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Spectrally Precoded OFDM

Char-Dir Chung, Senior Member, IEEE

Abstract—By bilinearly transforming the rectangularly pulsed
multicarrier basis signals, new basis sets containing full-response
continuous basis signals are developed for constructing spectrally
efficient orthogonal frequency-division multiplexing (OFDM) sig-
nals with or without cyclic prefix (CP) or zero padding (ZP). Both
multiple-product and linear-combination formats are presented
for these basis sets. In the multiple-product format, the devel-
oped full-response basis signals are shown to be zero-valued at
interval edges, and thus can be used to construct continuous-phase
OFDM signals. It is analytically shown that the constructed
continuous-phase OFDM signals exhibit relatively small power
spectral sidelobes which fall off as 7%, and can thus provide
much higher spectral efficiency than the traditional rectangu-
larly pulsed OFDM signal. In the linear-combination format, the
proposed basis signals are shown to be the linear combinations
of rectangularly pulsed multicarrier basis signals, and thereby
allow for the efficient realization of fast Fourier transform (FFT).
Specifically, a spectrally precoded signaling structure is developed
in conjunction with inverse FFT and guard insertion to construct
continuous-phase OFDM signals with or without CP or ZP. The
corresponding spectral decoders are also developed to enable
zero-forcing (ZF) demodulation for spectrally precoded OFDM.
With the zero-forcing demodulation, the spectrally precoded
OFDM schemes are shown to outperform in average error-rate
characteristics the conventional rectangularly pulsed and correla-
tively coded OFDM schemes on various delay-spread channels.

Index Terms—Cyclic prefix (CP), fast Fourier transform (FFT),
orthogonal frequency-division multiplexing (OFDM), spectral pre-
coding, zero-padding (ZP).

1. INTRODUCTION

RTHOGONAL frequency-division multiplexing (OFDM)

[1]-[23] has been well known to guarantee reliable com-
munications over channels with impulsive noise, dispersion,
and/or multipath fading, and adopted as the modulation method
in many contemporary broadband communication applications
[27]-[29]. Most applications entail redundant block transmis-
sion and enable efficacious block processes to counteract the
adverse channel effects by inserting guard intervals with cyclic
prefix (CP) [4]-[8] or zero-padding (ZP) [9] among useful data
blocks. Since block processes can be efficiently implemented
using fast Fourier transform (FFT) algorithms [16], a large
number of multiplexed subcarriers (sometimes, hundreds) is
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commonly used for embodying OFDM so that the channel
counteraction is exploited to a large extent.

Pulse-shaping is important in the OFDM system design. Most
practical approaches use rectangular pulses [4]-[15] because
such a pulse shape is very suitable for use in conjunction with
the FFT process and guard insertion. Unfortunately, the rect-
angularly pulsed OFDM possesses discontinuous pulse edges
and exhibits relatively large power spectral sidelobes which fall
off as f~2 [15]. To minimize signal distortion over bandlim-
ited channels and power spillover into adjacent channels, the
subcarriers at the band edges are not modulated for most ap-
plications [27]-[29], thus reducing the achievable spectral effi-
ciency. Although smoother pulses of finite duration [17]-[19]
or infinite duration [1]-[3], [21], [22] have been suggested for
OFDM, these different pulses are not widely adopted in prac-
tice, because implementation of FFT becomes either impossible
or very complex (e.g., [3]), and guard insertion is sometimes in-
feasible when the pulses other than the rectangular one are used.
In order to increase spectral compactness, lowpass filtering after
the inverse FFT (IFFT) process and guard insertion is prag-
matically applied to the rectangularly pulsed OFDM signal in
practical transmitters [20]. This, however, breaks the orthogo-
nality among multiplexed subcarriers, and sometimes, consec-
utive blocks, and entails noticeable degradation in error perfor-
mance, especially on dispersion and multipath fading channels.

Precoded OFDM is a popular signaling structure adopted in
many studies to enhance various performance characteristics
of rectangularly pulsed OFDM while simultaneously enabling
the FFT process and guard insertion [6]-[8], [10]-[15]. By
delicately introducing correlation within data blocks in the
frequency domain, many precoded OFDM schemes have been
devised to counteract channel effects [6]—[8], suppress intercar-
rier interference [10], [11], reduce peak-to-average-power ratio
[12]-[14], and increase spectral compactness [15]. Particularly,
a class of correlatively Gr,-coded OFDM schemes is first pro-
posed in [15] to significantly improve the spectral compactness
of rectangularly pulsed OFDM. These schemes are applicable
to the OFDM signals without guard intervals (NG-OFDM),
with CP (CP-OFDM), and with ZP (ZP-OFDM). G -coded
NG-OFDM and ZP-OFDM signals are analytically shown to
possess extremely small power spectral sidelobes which roll off
very fast as f 22 As a result of this property, much higher
spectral efficiency than rectangularly pulsed OFDM is achieved
by Gr-coded OFDM, and the improvement increases with L.
However, because correlative coding breaks the orthogonality
among multiplexed data-modulated waveforms, Gj-coded
OFDM degrades remarkably in error performance from rect-
angularly pulsed OFDM on the additive white Gaussian noise
(AWGN) channel and various delay-spread (DS) channels with
continuous spreads, and the degradation increases with L.
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In the paper, a new class of spectrally precoded schemes
is proposed to improve the spectral compactness of rectan-
gularly pulsed OFDM without trading off error performance.
The key idea here is to develop new basis signal sets for
OFDM, which can achieve high spectral compactness while
enabling realization in the precoded OFDM structure. Because
the proposed schemes are constructed from new basis sets,
the orthogonality among multiplexed data-modulated wave-
forms on useful data intervals is sustained, thus warranting
the error-performance prevalence achieved by OFDM. The
new basis sets are developed in Section II by bilinearly trans-
forming the conventional multicarrier basis set that constructs
the rectangularly pulsed OFDM signal. Because full-response
continuous basis signals with zero interval edges are contained,
these basis sets enable the construction of continuous-phase
OFDM signals. The corresponding precoded OFDM struc-
ture is formulated in Section III. Several spectrally precoded
NG-OFDM, CP-OFDM, and ZP-OFDM signals are shown to
possess small power spectral sidelobes which roll off as f—*.
A zero-forcing (ZF) receiving scheme is given in Section IV
for demodulating the spectrally precoded OFDM signals, and
compared with uncoded and G;,-coded OFDM schemes in error
performance. Section V concludes the paper.

II. USEFUL BASIS SIGNAL SETS

A continuous-phase modulation signal is commonly referred
to in the literature [21]—-[25] as the digitally modulated signal
that is continuous on the time domain. Due to phase continuity,
continuous-phase signals are known to exhibit fast spectral
rolloff at band edges in both single-carrier [23], [25] and
multicarrier [21]-[24] modulations. Particularly in [21] and
[22], the NG-OFDM signal is generally formulated in terms of
the orthogonal multiplexing of linearly data-modulated basis
signals, and shown to have the power spectral density (PSD)
in the general form of a sum of the squared magnitudes of
the Fourier transforms of basis signals. The general signaling
format indicates that the continuous-phase NG-OFDM signal
can be constructed by using the full-response basis signals
that are continuous on |t| < 7T;/2 and zero-valued at both
edges t = =£Ty/2, with T, denoting the time length for
sending a useful OFDM data block.! As a result, the PSD of
the continuous-phase NG-OFDM signal is determined by such
constituent basis signals, and thus exhibits small power spectral
sidelobes which roll off as f~* or faster [26]. Because the
ZP-OFDM signal is zero-valued in guard intervals, the basis
signal sets constructing continuous-phase NG-OFDM signals
can also build up the continuous-phase ZP-OFDM signals
exhibiting small power spectral sidelobes. Such basis signal
sets are exploited below.

Denote ¥ as the multicarrier basis set that expands the rectan-
gularly pulsed OFDM signal using N radian frequencies equally
spaced by wy 2o /Ta. When N is a positive integer power of

IIn the paper, a signal set is called a basis set if all the element signals are
orthonormal in the sense that they have unit energy and are mutually orthogonal

on [t| < T4/2. Two disjoint signal sets are said to be orthonormal if all the
element signals are orthonormal on || < T,/2.
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two and wy is an integer multiple of wy with wg > wy, ¥ can
be expressed as?

v 2 {cO), 5O t);n € Zv } )
on |t| < Tyu/2, where CS™(t) and SS™(t) are the quadra-
ture carriers with frequency wg + (1/2)mwy + nwy, defined
by C™(t) 2 \/2/Tycos((wo + (1/2)mwy + nwa)t) and
S 2 \/2/Tysin((wo + (1/2)mwg + nwa)t), for n €
Zn and m € Z,. Note that U is exactly the basis set {25
in [21]. Because one-half of the basis signals (i.e., Cr(lo) (t)s)
are not zero-valued at edges ¢t = +7};/2, the NG-OFDM and
ZP-OFDM signals based on U are discontinuous in phase and
exhibit relatively large power spectral sidelobes which fall off as
f —2_ Nevertheless, the other half of the basis signals in ¥ (i.e.,
540 (t)’s) are both continuous on |¢t| < Ty/2 and zero-valued
at edges t = +7,/2. In what follows, we intend to construct
from ¥ some new basis sets containing more basis signals which
are continuous on [¢t| < T;/2 and also zero-valued at edges
t = £T4/2. These new basis sets are obtained by applying a
bilinear transform to ¥ and its transform output sequentially.
Specifically, the bilinear transform is defined by converting a
2K -dimensional (2K-D) basis set {hy(t);k € Zox } into an-
other 2K-D set by

(he(t)sk € Zon} = {% (hok(t) £ hagss (£)) 1 € ZK} .
©)

Because the orthonormality is preserved with the transform, the
output set is also a 2K -D basis set. Moreover, if the basis signals
in the input set are continuous on |¢t| < T;/2, so are the basis
signals in the output set. Nevertheless, the bilinear transform
may generate a new basis signal that takes zero value at edges
t = £7,/2, even though its constituent original basis signals
are not zero-valued at the edges. This is the key idea behind the
use of the bilinear transform for developing more zero-edged
continuous basis signals. Conveniently enough, we classify the
new basis sets into two families, as follows.

A. Family W

Define the following signal sets that contain continuous sig-
nals on |¢| < T,/2:

o2 {PWCs) ). PO WSS in € Zypf G
@spé{ (I 0) 2 0620
(H (1) )P§i> (18,5 4y (1)

nEZN/Qu}, u=23,...,logg N 4

2Throughout the paper, we denote Z 2 {O, 1,....,K — 1}.
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q)(d) {p(s) (H P c)
P(s (H P(c ) 2u+<(u)( )in € ZN/ZH},

u=1,2,...,logg N %)

where Prgc)(t) 2 V2 cos((1/2)nwat), P(S)() =

V2sin((1/2)nwgt), and ((u) £ S22k = 2u=1 — 13 By
applying the bilinear transform (2) to ¥ and its transform
output sequentially, various unions of these sets are shown to
form basis sets as follows.
Lemma I: Foru € {1,2,...,log, N}, ' and ®{" are two
orthonormal 2} =% N-D basis sets and form a 22~* N-D basis set.
Proof: Foru = 1, @gc) U @ is the output set after ap-
plying (2) to ¥ with A, (t) = cl (t) and hy1n(t) = 57(10)(75)
for n € Zp, through the aid of (32)—(35) with « = 0.4
Since V¥ is a 2/N-D basis set, the transform output <I>(c) U @§‘”
constitutes a 2N-D basis set. Thus, @gc) and <I>§d are or-
thonormal N-D basis sets. For v € {2,3,...,log, N},
<I>1(f) U @&d) can be obtained by applying (2) to <I>5Ld )1 with
ha(t) = PO P )OSy ey (®) and
hjzern(®) = PO P 1) SS9y ()
forn € Zy/gu-1, through the aid of (32)-(35) with a = 1.
Since @fld_)l is a 227" N-D basis set, so is the transform output

) U oD 1t follows that ' and (" are orthonormal
217% N-D basis sets. O
Lemma 2: <I>§C)7 (e ), . tb(cg  are mutually orthonormal.
Proof: It can be mferred from the proof of Lemma 1 that,
foru € {2,3,...,logy N}, 3'?) is orthonormal to U%™ lq>(c)
because <I>$L contains basis signals residing in the space
spanned by <I)1(L )1, and U~} @EC) is orthonormal to @,(u'l_)l. The
lemma is thus proven by induction. O
Because P\™) (£71/2) # 0 and P\ (£T4/2) # 0 for posi-
tive integer k, all the signals in <I>7(,,d ’s are not zero-valued at ¢t =
+T,/2 and are thus obsolete. However, since Pl(c) (£Tu/2) =0
and PZ(f ) (£T4/2) = 0 for positive integer k, all the continuous

signals in <I>1(f)’s are zero-valued at t = +T7,/2 and are thus
useful. In conjunction with Lemma 2, this indicates that any
union of <I’( ) (D(() ..... (I)l(;;  forms a basis set containing
zero-edged continuous basis signals on [t| < T,/2. Accord-
ingly, the family of basis sets {Wr; L = 1,2,...,logy, N} is
thus proposed.

Proposition 1: For L € {1,2,...,logo N}, Wy 2

UL_ ®{) is a 2M-D basis set containing zero-edged contin-

uous basis signals on [¢| < Ty/2, where M 2 Zle 27IN =
N(1-271).

Notably, W is exactly the N-D €4(1) in [21]. Except W,
the other WWp’s are new basis sets that were never exploited.

3By default, weset > f; =0and [[7_, fi = 1ifm > n.

“4For notational brevity, sign inversion has been applied when deriving fb(ld')
and ®(°) with « > 1 by quoting (35). This does not, however, affect the or-
thonormality characteristics of the signals contained in these sets.
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B. Family V

Consider the following sets that contain continuous signals
on |t| < Ty/2:

u—1
oA (s) (c) (0)
6( )2 {PN/Z"( ) H PN/2"( )Cn+2X(u+1)( )
k=1
(s) .
PN/2“ H N/2“ n+ X(u+1)(t)
nEZN/2u}, u=1,2,....logs N =1 (6)
log, N
() A (e) (1)
610gz N~ H PN/2" On+2x(1og2 N)( ):
logy N
(e) 1)
H PN/?“ Sn+ Lx(log, N)(t) @)
dyA () (0)
61(1)_{ PN/Q"( )Cn-i- X(u—i—l)(t)
k=1

u

(e) (0) )
P]\T/Zk (t)S’an%X(u«Fl)(t)’ n e ZN/2“ }

k=1
u=1,2,...,logy N — 1 ®)
log2 N-1
(4 A (e (1)
6108) N H PN/Z’” Ozx(logz N) (t)
log2 N-1
(S (e g
P H PN/Z’” %X(log2 N) (t) )
with x(u) 2 ~1 N/2F = N(1 — 2'=*). Analogous to the

derivation of ®{’s and ®'? s, 0% U 0 can be obtained as
the output set after applying the bilinear transform (2) with the
aid of (32)—(35). For example, whenu € {2,3,... logy N 1}
@5,6) U G)SL) is the result after bilinearly transfornnng @

Wlth hzn(t) = u ! PZ(\;:/)QK( )CSEX(U)/Q( )’ h2n+l(t) =
u—1

k=1
u— IP((')

u=1 p(c) (0) _

k=1 PN/Q" (t>Cn+X(u)/2+N/2“( )’ }I’N/Zu_l-l-zn(t) -

c 0
P](\r/)zk( )Silx(u)/z( ), and hN/2u*1+2n+1(t) = N/2*
(t)ngX(u)/Q_i_N/Zu () for. n € Zx/au. Therefore, the followmg
two lemmas can be likewise proved as Lemmas 1 and 2.

Lemma 3: Foru € {1,2,... log, N},05” and 0" are two
orthonormal 2! =% N -D basis sets and form a 22=* N-D basis set.

Lemma 4: ®§°), @éc), o @1(;)%2 v are mutually orthonormal.

Because P\)(£T,/2) = 0, P(£Ty/2) # 0,
P (£Ty/2) = 0, and PY(£T4/2) # 0 for positive in-
teger k, all the continuous signals in ®< ) s are zero-valued
at t = £T,;/2 and useful, but those in 045 are not. From
Lemma 4, it follows that any union of G)(()./Gg),..., and
@1(5;2 n forms a basis set containing zero-edged continuous
basis signals on [¢t| < T,;/2. We thus propose the new family
{Vr; L =1,2,...,logy N}.
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Proposition 2: For L € {1,2,...,logy N}, Vr, 2 U5:1®q(f')
is a 2M-D basis set containing zero-edged continuous basis sig-
nals on [¢| < Ty/2.

Consider the basis signals in V1, on the extended interval
—(Ty/2) — (Ty/2%) < t < (Tq/2) for L < logy N and pos-
itive integer w. Obviously, these signals are still continuous on
the extended interval. Because PQ(S)(—(Td /2) — (Ta/27)) =0
for positive integers u and w satisfying w < wu, these signals
appear to be zero-valued at t = —(T/2) — (Ty4/2%) as well, if
L <logy N andw € {1,2,...,log, N — L}. This enables the
construction of continuous-phase CP-OFDM signals.

C. Alternative Formats for Wy, and Vy,

The above expressions in (3), (4), (6), and (7) can be referred
to as the multiple-product formats for Wy, and Vr,, in that the
basis signals are formulated in terms of the product of multiple
pulses and carrier signals. Such formats are useful in the sense
that all the continuous basis signals are explicitly shown to be
zero-valued at interval edges, and thus suited to compose con-
tinuous-phase NG-OFDM and ZP-OFDM signals. However, the
multiple-product formats are themselves too complicated to re-
alize the real waveform and to analyze the spectral characteris-
tics. To overcome the inconvenience, alternative expressions for
3{>s and ©')’s are derived in Appendices B and C as

2% —1
o ={r ot 0

v=0
2% —1
273 Y (-1 e S (i € Zl} (10)
v=0
2% —1
o) :{2—5 3y ¢u7vcﬁ%“(t),
v=0
2% —1
275 Y punS oy (in e z%} (11)
v=0 "

onlt| <Ty/2foru=1,2,...,logy N.In(10), 9, , is the sum
of the most and least significant bits in the binary representation
(in u bits) of the modulo-2* value of v when u > 2 and ¢, =
1 by default. In (11), ¢y, = 1 if u = log, N and ¢, =
(—1)* otherwise, where ¢, represents the least significant bit in
the binary representation of v. These alternative expressions are
expressed in terms of the linear combinations of carrier signals,
and thus referred to as the linear-combination formats for Wy,
and V1. These formats are used below to facilitate both practical
realization and spectral analysis of the OFDM signals based on
Wy, and Vy.

III. SPECTRALLY PRECODED OFDM

Consider the memoryless source that generates a block of
M complex data symbols simultaneously and independently
every T seconds, say { Dy, i }ﬁ:ol for the kth signaling interval
ET — Ty, — Ty/2 < t < kT + Ty/2, with T = T, + Ty,

Here, T, represents the length of the time interval for inserting
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CP or ZP. All the data symbols D,, ;’s are assumed to be inde-
pendent and identically distributed (i.i.d.) with zero mean and
E{|Dy, x|?} = 1. Decomposing Dy, , = D" — iD9) the
OFDM signals constructed from Wy, and Vy, in the linear-com-

bination format can be represented by [21]

L Fr—lou_1
. { Z 2—% Z (_1)1+wu.v
u=1 n=0 v=0
() (0)
X [DX(“) kOO (8 = KT)

@ (0)
+D\D) St~ kT)] }

for Wy, —based OFDM

s(t) Zp\/gzp(t — kT)
k
L Fe—lgu_1
{2 E g
y [D(I)

n=0 =
x(u)+n,k " nt Lo

(12)

e
V]

c, (t—kT)

+D§<Q(2)+n,k5522%“(t - kT)} }7

for V1, —based OFDM. (13)
Here, p is the signaling amplitude. The windowing function p(¢)
is defined on —T, — Ty/2 < t < Ty/2. If s(t) models the
CP-OFDM signal, p(t) is a unit rectangular pulse on —Tj, —
Ty/2 < t < Ty/2 and basis signals are applied on each (ex-
tended) interval kT — T, — Tyq/2 < t < kT + Ty/2. If s(¢)
models the ZP-OFDM signal, p(t) is a unit rectangular pulse on
—Ty/2 <t < Ty/2 and p(t) = 0 elsewhere. In the latter case,
basis signals are applied only on each useful signaling interval
kT —Ty/2 <t < kT + T;/2. By modeling so, the complex
data symbol time Tj is related to the OFDM block length T" by
T, = T/M.

When T; = 0, both (12) and (13) also model the NG-OFDM
signals. Because Wy, and V;, contain zero-edged continuous
signals on |t| < T4/2, the ZP-OFDM and NG-OFDM signals
in (12) and (13) are continuous for all £, and thus form contin-
uous-phase signals. Moreover, if w € {1,2,...,log, N — L}
and L < logy N, because all the signals in )y, are still con-
tinuous and zero-edged on the extended interval —(7y/2) —
(Ty/2%) < t < (Ty/2), the Vi -based CP-OFDM signal in
(13) with T,, = 27Ty is continuous for all ¢ and also forms a
continuous-phase signal.

The above signal models can be unified as

s(t) = pZ§R { Z_ B, 1 exp {j(wo + nwa)(t — kT)}}

xp(t —kT) (14)
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Fig. 1. System model.

M-—1

where {B,, k}gz_ol is related to { D, x },,, _, by the mapping

=

74
Bur=> G Dy,

-1
=0

neZy (15)

for X = W or V. Here, G%L’s denote the coefficients, given
by

G(W)

_o—% 14+ o
n2“+v,x(u)+n_2 2(_1) e

TLEZN/zu andUEZQ,,,
(16)
foru=1,2,...,L and GQ/,\Q = 0 otherwise when the OFDM

signal is W -based, and

GO o vtuyin =2 Fbuws m € Zxppuandv € 2o (17)
foru =1,2,...,L and G,(qu)n = 0 otherwise when the OFDM
signal is Vr-based. Apparently, (14) defines a precoded signal
format in which each OFDM data block is linearly encoded by
(15) prior to OFDM modulation. For convenience, we shall refer
to the OFDM system as Wy -coded and V' -coded if Gg,Xn),s are
specified by (16) and (17), respectively.

Due to phase continuity, higher spectral compactness than
uncoded OFDM signal can be achieved by several precoded
OFDM signals, including Wy, and V1, -coded NG-OFDM and
ZP-OFDM, as well as Vr,-coded CP-OFDM with Ty = 21T
andw € {1,2,...,logy N — L}. However, this spectral preva-
lence is not warranted for the other precoded CP-OFDM signals
without phase continuity, including all Wy, -coded CP-OFDM
signals and the V1 -coded CP-OFDM signals with T, = o7} for
o {271,272, ,2 (g N-L)} To improve spectral com-
pactness, phase-discontinuous CP-OFDM can be aided by the
phase-rotation mechanism with

M-1
Bok = exp {jgwdTg} 3 G Dy, me Zy. (18)

m=0

As shown later, noticeable improvement can be achieved when
the ratio T, /Ty is small.

The signal model in (14) is useful in realizing the real wave-
form. Because (14) consists of a linear combination of rectan-
gularly pulsed wg-spaced complex exponentials, it permits effi-
cient realization by N-point IFFT in conjunction with spectral
precoding. Fig. 1 depicts the spectrally precoded OFDM system.
As shown, each data block { Dy, %:_01 is first precoded by (15)
or (18). Its output block { B,, 1, }2:01 is then fed into the standard
IFFT-based OFDM transmission process to generate the signal
(14). Obviously, the spectrally precoded OFDM transmitter dif-
fers from the uncoded OFDM transmitter by the insertion of a
precoder characterized by (15) or (18). As shown in Table I, the
additional complexities required by Wy, and Vr, precoders are
the same and grow linearly with 2N (L + 27). This complexity
overhead is about the same as the Gy, 41 precoder in [15].

A. Spectral Analysis
Using (15) and (18), s(t) in (14) can be rewritten as

M—-1

s)=p > > R{Dpkqm(t —kT)}.

m=0 k

(19)

Here, ¢, (t) is defined by ¢ (%) 2 Zi::ol gfﬁ% exp{j(wo +

nwq)t}p(t), where gﬁfnl 2 19,1G£fn)1 with ¢, =
exp{j(n/2)wqT,} for CP-OFDM with phase rotation, and
¥, = 1 otherwise. Apparently, s(¢) is a multiplexing of M
independent component signals with zero mean. Moreover,
each component signal carries a memoryless data stream and
is orthogonal to its own [T -shifted version. Thus, the PSD of
s(t) can be obtained from the multiplexing of M component
signals bearing {D,,,, k}ﬁ:ol for one specific k, say k = 0, and
given by [23, eq. 2.57] as
p? M—1 )
)= 12" E{[DunoF {an(®)} + Dj oF {4 (0}
m=0

(20)
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TABLE I
COMPLEXITY COMPARISON AMONG VARIOUS ENCODING AND DECODING ALGORITHMS FOR G, Vi,
AND W/, -CODED OFDMS AND ZF DEMODULATION ALGORITHM FOR UNCODED OFDM

Number of Real

Number of Real

Algorithm
Multiplications/T' Additions/T
Wy, and V)
t ‘ 0 @N(L +2r)) O@N(L—1+71))
Encoding
WL and VL

ZF Decoding

O(2N@B+2r—271))

O (2N(L+7+27h))

Gr, Encoding

O (2N(L + 1+ 2p))

02N (L+¢))

G, ML Decoding

O (NJH(2L +6) +4N(1+ ¢))

O (NJH2L +2) +2N(1 +¢))

ZF Demodulation

(uncoded OFDM)

O (4N)

0 (2N)

All the constants, sign inversions, and decision thresholds that are independent of data and received symbols are not counted in complexity evaluation. For the
ML decoding of G, -coded OFDM, the J2 -ary quadrature amplitude modulation (QAM) is adopted as the component modulation. For W, and V', algorithms,
7 = 1 if CP-OFDM with phase rotation is considered, and 7 = 0 otherwise. For G, algorithms, ¢ = 1 if CP-OFDM is considered, and ;> = 0 otherwise.

with F{-} denoting the Fourier transform. Since woT > 1,
F{qm(t)} and F{q},(t)} contain virtually disjoint spectral por-
tions. This further simplifies (20) to

M-1

Z I {am O} + 1F {gh (0} } -
=

It follows that the equlvalent lowpass PSDs for CP-OFDM and
ZP-OFDM are obtained as

Stp (f)
o M
S m};

2n

N-—1
5 o v {5

n=0
2
xsinc <<n—NT> Z—fT) 22)
St (f)
9rme M—1|N—1 2
=—2 -—— T, 2
7T P ;Gn,m&nc(n 5 [Ty (23)

where sinc(z) 2 sin(rz)/(wz). The average signal power P i is
2 M-1 N 1 (X)), (A)\*

relatedto p by P = (p?/2) Y., Z o 9nm(9m)
exp{j((l — n)/Z)wdTg}smc((n - l)(T/Td)) for CP-OFDM
and P = (p2T3/2T) M2 SV GSY)| for ZP-OFDM.
When T = T, both (22) and (23) simplify to the SNS (f) for
NG-OFDM which has the exact form of (23) with T, replaced
by T

Using (22) and (23), the equivalent lowpass PSDs for Wr,
and Vj-coded OFDMs can be obtained by setting up G% TBL’S
appropriately. For example

Se(f)
— Tu 2
=527 ©8 (mfTy)

N
g

_ —2
X Z <de+$—2n> (de—i-M—Zn)

n=0

L O qumiyg
OIED DI e
u=2 n=0 v=0 KU(K/U_2 _1)
2u-1_1 ?
+<mv—1><m—2u—l>}
for Wy, —coded ZP-OFDM (24)
Ste(f)
N2PT,
= 7r2Md cos?(m fT)
L yo—1l2v=1_1 -1 2
Y ()
u=1 n=0 v=0
for V;, —coded ZP-OFDM (25)

where A, 2 fTy + (N — 1)/2) — n — (N/2*~1)v and
ke 2 fTy+ (N = 1)/2) — n2" — 20. As indicated by
(24) and (25), power spectral sidelobes of Wy, and Vr,-coded
ZP-OFDMs fall off as f —4 and much faster than those of
uncoded ZP-OFDM, which falls as f~2 [15]. This observation
also holds for NG-OFDMs because their SNS(f)’s have the
same forms as (24) and (25) with T,; = T.

When w € {1,2,...,log, N — L}, the equivalent lowpass
PSD for V1 -coded CP-OFDM with T, = 27%Tj and without
phase rotation is given by

PT & )

SCE() = ey 2o
u=1

1

2

PR |
sin?(ren) | Y 6,16, — )7
v=0

M'ilz g

(26)

I
<)

n

with e, 2 fT + (N = 1)/2) — n)(1 + 277), &, 2
N27"(1 4+ 27%), and 8, 2 ¢, — (N/2" V(1 + 27%).
Obviously, power spectral sidelobes fall off as f~* for such
Vr,-coded CP-OFDMs.
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NG-OFDM Signals
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Fig. 2. Fractional out-of-band power characteristics of W, -coded NG-OFDM
signals with N = 256.
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Fig. 4. Fractional out-of-band power characteristics of VW5 -coded ZP-OFDM
signals with N = 256.
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Fig. 3. Fractional out-of-band power characteristics of V', -coded NG-OFDM
signals with N = 256.

B. Spectral Trends

In what follows, the spectral compactness is characterized by
the fractional out-of-band power

B/2

1
n=10logy | 1 — B / Sce(f)df
—B/2

27

which denotes the fraction of total power that is not captured
within the frequency band [—B/2, B/2]. In particular, the spec-
tral trends on 7 for various signals are studied with respect to

0 —
S
A Uncoded Signals \.\\\\\ W3-coded CP-OFDM
————— NG-OFDM o\ (with phase rotation)
- — v — — ZP-OFDM, T4=T,/8 I\ ——— Tg=Ty64
-20 — - Ly "
- — @ — — CP-OFDM, T4=T4/16 \ ‘l —a—— Tg=T432
C =+ — - ZP-OFDM. To=Tyy32) /! — o T,=T416
e 1
T G)-coded Signals ) S _ _
. L e NG-OFDM N -
o ——e—— CP-OFDM, T=T,/16 4 S
£ 40—+ crorom, T,=T33 R S
=y - - S
Wjs-coded Signals Iy
T NG-OFDM
I CP-OFDM, Tg:TdIG4
(without phase rotation)
-60 — ¥ =
| g CP-OFDM, Tg Ty/32
(without phase rotation)
- — CP-OFDM, Tg=Td/16
N (without phase rotation)
— A ZP-OFDM, Tg=Td/32
—— ZP-OFDM, Ta=le‘|6)
'80||||||||||||||||||||
0 0.5 1 15 2
BT,

Fig. 5. Fractional out-of-band power characteristics of WW;-coded CP-OFDM
and ZP-OFDM signals with N = 256.

the normalized bandwidth BT} so that the spectral efficiency
can be compared among different signals with the same data
symbol rate. Here, the spectral efficiency is referred to as the
inverse of BT that is required to achieve a given 7. Therefore, to
achieve a fixed 7, the signal requiring a smaller BT can exhibit
higher spectral efficiency.

Figs. 27 illustrate the spectral performance trends achieved
by precoded OFDM versus (uncoded) rectangularly pulsed
OFDM and correlatively Gr.-coded OFDM. Although pre-
sented for N = 256, the demonstrated trends hold generally
for other admissible NV values.

Fig. 2 illustrates the spectral efficiencies of Wy -coded
NG-OFDM signals. The ideal performance of the single-carrier
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Fig. 6. Fractional out-of-band power characteristics of V3-coded CP-OFDM
and ZP-OFDM signals with N = 256.
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Fig. 7. Fractional out-of-band power characteristics of Vr,-coded CP-OFDM
signals with V = 256.

Nyquist-pulsed signal with Spp(f) = Ts if | f| < 1/(2T5) and
Srp(f) = 0 otherwise is also plotted as a benchmark. Note
that W;-coded NG-OFDM corresponds to NG-OFDM based
on the N-D 4(1) in [21]. As shown, W -coded NG-OFDM
with L > 1 significantly outperforms, in spectral efficiency,
the conventional WW;-coded NG-OFDM when the required
7 is not extremely small. When the required 7 is very small
(say, —50 dB or less), very large improvement over uncoded
NG-OFDM is achieved by Wr-coded NG-OFDM with a
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medium L. Moreover, Wr,-coded NG-OFDM with a medium
L (say, L = 5) can perform closer to the Nyquist-pulsed
signal and Gr/-coded OFDM signals for small 7 values than
uncoded NG-OFDM. The spectral efficiencies of Vr-coded
NG-OFDM signals are similarly compared in Fig. 3. As indi-
cated, the spectral efficiency of V1 -coded NG-OFDM improves
over uncoded NG-OFDM when the required 7 is small, and
more improvement can be achieved when a larger L is used.
Comparing Figs. 2 and 3 shows that V1 -coded NG-OFDM
is generally outperformed by W; -coded NG-OFDM with a
medium L’ when the required 7 is very small (say, —50 dB or
less). We also note that correlatively Gr/-coded OFDM with a
small I’ can provide the spectral compactness very close to the
Nyquist-pulsed signal. This prevalence is, however, achieved at
the cost of remarkable degradation in error performance from
uncoded OFDM on AWGN and some DS channels [15].

Observe (23) for ZP-OFDM. When the same Ggf%’s,
M,N, and T are used, the S{f,(f) of ZP-OFDM using
Ty is related to the SZ5,(f) of ZP-OFDM using Ty 2 by
SZE (f/Tun1)/Tas = SEE 5(f/Tu2)/Taz2. Using this in (27)
reveals that the ZP-OFDM signal using T exhibits (7, /T)-fold
the spectral efficiency of the NG-OFDM signal, provided that
both signals are based on the same Gg(n)l’s, M, N,and T. Thus,
the results in Figs. 2 and 3 also apply to ZP-OFDM with the
spectral efficiencies scaled down by a factor Ty /T It follows
that Wy -coded ZP-OFDM with a medium L’ can outperform
V1-coded ZP-OFDM in spectral efficiency when the required
7 is very small. Hence, Wy, coding turns out to be very suited
for use in ZP-OFDM. Fig. 4 illustrates the spectral efficiencies
of Ws-coded ZP-OFDM for various 7, /T4 ratios. As shown,
ZP-OFDM degrades more severely from NG-OFDM when a
larger T, /Ty is used. Using the same T} /Ty ratio, Ws-coded
ZP-OFDM is shown to outperform uncoded ZP-OFDM sig-
nificantly in spectral efficiency when the required 7 is small
(say, —40 dB or less), and provide the spectral efficiency
closer to G;-coded ZP-OFDM for small 7 values than uncoded
ZP-OFDM.

Like ZP-OFDM, CP-OFDM degrades from NG-OFDM
in spectral efficiency due to the use of guard intervals. This
phenomenon is illustrated in Figs. 5 and 6, where Ws-coded
and V3-coded CP-OFDM signals with various T}, /Ty ratios are
compared with the corresponding NG-OFDM and ZP-OFDM
signals. In Fig. 5, Ws-coded CP-OFDM is shown to degrade
severely from Ws-coded ZP-OFDM with the same T,/Ty,
especially when T, /Ty is large. This is primarily due to the
deficiency of phase continuity in the Y}, -coded CP-OFDM sig-
naling. The same performance trend also exists with Gr-coded
CP-OFDM versus Gr:-coded ZP-OFDM [15]. As also indi-
cated, Ws-coded CP-OFDM with phase rotation performs
better than Ws-coded CP-OFDM without phase rotation, es-
pecially when T, /Ty is small, but still worse than G;-coded
CP-OFDM. Nevertheless, when the required 7 is small (say,
—40 dB), W3-coded CP-OFDM with phase rotation can pro-
vide much higher spectral efficiency than uncoded CP-OFDM
if T,/Ty is small (say, 1/32). Because the continuous-phase
attribute is still sustained, the V3;-coded CP-OFDM signals
with T, /Ty € {273,27% 275} are found in Fig. 6 to perform
very close to the corresponding Vs3-coded ZP-OFDM signals.
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However, Vs-coded CP-OFDM with T, /T; = 276 degrades se-
verely due to the loss of phase continuity. This clearly illustrates
the advantage of using Vy, coding for CP-OFDM with T, /T,
constrained in the specific set {271,272, ..., 27 (g2 N=L)}
As highlighted by the performance trend that Vp-coded
ZP-OFDM performs better when a larger L is used, it is thus
natural to adopt Vr-coded CP-OFDM when the guard ratio
is fixed by T,/Ty = 2~ (°&2N=L)_ Ag illustrated in Fig. 7,
Vr-coded CP-OFDM with T, /Ty = 2~ (logo N—=L) ¢ap provide
much higher spectral efficiency, in relative to a small required n
(say, —40 dB or less), than uncoded OFDM and, in some case
(e.g., T,/Tq = 27*), G1-coded CP-OFDM.

1V. ZF DEMODULATION

When the channel response is available or can be perfectly
measured, the ZF demodulation technique is commonly used
in bandlimited communications to counteract the channel effect
and then enable data detection based on the minimum Euclidean
distance principle [23]. This technique is adopted here to de-
modulate the spectrally coded OFDM signals, assuming that the
channel response is known a priori.

To facilitate the ZF demodulatlon it is essential t0 develop
the methods of decoding { B,,, k} back to {D,, k}m o » pro-
vided that B, ;;’s are specified by (15) or (18) for Wy, and Vr,
codes. The methods are derived in Appendices D and E and
given as follows.

Proposition 3: When B,, ;s are WW,-coded, D,, ;;’s can be
obtained by

w)+mn, k= Z ﬁn2u+v n2 +'u X(u)+an2“+’U,k7
(28)

Proposition 4: When B, ;,’s are Vr-coded, Dy, ;’s can be
obtained by

for n € Zy/ge andu =1,2,..., L.

2% —1

o™
X(“ +n.k = Z /19""1'2111} n+2%11,)((11)+nB"'|'2%”71“7

for n € Zyjouandu =1,2,..., L. (29)

Assuming perfect alignment in timing and channel response
at the receiver, the spectrally precoded OFDM signals can be
coherently demodulated as in Fig. 1. The received waveform is
first manipulated by the standard FFT-based OFDM receiving
process to yield each useful block {Rn_yk};yzfol, with R, . =
H, B, . + Y, representing the received complex symbol on
the nth subcarrier for the kth signaling interval. Here, H,, is
the complex channel response on the nth subcarrier, and Y,, .’s
are complex AWGN samples which are i.i.d. with zero mean
and identical variance o3%.. The ZF decoder is then used to re-
cover { D, x }M 2, by processing {R,, x }) =" Specifically, the
decoding rule is to find the candidate data symbol Dmk that is
closest in Euclidean distance to X, ; for eachm € Z;;, where
X,k 1s the test metric defined by

2" —1

x(u)+n, k= Z ﬂn?“-‘rv n2u+u x(u)+n
v=0

TLEZN/2IL and u = 1,2,...,L

Rn2“+u,k
’

Hn2“+v
(30)

2181

2% —1
Z 19 (V) Rn+2luv,k
(“)+” k= n+ >u11 n+2iuv,x(u)+n HnJrAv ’
3w

neZN/Qu andu=1,2,...,L (3D

for W, and V -coded OFDM, respectively. As shown in Propo-
sitions 3 and 4, this rule can correctly decode Dy, 1, = Dp,
for m € Z, if the noise samples Y, ;.’s are absent. In the pres-
ence of noise, both (30) and (31) can be equivalently modeled as
Xy +nk = Dy)4n,k + Ux(u)4n,k> Where we have defined

2“—1

u)+n k= Z 19n2“+v

for Wp,-coded OFDM and

2u+v X(u)+nYn2“+v,k/Hn2‘L+v

2" 1

oV
u)+n,k = Z 19n+(N/2")U n+(N/2%)v,x(u)+n

Yor(vy2uyok/ Hn (v /20)0

for V -coded OFDM. In both cases, Uy (y)4n & S are circularly
symmetric complex Gaussian noise samples with zero mean,
and the equivalent model is exactly the same as the subcarrier
demodulation model for uncoded OFDM with perfect channel
estimation and ZF demodulation [1]-[3].

Therefore, when the same component modulation is used,
the error probabilities of subcarrier demodulation for un-
coded and spectrally precoded OFDM are given by the same
function which is inversely proportional to s unc(l) and
Ys.cod(u,n), respectively. Here, s unc(l) 2 oy 2 |Hi|? is
the signal-to-noise power ratio (SNR) on the [th subcar-
rier for uncoded OFDM, and 7, cod(u,n) is the SNR on
channel x(u) + n for Wy, and Vr, -coded OFDMs defined by

Vs cod(U, 1) 2 oy 2“(23:1 |Hn2u+u|—2) for Wr.-coded
1

OFDM and s coa(u, n) = 05.22%(X 70" | Ho (v /200 2)
for Vi-coded OFDM. When H;’s have constant magnitudes
(e.g., AWGN channel), 7, unc(!) and 7y coa(u,n) are equal
for all indices and, thus, Wy, and Vr-coded OFDMs perform
the same as uncoded OFDM. When H;’s have nonconstant
magnitudes (e.g., delay spread channels), the inequality
max; ¥s,unc(l) > Vs cod(U;n) > ming v, unc(!) holds for all
u and n and for both Wy, and V;, -coded OFDMs, due to the
averaging nature in s cod(w,n). This implies that Wy, and
V1-coded OFDMs perform comparably with uncoded OFDM
when the average bit-error rate (ABER) is concerned. Note also
that Wy -coded OFDM combines signal powers over adjacent
subcarriers, while V-coded OFDM over distant subcarriers.
This further implicates that YW, and Vi-coded OFDMs per-
form very differently on DS channels with subcarrier amplitude
fluctuation.

Fig. 8 illustrates the comparison of ABER results among
various CP-OFDM ZF demodulation schemes with Gray-la-
beled 16-ary QAM component modulations on AWGN and
four DS channels. The CP length is assumed long enough to
reject the intersymbol interference, and Ej; /Ny is defined as
the bit SNR for useful data blocks. The results of uncoded,
V3-coded, and W5-coded CP-OFDM schemes are obtained by
using the analytical expression in [23, eq. 10.36a]. The results
of Gr-coded CP-OFDM schemes are obtained by simulating

Authorized licensed use limited to: National Taiwan University. Downloaded on January 21, 2009 at 22:20 from IEEE Xplore. Restrictions apply.



2182

1x10" +~
= - s ~+ delay spread
-4 ~ 38 = channel A
- S +
delay spread
1x102 — channel B
% . uncoded
o : o Wjs-coded
‘é i — — +— — Vj-coded
—
w 1%10° — — ® — — Gj-coded
= X -
o 3 — — 8 — — Gy-coded
o) -
o .
© -
ad
g -
P4 - delay spread
channel C
4 |
1x10 3 delay spread
] channel D
1X10’5|||||||||||||||||1||

24
Ey/N, (in dB)

Fig. 8. ABER characteristics of Gray-labeled CP-OFDM with N = 256 and
16-ary QAM component modulation.

the maximum-likelihood (ML) block decoding rule in [15]. The
DS channels are defined by H; = H(2)|.—exp{j2ix/n} With
H(z) = 0.407+0.81527" 4+ 0.407272, H(z) = 0.8+ 0.6z~ ",
H(z) = 0.8(0.8 + 0.6271) + 0.6(0.82716 4+ 0.627'7), and
H(z) = 0.895 + 0.3627> + 0.2632~'2 for Channels A, B,
C, and D, respectively. Channels A and B are typified in [6]
and [15] as the DS channels with continuous spreads, where
Channel A is a spectral-null channel and Channel B has no
spectral null but small channel amplitudes at some subcarriers.
Channels C and D represent the DS channels that have dis-
persive spreads but no spectral null, and thus characterized by
more fluctuation on subcarrier amplitudes than Channels A and
B. As shown, uncoded, V5-coded, and W5-coded schemes per-
form the same, and outperform Gy-coded schemes remarkably
on the AWGN channel. The performance improvement over
the Gy /-coded scheme is larger as L’ is increased. Such per-
formance prevalence over Gy -coded schemes comes from the
difference in signaling structure that the orthogonality among
multiplexed data-modulated waveforms on useful data intervals
is sustained in Wy, and Vr, -coded schemes [see (12) and (13)],
but broken in G -coded schemes [15]. However, the perfor-
mance characteristics among various schemes differ on DS
channels. On Channels A and B that have continuous spreads,
Ws-coded scheme performs almost the same as the uncoded
scheme, and remarkably better than Gy -coded schemes. Nev-
ertheless, this performance advantage diminishes, especially in
low ABERs, on Channels C and D that have dispersive spreads.
As thus indicated, the Gr--coded scheme that makes decisions
over the entire OFDM block is more robust to high-amplitude
fluctuation inherent in Channels C and D than the Wy -coded
scheme that combines signal powers over adjacent subcarriers.
By combining signal powers over distant subcarriers, Vs-coded
scheme is also shown in the figure to provide the best perfor-
mance (in medium and low ABERSs) on all DS channels without

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 54, NO. 12, DECEMBER 2006

spectral null, but the worst performance (in high ABERs) on
the DS channel with spectral null.

In Table I, the complexities required for digitally realizing
various demodulation schemes are given. As indicated, the com-
plexity for Wy, and Vy, ZF decoding grows linearly with 2N (3+
27) and is about double the complexity for uncoded OFDM de-
modulation. Moreover, Wy, and V;, ZF decoding requires much
less complexity than Gy ML decoding.

To enable ZF demodulation, accurate estimation on the
channel impulse response is required at the receiver. Such
channel estimation can be achieved with the aid of deci-
sion-feedback symbols at the receiver or predetermined pilot
symbols at the transmitter. Due to Wy and Vr precoding,
decision-feedback or pilot symbols need to be spectrally en-
coded before invoking conventional estimation algorithms
(e.g., [30]) at the receiver. As indicated in Table I, this en-
coding process requires additional complexity that grows
linearly with 2N¢cg(L + 27), in which N¢g is the number
of subcarrier channels to be estimated. In the case that pilot
symbols are scattered in time and frequency, the encoding
operations in (45) and (52) can be used to allocate the spec-
trally encoded pilot symbols. For example, the scattered
Vr-encoded pilot symbols can be allocated as follows. By de-
composing a number v in Zy as v = ZIL=1 n(N/2Y + vrg
with vp 11 € Zyjor and vy € 25 for I € {1,2,...,L},

the set Bi(vo,v3,...,V541) 2 {Bur;rn € 2o} is
shown in (52) to be determined by Dy (va,vs, ..., ve41) =
{D le{1,2,...,L}}. When a

X+ o (N/27 ) 4wp g
subset A in Zy/, is specified, the set of scattered Vr-encoded
pilot symbols { By (va, vs, ..., vr+1); ZIL:2 v (N/2D)4vryq €
A} can be generated via (52) with predetermined symbols as-
signed to {Dy(va,v3, ..., vr41); Yoo i(N/2D) + vigr €
A}. Note that A allocates the subcarriers carrying pilot symbols
and can be flexibly adapted.

V. CONCLUSION

Several spectrally precoded OFDM signaling formats which
allow for FFT realization and guard insertion are proposed
to improve the spectral compactness of rectangularly pulsed
OFDM without trading off error performance. Particularly,
the spectrally precoded OFDM signals have continuous phase
and are analytically shown to exhibit relatively small power
spectral sidelobes which fall off as f~*. The ZF receiver
that permits FFT realization is also developed to demodulate
the spectrally precoded OFDM signals coherently. When the
channel response is perfectly available, the proposed spectrally
precoded OFDM schemes are shown to prevail in average
error-rate characteristics over uncoded and correlatively coded
rectangularly-pulsed OFDM for various DS channels.

APPENDIX

A. Useful Identities
By trigonometric identities, we have
1
V2

(8)

atbra/2) (B (32)

(e w+c ] = P2, me
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7 [0 0= )] = PO 0SB
- =[S0+ 0] = PO oy (1) G
1 « S

= [—sga>(t)+s,§ >t)} =P WC) ey (B9

for integers a, b, a,, and (3, where | | denotes the largest integer
that is not larger than = and the factor § is given by # = 0 if
[(a+b+a)/2] = (a+ b+ «)/2 and 8 = 1 otherwise.

B. Derivation of (10)

Quoting (32) and (34), we can easily obtain (10) with u = 1
from (3). Next, consider v = 2,3, ..., log, N. By invoking (35)
once [giving (36)], then (34) u—2 times [giving (37)], and finally
(33) once [giving (38)], we have from (4) that

u—2
P () (H P§£><t>> Py (O 4 ®)

k=1

o)

1
-1 1; (1)
(2278) DS e ® GO
1,=0
u—1 1
:P15>(t).(_2—7) S (-t
Ii,la,ely_1=0
)
S ()= S (—tigumis (@ ©7
1
— _9% Z (_1)l1+l 75(]2)“—1_2 112“_1'(1:)' (38)

Iy,l2,..0ly =0
Similarly, by invoking (33) once, then (32) u — 2 times, and
finally (35) once, we have

u—2
Pl(s) (H P(C)

1

) (OSSN ()

_u 0

=-2F 3 DRSO s e ® 69
l1,l2,...,1,=0 i=1

If (I1,1s,...,1,) is used to denote the binary representation of

the modulo-2" value of an integer v, (38) and (39) can be trans-
lated to yield (10) for & with u € {2,3,...,log, N}.
C. Derivation of (11)

First, consider v = 1,2,...,log, N — 1. By invoking (35)
once [giving (40)] and then (34) u — 1 times [giving (41)], we
have from (6) that

u—1
© 1)) P (10
(}1 Py (t)) Py W0 txuin®)

u—1 1
D(ty)27* b g(0)
_<HP2% (t)> Z( Y S”+ Lx(u)+ 2% , () (40)
k=1 =0
1
_u (0
=272 Z ( )l S,EL_:NZ l,‘,2k7u—1(t)~ (41)
1,02, 1, =0
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Similarly, by invoking (33) once and then (32) v — 1 times, we
have from (6) that

u—1
(e) (s) (0)
(f_[ P <t>) POWSY, (i ®
1

>

l1,l2,..,14,=0

_ 1\l ~(0)
R e

Next, consider u = log, N. By invoking (32) log, N times and
(34) log, N times, respectively, we have from (7) that

lkzk—u—l(t)' (42)

R oW
H Py (C 4 1 xttog, 1)
. - (0)
-3 log, N 0
=272 %8 Z CN Zlooz Ny 2k—logy N— l(t)
1,02, liogy N=0
(43)
log, N
© 1y (1)
1 PQ% (8, 4 1 xtt0g, 1) (D)

1

>

l1,l2,.liogy N=0

(0)
S Zloaz Nl ok—logy N—1 (t)

(44)
If (liog, N> liog, N—1,---,11) is used to denote the binary rep-
resentation of an integer v, (41)—(44) can be translated to yield
(11) for ©§>s 5
D. Proof of Proposition 3
With W, encoding, (15) and (18) can be rewritten as

B = Un Z 272 (=1) Ve D X(D)+|n /2] k- (45)
When u = 1, we have from (45) that
2" —1 1 1
Z 19n?“+v 2"+v sy tnBnze ok = Z {iDL¥J,k
v=0

L
forn € ZN/Q. Using v 2n+4v = ¥1,2, +v and |(2n+w0)/2!] =

|n2'~!] for v € Z, in (46) proves (28) for u = 1. Next, when
u € {2,3,..., L}, we further have from (45) that

2% —1

Z ’l9n2u+’u 2"-1—11 X(u)—‘,—nB”Qu‘i‘”:k

1+l/)1 2ndv Dx(l)-l— L%J’k} (46)

= 2*% Z (_1)1+¢“‘an2“+7;,1€
v=0
1

u—1_
. u;—l 2 Z ! Z(_1)1+7¢Ju,2m+y

=0

&
I
<)

<

SFor notational simplicity, we delete the minus sign in the basis signals given
by (41) when representing ©(*) in (11) with 1 < u < log, N — 1. Because the
negative of a basis signal is still a basis signal, this deletion does not virtually
affect the nature of the basis set in (11).
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(1
X D|_n>“+>m+yJ e T ZFI )

L
Z F(l)

47)
1=2
for n € Zy/2«, in which we have defined
2% -1
F(l) A —“T“ Z (_1)#’u,v+¢l,n2u+v Dx(l)+[(n2“+v)/2lj,k~
v (48)

In deriving (47), the second equality stems from the decompo-
sition v = 2x + y for x € Zyu—1 and y € 2o, and the third
equality results because 1y 204y = Yy 2. + y and |[(n2* +
2z + y)/2] = n2""! + x fory € Z,. Because v < n2%,

Yin2u4v = Yin2v + Y1, holds and (48) becomes
¥ 241
l(u) 275 (- 1)w1.,1zu Z (_1)¢u.v+¢z,v
v=0

XDy ()4 (n2v4v) /20 k- (49)
Consider (49) in three different cases. When | > u, [(n2" +
v)/2!| = [n2*7!] holds and (49) becomes
21
utl |

2__( 1)wl,nzu DX(I)_i_LnQu—IJJC Z (_1)17‘/"“,,1,"1'74)[,,;.

e (50)
Because 1)y, + 11, is even when v < 2%~1 and odd otherwise,
(50) results in F; z(,i,) = 0. When | < wu, the decomposition v =
2!z + yforz € 2y and y € Zy can be used to establish
|_(7’l,2u + ’U)/ZlJ = n2"_l + z, 1/)11,,1) = /l/}u,le‘ + /l/}'u,,y and
Y10 = P1,4. Thus, (49) becomes

FO =

qu—l_1
( 1>¢l 2 Z (_1>wu'm2lDx(l)+n2“*l+x,k

=0
21
S
y=0

Since 1y, +101.y is even when y < 2!=1 and it is odd otherwise,
(51) yields Fz(},, = 0. When [ = u, the identities 1); 2« = 0,
Puo = P1v, and | (n2" + v)/2'] = n hold, and thus simplify
(49) to Félg = Dy (u)+n,k- Using these results in (47) proves
(28) foru € {2,3,...,L}.

Fo)=2"

Yuytdiy (51)

E. Proof of Proposition 4
With Vr, encoding, (15) and (18) can be rewritten as

XO+(n) yoi b (52)

L
Bui =103 2750,
=1

where (n)x denotes the modulo-K value of n. Using (52), we
have for n € Zy/ou

Z 19n+2’\£v

v=0

L
a ) E — 5 (2
n+gwv, X(U)+nB"+2uv k=22 272 F)

=1
(53)
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where we have defined

2v—1
(2 2
DY gbu,v(bl,sz+;;V;2;"JDx(l)+(n+uN2—")N2,l,k~

(54)
F 1(2) can be further simplified in three different cases. When
| = wu, the identities |(n + vN27%)/(N27!)| = v and (n +
vN2™") yy—t = n hold, and thus yield F\” = 2D )4 4.
When ! > u, [(n+vN27")/(N27) | = [n/(N271)] +v2!—"

and (n + vN27%) yo—1 = (n) yo—:. In the case

F? = Dyay+ (55)

<n>szl ke
sums to zero, since ¢y |, /(N2- 1)J+u21 w = @ n/ (N2~ J does
not vary with v for [ > u and Zv 0 d)u v = Zi_gl( 1) =
0 foru < log, N. When ! < u, the decomposition v = 2%~y +
x for z € Z5.—1 and y € Zy can be used to establish the iden-

tities gy o = Pu.z»> [(R+vN27)/(N27H) ] = [(n/(N27Y)) +
2274 4y, and (n + VN2 yoot = (n + 2N27%) yo—i. In
the case
vl
Z Pu,a Dy 1)+ (ntaN2=uy o, 1k
=0

(56)

3,

y=0

—u ] +y

sums to zero since the inner sum is zero for ! < log, N. Using
the results in (53) proves (29).
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