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On the Beamforming Optimality Range in TIMO Channels with
Common and Individual Input Power Constraints

Saad Al-Ahmadi and Halim Yanikomeroglu, Member, IEEE

Abstract—1In this letter, the effect of the input power constraint
on the beamforming optimality range in Gaussian two-input
multiple-output (TIMO) channels is investigated. The obtained
expressions, using standard Lagrangian formulation, determine
explicitly the range of the input signal-to-noise ratio (SNR) for
which beamforming (rank-1 signaling) is optimal for TIMO
channels for both the common power constraint and the indi-
vidual power constraint cases. Moreover, the obtained results
are extended to random TIMO channels, with channel state
information at the receiver only, using the Jensen’s upper bound
on the mutual information.

Index Terms—MIMO channels, mutual information, input
covariance matrix, beamforming, common power constraint,
individual power constraints.

I. INTRODUCTION

N the design of the optimal transmission schemes for

Gaussian multiple-input multiple-output (MIMO) channels,
the range of optimality of beamforming (rank-1 signaling)
is of relevance since scalar coding can be used to achieve
the capacity ([1, 2] and references therein). Moreover, the
introduction of distributed MIMO systems [3, 4] and MIMO-
OFDM (orthogonal frequency-division multiplexing) systems
[5] has motivated the research on the optimal input covariance
for MIMO channels with individual power constraints. In this
letter, the optimal (capacity-achieving) input covariance matrix
is re-derived for Gaussian two input multi-output (TIMO)
channels, using the standard Lagrangian approach revealing
the explicit relation between the optimal input correlations
and the input power constraint as well as the channel inner
product matrix. Moreover, the implications of the obtained
results to the range of optimality of beamforming in TIMO
channels with individual power constraints are stated. Finally,
these results are extended to random channels using Jensen’s
upper bound on mutual information.

In the letter, uppercase letters denote deterministic matrices
and bold-faced uppercase letters denote random matrices.
For vectors, bold-faced lowercase letters are used for both
deterministic and random vectors where the distinction is
assumed to be clear context-wise. The determinant, trace,
adjoint and Hermitian of a matrix A are denoted as det[A],
tr (A), Adj(A) and A, respectively; and A = 0 denotes a
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positive semi-definite matrix. For a complex number z, the
conjugate of z and the real and imaginary parts of z are
denoted by z*, R(z), and (z), respectively.

II. DETERMINISTIC CHANNEL MATRIX
A. TIMO Channels with a Common Power Constraint

The channel capacity of a MIMO channel with L transmit
and M receive elements for a deterministic channel matrix
H € CM*L can be expressed as [6]

C = max
Q>0, tr(Q)=P

1
logdet {IL + —2QHHH] :
a

n

logdet [IM + U%HQHH}
" ey
= max

Q=0, tr(Q)=P
where P is the total power constraint, Q € CY*l is the
positive semi-definite covariance matrix of the proper complex
Gaussian input vector [7, Theorem 2]. In (1), Ip; denotes the
M x M identity matrix and o2 is the variance of the complex
Gaussian noise at each receive element. In subsequent deriva-
tions o2 is set to unity for notational simplicity. For a TIMO

channel with a common power constraint, the expression in
(1) reduces to

C= logdet [Io + QH" H] . )

max
Q=0, tr(Q)=P
The optimization problem in (1) and (2), and hence the
channel capacity was characterized in [6] by considering the
corresponding set of the orthogonal channels, obtained using
the singular value decomposition (SVD) approach, and then
applying the water-filling power allocation algorithm over
these channels. However, in here we will consider the solution
of (2) using the standard Lagrangian approach. In this regard,
we may express the input covariance matrix of the input
complex Gaussian vector as

2
g1 P120102 3)
2 .
P210102 g3

o

It can be shown using the solution proposed in Appendix A
that we may express the optimal input correlation coefficient
as

hi’h,

VA — A2 [ 2he? — [hi'hs|?] + 1 4)

P
for |p12|> < 1,A # 3 and h{lhg #£0,

P12 =

where h; and hs denote the first and second columns of

the channel matrix, respectively, and A denotes the disparity

between the allocated powers as 07 = Z+Aand 03 = £ —A.
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Furthermore, the minimum input signal-to-noise ratio (SNR)
below which beamforming is optimal is given as

P [nf

— -A2Z :
4 (b1 [2[ha[? — [h{'ho|?]

&)

For MIMO channels with a common power constraint, substi-
tuting A = A, as given in (23) in Appendix A leads to

4hiho|? + (Jho2 — |hy[2)?

P< 5
(b *he|* — |hiThy|?]

(6)

The same expression can be obtained using the SVD approach
since the minimum normalized power can be expressed as

P < /\—12 — % where \; and Ao denote the eigenvalues of
HYH [8].

B. TIMO Channels with Individual Power Constraints

The problem of determining the capacity of MIMO channels
with individual “elemental" power constraints arises in (i)
collocated MIMO systems where each antenna is equipped
with its own power amplifier, (ii) distributed MIMO systems
where each remote antenna has its own power constraint,
(iii)) MIMO-OFDM systems where it is preferable to use
uniform power allocation across the transmit antennas, and
(iv) digital subscriber lines with individual power constraints
per modem. In general, for a MIMO channel with individual
power constraints, the channel capacity can be expressed as

logdet [I, + QH" H] (7)

= max
Q=0, Qii=pi

L

where @;; denotes the ith diagonal element of Q and Y p; =
i=1

P. So, for TIMO channels with individual power constraints,

the capacity optimization problem is similar to the one in (19)
but with the diagonal elements of () being predetermined;
hence the optimal input correlation coefficient, analogous to
(4), can be expressed as

hi'h,

P12 = s
VI A [ 2hof? — [hfhs ) + 2 (g

P
for0<A2<5 andhfhg#o,

where again A, denotes the difference in power allocation
such that o7 = % + Ag, 03 = g — Ao, and puo has the
identical expression as of ;.

Proposition 1: The range of the normalized input SNR
for which rank-1 signaling is optimal (capacity-achieving) for
correlated TIMO channels with individual power constraints
is given as

H 2
0<P§2\/ By he| 5+ A2,
[[hy[2[hy|? — [hfThy|?] )

P
for0<A2<5andh{Ih27éO.

Proof: The proof is obtained in a straightforward manner
using the expression in (8) and the fact that po > 0 for
lp12|® = 1. u

Remark: For the case L=3, the optimization problem can be
expanded using the expression in (7). However, the condition
for () to be semi-positive definite is more involved for L=3.
Again using Sylvester’s criterion for positive semi-definiteness
[9], the non-negativity condition for the principal minors can
be expressed as

0?>0,05>0,03 >0, (102)

Ip12]? < 1, |p13l> < 1, |pas)® <1, (10b)

010503 [1+ 2R[p12paspsi] — |p12l? — [ps1|* — |pasl?] > 0.
(10c)
Now, since the allocated powers are non-zero for a MIMO
channel with individual power constraints, the problem of
finding the rank of (), and hence the rank-1 case, reduces
to computing the corresponding optimal input correlation
coefficients and determining the corresponding rank. Using
the fact that for a non-singular matrix A,

9ldet(4)] [dgl(A” _ (Adj(A)Z—i) ,

the KKT conditions needed to solve for the optimal correlation
coefficients can be expressed as

(1)

C21£'f102|h1\2 + 022010211{[}12 + 623010211{[113 + p2p12
+ pslps2pst — p12] = 0,
(12)
2 H H
cz10103/h1|” + ezeo103hy ho + cg20103h1 hy + papis
+ p3(p12p23 — p13] = 0,
(13)
H 2 H
c310203hy hy + c320203|hy|” + c320203hy hs + 5 p23
+ p3(p21p13 — p2s) = 0,
(14)

where ¢;; denotes the (i, j) entry of Adj (I3 + QH" H)) and
are given in Appendix B, and

ps =0 if 1+ 2R[p12paspsi] — 2]’ — |ps1]® — pas]®> > 0,
ps >0 if 14 2R[pr2paspsi] — [pr2]? = |par]® — [p2s® <0,
pa =0 if |p1s]* <1,
pa>0 if [psf* =1,
and
ps =0 if [pas|® < 1,
us >0 if |p23|2:1 .

III. RANDOM CHANNEL MATRIX WITH INDIVIDUAL
POWER CONSTRAINTS

It is well-known that the capacity of a flat fading chan-
nel with perfect channel state information at the transmitter
(CSIT) and perfect channel state information at the receiver
(CSIR) is the average of the maximum mutual information
for each channel realization [1, 2]; hence the expression in
(4) should apply for each fading state. On the other hand,
with perfect CSIR only, the ergodic capacity is given as [6]

C= max Fyg [logdet [Ig + QHHH]] .

Q=0, Qii=p;

(15)
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The optimal () is dependent on the stationary distribution of
the channel process [2]. One way to approximate the capacity
is to optimize for the Jensen’s upper-bound on the mutual
information obtained by using Jensen’s inequality [10] as

Ewy [logdet [I, + QH"H]| < logdet [I; + QEg [H"H]] .
(16)
Then similar to the expression in (4), we may express the
optimal input correlation coefficient for L=2 as
E [h{'hy]
P12 = . )
£ — A3 [EmPE[hof? — E [|hfTho2]] + 1

P
for 0 < As < Eand thhg #£0.
(I7)

Moreover, an analogous form of Proposition 1 will follow.

IV. CONCLUSION

In this letter, the design of the optimal input covariance
matrix in a Gaussian MIMO channel with both common
and individual power constraints is considered. Carrying out
the optimization analytically using the standard Lagrangian
approach has led to an explicit expression, in terms of the
difference between the allocated powers and the channel cor-
relations, for the range of input SNR for which beamforming is
optimal in TIMO channels with individual power constraints.
The results are extended to random channels using Jensen’s
upper bound on mutual information. The obtained results are
relevant to a number of MIMO set-ups such as distributed
MIMO systems.

APPENDIX A
The determinant of [IQ +QHPH ] can be written as
det [Io + H'HQ| = 1 + o7 |hy|* + 03 |ho|?
+ 0102 [pr2hi’hy + parh{'hy]
+ 0105 ([’ [ha|* — [hi'hy*] [1 = prapa].

(18)

Since the logarithm function can be maximized by maxi-
mizing its argument [11, p. 278], we may to derive the optimal
@ by considering the following reduced problem,

max det [Ig —|—QHHH] ,
Q=0 (19)
st.of+03=Pot >0, 03 >0, and [p1o|* < 1.

Using the Karush—-Kuhn-Tucker conditions for the opti-
mization problem, we get

ot [Ihaf* + 03 [[h1[*[he]* — [h{'hy[*] (1 — pr2pa1) — A]
+ 0102R [p12hdhy] = 0,
(20a)
o5 [Ihaf* + oF [[h1[*[ho]* — [h{'hy[*] (1 — pr2pa1) — A]
+ 0102R [p12hdThy] = 0,
(20b)
and
h7h,
o102 [[hi1[?[ho|? — [hiThy 2] +

p12 = (21a)
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p21 = Pla, (21b)
where
pr =0 if |pa* <1,
p >0 if [pa? =1,

and A is the Lagrange multiplier associated with the equality
constraint. Note that the non-negativity constraint for o; and
o9 is implicitly included in the expressions in (20a) and (20b).
First, we observe that the optimal o; and o2 have to be
non-zero as far as hf’hy # 0 which can be seen from the
expressions in (18) and (21a). So, if we set 0?7 = g + A
and 05 = g — A, where A < g, then the expression in
(4) will follow from (21a). Furthermore, since py; > 0 for
|p12] = 1 (i.e., beamforming takes place), the expression in
(5) will follow.

Second, for MIMO channels with a common power con-
straint, the expressions in (20a) and (20b) are involved to
solve for o1 and o9, and determine A; instead, we propose
the following solution: we may first solve for o; and o2 (by
setting |p12| = 0) and then compute the corresponding value
p12 using (21a); however if the magnitude of pi2 becomes
unity or one of the allocated powers comes out to be zero
(which will violate the observation stated above), then we go
back to (20a) and (20b) to solve for oy and oo with |p12| = 1.
The intuition behind this solution is that as far as beamforming
is not the optimal transmission strategy, we may consider two
uncorrelated Gaussian inputs, determine the optimal allocated
powers, and then introduce the optimal correlation between
them. So, setting |p12| = 0 in (20a) and (20b) results in

Ihy|* + 03 [|hy[*[he|? — [h{'hy|] = X =0, (22a)

[hof? + o [[he[*[hof” — [h{Tho] —X =0,  (22b)
hil?— hol?

we may get 07 = 1 |:[|h1|2|1il|2|;i|qh22} + P| and 03 =

1 |ha|®—|h|?

2 | [hi]2[h2[2~|h{Thy|?]
and 0 < 02 < P, then based on these expressions, we may
define

+P} However, since 0 < 07 < P

1 [hy|* — |hy|?
A= 2 TP ha P — (bl =
Now if A = g, then a violation will take place since either
o1 or oo would be zero. The candidate solution is to set |p12]
to unity and compute the corresponding optimal values of the
allocated powers. Substituting |p12| = 1 in (20a) and (20b)
results in

O'% Uhl‘z - )\] = —0'10'28% [plghglhl] s (2421)

O'g [|h2‘2 - )\] = —0'10'28% [plghQth] . (24b)

. oi—02 _  |hi|?’—|hy)?
Using (24a) and (24b), we may get Foe ~ Rpahih]
12h5"hy

which can be solved numerically for 0% and o73.

APPENDIX B

The c;; expressions are given as in (25)-(30).



AL-AHMADI and YANIKOMEROGLU: ON THE BEAMFORMING OPTIMALITY RANGE IN TIMO CHANNELS WITH COMMON AND INDIVIDUAL INPUT ... 651
C21 :0'%()'20'3 [pglplg [h{thhQth — h{lh3|h2‘2] + P32 [h{lhg‘hg‘Q — thhghQth]]
+ 0103 [hfhoh{'hs — hi'hs|hs|? + [p13]% [h{'ho|hs|* — h{hoh{'h;]] 5
2 Hy 12 e 2. (2 2 12 mHp (2 (25)
+ 010203 [912 Uh2 hs| [ha || hs| ] + p32pP13 Uh2| |hs| |hy" hs| ]]
— othfhy — p120102|ha|? — p13o103hE ho,
o2 =1 + oty [*| + p12o1o2hi hy + pgro103hi'hs + pizoroshf hy + o3 |hs|?| + ps20203hi hy
+ 0%0203 [p31p12 [hghlh{{hg — hgh3‘h1‘2] + P32 [hgh3‘h1|2 - h{lhghg[hl]] (26)
+ 0703 [[hy[*[hg|* — h{'hs|* + [p13]* [hi'hih{'hy — [hy[?[hs|*]]
+ 010203 [p12 [hi'hy|hs|* — hi'hshihi] + psap15 [hihihi hs]],
co3 =010203 [pao [ ho|? — [y *[ha|*] + pr2par [[ha|*[haf* — [hi'hy*]]
+ o703 [hi'hohi'hy — hi'ho|hy > + [p15)® [hi ho|hy > — hi'hyh hy] ] o
+ 010203 [p12 [hiha|ho|? — hi'hih{hs] + psap1s [hi hohf by — hi'h;|hy|?]]
- P13U102hf1h2 - p320203\h2|2 - Ughgh%
31 =070203 [p13p21 [hi'hah{'hy — hi'ho|hs|?] + ps2 [hi'hs|hy > — h{'hzhi'h]]
+ 0703 [h'hohi'hs — hi'hs|he|? + |p12]* [hi' hs|hy|* — hi'hsh{'hs] ] (28)
+ 010503 [p13 [|h hs|® — [ha|*|hs[?] + p12pas [[ho|*[hs|? — b5 hs[*]],
c32 =070203 [p13pa1 [ha|?*[hs]® — [h{'hs|?] + psa [[h{ hs[* — |hy|?|hs]?]]
+ 0703 [hi'hih{'hs — hi'hs|hy|* + |p12|* [hi'hs|hy > — hi'hih{'hs]] 29)
+ 010503 [p13 [hi'hy|hs|® — hi'hih{hs] + p1ap2s (i hih) hy — hi'h,|hs|?]]
- P120102h{1h3 - Ughglhe. - P120102|h3\27
cs3 =1 + oy [*| + praoio2hihy + piso1o3hiThy + paroi0ohi hoos |hol?| + pasoaoshi hs
+ 0'%0’20'3 [plgpgl [hglhlhflhg — h?h2|h1‘2] + P32 [h?h2|h1‘2 - h?hlh{{hQ]] (30)

+ 0703 [[h1*[ho|? — [h{'hy|* + |p12]? [|hf'ho|* — [hy[?[ho|?]]

+ 010503 [p13 [hihy[ho|* — hihih{hs] + pi2p2s [hy hihihy — hi'h;|hy|?]].

(1]

(2]
(3]

[4]

(5]
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