equivalent Eo

(4.1) 1s found by determining a functlon n (o) 
' a functfon

58
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of the toop s 1. g n a L - t o - n o 1 s e ratlo, rvh 1c h ninimizes ttìe meân-

square vaLue of e (,1,) Ín the equation

o 
Ít' n KAn(o),¡ r'e (0) = (o-oo) - Kn'(t) (4'2)

v¡here e(Q) = ar I s ln ( { ) - n ( d ) 0 ] (4.3)

The expected value of Ehe mean-square of e (0) is

E [(e2(O)] - o'*'I In(o¿)0-sino]'zp(0)ai (4.4)

r,¡here p(0) is the steady state phase error PDF.

The val,ue of n r¿hich minimizes the expresslon (4.4)
tco-trc J 4,"i"Qp(o)a4,

n (a) = )^
J 0"n (Ô) aÖ

ì_----___i_ qs lnE
õa

ô'ss
where o1 Ís the sleady state Phase error varíance.

9""

Nor'¡ the equivalenE linear systen is found by dropping

the tern e(0) in (4,2). Af ter: a change of varial¡1es (4.2)

becones

(4. s)

(4 .6)ei-oKA¡g'=-¡Knr

u'here

{,' = n0 - Y

a'd .,-üJ
r^K
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Slnce nr 1s a I,aussian process, the soluLion of Lhe

llnear stochastic dl.f f ererìtíal equaLlon (4.6) is a gaussian

process \vlth a neaìì vâlue, mt(t) , and a varíance, o.1 ,(t) tv

r.¡hich satJ,sf y the ordfnary differen!íal equations of the

f írs t-order [29 ]

dml(t) = - KAn rn,(È) (A.7)dr
and

'-2 t -¡uu r | \ L, N

-+-- = -21(Ano1,(r) .F nrxr;! (4.8)dr a ' z

N

r.¡here --q is the tr*ro-síded spectral density of nt
2

SoLuÈion of (4.7) and (4.8), for m'(t) ancl ol,(È)
I

wÍrh thc initial condítions m'(0) = tO0' - and oô, (O) = 0,

yields,

m,(r) = (nó -y) e-nKAt , (4.9)
0

and
N

01, (r) = n'zx'zi [t - e-zKAnt, (4.10)
9/-

Hence, the mean value, rn(t), and the variance, o1(t),I
of Q will be

n(r)=A+(ó - L; u-rlt (4. j.1)
fl "o ll'

and
L- - 2nr.of;(t)=-(t-e-"') (4.L2)

rvhere

T = AKÈ ,

and KN -u
4A



value of rl (d) can

usually ínEeresËed in

ward adj ustIûent of (4

priare for lol . n

¡Ît
losinoP(o)do
)

-'lf

Now lhe

Since one is

a sËraightfor

Èha t is appro

where Õ is taken nodulo-2rr and P(0)

modulo-2n phas e error PDF.
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be deEermined as f ollorvs.

0 for the range (-r,r),

.5) results in an equatÍon

The resuLt is

(4.13)

is the s t eady state

hâve the

Introducíng

upon leEting

(4,14)

n (e) =
111

lo?p(o)¿o
)
-tr

In the case Y=O , P (O) and o$ r'¡ill
ss

values given in (3.97) and (3.98), respecËively.

!hes e values inÊo (4.13) and integrating yields,
-1P-o

1 -_: [I (a) - e *]o'o
Ìz - (-r)nr-(o)
+ r (c) + 4 iJ o ,r!:. n2

This series converges so rapidl-y thaE (4'14) can be caLculated

\,rith cons lderable accuracy by using only a f e\.t terns of Èhe

expansion [28].

Hènce, the nodulo-2î phase

fÍrsÈ-order PLL is

error PDF of the linearized

sn(O-Oo"-r1r¡z

e- t]l-=zlF 
-

lol :n (4.1s)

P(Õ,r) =
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4,3 d-order ?hase-loeked Loo

In order Èo analyze Ehe second-order

realÍzed Lha Ë the rnain diff erence from the

ís the loop fil ter trânsfer functíon. In

filter transfer functÍon is in the form

PLL, it should be

first-order PLL

this cas e the loop

The loop fi1Ëer of

¡(s) = 
-

s

which requlres a single

The equatlon that

second-order PLL , \rho s e

(4.17), is, from (2.6),

%Ð = (tr-roo)

Equat 1on (4.18) cannot

¡qou1d result 1n an equa

noise.

(4 ,16)

greatest interest Ls

(4.17)

lnt egraÈor with gain a.

d es crib es the operation of the

filter transfer function is gíven by

(r) l

* nr(u) ldu (4 . r8)

ed furËher, sirice Ëhis

the derivative of white

F(s) =ffi=;-
2

KIAsinQ(t) + nr

tL
ar I tAsinó(u)io

be dif f erentiat

tÍon involvlng

It Ís clear frorn (4.I8) Èhât the Process generated by

driving a second-order PLT, r¿ith white gaussian noise is not

a Markov process, however thê outPut of the second-order PLL

drÍven by whiËe gaussian noise can be deconposed ínto È1'7o

first-order equaÈions in the process and its fírst de¡ivaÈlve

Ëo consËitute a two-dimensional vecLoÍ Markov Process [3] '

Now if the subsÈiÈution



0(t) = x (t) + ax
2l

¿x (t)
where x (t) =--

2 " dt
[ 3 ] the two firsË-order

bJ

(4. re)

, is rnade in (4.18) one obtains

dif f erentía1 equaEions

x (t)
1

and

i <r) = -KAsin[ax (t) + x (t)] - Kn'(t) (4,20)
212

The second equatíon of (4.20) can be linearized by

lettíng sinQ * 0 , and hence, (4,20) can be etritten Ín Ëhe

form

dx
--=Bxfedt

= x (t)
2

\4,¿L)

where

0

- KAa
and

Since nt (t) 1s a staEionary gaussian process' it seens

reasonable Eo model the loop oPeration by the followÍng 1in-

ear sEochasÈic dtfferenÈ141 equatton [ 29 ]

dx=Bxdt*dv (4 .23)

where v(t) is a two-diroensional Weine¡ Process wlth variance
N K2

Darameter -+- .

0

By applying the theory of Aström [29], the soluËion of

(4,23) ls a gaussían pro ces s rùlth mean value, n(t) , and

varíance, V(t) , satlsfying the following ordlnary díffer-

entía1 equaÈlons of the f irst-order

l- o-l
"=ll| -r"' ILl(4.20

r-l
-i]

l-x I 'T
"= | t I B= IL-,.] L



l-m (ti.]
m(t¡ = | t r

I m (c)lL'J
and R = l-'l

L

So lution o1. (4,24) a

tnlt ial conditíons, is giv

N

v (r) = 'o [l-.-AKtqt1 4A2 a

= s m(r)

and

dv(r)=BV+vBT+R
dt I

where

and

^],-,rn (t) = e-¡r¡\L/ 2 [(cosQt
2

r¡h er e
- ¡,2v2

f2z = AKa q

v(r)
l-v (t) v (Ëil

-l t 2 I-tt'
lv^(r) v"(È)l
L' I
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(4 .24)

(4.25)

, (4.27)

(4 ,28)

AK Ej*q!) l

0 0-l
I0 Nok' 
I

-î- )

nd (4.25), wíth

en. in Appendix

A2K2 sin2Qtn -n- ez- *

(4 .26)

the appropriate

G¡ the results are

,(r) = 
*t*' 

"-o*'

ror(r) = e-AKt/ttul# xr(0) + (cosnt . f u*Erxr(0)1 ,

(4 .30)

- f "tåntrx, (o)-(AKa Sql*, (ol I

(4.31)
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Nor+, slnce Q is related linearly Eo x, and *, , ."

ó = ax * x , the conditionaL probability denslty function
t2

p(ô10 ,t) will be gaussian. one obtains from (4,27)-(4.3L)
0

for Ehe âverâge val-ue and the variance, the expressions:

$'= x^(o)e-AKt/2t{a- f¡ "iqt2

+ x. (o)e-AKt/2[, 
"o"Qr -'fI

and
N

(ô_õ'), = * tË + K)tr _ 
"-eKt1r

. -AKt NoK sln20t ,,.-i e -z- -¡¡-- tI! -

aK2N -AKt sÍn20t- ---T- e --iz-

* cosfltl

slnflt -
f¿r

. a.2 K2 sin2Qt, ,+ -n- -- AT-) J

A

(4 .32)

(4.33)

(4 ,34)

Sínce the average value and Lhe variance are now known

Ëhe gausslan process is conPlet e1y characÈerized.

Because of the cycle skípping phenonena (due to the

nonlÍneariLy and the gaussian noise), Èhe Phase error variance

in the steady staËe is Ínfinite. Ilovrever, in the Linearized

rûode1 the steady state phase error variance has a fÍnite

va1ue. By letting t'à@ in (4 '33) yiel-ds,



CHAPTER V

N U}f ERI C AL RESULTS

This chapter cont.alns !he results of Ehe sLnulatLon

of the finlÈe RLC ladder netvorks shor¡n Ln Fig, 7. Also' in

par! two of Èhts chapter, the results of the linearízatlon

Èechnique, used in Sec. 4.2 and the approximatLon s1n 0 = 0

are presenLed.

5.1 Truncated Ladder Technique

The sÍmulatloa of a finite number of sectlons (20)

of Lhe.RLC ladder networks, shown Ín Fig,.7, was carried ot¡E

on an IBM-360 computer using the Cofltinuous Systen Hodeling

Program (CSMP3ó0),

Tables I and II indlcaÈe the varÍous cases r,thÍch

çere sLudied for inltial condiËions P(0'0) = 6(0-0 ) and
0

1P(0,0) = n, respectívely, The speclfic values r¡ere chosen

so as Èo provide conpâríson with previorrsly published work

t3Ltr0Lt13LI14] and [ls].
IÈ is found thaË the staEe variabl-es, an(T) and br.r(.r), decrease

rapídly as n increase, for fixed , 0n this bases, for the calcuLatlon of

P(@,-r) a fínite number of variables 2n where n(20 is taken. Tl¡is n is chosen

such Ehst the value of the (2n+1) st,1Ëe vaïiable ts of the ordet of 10-6 of

the first stale variable.Thls ls shown together lrÍth Ëhe correspondLng n in

the lasE and second colurnns (of both ¿ables) , respectively . IË ls
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inEerestíng to noEe Ëhat the number of secEions increases

as the s ignal- Eo -flo is e ratio (a) increases '

The Ëransitional moduLo-21 density is dePicted in

Figs. 12-17 and in Figs. 19-21 for the cases shor¿n in Tables

I_ and II, respectively.

Figs. 1-8 and 22 are Plots of the Phase elror variance

for Ëhe Èr,7o initiaL conditions P(0,0) = ô(0) and P(0'0) =

I
,î ' resPecErveIY.

Figs. 13 and 16 are essenÈia11y ídentÍcal to Ehe

curves obtained by 0h1son and Rutherford [14] ín ¡helr nuúer-

leal teehntque. However, the comPutation tine required Èo

produce I'tgs, 13 and L6 ís nuch snaller Èhan the tine requÍred

by Ëhe algoriËhn in [14].

Fig. 17 sho\,¡s Èhe rnodulo-2n density f or varÍous

tine, T . Thí's data agrees niÈh that obtained by La Frieda

t10 1.

The steady state rÊodu1o-2T PDF deLermÍned numerÍcal-

Ly in this analysis agrees, for Y = 0 ' wiÈh the analyÈica1

resulËs found by the method ln Sec ' 3.6 and ¡¿1th Viterbl's

results [3]. The results obtained for a detuned loop as shown

tn Figs. l-6 and 20 agree çríth that obtairied by Viterbi t3l.

As fs expected, Lhese Plots defionstrate that the detuned

loop exhibits a definiÈe tendency to s11P in the directíon

of the steady sEate phasê shíft caused by deÈuning'

The set of condiÈions in Fig. 14 are the saxûe as

one of Èhose selected by Doniniak and Pickholtz [13] in their

numerical analysis of the fíxst-order PLL. The values of
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for snall T , in Fig. l4 are differenE fron those

in II3]. This is expecEed because the technique used in [13]

is not capable of accLrrately deterníning the !ime reference.

Thus , the t ímes appearing in their curves are d if f erenË f rom

the actual tines and therefore, Ëheir plot does not truly

represent the dependence of P (0'T) on tine'

The phase .ttot .,..i.nce is shown 1n Figs ' 18 and

22 as a function of ti¡ne for differenË values of SNR

(s.=2.2,2,8,3.5 and 5,0). The set of condiËtons of Fig' L8

are Ëhe same as those selected by Grandoni and Mengali [15]

in theír analysis . Theír curves, ÍdentÍfied by asterisks,

Èogelher r.rith those obËained by this study are shown in Fig.

18, The difference in the results, especiall-y for small o '

is due to the fact ËhaË thêy assumed a gaussÍan form for !he

PDF . However, thÍs difference in the results ' as it ís seen

ln ¡'ig. 18, dinlnishes as o increases .

FÍgs. l8 artd 22 also illustraËe that the transient

!ine decreases âs o increases. This can be easily exPlalri-

ed by noting that a large d inPlies less damping in lhe RLC

structure and therefore, Èhe Ëransient time is smaller '

1',) Linearization Methods

In th is secElon the results of the linearizaË1on

techflíque mentioned in Sec . 4,2 are presenÈed. A1so, the

resulËs of the approxiúaËe solutlon' tn which sÍn O ! O ,

axe plo tt ed.
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In Figs, 23-26 the PDF of the Iinearized Ioop (curves

labeled n I f) is compared \,7ith the PÐF obtained by the

ËruncaÈed RLC ladder Eechnique (curves labeled exact), for

varlous cas es .

In Flgs , 27-29 the results of Ehe approximation

sin 0:4 (curves Labeled n = 1) are compâred with those of

the 1Ínearizatíon technique and the exacË soluÈion ob tained

by the truncated RLC l-adder nethod.

IË can be seen that, for s¡ral-1 values of o , the

Línearizaeíon nethod \,torks beLter than Èhe aPproximatlon

stn o ! o 1f lol . n
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TABLI' I

P(0,0) = 6(0-Ô )
0

d n 0
0

't
The (2nt1) s tate
variable

0.1 2 0 0

0.06
0,15

1.45 x 10-6

1.12 x 1ds
-10I .27 x I0

1,0 6 0

0

0.06

0 ,24

0.51

0.8

1.0

5. 79 x l0- 6

6 .21 x I0
-145.36 x 10'

1.51 x 10 ,.

1.05 x 10-la

5.05 x 10-ls

.?Isl.n ;

0.06

0.51

1.0

4.93 ;ç 1g-e

3. 38 x 10-ls

2.g x l0-Ìs

1.68 x 10-ts

2,0 9
1l

2
0

0,06

0,50

t.0

5.0

1,96 x 10-6

2,4 7 x 70- 11

1.37 x 10-18

1.18 x 10-18

5.0 t0 0 0

0.15

1.0

1.32 x 10-6

2,4 x 1.0'- 12

6.04 x l0- 13



TÂBLB II

P (0, o) =
1
2T1

0 n Y T

The (2n*1) state
varial¡1e

1.0 6

0

,0

0.15

0.51

1.0

6.77 x !0 "

4 x 10 '"

1.96 x 10 '"
-155.05 x 10

.TTsan --
4

0

0. r5

0.51

1.0

0

3.32 x 10-ls

3.51 x 10-16

1.7 x 10 '"

1.69 x 10'

5.0 10 0

0

0.15

0.51

1.0

3.55

0

2.19 x 10-2s

5.91 x 1o-r o

2.64 x J.0'"

6.04 x 10-l 3
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CHAPTER VI

CONCLUSION

This study has resulted tn a nethod of finding

Èrans j-ent and steady state solutions for the Fokker-Planck

equation as applíed to Ëhe f irs t-o rder phas e-locked loop.

The neEhod provides anâlytlc exPressions for the modulo-2n

phase error probabÍlity density function for speciaL cases.

For the general- case' the Èhests develops a techníque (na¡nely'

the RLC ladder approach) rqhich is used to find the transient

and steady state modulo-2n phase error PDF nurnerically and

analytically, respectively. Verification of this technique

is demonstrated by comparison of che resulÈs obtained I.¡ith

Èbose previously published. Unl1ke existing nethods' the

present technique provj-des a conPutationally efficient neEhod

for the deterninaÈ1on of the ËransienË staË1sÈics of the firsL-

order phase-locked loop. Although a speclfic numerical tech-

nique (CSM?) was used to solve Èhe truncated RLC ladder net-

work, it 1s an advantage of this fornulatlon that any of the

crell known netnork analysis methods could be used Eo obtain

an analyËical solutlon for the correspondlng nodulo-2n phase

êrror PDF.

IE is hoped that Ehe RLC ladder approach presented

1n Èhis thesis' ûay oPen uP a ûew vista for fulure develoP-

ûent of the analys j-s of Ëhe nonlinear phase-locked loop

Èhrough !he anal-ysís of linear RLC ladder networks. In add-

90
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ition, 1t nay also provide more insight Ëo the transient

b ehaviour of the phase-locked loop,

The fact tha t the soluÈions for Èhe specía1 cas es

can be lnterpreted as solutions for infinÍte RLC ladder net-

r+orks r,¡1th special element values should also be of general

interesE.

The thesis also presencs linearízrttorr. åthods which

have result.ed in a systemaÈic procedure of obtaining Ehe

phas e error transítíona1 dens iÈ ies of firsE and second-order

phase-locked loops r,riËhou! recourse to the Fokker-Planck

Ëechnique.
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APPENDIX A

DETERMTNATION OF THE MODAL MATRIX

Q rN EQUATToN (3.40)

ï-et

value I n

then

By lettlng the firs t

that Is. u = 1 for n =- nl

u = [1 0 0 0 ...
I

Ehe ei-genvector correspondlng to the eigen-U be
n

of B ,

U n

BU

=[uuu- nl n2 n3

ûus t satisfy the equation

=À unnn

Introducing (3.36) and (3.38)

2 ( rt- l'\
'n, .Q,+1 = TÌTTjt ' .,,.¿

.Tu, ,... In&
(A.1)

. (A.2)

into (4.2) ylelds,

= [1

= tl

u n =0
2^,

u " =0
3)¿

0

z
?

2

0

t
J

entry of ea ch

r,2,3, ,., ,

o ... lr

]T

.T
I

]T

(A. 3)

eigenvector be unity;

then from (4.3)

ur¡ = 0 ' [>1

9">4, (A,4 )

By índucÈion r.te obtain

ur, = [t trr r, un3

and
u-

nT
z[- t (n-t) != tTl!:Tj !G:Tn

l' .u- = 0- n)¿
, L2r, ,

(A. s)

un.c



By def inirion

Q = tu u u u, ... I (A.6)'-r23J

Hence,

a = {q..} = {u..}' 'l-J Ja

and
i-r

^ _ 2-'(j-1)! ¡/À .?\
. 'ij i!(í-1)!(j-i)! '
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APPENDIX B

EVALUATTNG rHE CoNSTANT (dn) oF EQUATToN (3.42)

Iron (3.35) and (3.4f) one obtalns, for t=0,

i ('-t)ld =!(-1)'(r-r)r (B.t)a (¡-¡)! -n T ^r-tn=r ¿

By l-eËÈÍng n-r = m ' (B.f) becomes

I r(m+r) Ã =z,",rf(r)Å m! -m*r i (-r)'Ë (B'2)
Ít=o 2

But fron (3,43)' for Z = L ,

i <-rl'lGtrL - r(r)t -----ãl-- = -^'
m=o ¿

Introtlucing (8. 3) into (8.2) and conParir¡g Ehe result I'tith

(8.1) yiei-ds 
'

(8.3)

(8.4)

- T , -.m+r
dmfr ¿

d = (-1)n +l1 ¿
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APPENDIX C

. SOLUTION OF TI{E SYSTEM OF EQUATIONS

å r'r =Ec (t) -nßc (t) -*c (t) (3.83)vn\!,, 2 -n_r.-, Z nîL1..

AttemPt a soluËion in Ëhe forrn

c (r) = c gn(r) (c.r)
n

where C ís a coîstant Ëo be deËermÍned from

t =I =I (c.2)r, - uO - ?I

Tntroduclng (C.l) and (C.2) inÈo (3.83) and dlviding

both sides of the resulting equaEton by Ctt En-t yields,

.1 1^E=i: -sE-iE' (c.3)

(i) Consltler Èhe inÍÈÍaI condition Cn(0) = 0 , hence

E(0) = 0 (c.4)

Introducing (c.5) and (c.2) inÈo (c'1) yields'

InLegraring (c.3) keeplng in r0ind Ehe tnitial condition (c'4)

yíe1ds, fron [32],

E(t) = /îlET tant {i/L+Ot + axctanh <*lI - g (c.s)
/ t+gz

cn(r) = | fn;æ tann ¡llÑt + arcÈanh <18-1I - ß)"
/t+gz

(c.6)

1

(íi) Consider the inltial condition Cn(0) = fr ' hence



E(o) = r
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(c. 7)

Integrat.ing (c ' 3) with the ínitial condiËion (C ' 7) and

introducing !he result into (C.1) yields 
'

cn(r) =fr{.ffi-e}" (c'8)

rvhere

a = '/îz+1.

b=ß+l-

and

r" = r/92+L

For ß = 0 , equations (Cr6) and (c'8) becones' respec-

Eívely,
1 . r.û (C.9)cn(r) = f, [tanh 7l--

cn(r) = +
(c. r0)
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AP?ENDlX D

DERIVATION OF EQUATION (3.49)

From [27) one obEains

I 
""o"(no+ô)=i'ioz;;å38"Íu;B) 

l'l 'r (D'1)
n=o

For ô = O ¡ T = tanir I and T <'cÞ (D.1) becoroes

- 1- Eanh !'eo"o
I [tanir iJt "o"tto 

(D ' 2)
n=o 1 - 2tanh i'cosÖ + tanh' 7

Hence,

I Itant !tn"o"rro = i ¡tann fJncosnó - 1

n>1 ' n=o
r ' - tann2 |tanh i' co sa

I - 2cosÕ'tanh 7 * Ean}:'' :,

Introtluclng (D.3) into (3.47) ylelds, aflet sorne naníPulation,

.-^rz !
P(ë,r) =t= 

'--" 
' = '; 

-'u I - 2cosÖ'tanh i + tanh' i

which can be \rritËen as

¡/^ -\ - I 1r\Ytr''/ - 2n cosh T - sinh t'cos0 (0,4)
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APPENDIX E

SOLUTION OF THE NONLINEAR, FIRST-ORDER, SIMULTANEOUS

ÐI¡'FERENTIAL EQUATIONS (3.56) AND, (3,57)

Here Ehe soluËion of equations (3.56) and (3.57);

ÈhaË is,
. L .-è=ïrt-"') cosr (E.r)

and
. 1 +o 2

i=v-{*-stnf (E.2)
.É

. ,1Í ¡ ¡1e
rqhere f=ä and c=ãi are given.

Frour (E .1) and (E.2) one obtains

I(r-*' ) cosf,1o o 1'- o
:e=9,=.:1--df -;----i+;z 

-f Y - fsínf

(E.3) can be vrri-Ëten in Ehe form

(E.3)

(8.4)

(x.s)

r.¡h er e

M(f ,g) df + N(f ,g) dg = 6

M(f,e)=f{e'-r)"o"r
and

rJ-{- sinfN(f ,g) = Y -:,.

It is noÈed that (E.4) 1s not an exact differential

equation síncê # * H . However, it can be rer'7riÈËen as

an exacË differenËíal equation as

uMdf+üNdg=9 (E.6)
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where is an approprfaÈe lnLegratlon facLor so that

fo<uur=þ
It Ís found that

,, = g

" (*t-r)t

(uN)

\,rhLch satisftes (8.7) is

respect to

(E.7)

(E.8)

the exact equaÈion (8.6) can beHence, a solution of

found in the forûr

ù(f ,e) = constant

where #=u* and #=u"
Fron (E,5) and (E. f0) one obtalns

?v = u tc2-l) cosfâf 2 .¡, L)

and hence,

! =\ k'-t) sinr + t(e)

= Té:T, sinf + [(g)

Differenrlarlng rJ.r in (E.11) w1Èh

(E.5) , (8.8) and (E.10) yields,

4€(e) - Ys -dg - (s2-r)2

(E.e)

(E.10)

(8.1r_)

and us ing

(8.12)

Integratlng (E.12) and lntroducing the resul,t. tnto (E.11)

ylelds,
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Y
V = 77{=¡ sini - Tæ=Tl = constant

= V(f (0),e(0)) (E.13)

From (3.53) and (E,l-3 ) one obtaíns

Té5 sinr - Tår=i = t
hence,

1s = - sanr-Y

Introducing (E.14) lnto (E.2) yieLds'

Ê = +:: (y2-sin2r) (8.15)
.l

oï
fr' dr L 11=.:_|j y' - sin'f 2"t )
00

Int egra Ë ing both si.des of (E. 16 ) [25] yields,

f(t) =arcråni Y t.t (*,frTl)], (E.17)
'.....;.--={y'- !

sin<l ãz-t)

for y2 > L

f (t) = arctan 1|) , (E.19)

and

e(t) = + (8.20)
,t/ 4+t z

for Y2 =1 , and

(E.r.4)

and

(8.18)

-'vf (t) = arcran { --l- tanh (* y'r-yz)J , (8.21)
/L=^ê L



and

"1rr¡ 
r!"2ì-;Zt

_ _ tz'- I '

/col"z <|'tt=7, - ,'

for y2 < L ,

(E.22)
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AP?ENÐIX F

DERIVATIONS OF EQUATIONS

(3'64)' (3.6s) and (3.66)

The result of inËïo du cíng (3.9) and (3.52) int o (3'6)

P(o'r) = h + *"! ,,r(t) ln{cosnr(t)cosnÕ + sínnf(t)sinnÕ}

=f+llfr(t)lncosn(o-r(r)) (F'1)
n> I

Frorn [27] or^e obÈâins,

| .n"os(nx + 6) , l,l ' r (F'2)
n) I

I-errlng ô = O , X = O - f (r) and r = e(t) (F.2)

becoroes, for r ( - r

I te(.)lncosn(,Þ-r(t)) = # 1r.3)
n) r

InËroducing (F .3) into (F .1) yields 
'

n/Â -\ - r t - g'(t)r\y' 1,, - zr L - zci)cos(Q-f (r)) T-t(ãt (F'4)

Ior Y < 1.

LnÈrod.ucíng (3.58) and (3.59) into (¡.4) and making use of

thê tïigenometric ialenËtty cos (Q-f) = cosf IcosÕ + tanf'slno]

ylelds,
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I
2TP(0,r)

^T.cosn ;-

L-Y2

L-y'-
r - ^(2 - /;7 sinh r-'cosÕ -+ y(J--cosh t.)sinÕ

111

=r{Í4, , .r( 
(F's)

l.

_l
2T cosn

where î
I

for y >

InËroducing (3'60) and

!he sane rianiPulatíons which

1
D//ñ +\ = =- 

.
!\Y'l¡/ 

211

v2 - cosT - tÇz-1 
"1tt1, 2 '' 2

f'-'.----=
rqh er e r = 1l'(¿-L

2

(3.61) tnto (tr'.4) and following

produced (F.5) we obtain

(F.6)
cosô + Y(1-cosTr) sínÔ

T<.o

for Y = l.

Introduclng (3.62) and (3.63) tnto (F'4) and rnaklng use

of cos (Õ-f) = cosf'cosÔ + sinf'sinÕ yíe1ds 
'

?(0,r) = T<.o (F.7)
T(r2+2 2t co sô - t2sinÕ)
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APPENDTX G

DERTVATTONS OI EQUATT0NS (4.25) - (4'29)

Fron (4 ,20) , (4 '22) and (4 '24)

drn 1--
ãî- - '"

and

drn.=l = -KAaur - KAndt | 2

wiÈh Ehe initial- condítíons

m (0) = x (0) and n-(0) =-r'-' o' 2

Dl-fferenËiaÈing (G.2) wÍth resPecË

yleLds 
'
.2(1m

2,
ãiz- -

one obtaíns

(c. r)

(c.2)

x (o) (G.3)
I

Èo t and usíng (G.1)

(c.4)

(c.4) 1s a

tfon. The

condiEion

n (t)
2

where 0 =

droy¡ --3 + KAâm = 0-'- dt 2

= e-AKE/2[x,(o)(cosor - f "tånt, -

/ K2 Ã2
r'KAa - --

linear' second-orcler, ordinary dlfferenËlal equa-

solution of (G.4) which saEísfies the iniËial

(G.3) can easl1Y be obtained

xo (o)AKa uï@,

(c.s)

Integrating (G.5) and using (G' 3) yields '

rn, (u) = e-ÀKt/2 lsÍnQt x, (0) + (cos0t . f #e' xo (0) I

(c.6)
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From (4.20), (4,23) and (4 ' 24) one obtains

dvü ==-¿=zv
r dE 2

dv
í =., = -KAav - KAV +v

2 dt ! 2 3

dV N

ü = . -c = -2KAaV - 2KAv + ;g r'
3 dC 2 3 ¿

(c. 7)

(c.8)

(c. e )

Differentiating (G.8) once r,t.r.t. È

(c.9) yields ' .
O'-r-; - 4KAaV - KAV -V_

--¿222
3 2KA

Díf f erenÈ iat ing (G.8) tr,¡ice v7.r't

and (G.10) ylel-ds 
'

d3v d2v

-É * 3KA -;+ +
dv

2KA(KA+2a) 7¡! + 4x2n2av,

Ëhe initial co nd 1t 1o ns

N K2
and v fOl = -9-2'+

and using (G'7) and

. (c,ro)

and usíng (G.7), (G.9)

(G. rr)

(c.12)

(c.r-3)

(c . r4)

"ïåe'I (c'15)

So1ut.Íon of (G ' 11) wt th

v2(o) = ür{o) = o

yiel-ds,
N K2N -AKtV (t) = --;- e2+

v (0) = 0
I

yields,
N

v (È) = 
"o 

¡1_"-AKt11I tr|2 a

Using (G.13) in (G.7) and consídering the ínitial- condiÈion

A2K2 sin2oL ..,.+ -T- -l]- -|-Àr\
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(c,9) then integrat-Introduclng (G ' 13)

íng and usÍng V3 (0) = 0

NK
v3(t) = ;t: {r-"-A*ttr

and (G.15) into

y ields 
'

A2K2 sín208+ z ---at-- - AK sin20t, ,
2 n )J

(c.16)
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APPENDIX H

DERIVATION OF THE FOKKER-PLANCK EQUATTON [3]

oft

I

S

I

du

T

id

s

oc

r(

yl

s

r

e

1

he

l-v

nt

nt

na

c

fv

t-

I

I

a

r

R(

ho

cí

ån

c

r@ âp(0lQ-,t)
I ncol ---=;.L ¿ô
) or

0) is an arb itrary analytic f unctlon

u1d satlsfy certain condiÈíons ' to be

l- p(OlO,t+^t) - P(OlO
lim J -K(QrdQ 

-

A È+o -6

nC (2.9) into (lt'2) Yields,

- f@ læ

^ill il t J ntorao J n(zloo,t)n
-€O

f'o
I n(r)p(zlQ ,t)dzl
J0
-CO

ging the order of integratlon and

function R(Q) in a TaYl-or serie

I 5 | n("'r(,)Ð.(,)p(,loo,r)dz: nl I rr
nil '-6

n(r) ( r) - ¿nn( z) 
,.rldz

rf-o (z) = riro # I (O-, )"p(Olz,Àt)d0n' ' 
^t+o 

at )

(H. r)

ç¡hose deriva-

sEated b elot+.

^Ë

(H.2)

(H.3)

th e

y1e1ds 
'

(H.4)

,2) yields,

)do I r(zlq ,t)p(ölz,Lt)ðz
J0

)dzj

f integratlon and exPandíng

in a Tayl-or series about 2

ch

ri

I

!¡h er e

L,2,3,.,.
(H. s)

and
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Assume that R(z) and íEs derivaEives decrease suffieienÈ1y

rapidly as z -, !@ , so tha!

tCo

*(n-r) (z) Dn(z) pqzlqo,r) | =o

r@-t: ('.) h 
.'0",.,0,,:*,,.,, l_ = o

' 
^rri, 

' l-nrr) g--:- tD-(z)ptzló ,t)l | = o

âzn-t - tt - 0 l_
rhIntegratÍng the n'" Eern of the sun (H.4) by parts o tines '

and afËer subtractirig (H'4) from (H.L) and rePlacing the

varíab1e of inÈegration in (H.4) wlth Q , one obtaiûs

,@ ap(OìO ,t) , ,,f, ^D
Into)¿o {t -*l - I fr- tDn(o)p(ölo0't)l} = 0
) d ,lr ,., ðo 

(H.6)

Sínce R(O) \tâs an arbitrâry function except for the

above condltions on iùs derivaEives, in order for the Ínteg-

ral- to vanlsh' the quantity ln brackeËs rûust also vanish'

Hence,

ap(OlQ ,t) - t-,.'r..'r-'-'l'.- = l lj:fl d _ r Ì.\ /Àr^r*l* ,t)l (H.7)
Àr- ô q! ^,'n 

t"ntY" ¡'rYlYoo' nlr â0"
r,¡here

D- (O) = lín * I (^,)'p (tzlz)atz
', 

^r*o 
-" l_

= rrn Et(Az)nlzl (H.B)

^L+o ^t
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JUSTII¡1.ChTION OF 'II{U,ICATlol't Ol' TUE .iNl¡INl-TE

sYsrnM (3,13)

'1lre approximation of the lnfj.nite systern (3,L3),for Y=0' by a

f.j,nj.te system of order: N can be jusÈifi.ed by using a bouud on a*',-, (for

a suitably chosen N) to sho\{ thât the errors due to truncation are

negligibJ,e , I,Ie proceed as follor+s : Suppose 5t+l 1" kr-rorvn , then å11 lhe

vaÌlables a ('r) (lcn<N) can be deternined by solving the finiÈe systern
n

of equations :

år(r)=-ßal à"r*r*

är(r) = ut - 4g o2 - 
^3

N -_2^ NaN(r) = 7 fu-r -N þ tr - 2 Xl+r (1. 1)

which are the state equation for the ladder nettvork consistíng of the

first N sectÍons sho¡.¡n ln Irí9.30.

Systen (I.1) can be writterL ln rììatrix form as

å=Aa*BrUr*BrU,

r,¡her e
,=["I uZ 13 fo]t,
ur=lt o 0 0lr

Bz=looorlr'

(r,2)
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-1

I

I'
,r'dN

/,

3
,

I-'L

-4ß
3

,

ur uz = -ä ""*,

Since the net\.¡ork is linear' the lesPonses ar., ( 1.1n-1W) are the sun of

the individual responses due to E' the lnítíal- conditions and J '

l,eL â be the response due to E and the initíal conditions and ã the

response dìle to J. Theref o.,:e '

a=â't'ã (r. 3)

I,le r:or¡ use a bound on J to obtain a bounrl on ì1" - all;llall.'

!'urthermore, by an appropriate choice of Ìl thís bound can be roade

negligibly srnal-I. Thus â c.an be made a good apProxímatj-on to the desire

val-ues a i that is' â is obtained by solving the fÍnite system by siuply

leltiDg J = fu*f =0

To obtal-n a bound on 1q-¡l we proceed as follor.' :

The solutions of (3.13) for $=0, vhích corresponds to an LC ladcler ,

are rvell behaved and the eigenvalues are all negai-íve in1-egers,(Àr.r--t)

Also the solurion6 of the speclal RLC laclder of FÍg.9.b are ¡'rell beìravecl

and the eígenvalues ( see the second parÈ of this Appendíx ) are all real

and negaLíve ancl to the left of the corresponding ones of the LC case '
2 t,

for every tt ( Àr, = -n(g + 1 )'') ' Or, thls basjs one can reasonably assunte

1

21f ar-r 11
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tlrattheRLCladderof]]ig.9,aisr.'el].I¡ejraveclairdLl'reeíSenvaluesoftlie

sysLô (3'13) ¡¡j,l-l be l-o Lhe left of lhe correspolrcliùg ones ín tlìe specjal

RLC case siuce Llte danping is greater. Thus tlìe response l¡í11 be ¡lonotonic

and a1s o
an(r) < cn(r) (r'3)

llence,

J(r) = 1q+r(t) < cN+l(r) (I'4)

To fintl the response clue to J rve use the tvell-knolvn result for a fínite

linear system [22] :

- l" A(r-*\ã = J e"\ "-E'82 aN.r-l(t) dt (I ' 5)

By raklng the Duclídean norm of boËh sides of (I'5) one obtains

T

llãll,: f ll"o('-tl1l,c,o*r{t) at (r.6)
u

si.nce tl-ìe system ls asymPÈoticall-y stable ' there exíst posiLive

þ¡ and kz such tlìaE [42]

¡ ^A(l'-t) ' - ,- ^-kz (r-t)¡ - tt¿ : k¡ g ""'' -' (f '7)

rvhere lcl can be tâkcn as

_u
¡, =¡ ¡p¡¡rt n-irr = ,g-.1Ð( (T.8)

l_r¿lt ' llz 
. 
p¡ni'

vhere P is the nodâl matrix of À ttd U,no* and U^.n are thc maxÍmurn and

the ninimum slngul-ar val-ues of P r¡hich are equal to lhe square rool of

the r¡ìaximum and nini¡nurn eigenvalues of lTf, resPectívely [43] Thus

ntax IÀ, (ÞrP) l
. L t,

¡, =1---l----- . .- Ì2 (r. 9)
min lÀ. (P'P) J

a

lrl,ertu FT ís thc conìPl.cx conj ugate LransPose of P '
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l,lhen Lhe eigenvalues âre distinct, as is the case here, kz is defined as

Èhe snallest (i-n magnitude) real Pal:t of the eigenvalues of A; that is'

kz

A lor,¡e¡- bound for kz

terns of the elenìent

bound is $ . Thus ,

Ài (A) 
I

(r.10)

given by MarLens [44,equation (16)] j.n

netr¡ork, For the nenrork of Íi9.30 this

= min| Re
i

has been

values a

kz ì .ß (r.lr)

Nor., for the case ar.,(0)=0 , 
"or+f 

(a) is bounàed by the steady state

val-ue ,since it is monotonic ; that ls '

For the case tvhcn an(0) = cn(O) = +

"r,r+i(t) 
< cN+l(r) < cN+l(r.)

rnrroducins (r.9), (r.r1), (r. 12)

af t er: irÌ!egraLing ,

('r.12)

, a*.r-, (-r) is boundecl bY

=M^(t>r>0) (I.r3)
L - 

e-

and (I. r3) into (I.6) yíe1ds

, (r. 14 a)

, r^,,, (1/ß)
un_,(.). o¡r+r(*)=+1iÏl76- = Ml

-t\'1-t

'ax ¡l- (Þrr) J

Il ã ll:1--r----- 1z þ
min [À. (FIp) ] P

(for ao(O) = crr(O) = 0) and

max tÀ, (ÞrP) I ìln

ll;ll^f{+iLt¿:n"..t,, ,,2 
rnin t)..(Þ,p)l 

p J

a

(for a',(o) = c,.,(o) = f l, "l'"ii;
r,=l--ß('r.-t)"nt:= J e unnt(t )

0

(r.14b)



xlltIl]j..e 1._EëSU¿Ie

1- Consider the case of a (0) =0. ß = 1,0 and N= 20
D_

llãll < 2.54 * ro-27

2- ConsÍder the case oÍ a.,(O) = Cn(O)

J19

1
'lt ,ß - 1,0 ancl N =20

llã

1.43 x 10 -
_¡ì

2 .28 x 70 '
_a

7.39 x 10 "

EVALUATION OF TTIE EIGENVALUES

0r TIIB SYSTEII (3. -?8)

Fron (C,6) one can rvrlte

ci(r) = | { l, t.rlt ['rb, * arctanh bz ] - bfz]

2 r-
¡qhere bl ={ß +1}-' and .t) ¿r,' {g +r}''

By letting 0= arcÊanh b, , Cr(t) can be rvritten as

(t,15)

0. 06

0.5

1.0



r20

b . - (l) , r'l-20) - (b , r+20) -2 (b r r-l-20)
cr(r) = ît {-rr+(I-e ' )(l-. ' +e -

-n (b , r+20)
(-1)n e r ) ]

2b- -nb,T -2nO
Þr ( l-¡.) +-+[ (-])n. t u (r.16)

=1f ' t" n¿l

-2t tt" t"ttri=i:
.-2n0 _ 

" 
{g'+I}-" =¡{g2 r-r) _gJ2n (r.17)

llence,

1 . -,, - - ?{gr*r}å r (-:)'t{g ,+t}k -gl2n "-'''r{ß2+: 
iLct(r) = I ttß'r'11 '- ßl* ,, n>1

(r.18)

But the Seneral solution of the system can be lvritten as

But

ç1(r) = clss * 
.,3ror, ur, .-^t ' Cr. re)

where C1"" i" the steady state solution ,

dr.,l are constant to be dete¡mined from the initial conditions '

.Àr, âre the elgenvalues , and

U the corresPonding eígenvalues 'n

Comparing (I.I8) r.'ith (I.t9) yields '

-1.À = -ntß'+ij'
11

(r.20)


