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Analysis of the Redundant Energy in UW-OFDM

Heidi Steendam, Senior Member, IEEE

Abstract—In this paper, we consider unique-word (UW)
OFDM, where the guard interval, filled with known samples, is a
part of the inverse FFT output. In order to construct the known
samples in the UW-OFDM signal, a number of carriers needs to
be reserved as redundant carriers. The information modulated
on these redundant carriers depends on the transmitted data.
However, the energy transmitted on the redundant carriers
strongly depends on the positions of these redundant carriers. In
this paper, we consider the distribution of the redundant carriers
from [1] that is suboptimal but yields an average redundant
energy that is close to the minimum, and analytically evaluate
the redundant energy as a function of the system parameters, i.e.
the FFT length, the number of redundant carriers and the length
of the unique word. Based on our results, a simple rule of thumb
can be obtained for the selection of the system parameters, which
is helpful in the design of UW-OFDM systems.

Index Terms—Maulticarrier systems, redundant carriers, en-
ergy consumption.

I. INTRODUCTION

N multicarrier systems like OFDM, the bandwidth is

divided into a large number of narrow subchannels, i.e.
the subcarriers; the data is transmitted in parallel over these
subcarriers and converted to a time-domain signal using an
inverse FFT (IFFT). Because of the narrow bandwidth of
these subcarriers, the subchannel can be considered frequency-
flat, which implies that multicarrier systems are robust against
channel dispersion. Hence, multicarrier transmission is able to
achieve a high bandwidth efficiency in dispersive channels and
is therefore the basis for various standards [2]-[4]. In order
to avoid that sequentially transmitted OFDM blocks overlap
in time and cause intersymbol interference, traditionally a
guard interval is inserted between the different IFFT blocks.
There exist several guard interval techniques like cyclic prefix,
zero padding and known symbol padding [5]-[6]. Common
to these techniques is the extension of the length of the
OFDM symbol in the time domain which reduces the effective
throughput of the OFDM system. Recently, a new approach
has been introduced in [7], i.e. unique-word (UW) OFDM. In
this technique, in contrast with the traditional guard interval
techniques, the guard interval is a part of the IFFT block: the
last part of an IFFT block in UW-OFDM does not depend on
the transmitted data but is a known sequence, the unique word.
To be able to construct this unique word, however, we have to
sacrifice subcarriers — these subcarriers are called redundant
subcarriers.
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In [8], two different methods were introduced to construct
UW-OFDM. In the direct approach, the unique word is directly
formed by properly selecting the information modulated on the
redundant subcarriers, whereas in the two-step approach, first
the information modulated on the redundant carriers is selected
such that the part of the time domain signal corresponding to
the unique word is set to zero, and the unique word itself is
added afterwards. In [8], it is shown that the two-step approach
requires less redundant energy than the direct approach. As in
the two-step approach first a signal is generated with a block
of zeros in the time domain, the UW-OFDM technique can be
compared with a Reed-Solomon code [9].

When we compare the throughput efficiency of UW-OFDM
with that of CP-OFDM, it can easily be verified that, assuming
the same bandwidth and guard interval duration, and a guard
interval length equal to 25% of the FFT length, the throughput
efficiency equals 75% in UW-OFDM and 80% in CP-OFDM.
Hence, the throughput efficiency in UW-OFDM is slightly
lower than in CP-OFDM. This implies that in an AWGN
channel, CP-OFDM will slightly outperform UW-OFDM: this
effect is shown in [8]. However, UW-OFDM will outperform
CP-OFDM in frequency selective channels. This has been
shown in [8] for the uncoded case and [7] and [10] for
the coded case. This can be explained by the redundancy
that is present in the frequency domain: translating the UW-
OFDM system in coding terms, the redundancy will introduce
a coding gain as compared to CP-OFDM. The effect of this
coding gain will be larger when there are more deep fades
in the channel. Note that the effect of deep fades in CP-
OFDM can be counteracted by using precoding. However,
this requires the presence of channel state information (CSI),
which is difficult to obtain timely and sufficiently accurate at
the transmitter. In UW-OFDM, such CSI is not necessary. The
performance gain in UW-OFDM however comes with a price
in complexity: whereas in CP-OFDM a simple linear data
detector is sufficient, sophisticated detectors that fully exploit
the redundancy in the signal are necessary for UW-OFDM.
Further, the information in the guard interval in CP-OFDM
depends on the data symbols and is thus prior unknown at
the receiver, whereas in UW-OFDM, the information in the
guard interval does not depend on the data symbols, and is
prior known at the receiver. The known symbols in the guard
interval can therefore easily be used for parameter estimation.
In this sense, UW-OFDM is similar to KSP-OFDM, where
it is shown that channel estimation and synchronization is
more accurate than in CP-OFDM thanks to the presence of
the known samples in the guard interval [11]-[13].

In [7] and [8], the authors considered only the case where
the number of redundant carriers equals a power of two. In
that case, it was shown through simulations that a (close
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to) uniform distribution! for the redundant carriers over the
bandwidth resulted in the minimum average redundant energy.
In this paper, we analytically prove that the uniform distri-
bution for this case is indeed optimal. When the number of
redundant carriers is no longer a power of two, the situation
becomes more complex. In [1], it is shown that the uniform
distribution is no longer optimal. Moreover, the energy needed
for the redundant carriers strongly depends on the positions
of the redundant carriers — this redundant energy increases
exponentially when the redundant carrier positions are not
carefully selected. So it is of major importance to use an
appropriate redundant carrier distribution. We select the dis-
tribution that minimizes the average redundant energy. For the
general case where NNV, is not a power of 2, the minimization
of the average redundant energy is a computationally hard
problem: an exhaustive search must be carried out to find
the optimal positions. For small values of N (N < 32),
the optimal positions were determined through an exhaustive
search, but for larger values of N (N > 32), this was
practically not possible. No simple rule of thumb was found to
extend the results for small values of IV to larger values of N
to obtain the positions for the redundant carriers that minimize
the average redundant energy. However, in [1], a distribution
for the redundant carriers is proposed where the redundant
carrier positions are selected according to a simple analytical
expression. For small values of IV, this distribution yielded for
almost all cases an average redundant energy relatively close to
the minimum obtained with the exhaustive search. For larger
values of N, extensive simulations were carried out to find
the optimal distribution. The distribution from [1] in this case
always gave the lowest average redundant energy. Hence, the
distribution from [1] is a good compromise between optimality
and complexity.

In this paper, we consider the distribution from [1] and
analytically evaluate the effect of the system parameters (i.e.
the FFT length, the length of the unique word and the number
of redundant carriers) on the average redundant energy. For the
special case where the number of redundant carriers equals
the unique word length, a closed expression for the average
redundant energy is derived. For the general case, where
the number of redundant carriers is larger than the unique
word length, the average redundant energy can indirectly be
calculated. From our analysis, we are able to derive a simple
rule of thumb for the selection of the system parameters such
that the redundant energy is small. This rule of thumb is useful
for the design of UW-OFDM systems.

II. SYSTEM DESCRIPTION

We use the two-step approach to construct the UW-OFDM
signal [8]. The time-domain signal consists of blocks of length
N (where N is a power of 2) samples generated at a sample
rate 1/7. In a block of N time-domain samples, the first

'In [7], the authors consider guard bands in the frequency domain where
no information can be transmitted. With a uniform distribution, some of the
redundant carriers should be placed on a zero carrier belonging to the guard
band, which is not allowed. The optimization in [7] takes into account the
restriction of the guard bands and results in a close to uniform distribution
where some of the redundant carriers are shifted as compared to the uniform
distribution. In this paper, however, we do not take into account guard bands.
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Fig. 1. Time-domain signal of UW-OFDM.

N — N, samples depend on the data and the last NV,, samples
contain the known sequence corresponding to the unique word,
as shown in Figure 1. To be able to construct in the first step
the block of N, zeroes in the time domain, we need to replace
N, data carriers by redundant carriers, where N, > N,,.
We define x4 = (z4(1)...24(N — N,))T as the vector of
Ny = N — N, data symbols and x,. = (z,(1)...2,.(N,.))T as
the vector of N, redundant symbols. The time-domain signal
in this first step is given by

Xd

. ) : (1)

y:F;P<

where Fy is the N x N FFT matrix with (Fy)g, =
\/—%e_jzﬂ% and P is the permutation matrix. This per-
mutation matrix determines the positions of the data and
redundant carriers. The N x N matrix P can be decomposed
as P =[Py P,], where P;is N x Ng and P, N x N,.. The
Ny columns of P, consist of the unit-weight vectors with
the *1’ at the positions ny € I;, where I; is the set of Ny
data carrier positions. Similarly, the N, columns of P, are
the unit-weight vectors with the *1’ at the positions ny € I,
where I, is the set of /N, redundant carrier positions.

We define the transform matrix M as M = Fx,lP. The
transform matrix is decomposed as follows
M1 My
M= ( M1 Mas )’ @
where My is (N — N,) x Ny, Myg is (N — N,) x N,,
My, is Ny, x Ng and Mss is N, X N,.. The requirement that
the last V,, samples in the time domain must be zero, results
in the set of linear equations My1xy + Maox, = 0. This
implies the following relationship between the data symbols
and redundant symbols?

X, = —M}, M2 x4 = Txy, 3)

where Ml, = ML (MyM)~! is the Penrose-Moore
pseudo-inverse. Hence, the time-domain signal y can be
rewritten as

y:M(qu )xdzexd, o)

2When N, > Ny, an infinite number of solutions exists for this underde-
termined set of equations. However, it can easily be verified that the solution
corresponding to the Penrose-Moore pseudo-inverse has the minimum average
redundant symbol energy E[xHx,].
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Fig. 2. Split redundant carrier distribution for N, = 15: Ny 1 = 8, Ny 2 =
4, Nr3 =2, N4 = 1. The spacings equal A = ﬂ = A3

where Iy, is the Ny x Ny identity matrix. In the matrix G,
the last IV, rows are zero rows.
The average energy of the time domain samples y is given
by
P = E[y"y] =

where Py = NyE, and P, = FE,trace(T?T) are the
average energy of the data symbols and redundant symbols,
respectively, and E[zq(i)z}(j)] = Esd;; is the energy of
a data symbol. To obtain a high power efficiency, it is of
importance that the average energy of the redundant symbols
is as small as possible. Taking into account (3), the average
energy of the redundant symbols can be rewritten as

Pi+ Py, (&)

P, = Etrace[Mo; M2 (Mgo,MEL) 1], (6)

where we have used the property trace(ABC)=trace(CAB)
[14]. Let us take a closer look at the matrices My and Mos.
The elements of these matrices are given by

1 o k Nun/ B
Ma1)ke = \/—Nej ng€lyg (7)
(Mao) L Lo e (8)
= — e n ”
22 )k,¢ N ¢
with k£ = 0,. — 1. Hence, the matrices M21M21 and

M22M22 from (6) are Hermitian Toeplitz matrices:

Ng—1

1 o (k=K )7y
(M21M£Il)k,k’ = N Z e]27T—N £ (9)
e:o
(k k n
(MgoMgh)pp = N Z v (10)
where k, k' = 0,. — 1. Taking into account that I, U

I,={0,...,N— 1}, 1t can easily be verified that My M£ +
Moo M =1y, .

Let us first consider the special case where N, is a power
of 2. In [7], the authors have shown through simulations that
evenly spreading the redundant carriers over the bandwidth
resulted in the minimum redundant energy. When N, is no
longer a power of 2, the situation becomes more complex.
In [1], it is shown that the uniform distribution for the
redundant carriers is no longer optimal, as in some cases,
the matrix MQZMé_IQ becomes (close to) singular. In [1], a
new distribution was introduced that resulted in essentially
minimal average redundant energy. In this ’split’ distribution,
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it is assumed that the number NN, of redundant carriers is
decomposed as a sum of powers of 2:

L,
Nr = Z Nr,fa
(=1

where N, , = 2%¢, z, is integer and N,.; > Np.o > ... >
Ny, > 1. The set I, of N, redundant carriers is split in
L, subsets I, with N, , redundant carriers. Within each set
I, 4, the positions of the N, , redundant carriers are uniformly

(1)

distributed over the bandwidth with spacing A, = NN -
resulting in the carrier indices -
Nme = Noe + MAy, =0,...,Np— 1. (12)

The offsets ng ¢ of the carrier positions within the different
sets I, » equal

np,1 = 7No

¢>1, (13)

noe =

where 0 < ng < Ay and my is 1nteger In the special case

when my = ];f;v[ ; — 1, V¢ > 1, the offsets ng ¢ reduce to
no,e = No+ g5y — N 7T IN N Flgure 2 shows the split distribution

for the case where Nr = 15 with my = 0. When N, is a
power of 2, it is clear that the proposed distribution reduces
to a uniform distribution of the redundant carriers over the
bandwidth.

Although we have assumed in this paper that all carriers
are modulated, the proposed redundant carrier distribution can
also be applied to systems containing a guard band with zero
carriers. The only requirement is that the distribution must
avoid these zero carriers. Typically, zero carriers are placed
in the center of the frequency band and at the edges of the
frequency band. As normally the number of zero carriers in
the center of the frequency band is small, the main concern
is therefore the zero carriers at the edges of the bandwidth.
As long as the total number of zero carriers at the edges of
the frequency band is smaller than the smallest spacing A; =
NN it is possible to select an appropriate offset ng in order
that none of the redundant carriers must be placed on a zero
carrier. Fortunately, in most practical cases N, and thus N, ;
is much smaller than N, such that this spacing is sufficiently
large to be able to avoid practical guard bands. In other words,
given a number of zero carriers in the guard band, there will
be a maximum on the number of redundant carriers that can
be placed according to the proposed algorithm.

III. SPECIAL CASE: N, = N,

In this section, we consider the special case where the
number of redundant carriers is the minimum possible, i.e.
N, = N,. In this case, the matrices M1, and My, in (2)
are square matrices. With the split distribution, M1; and Mao
are not singular, so they are invertible. It turns out that the
redundant energy and total energy exhibit several symmetries
as function of NV,.

31t can be verified that a shift of ng,¢ over a multiple of A,_; does not
influence the average redundant energy. This property might be interesting
in a system with guard bands: in that way we might be able to avoid zero
carriers.
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Proposition 1: The redundant energy is symmetrical in N,
around N/2, i.e.

PT‘(NT):PT(N_NT)' (14)

Proof: For the case of NN, redundant carriers, we define the
transform matrix M, the set of redundant carriers I, and the
set of data carriers I;. For the case of N — N, redundant
carriers, the transform matrix is M, and the sets of redundant
carriers and data carriers are I, and Iy, respectively. Taking
into account the distribution of the redundant carrier positions
of the previous section, it can easily be verified that the posi-
tions of the data carriers also satisfy the same distribution but
with Ny = N — N, positions instead of N, positions. Hence,
the two cases with NV, and N — N,. redundant carriers can be
interpreted as if the positions of the data carriers and redundant
carriers are interchanged, i.e. Id = I, and IT = 14. This
implies the followmg relationship between the transform ma-
trices M and M: My, = Myodiag{e~ JQ”M} M12 =
Mgldlag{e JQ”M} Mgl = Mlgdlag{eﬂ27T “1 and
Myy = Mlldlag{eﬂ27T e “1, where diag{y,} is a diagonal
matrix with as diagonal elements y,. Hence, the energy of the
redundant carriers for the case with N — IV, redundant carriers
yields:

P.(N — N,)

Estrace[l\N/ImMg(l\N/IzQMfQ)*l]
Egtrace[M oM 15 (M, M#) 7). (15)
Taking into account that M is a unitary matrix, i.e.
MM = Iy, it follows that M;oMZL + M;;MZ] = 0.
As M;i; and My, are square invertible matrices, My =
—M;MZ (MEL)~1 such that (15) can be rewritten as
PT(N — NT) = EstraCC[MllMg(MgzMg)_l .
My M2 (M Mf) ™
= E,trace[Mo; M2 (Mg MEL) ™1
= PT (NT’)a
where we have used trace(ABC)=trace(CAB) [14].00

Taking into account this symmetry and P;(N,) = E(N —
N,) + P.(N,), it follows that

P,(N,) = E(N — 2N,) + P,(N — N,).

(16)

A7)

Proposition 2: The total energy is symmetrical in NV, in
the intervals [N, N7, + Qﬁl] around N7, + 24%, where

Nfﬂ-:NZ@:lZZ N - fori=0,...,logy, N—1,ie.

. . N
PNy +x) = P, (N > —x) 0<z<

- 2i41"
N N
Pt<ﬁ—,) Pi(z) +2E,(2" — 1)(W—2

:r) (19)

for v € [0,21»%], i=0,...,logy N — 1.
When there are « redundant carriers, there are Ny 1 + Ng 2
data carriers, with Ng1 = N — 21% and Ngo = 21% —x.
The transform matrix M in this case can be decomposed as

Proof: First, we show that

Cii Ciz Cg3
M=| Cy Cp Co |, (20
Cz1 C3z2 Css
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where Cj;;, has dimension d; x dj/, where {di,ds,ds} =
{N41,Ngz2,x}. Comparing (20) with (2), it follows that
My = [C31C32] and May = Cas.

When there are % — x redundant carriers, the transform
matrix can be written as

3 Cu Cip Cis
M= Cy Cs Cy |, 21

Cs1 Gz Cgs
where ~(~3jj/ has  dimension d; X dj, _ where
{di,da,d3} = {Na,1,2, Na2}. Similarly, Mp; = [C31Css]

and M22~: Css. The relgtionship between the submatrices of
M and M is given by Cy , = Cz(4)7z(m)Dz(4)7z(m),zwhere
{z(1),2(2),23)} = {1,3,2}, Dy,, = diag{e/2""5"},
{z1, 22,25} = {0,—ds,ds} and {y1,y2,y3} =
{7e1,n¢, 742} The carrier indices g1 and 7y correspond
to the N4 and Ny o data carriers, and n, to the x redundant
carriers from case 1, respectively.

It can easily be verified that Co; CE = Nj\l;l I;, C5:Cl =
N]‘ffllr and Cq1 CL] = 0 where 7 = Zﬁfl x = Ng 2. Hence,
the total energy in the two cases can be written as

P(z) = E N —xz)
+ E,trace K%L@ + C32C§{2> (CBBC?IZ%)A}

E;(N —z)

E,a trace (C33C45)

[ee (03305:)_1}

—1

+ +

E.trace (22)

E;(N —%)

[ Ng1 H\~1
E,trace TI + C23CH | (C22CH)
Ey(N — i)

Eatrace (C2Ch)
C23023 (0220512)_1]

_|_

1

+
+  FEgtrace (23)

where o = 1—2-(+1)_ Because of the unitary character of the
matrix M, i.e. MM = I, it follows that E? 1 G CH
;3 and Y2 C;CH = 0, with j,k = 1,2,3
and j # k. Using CoC§ = Naiy, ¢yl = %1
and Co;CL} = 0, this implies CooCLh + Co3CE = 1515,
ngng + ngC% = #Ir and CQQC% + 023033 = 0.
Rewriting these relations yield

I(Zj’jzl

1
55T (CoCH)™ = TI; + Co3CL(CpCi)™!
1
55T (C33CH)™ = I, + CzCl(CaClh)™!
Cy3 = —CopCH(Ci)™! (24)

Substitution in the total energy from (22) and (23) yields

P(z) = Eg(N+2(2"-1)z)
+ E.2"trace [03205{{2 (C330§{3)_1} (25)
P(%) = E,(N+2(2'-1)7)

+ E.2"trace [ngC% (0220512)71}
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= E,(N+2(2'-1)2)
+ B2 wace [CyCly (CsCl) '] 26)

Comparing these two expressions, and taking into account that

i = 5% — w, it follows that
N ; N
Fi (2i+1 _5”) = Pi(2) +2E,(2"—1) (21? - 2x> . (27)

In the second step, we show that P,(N7?, +x) = P,(NF, +
Z), i.e. that the total energy is symmetrid as function of N,
in the interval [N?;, N7, + 5], where NZ; = N — &, & =
2 —z and z € [0, 2ﬁ1]

The total energy P;(N,’; 4+ x) can be rewritten as

Pt (mg“) — ES(N — 2mg“)
Pi(x) — 2z(2° — 1)E,,

(28)

where my ; = 25 — x. We have used (17) and (27) to obtain
the first and second line in (28), respectively. The total energy

Py(Ny; + ) equals

P(N?, +3) = P(&)—2z(2' - 1)E,
= Pi(z)—2x(2' - 1)E,

= P(N? +2). (29)

where the first line follows from (28) and the second line from
27.0

It can easily be verified from (5) that P;(0) = NE; and
Pi(1) = 2(N — 1)E;. Based on these initial values for the
total energy and the symmetries in the total and redundant
energies, a recursive relation for the total energy for all other
values of IV, can be derived (see the appendix):

P(2Y+Y) = P(Y) + Es (N —outl %Y) (30)
where 0 <y <logy, N —1 and Y < 2%. Taking into account
that N, = Ele Ny = Zle 2%i_ this recursive relation
can be written after some straightforward manipulations as
a closed expression for the total energy:

P,(N,) =

+EZ< N

E,(N —2N,)

Z Nre> 31

v = 1+1

IV. GENERAL CASE: N, < N,

When N, > N,, the matrix My, is no longer a square
matrix. In this case, a profound analysis of the average
redundant energy can be achieved by evaluating the eigen-
values of the matrices Mgy MZ] and Mgo,MZL. Assuming
the eigenvalues and eigenvectors of the matrix Moo MZE, are
given by A\, and v,,,, m = 1,..., N,, respectively, it follows
from MglMg_ + M22M§1’2 = Iy, that the eigenvalues and
eigenvectors of Mgy MZ are 1— A, and vy, m = 1,..., N,
respectively. Taking this into account, the average redundant
energy (6) can be rewritten as

Ny

(32)

m=1
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As M22M§1’2 is a Hermitian matrix, its eigenvalues are real
valued. Further, the matrix Moo Mgz is positive semi-definite:
N,—1

XH MQQM%X = E
£=0

N,—1

3 ae TR 20, (33)
k=0

1
VN
such that the eigenvalues are positive: A, > 0. Similarly,
M21M§{1 is positive semi-definite, such that 1 — \,, > 0.
Hence, the eigenvalues )\, are restricted to the interval 0 <
Am < 1.

As trace(MgoMLL) = , the sum of the eigenvalues
equals Zé\]:“l App = Hllu Takmg into account (32), it can
easily be verified that the average redundant energy is mini-
mized when all eigenvalues are equal and given by \,,, = %
It can easily be shown that this implies that the matrix
M3,ME should be a diagonal matrix: Moo ML, =
In that case, the redundant energy equals P nin = SJYVN
In the special case where N, is a power of 2 and the redundant
carriers are uniformly distributed over the bandwidth*, the
matrix Mo>MZ, reduces to MosMZ, = Jr1y, : the average
redundant energy equals P. = P, i,. Hence, this confirms
the results from [7] where the authors have shown through
simulations that a (close to) uniform distribution was optimal
for N, equal to a power of 2. This implies that the total energy
to construct the data part of the UW-OFDM block equals
P, = N4E; 1+ JX,—”:) In case N, = N,, the extra energy
needed for UW-OFDM to create a N, length zero interval
in the time domain equals the energy needed for the data
symbols: UW-OFDM doubles the energy needed to transmit
Ny data symbols. This does not yet take into account the
energy needed for the unique word! So at a first sight, UW-
OFDM is very energy inefficient. However, this extra energy
is used to create redundancy in the signal, as in an error
correcting code. At the receiver, using a data detector that fully
exploits all redundancy available in the signal will transform
this extra energy into a sort of ’coding gain’, such that the
performance of UW-OFDM is comparable to standard OFDM
techniques.

Note that when one or more of the eigenvalues )\, is small
as compared to the other eigenvalues, the redundant energy
(32) can strongly increase. In the following, we evaluate
the eigenvalues )\, from MgngQ. We rewrite the matrix
M22M£{2 as

NTNu

1
My, MY, = NGHAQ, (34)
where © = diag{e/2"%*}, k = 0,...,N, — 1 and A is a
real-valued symmetric Toeplitz matrix with as first row the
vector [a(0)...a(N, — 1)] with

ZNMZ

m=0
where N, = rtNpy + Kpg, and 0 < K, p < Npg.
Taking into account that the matrix ® is a unitary matrix,
the evaluation of the eigenvalues of M22M§12 reduces to the

1)™do(n — mNye), (35)

“Note that in this paper we have restricted our attention to N equal to a
power of 2. In the case where IV is not a power of 2, every N, that is a
factor of N combined with a uniform distribution of the redundant carriers
yields Moo M§2 = %I N, and hence minimum average redundant energy.
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search for the eigenvalues of A. Note that as A is independent
of N, also its eigenvalues will be independent of V.

Let us define [x]< = argmin{zx > N, ,|N,m € Jo},
with J, = {Ny1,...,Nn.p.}. ie. []< is the index of the
largest value in J,. that is equal to or smaller than x. Further,

the m x m Hadamard matrix H,,, can be constructed in the
H,,

following recursive way:
1 H,,
ﬁ Hm _Hm

with H; = 1. The Hadamard matrix H,,
unitary matrix.

Let us first consider the special case where N,, is a power
of 2. In that case, it can be verified that the Hadamard matrix
Hy, diagonalizes the matrix A: Hy, AHy, = diag{\:},
k =1,...,N,. The eigenvalues of A in that case are \ =
S IVul< N, , with multiplicity p and A = SV N, 4 N,
with multiplicity N,, — p, where p is given by

= N, ZZTN/2]<NTg N, >N[
2/ Nu/2)< Nu < Ny v
When N,, is not a power of 2, the following strategy can be

used to determine the eigenvalues of A. First, we decompose
N, into a sum of powers of 2:

Ly
Nu = Z Nu,l
(=1

with Ny ¢ > Ny o1, Ny = 2% and z, integer. Further, we
decompose the matrix A as

[ a1 B
A_(ﬁf 71)

with o is Nu,l X Nu71, ﬂl is Nu,l X (Nu _Nu,l) and ~; is
(Ny —Ny,1) X (Ny— Ny 1). The characteristic equation of A,
determining the eigenvalues, is given by det(A — M, ) = 0.
This equation can be rewritten as [14]

det(A — My,) = det(a; — Ay, ,)
~det(y1 — M, , — 87 (1 — Ay, ,) ' B1). (40)
The matrix o1 can be diagonalized by multiplying it with the

unitary Hadamard matrix Hy, ,, i.e. Ay = Hy, ,a1Hy, ;.

The elgenvalues of o, i.e. the diagonal elements of A; are
Wusl< N, with multiplicity v; and py + N,.; with

mu1t1p11c1ty Ny,1 — v1, where

v = { ZE [Nu,1/2]< Nre Ny > Ny [Nu]<
Ze (Nu1/2< Nrt Ny < Ny vy«

Further, the product 87 (a1 — Ay, ,) 81 can be rewritten
as

H2m = (36)

is a symmetric

Nds 37

Nul<

(38)

(39)

(41)

Bl (a1 — My, ;) 'B1 = B Hy, 1(A1 — ALy, ;) 'Hy, 18
1
= B1 B 42)
€1 — )\
where
Nuy1 Ny > Ny,
e = T e e v 3)
P1 N, < Nr,[Nu]S
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The second line in (42) follows from the fact that Hy, , 31 has
zero rows where A; has diagonal element different from ¢,
and non-zero rows where the diagonal element of A; equals
€1. Hence, the matrix (A1 — Iy, ,)~" can be replaced by the
matrix —Iy, ,. Further, it can easily be verified that the
product 37 3 equals

878, Nyi(vi —pilg, ) Ny > Npn,)<

L= .

' Nua((pr+ Nug)lg,  —=71)  Nu < Nojw, )<
(44)

where N wi = Ny Ze 1 Nu . Hence, the second factor in

(40) can be rewritten as

det(y1 — My, , — B (a1 — My, ;)™ ,6'1) =
det {%(’Yl (A= Nu1) }
N >NT7[Nu]S 5)
det {lerpNi“A('yl A+ Nu)Iy, | }
Ny < Npjn,)<-

As the structure of ~; is the same as the structure of A,
this suggests that the eigenvalues of A can be calculated in a
recursive way.

Let us define the block matrix

[ o B
Yi-1 = < 1T ~i > )

where 790 = A, a; is Ny; X Nyy, Bi is Nyi X NUZ
and ~; is N, ; X N ;. The matrix «; can be diagonalized
with the Hadamard matrix Hy, ,, yielding the eigenvalues
of a; A = p; with multiplicity v; and A = p; + Ny,

(46)

with multiplicity N, ; — v, where p; = i< 7, and
Vv = ]\7”Z Zf Nu /2 ug When N > NT,[Nu]<’
recursive equation y1elds
det(')/i_l — /\ilﬁu i) =
(pi _ Ai)yi+ﬁu,i(pi 4 Nu,i _ )\i)Nu,i—Nu,i—Vi
-det('yi — Ai+1lﬁu,i+1) (47)

where A\ip1 = A; — Ny; and A\g = A\. When N, < N, n, 1.,
the recursive equation yields -

det('yi,l — /\llﬁu 1) =
(pi _ /\i)l’ifﬁu,qz (pz + Nui _ /\i)Nu,HrNu,i*qu
det(ys — Aipaly, ) 48)

where i1 = A + Ny Note that in the first case, the
eigenvalues of A are Pz‘FZZ 1 Ny and pl—i—zg 1 Nu,¢ with
multiplicities v; +N u,i and Nu i—Nui—Vi respectively, and
in the second case p; — Zz 1 Nuys and pl—i—Nu i Z iNu’g
with multiplicities v; — N, ; and NW—HV u,i — Vi, respectively.
In both cases, it turns out that the eigenvalues of A are integer
values.

Let us consider the special case N,, = N,. In this case,
Nug = N, g, such that p; = Ze 1 Ny and v; = Ny —
Ee “i+1Nu,e. Hence, the eigenvalues of A are given by
_Nuz = UZ_ZZt{iH-l Nu,[
and A\ = 2N, ; with multiplicity 23/, | Ny, for i =

A = N, ; with multiplicity v;
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1,..., L,. The energy of the redundant carriers is then given
by
L, N Ly
P.=FE, N —Ny;,— — N, 49

Taking into account hat P; = (N — N, )E;, this expression
leads to the expression (31) for the total energy, obtained in
the previous section.

When N, > N,, in general no closed expression for the re-
dundant energy can be derived. Hence, the eigenvalues should
be calculated for this case, and based on these eigenvalues, the
redundant energy can be computed. However, for some special
cases, a closed form expression for the redundant energy can
be found. When N, = 2™ — 1, the eigenvalues of A are
A = 2™ — N, with multiplicity v = 1 and A = 2™ with
multiplicity v = N,, — 1, resulting in the redundant energy

P - E, (Nfi“v R e ) (50

n— N, 2
When N, = 2™ + 1 and N, < 2™, the eigenvalues are A =
2™+ N,, with multiplicity ¥ = 1 and A = 2" with multiplicity
v = N, — 1, resulting in the redundant energy

N —2m _ N, N —2m
PT:ES<7+(NH—1) o ) (51)

2m + Ny,
Although in the previous paragraphs, we have derived a
method to effectively calculate the eigenvalues of the matrix
A, it still requires computation time. It might be of interest to
obtain bounds for the minimum and maximum eigenvalues of
A that can be computed at no cost. In the following, we give
some bounds for the minimum and maximum eigenvalues that
can directly be calculated from N, and [V,. This might be a
valuable tool in the design of an UW-OFDM system.
Proposition 3: The eigenvalues of A are within the interval
_ o [2Nual< _
[Amina Amax]’ where Anin = Zle Tl and Apax =
Amin + 2N,,1. Further, the minimum eigenvalue of A is
upper limited by Amin = gi’l]s ¢ and the maximum
eigenvalue is lower limited by S\max = S\min + Ny 1.
The proof of this proposition is a direct consequence of the
interlaced eigenvalue property [14, chapter 7]:
Interlaced eigenvalue property: Let B,, be a Hermitian
n X n matrix with eigenvalues f; < 2 < ... < f,. Let c be
an x 1 vector and d a real-valued scalar. We can construct the

bordered Hermitian matrix B,, 1 of size (n + 1) X (n + 1):
B, c
B,y = < cH d ) (52)

The eigenvalues A\; < Ay < ... < Ap41 of Byyg are
interlaced with those of B,,: A\ < 1 < Ay < [ < ... <
ﬁn < AnJrl-

Proof of Proposition 3: First we show that the eigen-
values of A are bounded by A, and Ap.x. We define
the 2N, 1 x 2N, real-valued symmetric Toeplitz matrix
AQNN similarly as the matrix A (see (35)). The first row
of AgNu . is given by [a(0),...,a(2N, 1 — 1)], with a(n) =

Ny SSMrt (Z1)™§(n — mN,.¢). Note that the matrix
Az Nu,1 can be decomposed as

~ A
Aoy, = < < ; ) (53)
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where x is N, X (2N, 1 — N,,) and y is symmetric (2N, 1 —
Ny) % (2Ny,1 — Ny). The dimension of AQNN is a power of
2, so the Hadamard matrix Hap, , can be used to diagonalize
it, resulting in the eigenvalues A, = 2621\7“ e N, , and
Amax = Amin + 2NV, 1. The interlaced eigenvalue property
implies that the eigenvalues of A are bounded by the minimum
and maximum eigenvalue of Ay Nua-

Secondly, we show that the eigenvalues of A are bounded
by Amin and Amax. We define the Ny,1 %X Ny,1 Toeplitz matrix
A N...- We can write A as

— ANu,l X
A= ( x oy )
where x is N, 1 X Nu,l and y is NUJ X Nu,l. The i~nterlaced
eigenvalue property implies that the eigenvalues of Ay, , are
bounded by the minimum and maximum eigenvalue of A.

The eigenvalues of Ay, , can be found by multiplying it with

the Hadamard matrix H Nuois yielding the eigenvalues A\, =

LJXE s N, and ;\max = :\min + N,,1. Hence, it follows

that A\pi, is an upper bound for the smallest eigenvalue of A
and S\max is a lower bound for the maximum eigenvalue of
A O

Note that the redundant energy is given by P, =
E, Zﬁ”‘zl (1— ’\](}” )/( ’\](,” ), where \,,, are the eigenvalues of A.
The smaller the relative difference between the eigenvalues,
the smaller the redundant energy, with a minimum when
all eigenvalues are equal. When 2N, 1 < N, [N, )., it

(54)

follows from the previous derivations that A, = 0 and
Amax = 2N, 1, whereas when 2N, ; > N, [2Nua]<s Amin =

22]\17“ als > 2N, 1 and Apax > 4N, 1. In the latter case, the
relative difference between the eigenvalues is smaller, such
that the redundant energy in the latter case will be relatively
smaller than in the former case. Hence, this provides us a rule
of thumb to select the number of redundant carriers and the

length of the unique word.

V. NUMERICAL RESULTS

In this section, we analytically evaluate the data energy
P,, redundant energy P, and total energy P, as function of
the system parameters, i.e. the FFT size N, the number of
redundant carriers N, and the length of the unique word N,,.

In Figure 3, the energy is shown as function of the number
of redundant carriers, assuming that the number of redundant
carriers is the minimum possible, i.e. N, = N,,, for N = 32.
As expected, the data energy P, equals NyE; = (N —N,.)Ej.
The symmetry of the redundant energy around N/2 = 16 can
clearly be seen in the figure. Also the symmetries of the total
energy in the intervals [N7;, N7, + 2L]X1] around N,’; + 24%’
where N, = NY7,_ 27" =N-— X, fori=0,...,logy N—
1 can be observed in the figure. As expected from our analysis,
when N, is a power of 2, the redundant energy equals the data
energy (the curves in the figures coincide for these values of
N,). Further, we observe that the redundant and total energy
needed for odd values of N, are larger than for even values
of N,. This can be explained with the closed form expression
(31) for the total energy. Consider the total energy for the
values N, = X and N, = X + 1, where X is assumed to
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Fig. 3.
N = 32.

Data, redundant and total energy as function of N, N, = Ny,

be even. Hence, X can be written as X = Zf;l N, ¢, where
N, 1, > 1. The difference between the total energies can
easily be derived from (31):

L,
< N
P(X+1) = P(X) = BN =2) = B, > 5. (55
-1 r,
As N,1 < N/2 and N, r, > 1, the sum Zf;l % can be
upper limited by ’
L, N logy N—1
<N —=N—-2. 56
LN L o

Hence, it follows that P.(X + 1) — P,(X) > 0. Further,
considering that P,(X) = E,(N — X) 4+ P.(X), it follows
that P.(X +1) — P.(X) > E; > 0.

Next, we evaluate the effect of the FFT size on the
energies. In Figure 4, the energy (normalized on NEj) is
shown for different values of N, = N,. The normalized
energies increase with N, and reach an asymptote for large
N. Hence, for large N, the three energies (P4, P, and
P,) are essentially linear in N. For given N, doubling N,
reduces Py, P, and P;. This can be explained as follows.
The data energy equals P;(N,) = (N — N, )E;, such that
P4y(N,) — P4(2N,) = N, E;. For the total energy, it follows
from (31) that P;(N,.) — P;(2N,) = 2EN,.. Further, taking
into account that P,(X) = P4(X) + P-(X), it follows that
P.(N,)— P.(2N,) = N, E,. Hence, doubling N, will reduce
P, and P, with an amount N,.E, and P; with 2N, E,. Further,
it can be observed in the figure that the normalized energies are
the same when NV and N, = N,, are multiplied with a power
of 2, ie. P.(N,N,)/(NEs) = P,(N2* N,2%)/(N2*E),
where © = d,r,t and z is an integer. For the case of the data
energy, the derivation is straightforward taking into account
that P;(N2% N,2%) = 2*(N — N,)E; = 2°P4(N, N,). For
the total energy, it can easily be derived from the expression
(31), and hence, considering P,(X) = FPy(X) + P.(X), it
directly follows for the redundant energy.

In the previous figures, we have restricted our attention
to the case where N, = N,. In Figure 5, we consider the
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Fig. 4. Data, redundant and total energy as function of N, N, = N,..

case where the length N,, of the unique word is varied when
N and N, are kept constant. The data energy is equal to
P; = N4yE; = (N — N,)E, and hence independent of
the length of the unique word. When N, is a power of
2, it was shown that the redundant energy equals & dJTV“ £,

N,
i.e. the redundant energy linearly increases with NV,, and

reaches its maximum N4z when N, = N,. When N, is
not a power of 2, we use the eigenvalues of the matrix A
to evaluate the redundant energy. Recall that the redundant
energy equals P, = E; vaz“l N;_::m It becomes minimum
when all eigenvalues are equal, resulting in P, jnin = s %
If one or more of the eigenvalues )\, is small as compa;ed
to the other eigenvalues, the redundant energy will strongly
increase. In the figure, for the cases where NN, is not a power
of 2, we have added the curves P, nin as a reference (i.e. the
grey dotted lines in the figure). When NV, is not a power of 2,
the redundant energy increases faster than P, ;. For small
values of NV, the redundant energy is essentially linear in N,
(close to Py min), but when N, > 2Ul°g2 Vvl (N, > 8 in the
figure), the redundant energy strongly increases as compared
to P min. This can be explained by observing the eigenvalues
of the matrix A for the different cases. The case N, = 15
corresponds to the case NV, = 2™ — 1 which was discussed in
section IV. In this case, the eigenvalues are A = 2™ = 16
with multiplicity v = N, — 1 and A = 16 — N, with
multiplicity 1. The redundant energy is given by (50). For
N, < 2™ and approximating 2 /N =~ N,./N, the redundant
energy (50) can be approximated by P, ~ P, nin. Hence, for
small N, the redundant energy is approximately minimal.
When N, é N,, the eigenvalue with multiplicity one, i.e.
A = 2™ — N, becomes relatively small as compared to the
other eigenvalues, which explains the strong increase of the
redundant energy in the figure. In Table I, the eigenvalues
and their corresponding multiplicities are shown for N, = 10.
When N,, < 8, the relative difference between the eigenvalues
is small, and hence the redundant energy is close to the
minimum P, 1yin. For N, > 8, one of the eigenvalues is A = 2.
As this eigenvalue is relatively small as compared to the other
eigenvalues, the redundant energy is strongly increased. Note
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TABLE I
EIGENVALUES A AND THEIR CORRESPONDING MULTIPLICITIES  FOR
N = 32 AND N, = 10.

N, A (V)

I 10(D)

2 10(2)

3| 8, 10(1), 12(1)
4 8(2), 12(2)

5 8(3), 12(1), 14(1)
6 8(4), 14(2)

7 8(5), 14(1), 16(1)
8 8(6), 16(2)

9 2(1), 8(5), 16(3)
10 2(2), 8(4), 16(4)

that when N,, < N,, for most cases the average redundant
energy is smaller than the data energy, whereas for N, = N,.,
the redundant energy is larger than or equal to the data energy.

VI. CONCLUSIONS

One of the main concerns in UW-OFDM is the energy usage
of the redundant carriers. In this paper, we analytically eval-
uate the energy necessary to transmit the redundant symbols.
In [7], the authors have shown through simulations that for
N, a power of 2, a close to uniform distribution was found
to achieve the minimum average redundant energy given the
restriction that the carriers in the frequency guard bands are
not allowed to be used. In this paper we analytically prove
that, if all carriers may be used, the uniform distribution is
optimal. However, in contrast with [7], we do not restrict
our attention to the case where NN, is a power of 2. As the
uniform distribution in that case is no longer optimal, we use
the suboptimal split distribution from [1].

In the special case where V,, = N,., i.e. when the number of
redundant carriers is the minimum possible, we derive a closed
form expression for the redundant and total energy, which
avoids the need of extensive computations. Further, we show
the existence of different symmetries in N, of the redundant
energy and the total energy. It turns out that when N, =
N,, the redundant energy for odd N, is larger than for even
N,.. Further, doubling the number of redundant carriers while
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keeping the number of carriers constant decreases the data,
redundant and total energy proportionally with N,, and when
the number of carriers NV is doubled together with N,., the
energies are doubled.

In the general case where the number of redundant carriers
is no longer equal to the length of the unique word, i.e.
N, < N,, we analyse the redundant energy by evaluating
the eigenvalues of the matrix A. When one or more of
the eigenvalues is relatively small as compared to the other
eigenvalues, the redundant energy strongly increases. Hence,
this situation must be avoided. In the paper we have shown that
when 2N, 1 < N, pan, )., the relative difference between
the eigenvalues is larger than when 2N,1 > N, pan, .-
Hence, this inequality can be used as a rule of thumb in the
selection of the system parameters. Further, in this paper, we
have shown that in the general case, the redundant energy
as function of N, increases faster than P, ,in, which is the
minimum possible redundant energy.

From figures 3-5 it follows that the average redundant
energy is relatively large as compared to the data energy.
However, this high redundant energy will not necessarily lead
to a BER degradation. The explanation is as follows. If at
the receiver only the data carriers were considered for data
detection, the redundant carriers are thrown away and a linear
data detector is used as in CP-OFDM, the high redundant
energy would be a drawback, as the energy in the redundant
carriers is wasted. However, if we use the information that
is available in the redundant carriers to detect the data —
this requires more sophisticated data detectors than in CP-
OFDM - it is shown (see [7], [8], [10] and [15]) that for
N, = N, (which yields the maximum average redundant
energy as function of NV,,) and in the presence of a frequency
selective channel, the BER for UW-OFDM is lower than that
of CP-OFDM. The redundant part of the UW-OFDM system
acts like an error correcting code, so the high redundant energy
needed will not cause a BER degradation as long as it is
compensated by the ’error correcting capability’ of the UW-
OFDM ’code’.

APPENDIX

In this appendix, we derive the recursive expression for the
total energy (30). We consider the following two cases: 2¥ =
N/2 and 2¥ < N/2.

Case 1: 2 = N/2
In this case the total energy yields

N N
P, (— n Y) O p (5 _ Y) _9VE,
(19)

2
= P(Y)-2YE, (57)

Case 2: 2Y < N/2
In this case the total energy can be rewritten as:

P 1y) Y BN v)+ (N2t 2v)E,
Py(N —2¢Tt 4 2Y V)
+(N —2vtt —2Y)E,
(28) N
= PERV-Y)-202-Y) <ﬁ - 1) E,
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+(N —2vt —2Y)E,

Y py) 42020 2v) (WN_J £,

N
1)E,

—2(2¥ - Y) <ﬁ —
+(N —2vt —2Y)E,
N
= PRY)+ (N —outl _ ﬁy) E, (58)

Note that for 2¥ = N/2, the expression (58) reduces to (57).
Hence, combining the results yields the recursive expression
(58) for all values of 0 < y <logy N — 1.
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