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Abstract— In this paper, we introduce an analytical framework
to compute the average rate of downlink heterogeneous celar
networks. The framework leverages recent application of sichas-
tic geometry to other—cell interference modeling and analgis. The
heterogeneous cellular network is modeled as the superptisin of
many tiers of Base Stations (BSs) having different transmipower,
density, path—loss exponent, fading parameters and distoution,
and unequal biasing for flexible tier association. A long—tam
averaged maximum biased—received—power tier associatiors

character of the wireless channel [2]. For this reason, rateu
performance analysis is usually conducted via costly, time
consuming, and often proprietary system—level simuldt®js
This approach, however, seldom provides insightful infarm
tion on system design and on the dependency of the system
parameters to optimize. This situation is even exacerbated
in future cellular deployments, which are becoming more
heterogeneous with the introduction of new infrastructure

considered. The positions of the BSs in each tier are modeled
as points of an independent Poisson Point Process (PPP). Und
these assumptions, we introduce a new analytical method@gp
to evaluate the average rate, which avoids the computationfo
the Coverage Probability (Pcov) and needs only the Moment
Generating Function (MGF) of the aggregate interference at A. Abstraction Models for Analysis and Design of Cellular

elementsg.g, femto/pico BSs, fixed/mobile relays, cognitive
radios, and distributed antennas [4]-[9] and [10] for a syrv

the probe mobile terminal. The distinguishable characterstic of
our analytical methodology consists in providing a tractalbe and
numerically efficient framework that is applicable to genenl
fading distributions, including composite fading channet with
small- and mid—scale fluctuations. In addition, our method an
efficiently handle correlated Log—Normal shadowing with lttle
increase of the computational complexity. The proposed MGF

based approach needs the computation of either a single or

a two—fold numerical integral, thus reducing the complexiy
of Pcov-based frameworks, which require, for general fadig
distributions, the computation of a four—fold integral.

Networks

To circumvent this problem, communications theorists usu-
ally resort to “abstractions” for tractable other—celkrference
modeling and for performance analysis. These abstractions
usually encompass simplified spatial models for the loaatio
of the BSs. In particular, three abstraction models are com-
monly adopted: i) the Wyner model [11]; ii) the single—cell
interfering model [12]; and iii) the regular hexagonal ouace
grid model [13]. These abstraction models, however, amnoft

Index Terms— Heterogeneous cellular networks, aggregate in- €ither over—simplistic or inaccurate [14]. Furthermonesome

terference modeling, stochastic geometry, average rate.

|. INTRODUCTION

cases, as for the regular hexagonal/square grid model, they
still require either intensive numerical simulations orltiru

fold numerical integrations. Finally, these abstractioodels
usually provide information fospecificBSs deployments, and

HE analytical performance modeling of cellular networksypically fail to provide useful information for more ranaho
is a long-standing open issue [1]. The mathematicahplanned, and/or clustered BSs deployments, which are typ

intractability mainly arises from the difficulty of accuedy

ical of emerging heterogeneous cellular networks witly,

modeling other—cell interference by taking into accourd thoverlaid femtocells and picocells [9], [10]. Motivated bese
spatial positions of the Base Stations (BSs) and the stichasonsiderations, a new abstraction model is currently emgrg
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and gaining popularity, according to which the positions of
the BSs are modeled as points of a Poisson Point Process
(PPP) and powerful tools from applied probability, such as
stochastic geometry, are leveraged to develop tractalbde in
grals and closed—form mathematical frameworks for imptrta
performance metricse(g, coverage and average rate) [15]-
[17].

B. Stochastic Geometry based Modeling of Heterogeneous
Cellular Networks

The stochastic geometry based abstraction model for the
analysis of cellular networks dates back to (at least) 1997
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[3], [18]. Subsequently, a similar shotgun—-basee, PPP- integrals to be computed, and, similar to the Pcov-based
based, abstraction model was proposed in [19], and it wagproach, is flexible enough for application to arbitranyirig
shown that, compared with the traditional hexagonal griistributions (including correlated composite channetleis).
model, the shotgun approach provides upper performanidee framework leverages the application of recent results
bounds. More recently, the PPP model has been used for ¢ilethe computation of the ergodic capacity in the presence
analysis of spatial and opportunistic Aloha protocols [201d of interference and noise [66]. It avoids the computation of
for the characterization of the Signal-to—InterferencatidR Pcov, and needs only the Moment Generating Function (MGF)
(SIR) of (single—tier) cellular networks [21]. In spite dfese of the aggregate interference at the probe mobile terminal.
initial and pioneering attempts of applying the PPP mod&hroughout this paper, this framework is denoted No¢sF—

and stochastic geometry to the analysis of cellular netgjorlbased approachWe show that it is applicable to multi—tier
only recently the random—based abstraction model for tkellular networks with long—term averaged maximum biased—
positions of the BSs has received the attention it desetwed.received—power tier association, and that either a single o
particular, its emergence and widespread adoption fouleell two—fold numerical integral need to be computed for arbjtra
networks analysis and design is mostly due to [22], wherefading channels.

comprehensive framework to compute coverage and average

rate of single—tier de_ponments is provided. In [2_2], ithoan o Paper Organization

that the PPP model is as accurate as regular grid modelg, but
has the main advantage of being more analytically tract#ble
comprehensive study based on real BSs deployments obtaiid;%&
from the open source project OpenCelllD [23] has reveal

that the PPP model can indeed be used for accurate cove

analysis in major cities worldwide. Recent results aboet {0 multi—tier cellular networks with flexible (biased) tiasso-

validation of the PPP model for real BSs deployments af ation. In Sectio V, extensive Monte Carlo simulatione ar
available in [24], where data collected from Ofcoire, the shown to substantiate the proposed mathematical framework

independent regulator and competition authority in the BK, for various fad_mg channgl models and ceI_IuIar networks
used. Fueled by these encouraging results, many res&arcﬂgployments. Finally, Sectidn VI concludes this paper.
are currently using the PPP-based abstraction model tg stud
single— and multi-tier cellular networks,g, [25]-[47] and
references therein. The PPP-based approach is also widelye consider a downlink heterogeneous cellular networks
adopted for network interference modelirgg, [48]-[65]. model similar to [31], [43], and [46]. However, the follovgn
differences hold. In [31] and [46], the tier associationi@pol
) ) is based on the instantaneous Signal-to—Interference—plu
C. Analytical Compqtatlpn of the Average Rate: State—@—thy jise_Ratio (SINR). On the other hand, similar to [43], we
Art and Paper Contribution consider a biased long—term averaged tier associationypoli
In this paper, we capitalize on the emerging PPP—basasl described in Sectidn II1B. Compared with [31], [43], and
abstraction model for multi-tier cellular networks, andmose [46] the analytical methodology to compute the averageisate
a new mathematical methodology to compute the downlimiot based on the Pcov—based approach but on the MGF-based
average rate over general fading channels. Recent pagpgrproach.
have developed frameworks to compute the average rate foNotation E {-} denotes the expectation operatbt.x (s) =
single—tier downlink [22], [39], multi—tier downlink [26]43], E {exp(—sX)} is the MGF of random variableX. fx (-)
downlink multi—cell coordination [36], [44], and singléet denotes the Probability+Density Function (PDF) of random

uplink cellular networks [30]. All these papers use the samariable X. T'(z) = [ exp(—t)t"~'dt is the gamma

two—step methodological approach to compute the avergg@ction. erfc (z) = (2//7) f;"o eXp{_52} d¢ is the com-
rate, which was originally introduced in [20] and exploit®t plementary Gauss error functiofi, 5 (-) is the Lommel func-
Plancherel-Parseval theorem: i) first, the Coverage Pilitigab . , . _— a :
(Pcov) is computed; and ii) then, the average rate is oldain on defined in [67, Sec. 7.5.5L7" { () ((b:)) ) is the
by integrating Pcov over the positive real axis [20, EdVleijer G—function defined in [68, Sec. 2.24\ (n,z) =
(2.12)]. Throughout this paper, this methodology is deddtg [x/n, (x + 1)/n,...,, (x +n — 1)/n], with n being a positive
Pcov-based approacllthough this technique avoids system-integer andc a real number. Thé-th entry of A (n, z) is de-
level simulations, it requires, for general fading chasn#éie noted byA, (n,z). o Fy (-, -, -, -) is the Gauss hypergeometric
computation of a four—fold integral [22, Appendix C]. Foigh function defined in [69, Ch. 15LF; (-,-,-) is the confluent
reason, many authors often limit the analysis to Rayleigh fahypergeometric function defined in [69, Ch. 18]) is the fac-
ing channels and/or to interference—limited networks, nehetorial operatorI” (z, z) = j:oo t*~Lexp {—t} dt is the upper—
simplified frameworks can be obtained. Further details abdncomplete gamma function.(z,z) = [ t*~*exp {—t} dtis
the computational complexity of the Pcov—based approaeh @ine lower—-incomplete gamma functioh(-) is the Dirac delta
available in Sectiof IMI-G. function., () is the modified Bessel function of the first kind
To overcome this limitation, we propose a new analyticaind orderv defined in [69, Sec. 9.6]H () is the Heaviside

framework which, at the same time, reduces the number fahction,i.e, H(z) = 1if z > 0andH (z) = 0if = < 0.

l'I'he remainder of this paper is organized as follows. In
tion[l, the system model is described. In Secfioh Ill,
MGF-based approach is introduced for single—tier kzllu

orks. In Section 1V, the proposed methodology is agdplie

Il. SYSTEM MODEL AND PROBLEM STATEMENT
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»Fq (+,-,-) is the generalized hypergeometric function define. Biased Long—Term Averaged Tier and BS Association

in [70, Ch. IV]. j = v/=T is the imaginary unitcard {-} We assume that the BSs of each tier operate in open access

denotes the cardinality of a set. mode for MT, [8]. As a consequencé\IT, is allowed to
access to any tiers without any restrictions. In a multi-tie
cellular networks model, both tier and BS associations have
be properly defined. Similar to [43, Sec. [I-A], throughdust

A. Heterogeneous Cellular Networks Model paper we consider a long—term averaged maximum biased—
received—power association policy. Lét = min {d;;} for

Let us consider the PPP—based abstraction model for the 1,2,...,T be the distance froIT, to the nearestBS

positions of the BSs in a bi—dimensional plane. Then, af the t—th tier. LetBS, for ¢t = 1,2,...,T be theT nearest

heterogeneous cellular deployment can be modeledladiar BSs. ThenMT) is associated (tagged) to the tier defined

network where each tier models the BSs of a particular clags. follows:

Each class of BSs is distinguished by its spatial density ( t* = argmax {P;d; “' B} (1)

fort = 1,2,...,T), transmit power P, for t = 1,2,...,T), t=1,2,...T

path—loss exponenaf > 2 fort =1,2,...,T), biasing factor and the tagged (serving) BS is denotedBfy;- = BS.

(B > 0 fort = 1,2,...,7), and fading parameters and In other wordsMTj is connected to the BS that offers the

distribution. The BSs of each PPP are assumed to have thighest average received power to it. Accordingly, Bf&,—

same transmit power, the same path-loss exponent, the sérdIT, link is the useful signal, while all the other BSs in

biasing factor, and their fading channels are independaat eevery tier act as interferers. Since the positions of the &8s

identically distributed (i.i.d.). The extension to coatdd and random, theBS,—to-MT, distance is a random variable as

identically distributed (c.i.d.) fading is discussed incen well [22].

[II=F] However, for mathematical generality, we assume tha The biasing factorB; > 0 for t = 1,2,..., T, modifies the

the fading distribution of the serving (tagged) BS is diffier coverage range of each tier for a better offloading strategy.

from the fading distribution of the intra—tier interferii®@Ss. For example, ifB, > 1 the coverage range of theth tier is

The BSs of each tier are assumed to be spatially distributedreased. Throughout this paper, we assume, similar ) [43

according to a homogeneous PRP, for ¢t = 1,2,...,T). that all the BSs are fully—loaded.€., their queues are full

The T PPPs are assumed to be spatially independent. Gund, thus, they have always data to transmit). The analysis

analysis applies to a typical mobile terminal, as permissibof heterogeneous cellular networks with partially—loa@&&h

in any homogeneous PPP according to the Slivnhyak—Meck&spostponed to future research, for example either usiag th

theorem [17, vol. 1, Theorem 1.4.5]. Without loss of gerigral conditionally thinning approach proposed in [35] or theerc

the typical Mobile TerminalXIT,) is assumed to be locatedresults in [45] and [47].

at the origin of the bi—dimensional plane. Theth BS of the

t—th tier is denoted bPS; ,. The distance fronBS; ;, to MT, C. Problem Statement

is denoted by, ;. The standard path—loss functiéfd; ;) =

d;bo‘t is considered. The power channel gain of Bf&, ,—to—

MT) link is denoted by, , = |ht_,b|2, whereh, ; is the related

complex amplitude channel gain. For a fair comparison amo

fading channels with different distributions, the normation

constraintE {g, ,} = E |ht7b|2} = ) = 1 is assumed for T

everyb and fort =1,2,...,T. R = ZAth )

The frameworks developed in the present paper are ap- ) ) _t_zl ) )
plicable to single—input—single—output transmissionteys. where: i) A; is the probability thatM'T, is associated to the

In other words, BSs andIT, are equipped with a single t—th tier; and ii)R; is the average rate &fi'T, conditioned on
transmit and receive antenna, respectively. The genatiaiz its association to theé-th tier. For the tier association policy

of the proposed analytical methodology to more advancifroduced in SectioR I-BA, is available in [43, Lemma 1].
transmission technologies is currently under investigatbut O the other handg, is defined as follows [22, Sec. IV], [43,

The main objective of this paper is to compute the average
(ergodic) rate of a heterogeneous cellular network, which
is modeled as the superposition @f independent PPPs.
B\%cording to [22] and [43], the average rate can be written as
follows:

it is beyond the scope of the present paper. The interesfed (46)I: +oo
reader can, however, find preliminary results to the anslysi R = / Rt (€) fa,, (&) dE (3)
of multi-antenna receivers and dual-hop relaying in [74 an 0 |

[72], respectively. The main limitation of [71] and [72] iswhere: i)d; is the distance oMT, from its serving BS by
that cell association is not considered and that the distargnditioning onM T, being tagged to the-th tier; ii) fq, , (-)
from serving BS to probe mobile terminal is assumed to hethe PDF of the random distandg,, which is given in [43,
interference is treated as noise and the typical mobileitedim (€)=

fixed. Finally, we mention that the average rate is computéémma 3]:
T 2
2 *q  2a
: - : W)\tgexp _WZ )\q <&&> §2aq
uses adaptive modulation/coding such that the Shannordpoun A o P; B;

under the same assumptions as in [22, Sec. I\g, the
for the operating instantaneous SINR, can be achieved. (4)
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) +oo T P, B,\ % 2 Pygp o€~
Rt=27r)\t/0 fexp{—wq;1 Aq (FZFZ) & }E{1n<1+7012\,+13gg(§))}d§ (6)
+oo
R= [ - Mo (sNRy) 22,
0 Yy
1 (8)
o y

Gr(y)

+o0
= 2, (S\Ry) “33 SNRy) /0 £ exp {—7AZ; (SNRy) £} exp { y& } de¢

and iii) R, (£) is the average rate ofiT, conditioned on this this case,[(6) simplifies as follows:
terminal being tagged to the-th tier and ord, ¢ being equal R — 2r\
to dio = £. From [22, Sec. IV] and [43, Eq. (14)R: () can

be written as follows: e 2 Pgo&™"
X {exp{—w/\f }E In 1+m d{
R (§) =E{In (1 + SINR; (€))} 0 oN + loeg (& )
_ Pigiof . )
T W ease of notation, ir {7) the subscripthat denotes the tier is
Lagg (§) = X2 > (quq,bdq,bq) dropped. Likewise, the subscripts dropped inf, (-), Mo (-),

=162, {\BSt0(6)} f1(-), and My (-) as well.

where: i) 0% is the noise power; ii)BS; (¢) is the serving By using the MGF-based approach, an integral closed—form
BS at distancel, o = £ andg, o is the BS, (—to-MT, power expression of[{7) is given iTheoremll
channel gain; and iii)/,.s (§) is the aggregate interference Theorem 1:Let SNR = P/o?v be the Signal-to—Noise—
conditioned ond, o = &, which is generated by all BSs excepRatio (SNR), then the average rate, of a single—tier cellular
the serving BB BS.,0. From [2)-(5), the average rate reducesetwork over generalized fading channels is giveriJn (8hat t
toR =3, R: with R; given in [B) at the top of this page.top of this page, where:

The main objective of the next s_e<_:tions is to [ntrqduc Zi(y) = My (y) +T1 (v)
a new MGF-based approach to efficiently compte in +00 ) )
@©) for arbitrary fading channels. The main contribution i 77 (y) =T (1—2) kZO yFIIMEY (y) [0 (2 - 2 + k)]
to avoid the computational complexity of the state—of-the k Bl
art Pcov—based approach [20], [22], [43]. To this end, we M(f ) () :]E{gb+ eXp{_ygb}} )
introduce the simplified notation as follows, which origies ]
from the assumption of identically distributed fading ircea  Proof: See App-endlill. . 0
tier: i) f,.0 () and M, (-) are PDF and MGF ofj, , in (8), Theframeworkln[(B_) and(9) is called MGF-based approach
respectively; ii)f:.; (-) and M, ; (-) are PDF and MGF of; becauseR can be directly compute}? from the MGFs of
in @), respectively; ii) M, (€) is the MGF of I, (€) useful and interference links. In faotA(I ) () can be obtained
in @); and iv) M1, (&) is the MGF of I .g () = from thek(lc1 + 1)-th derivative of M; (-), i.e, Mgk) (y) =
Y bt {\BSs o (6)} (quq,bd;?q), e, the per-tier aggregate(—d/dy)"" Mi(y) [73, Eq. (1.1.2.9)]. In the sequel, we
MGE in @)_’ show that/\/lg () can be explicitly computed in closed—form

Finally, we mention that the average ratelih (6) provides Emr many fading channel models. Furthermore, closed—form

estimate of the mean data rate over a cell that is achievagig)]ress'ons 0fMo (-) and M; (-) are available in [75, Sec.

by a typical mobile terminal [22, Sec. IV]. This interprétet h ' [76|’ Tazlels IIgIV], and(j[??_,tr'll'?rt:le;ll—V]gor ncljany faug hi
immediately follows from the validation procedure of thgannel models. L.ompared wi € Fcov—based approach in,

PPP-based abstraction model against conventional gdebae‘g‘ [20], [22], _and [43], the framework irL18) reduces the
umber of fold integrals to be computed from four to two.

abstraction models, as discussed in detail in [22, Sec. .V—AT ) ) ,
By carefully looking at [[P), some important conclusions

about the system behavior as a function of the BSs density,
can be drawn, as summarizedRemarkl.
IIl. SINGLE-TIER CELLULAR NETWORKS Remark 1:Since the integrand function &; () in () is
always greater than zero, it follows thRtis a monotonically
To better introduce the proposed MGF-based analytidatreasing function of. FurthermoreR is upper—bounded as
methodology to compute the average rate[ih (6), we start fpflows:
considering the single—tier reference scenario Witk 1. In +o00
I g R < lim R(/\):R(’\”):/ _1-Mo(2) dx
A—+00 0 Mip(2)+T1(z) 2
1Throughout this paper, the serving BS is denoted38y o (¢) when used (10)
in equations, and bBS;,o when used in the text. The analytical derivation of (10) is available in Appendix

-1
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a) \)2z22 .
G (1) 2 33 xp { LEALZFON) oy, (225000 )

w323
Gt (W)]ag 2 1/ ENEE R g (2 w)

27y 27y
g ( )| (é) 1 _a Y VaDauNa+% Gap,aN aNy*p A(O‘Nv_ya)
I\Y)la/2=an/ap — Z;(SNRy) 2 (mx)Ve T ZvaF2(SNRy) (Qﬂ)"Nganl an,ap |\ apP (xA)*N Z; N (SNRy) A (ap,0)
(11)

M From (10), we observe that: iR*~<) is independent of A. Computation off; (-) in (@) for General Fading Channels
the SNR = P/o—]?\,. Thus, for very dense BSs deployments
increasing the transmit—power does not help in increasieg t Theorenill andCorollary [l need the computation df; (),
average rate; and ii) the existence of a finite upper-bound fghich depends on the fading distribution of the interfeenc
increasing\ confirms that the deployment of many BSs is nathannels. As mentioned ifheorentd], 77 (-) can, in principle,
sufficient to achieve very high data rates but more advancgé computed from the derivatives f ; (-). However, closed—
interference management techniques seem to be needéd. form expressions can be obtained for many fading channel
In the remainder of this section, we show that the twomodels by also avoiding the computation of the infinite serie
fold integral in [8) can often be reduced to a single integrah ([@). Some key case studies are analyzeldroposition§IH4
since closed—form expressions @f (-) exist for many path— for Nakagamis, Log—Normal, composite Nakagami-and
loss exponentsy. Also, we show that the infinite series inLog—Normal, and composite Rice and Log—Normal fading,
(@) can be calculated for common fading distributions of thespectively.

interference channels. Proposition 1: Let the interference links experience
Let us consider the computation Gf (-) as a function of Nakagamim fading. Accordingly, g, follows a Gamma

the path—loss exponent The main result is summarized indistribution with parametergm, ), which we denote as

Corollary [II. gy ~ Gamma (m,Q) [75, Sec. 2.2.1.4]. Therf]; (-) in (9)
Corollary 1: Let« = 4, a = 6, anda/2 = ax/ap with  has closed—form expression as follows:

ay and ap being two positive integer numbers, thén ()

m -1 —(m
in @) has closed—form expression shownl[in| (11) at the top of 7; (y) = m (%) <1 _ %) y (y n g) (m+1)

this page, where, = «/2 — 1. (14)
2 my —1
Proof: Equation [(T]1) follows from some notable integrals. X 2F1 (m +1,1,2-—y (y + 5) )
More specifically: (a) from [73, Eq. (2.2.1.8)]; (b) from [73
Eq. (2.2.1.13), Eq. (2.2.1.14)]; (c) from [73, Eq. (2.22)] Proof: See AppendigTll. 5

This concludes the proof. O - ) ) )
Since the case study/2 = ax/ap encompasses many Proposition 2: Let the interference links experience Log—
scenarios of practical interest, when referringQorollary [T, lt\)lormal fgﬁlng. Accordlng_lygdb foIIovgs a IF]qgr]—NornJal distri-
we will implicitly assume the closed—form expressiorgof(-)  Pution wit parazmeters (in dBy:, 0*), which we denote as
using the Meijer G—function. g ~ LogN (p,0?) [75, Sec. 2.2.2]. ThenT; (-) in @) has
The single—integral expression Fheorend] can be effi- closed—form expression as follows:
ciently computed by using the Gauss—Chebyshev quadrature » ( 2)—1 1 Neme
y) =~

rule, as summarized iRemarkZ as follows. Tr 1-— Y 7= > iy 10(V208n+1) /10
Remark 2:By using Gauss—Chebyshev integratidg, in X n=1
Theorendll can be computed as [69, Eq. (25.4.39)]: X exp {—10(‘/5‘”"*“)/1%} (15)
Ngcq 2 V205, +u1) /10
R~ 3 (1= Mo (SNRs.)|Gr (s0)  (12) X1k (172 ~ 10l )10y
=t ) wherew, ands, for n = 1,2,..., Neuq are weights and
wherew, ands, for n = 1,2,..., Ngcq are weights and

, X abscissas, respectively, of the Gauss—Hermite quadrailee
abscissas, respectively, of the quadrature rule [74, E2) (%69 Eq. (25.4.46)].

and Eq. (23)]:

<2 sin ( o1 ) Proof: See Appendix1V. O
Wy, = 2Neca Proposition 3: Let the interference links experience com-
4Ngcq cos? {g cos (23\7;02 w) + ﬂ (13) posite Nakagamim and Log—Normal fading. Accordinglyy,

on — 1 follows a Gamma distribution by conditioning on its mean
S, = tan F cos <L7r> + Z} power, which, in turn, follows a Log—Normal distribution.eW/
4 2Nceq 4 denote this distribution ag, ~ Gamma/LogN (m, ,0?)
O [75, Sec. 2.2.3.1]. Ther¥; (-) in @) has closed—form expres-
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— NGHQ
2\ 7' 1 . 2 (n
T~ (Ko () (1-2) 4 3 i+ (14 K)@ 2 77 )
, T an)
n Ri+1[ K(1+K) 2 o
T () = [ a } F(l+2,1,2——, + (1 + K)oy,
sion as follows: can be obtained by using the same development as in
-1 Proposition for Nakagamim fading.
T()Nmm+1 1_2 L (a)
\y)= o) Yz 2) fg, (z) = C2G2" ( D (b; , whereC, D, and
Naug (1) v are constants. In other words, the distribution of the
X Z Wy, (Y + min) (16) power channel gaig, can be cast in terms of a Meijer
n=1 G—function. Accordingly,/\/lf,k) (-) can be computed in
% o F) (m +1,1,2— z’y (y + mch)_l) closgd—form as another Meijer G—functio_n by usi_ng the
o Mellin—Barnes theorem and the notable integral in [68,

with & — 10-(V2osa+u)/10 Eq. (2._24.3.1)]. In gengral, in thl§ case it |sln0t possible
n _ to avoid the computation of the infinite series [ih (9).

Proof: See AppendikxV. O

Proposition 4: Let the interference links experience com-

posite Rice and Log-Normal fading. Accordingly, fol- B. Efficient Computation of the Meijer G—Function [n{(11)

lows a non-central Chi-Square distribution by condition- The computation of the average ratelih (7) by usihgorem

ing on its mean power, which, in turn, follows a LOgf] and Corollary [l needs, in general, the calculation of the

Normal distribution. We denote this distribution @5 ~ Meijer G—function in[Z1l). This special function is commpnl

ChiSquare/LogN (K, p,0%) [78, Eq. (6)], with K being ysed in wireless communications theaeyg, [76], [77], [79]—

the Rice factor. IfK" 7 0, 7;(-) in (@) has closed—form [g1] and it is available in several standard mathematical

expression given in(17) at the top of this pageMf= 0, software packages. Thus, in general, its computation can be

the composite Rice and Log—Normal fading reduces to t@%rformed very efficiently. However, if](8) the Meijer G—

composite Nakagamir and Log-Normal fading withn =1 fynction must be calculated for all positive real valuesd an

(Suzuki distribution [75, Sec. 2.2.3.2]) amtoposition3 can it js known that the numerical complexity and the numerical

be used. accuracy of common algorithms to compute the Meijer G—
Proof: See Appendik VI. O function increases and decreases, respectively, for salaks
From [1T), we observe that, unlike the other fading distribwf its argumenti.e., for y — 0 in (), seeg.qg, [82] and [83].

tions inPropositionglH3, for composite Rice and Log—Normaln order to provide a framework that is general and accurate

fading we still need to calculate an infinite series to corapubut also simple and stable to compu@grollary [2 provides

71 (-) in (@). The computation of the series can be avoided asnumerically efficient and stable solution to compgie(-)

suggested irRemark3 as follows. in (XT), which exploits an asymptotic expansion of the Meije
Remark 3:Using the mapping between the parameter G-function for large values of its argument.

of a Nakagamim distribution and theK factor of a Rice  Corollary 2: Let /2 = an/ap with ay andap being

distribution [75, Eq. (2.26)]L(17) can be approximated®§)( two positive integer numbers, thefy (-) in @) can be effi-

with m = (1 + K)Q/(l + 2K). O ciently computed as shown ih{18) at the top of the next page,
Finally, we would like to emphasize that the fading diswheree is a small positive constant.
tributions studied irPropositionsTH4 are just some selected proof; See Appendik V. 0

examples, which have been chosen because they are often usgge rationale behin@orollary@ is to avoid the calculation
in theoretical analysis. However, our analytical methodgl of the Meijer G—function for small values of its argumentgan
to compute7; (-) in (9) is applicable to arbitrary fading g replace the Meijer G—function with an accurate, simple to

distributions.as described Remarkd. compute, and numerically stable expansion formula. Inrothe
Remark 4:From %), we observekf?aﬂ} () needs the \ords g; (-) is computed by usiny (-), i.e. the exact formula
computation of M;” (y) = E{g, " exp{-yn}} = in Corollary @, as long as the argument of the Meijer G-

f0+oo okl exp {—yx} f,, (x) dz. With the exception of the function is no smaller tham. On the other hand, when this
Log—Normal distribution, which is studied iRroposition[2, occurs the asymptotical expansidffsy™ptote) (.) is used,
from [75, Sec. 2.2], [76, Tables II-IV], and [77, Tables IV which is simple and fast to be computed. This “adaptive”
we note that two general situations can arise: approach allows us to keep the desired accuracy without
1) f(z;y) = exp{—yx}f, (¥r) = Aexp{—B(y)z}, increasing the numerical complexity and without incurring
where A is a constant andB (-) is a function ofy. numerical instabilities. The key parameter for the effitien
In other words,f (-;-) is still an exponential function computation ofgG; (-) in (I8) is &, which depends on the
in z. In this case, closed—form expressions Bf(-) mathematical software package being used to compute the
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vatd a
G (y) ~ 1 _« Y Vapay *® oy @D
I Zi5NRy) 2 (z0)"eT 22 TR (SNRy) (g, SB"L 1 H \ TP (x1)*N Z; N (SNRy)

Ty (2) = U () H (= — &) + U (2) [1 = H (= - o))

_ (Yap,x A (aNa _I/a)
U(z) = (Cant (z A (ap, 0)
1{(asymptote) (Z) = lim U (Z) = ZL:) »Aq(ap,0) l_L[) T (AT (OLD, O) — Aq (OLD, O)) ﬁ I (1 + Aq (()q)7 O) — Ap (OLN, _Va))
z—0+ q=1 :;é p=1
(18)
Gr (y) = : - Y vapay Gop.en ( Ny ‘ A(an, —va) )
21 (SNRy) 2 (mA)" ™ 27772 (SNRy) (gm) =501 Nalp? (7)™ 27 (SNRy) | & (p,0)
a?fVNy(!D
(e g )
(19)

Meijer G—function. In practiceg is the smallest value of From [20), interesting considerations about the averaige ra
the argument of the Meijer G-—function for which it carcan be made, as summarizedRemark7.
be efficiently computed. IE = 0, Corollary 2 reduces to  Remark 7:Similar to [22, Eqg. (8)], [20) confirms that

Corollary . for interference—limited cellular networks the average ria
Finally, we close this section witRemarkld and Remark independent of the density of BSs as well as of the transmit—
6. power. Thus, increasing either the BSs density or the traasm

Remark 5:From [18), we note that a very computationpower are not effective solutions to increase the average
ally efficient framework, which is accurate for sufficientlyrate. More advanced interference management mechanisms
small values ofe, can be obtained by simply neglectingare needed. Furthermore, our framework shows that these two
U (asymptote) () a5 shown in[{119) at the top of this paggl. trends hold regardless of the fading channel model, and that

Remark 6:The integral inG; (-) belongs to the so—calledthey seem to be mainly related to the PPP spatial model of
“Weibull-type” integrals, since it coincides with the igral the BSs. Finally, by comparing_(0) with {10) we observe that
to be computed to obtain the MGF of the Weibull distributiol® < R(*<) = R(SNR=<) Thijs implies that the average rate
[84, Eg. (2)] and [85, Eqg. (2)]. Similar t€orollary [, it can of a cellular system with unbounded BSs density and finite
be computed in terms of Meijer G—function [84] and [86iransmit—power is the same as the average rate of a cellular
or in terms of generalized hypergeometric function [85]r-Fusystem with unbounded transmit—power and finite BSs density
thermore, various closed—form approximations are availab
in the literature, such as [87]-[90] and references thergie
interested reader can consult these papers and the redsreftc High—SNR Scenario

therein to identify alternative ways of computigy () that  |n Corollary B, we have studied the average rate in the
avoid Special functions, such as the Meijer G—function. @n tabsence of background noise. @Dr()”ary ’ we Study the
other hand, to the best of the authors knowledge, the approagenario with small but non-zero noisee., the high—-SNR
proposed inCorollary [2 is not available in the literaturel].  setup.

Corollary 4: As a function of the SNR, the average rate,
C. Interference-Limited Scenario R, in [@) is upper— and lower-bounded as follows:

In many practical situations of interest, the backgroundR(SNR>>1) _ RSNRee) _ (73)o/2T (1 n g) L
noise is often negligible compared to the aggregate interfe 2/ SNR
ence [22] and [43]. In this cas&heorenfl] simplifies as shown /*OO 1—Mo(z) d (21)
in Corollary 3. 0 My (2) + T (2)]1+(a/2) z

Corollary 3: Let 0%, = 0, then the average rat&, in (7) (SNRu)
simplifies as follows: <R(SNR)<R

(SNR) o1 Mo(z) dx Proof: Equation [(21L) immediately follows, with the same
Rlgz g = RV = MO0 2 (20)  analytical steps, froni(39) in AppendiX Il, and by using the
0 identity («/2) T (a/2) =T (14 «/2) in (40). This concludes
Proof: By using the change of variabBNRy = z in (8), the proof. O

it follows that G; (SNR_lz) =1/Z; (2) sinceSNR — oo if From [21), interesting considerations about the averatge ra
o3, = 0. This concludes the proof. O can be made, as summarizedRemarkg.
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Remark 8:By direct inspection of[(21), we observe that: idistributed fading. The methodology used to obtain equi—
the lower—boundR SNE>1) is the high—SNR approximation correlated Log—Normal random variables exploits the Owen
of the average rate sind@ngyg_, ;oo RENE>1 = R(SNR<).  and Steck method for the generation of equi—correlated mul-
i) the average rate increases with the SNR by approaching tivariate Normal distributions [98].
upper-boundR SNE=) with linear convergence rate; iii) the As an illustrative example, let the generic downlink chan-
average rate increases with the BSs density by approachired experience composite Nakagamifast—fading and Log—
the upper—boun@®(SNE=) = R(A=) with (a/2)-order con- Normal shadowing, as described Rroposition3. The pro-
vergence rate; and iv) the larger the path—loss expongnt,posed methodology is readily applicable to other fading
the faster the convergence speed’ENR=) = R(*~) as a channel models with correlated Log—Normal shadowing, as
function of \. O well as to multi-tier cellular networks by applying the same
methodology to the framework discussed in Sedfioh IV. More
specifically, we assume i.i.d. fast—fading and c.i.d. shadg.
Accordingly, card {®} channel power gaing, for b € ®

In this section, we study the impact of frequency reuse Qfith correlation coefficienp and parameter§m, u, o) can
the average rate. In particular, we consider a cellular 0w e optained as follows [98]:

with Fz > 1 frequency bands. The setup withg = 1
corresponds to the universal frequency reuse case studie
in Theorem[. Also, similar to [22], we assume that each
interfering BS picks at random one of tlig; frequency bands
when transmitting. The average rate is giverCarollary [5.
Corollary 5: The average rateR(5), of a single—tier
cellular network with Fg > 1 available frequency bands
and random frequency reuse coincides wRhin (8), (10),
(20), and [(21) by replacing; (-) in @) with 2% (2) =
(Fg—1)+ M;(2) + Tr (2), and A (when available) with

E. Frequency Reuse

gtep 1 Generateard {®} equi-correlated Normal random
variables as\}, = 0,/pS+0/1— pSp+pforb € @,
whereS and S, for b € ® are a set of i.i.d. Normal
random variables with zero mean and unit variance.
Thecard {®} random variables(, have mean. and
varianceo?, for b € @, regardless of the correlation
coefficientp.

Step 2 Convert the set ofard {®} equi—correlated Nor-
mal random variables into a set ofird {®} equi—
correlated Log—Normal random variables #s =

(FB) —
AP =X/ Fp. o 10%:/10 for b € ®.

Proof: The prOOf follows by.taklng Into aCCOFL'Jnt that for Step 3 Generatecard{q)} independent Gamma random
Fp > 1: i) the average rate in}5) becom@&™) (¢) = variablesg, with fading severitym and mean value
(1/Fp)E{In (1 4+ SINR (&))}; i) on average, the interference Y, for b € ®.

originates from a PPP with BSs density equalXd™®) = : : :
) . L L From the above generation mechanism of c.i.d. com-
A/ Fg; and iii) the tier and BS association PDF is independent._. . . .
) osite Nakagamim and Log-Normal fading, it follows
of Fp [22, Sec. VI-A]. Accordingly, the proof proceeds alon hat the card {®} random variablesy, are, by condition
the same lines asheorenill. This concludes the proof. O b 0¥

From Corollary [B, interesting considerations about the a\){]TS ug_ocrr\ thg UrQa ?1d im))va:s:(l)fj,inl.ll.d.wytfr]o p(;’:lsrsrtl:fet(:(r)ls_
erage rate can be made, as giverRiemark9l. 1 /D5, P): gy, we prop

. . ? . .. lowi h t te the d link te of
Remark 9:By direct inspection ofR (F) in Corollary[5, it owing approach fo-comptite the downlink average rate o

) - . cellular networks:
follows that the average rate is maximized 6 = 1, i.e, ) _ )
for universal frequency reuse. Also, for densely deploygs B Step 1 The framework inTheorent is applied by con-

(I0) and for interference—limited cellular networks1(20)e ditioning upon the random variablé and by sub-
average rate linearly decreases with the number of availabl stituting y = p +oy/ps ando — o1 —p. The
frequency band$s. These trends are in agreement with [22, resulting average rate is denoted By(S).

Sec. VI-B] and hold for general fading channel model§] Step 2 The conditioning upon the standard Normal random
variable S is removed by averaging over its PDF

f5(z) = (1/V2r) exp {—a?/2}.
) ~ In formulas, the downlink average rate over c.i.d. fading
The MGF-based approach introduced so far can be appligthnnels can be computed as follows:
to a wide variety of channel conditions, notably composite

F. Correlated Log—Normal Shadowing

X . Nghuq
fading channels that account for Log—Normal shadowing (seg Feo (@) 1 - -
Propositiori3 andPropositiord)). The average rate ifheorem R - /_OO R(z) fs (z) dow = Nz zjl Wk (\@S”) (22)
=

is applicable, however, only to i.i.d. fast-fading and +og
Normal shadowing. It is well-known, on the other handyhere(a) is obtained by applying Gauss—Hermite quadratures,
that shadowing correlation severely affects the perfogeanand R (z) is the average rate imheorem[l with fading

of cellular networks [93]-[97]. In this section, we provide parametersn (z) = m, u(x) = p+ o\/pz, ando (z) =
simple methodology to extend the frameworkTheorendl o1 —p.

to c.i.d. fading channels. The reason of restricting thd-ana In summary, the rationale behind the proposed approach to
ysis to equi—correlated fading originates from the stotibasdeal with shadowing correlation consists in: i) first, gextieg
geometry approach for other—cell interference modeliredusa set of correlated Log—Normal random variables that are
in the present paper, which is applicable only to identjcaliconditionally independent and, thus, applying the framéwo
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(i) +oo “+oo 91
R =2mA rexp {—mAr®} Tt (r,t) drdt
0 0

Ty (r,t) © /;OO exp {—271'0']2ij} (27Tj8)_1 {Mo (—271'7’70‘ (et — 1)71js) — 1} Ty (r,s)ds (23)

©) 2 1 . \2/a oo 2/a . _a
T5 (r,s) = exp {77)\1" — 27 a”" (27js) /0 [T (=2/a,2mjsr™%x) — T (=2/a)] f1 (2) da:}

for independent shadowing; and ii) then, removing the con- in (23) may be obtained. As a consequence, the MGF—
ditioning via a single numerical integration. Accordingly based approach reduces the number of fold integrals to
shadowing correlation can be taken into account with only be computed and avoids the computation of complex
a single extra numerical integral, which can be efficiently integrals.
computed using Gauss—Hermite quadratures as shownlin (22» In interference—limited scenarios, the MGF-based ap-
proach inCorollary [3 offers a significant reduction of
the computational complexity and the average rate can
) be calculated from the simple single integral [n](20).
In Sectior I-C, we have stated that both Pcov— and MGF-  on the other hand, the computational complexity of
based approaches can be applied to general fading distribu- the pcoy—based approach is not significantly affected in
tions. However, Pcov— and MGF-based approaches need, in this scenario. In fact, the only simplification ii{23) is
general, the computation of a four— and a two—fold numerical exp {—27m]2\,js} =1in T (-,-), which does not lead to
integral, respectively. In both cases, the integrals maglie further reduction of the number of fold integrals to be
the computation of special functions, which, however, are computed.
efficiently implemented in commercially available soft@ar |, The desired form of the average rate offered by the MGF—
packages. Due to the reduction of the numbe_r of fold integral  pased approach leads to simple and intuitive understand-
to be computed, the MGF-based approach is expected to be jng of the performance of cellular networks for a variety
more computationally efficient. The aim of this section is ¢ special operating scenarios, such as dense cellular net-
to better compare strengths, weaknesses, and computationa yorks deploymentsRemarkd), interference—dominated

G. Pcov- vs. MGF-based Approach: A Comparison

complexity of these two approaches. _ environmentsRemark? andRemarkg), frequency reuse
To better conduct this comparison, we summarize i (23),  strategies Remarkid). On the other hand, little insight
shown at the top of this page, the four—fold integral expoess can be gained froni{23) for general fading distributions.

of the average rate that is obtained from the Pcov-based However,[ZB) can be significantly simplified for Rayleigh
approach. More specificallyl_(23) is obtained from [22] @s  fading channels and interesting design guidelines can be
follows: (a) originates from [22, Appendix C]; (b) origirest inferred from it [22].
from [22, Appendix B]; and (c) originates from [22, Theorem
4, Eq. (4)]. For consistency and ease of comparison, the samehe considerations above originate from the direct inspec-
notation as for the MGF-based approach is used. tion of (8) and [2B), and provide a qualitative comparison
By comparing the MGF-based approach [ih (8) with thgf the reduction of computational complexity that can be
Pcov-based approach {n {23) the following comments can Bgpected by using the MGF- instead of the Pcov-based
made: approach. To better understand the advantages of the MGF-
« Both approaches may need the computation of sorbased approach, we have also conducted some numerical tests
special functions. More specifically, the MGF-based apvith the goal of providing a more quantitative assessment of
proach involves the computation of hypergeometric funthe computational complexity. The conventional approaeth t
tions in 7; (-), and the Pcov—based approach involves often used to conduct these tests it to consider a casg stud
the computation of the incomplete Gamma function ifor which, with further analytical manipulations, the igtal
T (-,). expressions i {8) an (23) can be simplified or even computed
« Both approaches may need to use Gauss—Hermite quadinaclosed—form, and to compare their accuracy and computa-
tures to computefy (-), Mo (+), fr(-), and My (-) for tional time without applying any mathematical manipulato
composite channel models. This need originates from tRellowing this line of thought, we have considered Rayleigh
analytical intractability of Log—Normal shadowing and ifading as a benchmark and have implemented in Mathematica
is independent of either the Pcov— or the MGF-basehe formulas in[(B) and(23) as they appear in the presentpape
approach being used. In fact, simple closed—form expressions for Rayleigh fgdin
« By using Corollary [, the two—fold integral in[{8) may are available in [22]. As far as the MGF-based approach is
be reduced to a single—integral for some path—loss eoencerned, the outer integral ifl (8) is computed using (12)
ponents. Likewise, by using the Mellin—Barnes theoremith Ngcq = 2000. The high value ofNgcq is chosen as a
in [68, Eq. (2.24.2.1)] and the Meijer G—function repworst case setup for the MGF-based approach. Various com-
resentation of the upper—incomplete Gamma function binations of path—loss exponents= {2.05,2.2,2.5, 3,4, 5},
[68, Ea. (8.4.16.2)], a closed—form expressiorigf{-,-) and densities of BSs) = {107¢,107%,1072,107'}, have
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400 5(t)
Re = 27\ / [1 — Mo (SNRyy)] ng(y)dy
e 7 (24)
5(1) S(tq) [ (22t o
gy (y)=/O §exr>{—7rz/\q21 ()€ “q}exp{—yﬁ }dg
g=1
5 400 5(t)
Ro= [ =M (SNRy)) W) g,
0 ‘ 27)

sy L ey [T s TR
g[ (y) zy) (y) 22},5) (y)/() 5 exp{ TAt L (y)g}exp{ y§ } 5

been considered. The chosen path—-loss exponents covealtympatial and channel independence of the PPPs, the MGF
propagation environments for cellular applications [98bl€ of the aggregate interference for the genetigh tier is
2.2], [100, Ch. 2, Sec. 5], and the chosen densities of B34, (s:§) = Hlej\/lqylagg (5;&,) where Mg 1., (&) is
cover sparse, normal, and dense cellular deployments [2@ven in [36) and can be computed in closed—form fram
[42]. The tests have been executed in a laptop computer.Aa, ; (-), 7,/ (-), and§, = (pq/pt)l/o‘q (Bq/Bt)l/“q gt/
all the analyzed scenarios, the MGF-based approachl in [83, Eq. (42)]. This concludes the proof. O
has been able to provide accurate estimates of the averageheorem[Z provides a very general expression for the
rate in less than five/six seconds for ea&®NR point to be average rate of multi-tier cellular networks that, in gaher
computed. On the other hand, the Pcov-based approaché®ds the computation of a two—fold numerical integral but
(23) has not been able to provide any numerical estimates aft applicable to tiers having different path—loss expos@mid
five minutes of computation. In interference-limited sc@®  fading distributions. Furthermore, closed—form expr@ssifor
ie, o3 = 0, the computational complexity of the MGF-7, ; (.) in (28) can be obtained fromropositionsIH4, similar
based approach is further reduced, while the computationgl the single-tier case. The extension to correlated Log—
complexity of the Pcov-based approach is not affected. &hagormal shadowing follows immediately from Section TlI-F.
outcomes confirm the advantages of the proposed MGF-basegyen though generalheoren provides a framework that
approach for analysis and design of cellular networks. s |ess analytically tractable thafiheorem(d and Corollary
IV. MULTI—TIER CELLULAR NETWORKS [@. A simpler and more insightful analytical framework can be
: obtained by assuming that all the tiers have the same path—Io
In this section, we extend the analytical framework taxponentj.e, oy = o for t = 1,2, ..., T while still keeping
generic multi-tier cellular networks. The analytical deye the assumption that the per—tier fading distribution ifedént.
ment is, in many ways, similar to Sectipnllll. Thus, only thehe related framework is given iBorollary [6.

most important analytical details are reported in whaofes. Corollary 6: Let a; = o for ¢ = 1,2,...,T, then R, in
The departing point i€{6) and the main result is summarizgg) can be explicitly computed as shown [n](27) at the top of
in Theoreni2. this page, where:

Theorem 2:Let R, fort = 1,2,...,T in (6). LetSNR, =
Pt/o—]?\, be the SNR of the—th tier, an explicit closed—form F10 B T, =
expression ofR, for arbitrary fading channels is given in{24) W)= Z e
at the top of this page, where:

2/ -1
_ 5(t,q) Py By Py By
. P, B\ P, B,\ 2 y) = (——) My, ((—— SNRgy
Zl(t’Q) (y) = (FZ EZ) Mo ((Fi Fz) SNqu> t Bi t =t

P, B,\”“ P, B,\ "
2/ag -1 + _‘1_‘1) T (_‘1 _‘1) SNR,

Pt Bt ’ Pt Bt (28)
(25) Proof: The proof follows directly from[(24) and from some

2 algebraic manipulations similar to Appendix I. This corugs

Tqr(y) =T (1 - a—q) the proof. O
too 5 _1 (26) From Corollary [@, the following important remark can be

X Zykﬂ./\/lgkl) (y) [F (2 - —+ k)] made.
=0 ' Qq Remark 10:By comparingCorollary[@ andCorollary[T], we

) fi observe that the two formulas have the same structure. More
and M7 (s) :E{gq,b eXP{—qu.,b}}- specifically, R; in (27) can be obtained frorR in (8) by
Proof: The proof follows by using the same steps as isimply replacingZ; (-) with 2}” (+). FurthermoreTheorentl]
Appendix[] and by taking into account that, thanks to theeduces tdCorollary [6, as expected, fof' = 1. O
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Re < lim Ry (A) = R

A—+oo

_ /+oo 1— Mo (2) dz  (30)
o X rq FEV\ (Po B\ [(p@ _ 1) 4 aq Py B¢\ "' gNR T Py Ba) " gNR -
q;l FJ(S,") o (EE) ( B~ ) + Mg, 1 (?tB—t) qz | +Tq,1 (FtB_t) q%
—a/2
BENR>1) | 5(SNRoo) _ [ Mt F( n E) 1
¢ t 7O 2/ SNR;
< " - Mo (2) dz
0 T . F}(Bt) Py B, 2/ F(q) 1 M Py By -1 SNR T P, By -1 SNR 14+ (a/2)
q;l F,(;) B (ﬁﬁ) ( B — ) + Mg, 1 (ﬁﬁ) qz | +Tq,1 (ﬁg) qZ
(31)

RemarKI0 allows us to easily generalize many importantpper—bounded a®, < R\NF=) — R*<) whereR{*=)

results obtained for the single—tier setup to the multi-g@se. is given in [30). Furthermore, i3, is small but non-zero,
In particular, Corollary [ generalizeorollary B for multi— i.e, SNR > 1, then the average rate i@orollary [7 can be
tier cellular networks with random frequency reu€eyollary approximated as shown i (31) at the top of this page.
generalizelkemarkll by investigating the impact of dense Pproof: The proof follows fromCorollary B, Corollary [,
BSs deployments; an@orollary [@ generalizesCorollary and RemarKId. This concludes the proof. 0

and Corollary @ by studying interference—limited multi—tier
cellular systems and high—SNR operating conditions.
Corollary 7: The average rate of the-th tier of a multi—
tier cellular network witho; = o and with Fg) > 1 available
frequency bands and random frequency reuse for every tier
1,2,...,T can be obtained from_(27) by replacirﬁ:ft’q) ()

in 28) with:
2/
St
2 (y) ) (P -1)

7 N\

_|_

7 N

:U|*Q)w :U|»;U
DlE BE s

+
7 N\

fasi e

(29)

()
B

for t,q = 1,2,...,T, and \; with /\t( ) = )\t/Fg) for

t=1,2,....T.
Proof: It follows from Corollary [§ and RemarkIQ. This
concludes the proof. O

V. NUMERICAL AND SIMULATION RESULTS

In this section, we show some numerical examples in order
to verify the accuracy of the proposed analytical methodol-
ogy against Monte Carlo simulations, as well as to show
the impact of different fading parameters and distribwgion
on the average rate. For a fair comparison among different
fading distributions, the mean square value of each fading
distribution is normalized and set equal to one. This inglie
Q 1 for Rayleigh and Nakagams distributions, and
p = —In (10) o /20 for Log—Normal, composite Nakagami—
m and Log—Normal, and composite Rice and Log—Normal
distributions. Furthermore, useful and interference dirdee
assumed to have the same fading distribution. The andlytica
framework is implemented as described in the captions of
each figure. As far as the composite Rice and Log—Normal
fading model is concerned, both frameworksProposition4]
and Remark@ are implemented. We have verified that both
frameworks provide the same accuracy. Thus, the applitatio
of RemarK3 is recommended since it is simpler to compute.

a) Monte Carlo SimulationsAs far as Monte Carlo sim-
ulations are concerned, we have used the following method-

Corollary 8: Let us consider a multi—tier cellular network0|Ogy [46, Appendix F].

with oy = « and with Fg) > 1 available frequency bands
and random frequency reuse for every tiee= 1,2,...,T.
Also, let Ay = kA andSNR; = \;SNR for ¢t = 1,2,...,T.

If A — 400, then the average rate Borollary [7 is upper—
bounded as shown i (B0) at the top of this page.

Proof: The proof follows immediately fronRemarkl and
RemarKIQ. This concludes the proof. O

3

Corollary 9: Let us consider a multi—tier cellular network

with oy = « and with Fg) > 1 available frequency bands
and random frequency reuse for every tiee= 1,2,...,7T.
Also, let Ay = kA andSNR; = x;SNR for ¢t = 1,2,...,T.
If 03, =0 (i.e, SNR — +00), which implies that the system
is interference—limited, then the average rat€ovollary[7 is

3

Step 1 A finite circular area of (normalized) radiuB 4
around the originj.e., where the probe mobile ter-
minal is located, is considered. The radius is chosen
sufficiently large to minimize the error commit-
ted in simulating the infinite bi—dimensional plane.
In the considered setup, the radiugs is cho-
sen such that\yi,R% > 100, where A\pi, =
min {\1, Aa, ..., Ar}. For example,R4 = 100 if
Amin = 107! and Ain = 1072, R4 = 1000 if
Amin = 1074, and R4 = 10000 if Apin = 1076,

Step 2 For each tier, the number of BSs is generated
following a Poisson distribution with density, and
arearR%.
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Step 3 The BSs of each tier are distributed following & a5 et - e
uniform distribution over the circular region of aree T|[—=—r=0.10 '
ﬂ-R?ﬁl 2f| —6—A=0.25

Step 4 Independent channel gains are generated for ec 22050

1.8f
BS of every tier.

Step 5 The tier and BS association policy described i
Section[I-B is applied, and useful and interferenc
links are identified.

Step 6. Given the associated tier and its tagged BS, tt
SINR is computed as shown inl (5).

Step 7. The rate of the generic Monte Carlo trial is com
puted asRy. = (1/Fg ))ln(l + SINR;- ), where

16¢f

Average Rate [nats/Hz]
Average Rate [nats/Hz]

—*—A=0.10

t* is the tagged tier. o6r +ifg§2 |
Step 8 Finally, the average rate is computed by repeatir 04 i i i 04 i ‘ —
Step Step 7for Ny, times and eventually calculat- % e Y R
iNng R = (1/Nme) D, Rme. In our simulations,
we have considered/,,. = 106. Fig. 1. Average rate of a single—tier cellular network overyRigh fading

. . '5 = 1). Markers show Monte Carlo simulations. Solid lines show th
In Section[Ill-G, we have compared the Compmauonéialytical framework, which is computed by usifigeorenil], Corollary 2

complexity of Pcov— and MGF-based approaches, and wih ¢ = 0.05, Proposition[ with (m = 1, Q = 1), and RemarkZ with
have shown that the proposed analytical methodology turffsca = 2000. Furthermore Mo () = M (-) are obtained from [75, Eq.
out to be more computational efficient for general fading dis™""

tributions. As far as the computational complexity comgani

with Monte Carlo simulations is concerned, our experimen - et - e
have revealed that each simulation curve shown in thisaect —%—1=0.10
can be obtained in a computation time of the order of a fe 21 +i=°-25 1 2r

=0.50

minutes (five to ten minutes depending on the setup) by usi
the MGF-based approach. On the other hand, the same ct
can be obtained in tens of hours (ten to sixty depending on 1
setup) of computation time by using Monte Carlo simulation
In addition to the longer simulation time and to the mor
resources for the computation, it is important to menticat th
Monte Carlo simulations tend to be less accurate for: i) spat
cellular networks; ii) low path—loss exponents; and iiigyn+

SNR. The reason is that in these operating scendtigsand

N, must be increased in order to account for the interferir
BSs that are far from the probe mobile terminal, and whic

181

Average Rate [nats/Hz]
Average Rate [nats/Hz]

—*—A=0.10
0.6 —6—A=0.25 [

A=0.50

0.4 i i i i ‘
in these cases, can no longer be neglected. R D

0.4

. . X . SNR [dB] SNR [dB]
b) Framework Validation for Single—Tier Cellular Net-

works: In Figs.[1£b, the average rate of Rayleigh, Nakagamisg. 2.  Average rate of a single—tier cellular network oveakBigamim

_ ; mit _ fading (F'z = 1). Markers show Monte Carlo simulations. Solid lines show
m, Log Normal’ .composne Nakaga a}nd .LOg Normal, the analytical framework, which is computed by usifigeorenil], Corollary
and composite Rice and Log—Normal fading is shown, respetiith = — 0.05, Proposition with (m = 2.5, Q — 1), andRemark2 with

tively, for a single—tier cellular network. Overall, we @vge Ngcq = 2000. Furthermore M, (-) = M (-) are obtained from [75, Eq.

a very good accuracy of the proposed MGF-based approa@i?-?)]'

Furthermore, we observe, as expected, that the average rate

i) increases with the BSs density; ii) depends on the fading

distribution; and iii) increases with the path—loss expune Sparse, medium, and dense deployments. As far as the path—
In Figs.[1E5, we have considered dense cellular networkss exponent is concerned, we consider values in the set

(A\ > 0.1) and large path—loss exponents (> 4). The {2.05,2.2,2.4,3,4,5} > 2, which cover typical propagation

reason of this choice is mainly due to the long time needé&#fvironments for cellular applications [99, Table 2.2]0Q1

to obtained Monte Carlo simulations for less dense cellul&h. 2, Sec. 5]. The results of this study are shown in Figs.

networks and for smaller path—loss exponents. Howeves, ifG-8.

important to verify the accuracy of the proposed MGF-basedIn Figs.[6 and17, we compare Monte Carlo simulations

approach for more practical densities of BSs and for a wideith the MGF-based approach. In particular, numericalltesu

range of path—loss exponents. In general, practical dessitare obtained by using both the (exact) two—fold integral in

for macro BSs deployments are of the order)of~ 10~% Theorenfll and the (approximated) single—integraliorollary

[22], [42], [43]. Thus, to test numerical accuracy and digbi in order to test complexity and accuracy of both meth-

of the MGF-based approach, we consider densities of B&ds. As far as Monte Carlo simulations are concerned, it

in the setA = {1076,107*,1072,107'}, in order to study is worth mentioning that only some SNR points (markers)
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Fig. 3. Average rate of a single-tier cellular network overgtNormal Fig. 5. Average rate of a single—tier cellular network ovemposite Rice and

fading (F'z = 1). Markers show Monte Carlo simulations. Solid lines show.og—Normal fading £’z = 1). Markers show Monte Carlo simulations. Solid

the analytical framework, which is computed by usiftgeorentd], Corollary[2  lines show the analytical framework, which is computed bingiSTheorem

with e = 0.05, Propositior2 with (c = 6dB, 4 = —In (10) 62/20dB) and [I, Corollary [ with ¢ = 0.05, Propositiond with () = 10, 0 = 6dB, p =

Nguq = 5, and Remark2 with Ngcq = 2000. Furthermore Mg (-) =  —1n(10) 02/20dB) and Neug = 5, and Remark2 with Ngeg = 2000.

M (-) are obtained from [75, Eq. (2.54)] witNgrq = 5. In Propositiond], the series in[(17) is truncated to the first 100 terms. The
application ofRemark3 provides the same result and accuracy, but with less
computational complexity. Furthermors (-) = M (-) are obtained from

a=4 a=5 (@8) with Nguq = 5.
2.2 : ‘ ‘ 2.2 : ‘ ‘
—%—2A=0.10
2t —e—2r=025 1 a=5
A=050 22 ‘
18} 1
T s} { ¥
@ z
| ]
£ £ — —
g & £ £
14 14 2 2
) ) Z z
s s o o
2 2 & &
(] (]
=) = h
g g osld h
z T
0.6 I —e—x=10"|
/
oab A=1072]]
0.4 ‘ : : 0.4 : : : ’ / —&— =107t
o 5 10 15 20 0 5 10 15 20
SNR [dB] SNR [dB]
- : " . 020 40 60 80 100 0 20 40 60 80 100
Fig. 4. Average rate of a single-tier cellular network ovemgposite

. h SNR [dB] SNR [dB]
Nakagamim and Log—Normal fading s = 1). Markers show Monte Carlo

simulations. Solid lines show the analytical frameworkjahiis computed by Fia. 6 Average rate of a single—tier cellular network ovemeosite
using Theorentl) Corollary with e = 0.05, Propositiond with (. = 2'-5’ NgI.(ag.amim andgLog—Normal fadir?gl(’B = 1). Markers show Mont;j Carlo
7\,_ 6di3’2606 ;Jﬁéé?%gre/i?‘ d}a ini/]th;(%l)Qar; ib;?r? el?je#ﬁoar:]l%gntg simulations. Solid lines show the analytical framework jahihis computed by
(2%%% v_vith N O = 5 o\ =M » EG- using Theorenfd, Corollary [2] with ¢ = 0.05, Proposition[d with (m = 2.5,

' GHQ = o o =6dB, u = —1In(10) 02/20dB) and Nguqg = 5, and Remark2 with
Ncacq = 2000. Furthermore, M, (-) = M (-) are obtained from [75, Eq.
(2.58)] with Naaq = 5. The black dashed lines are obtained by directly

. . L . computing the two—fold integral iTheoren{l] without using the Meijer G-
are shown in the figures. The missing SNR points are n@hction in Corollary 2.

shown because of the long simulation time and the need to

consider very large simulation areas to get accurate et&gna

of the average rate. The simulation time increases, in génefcorner) region from noise— to interference—limited opiera

for more sparse cellular networks and for smaller path—lossnditions, where the average rate reaches the asymptote
exponents. The SNR points shown in the figures are those éalculated inCorollary [3 (further comments are available
which accurate estimates can be obtained with the simualatioelow where the high—SNR scenario is discussed). The reason
setup described above. The numerical examples confirm thfethis (in practice negligible) numerical inaccuracy amafes
very good accuracy and the numerical stability of the MGHrom the non—smooth transition introduced by the adoptibn o
based approach for all cellular network setups. By comparithe Heaviside function itCorollary 3.

the curves obtained usingheorem and Corollary [2, we In Fig.[8, we compare the average rate as a function of the
notice that the latter is very accurate except in the trammsit path—loss exponent. Only numerical results obtained fiwoen t
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Fig. 7. Average rate of a single—tier cellular network ovemposite Fig. 9. Average rate of a single—tier cellular network oveakBlgamim
Nakagamim and Log—Normal fadingKz = 1). Markers show Monte Carlo fading (Fz = 1, SNR = 10 dB). Markers show Monte Carlo simulations.
simulations. Solid lines show the analytical frameworkjahtis computed by Solid lines show the analytical framework, which is computey using
using Theorend, Corollary 2 with e = 0.05, Propositiond with (m = 2.5, Theoreml, Corollary [2 with e = 0.05, Proposition[D with O = 1, and

o =6dB, u = —1In(10) 02/20dB) and Nguq = 5, andRemark2 with ~ Remarlwith Ngcq = 2000. Furthermore M (-) = M (-) are obtained
Nacq = 2000. Furthermore, M, (-) = M (-) are obtained from [75, Eq. from [75, Eq. (2.22)].

(2.58)] with Nauaq = 5. The black dashed lines are obtained by directly

computing the two—fold integral iheoren{l] without using the Meijer G-

function in Corollary [2.

estimates in a few seconds (for each SNR point), as discussed
in Section[1I-G. Figure[B clearly shows thatheorem(dl

22 r=10 ‘ 22 r-a0” provides reliable numerical estimates for the consideedd s
) izjgs | 5 izzzgs | of path—loss exponents, including ~ 2. As far as t.he
i 024 e a=24 | performance trend is concerned, Hi§j. 8 shows a very differen
—e8—a=3 —5—a=3 behavior for dense\(= 10~2) and medium/sparse\ (= 10~%)
glﬁ Zzg | = e Zz;‘ ] cellular networks. In dense cellular networks, the higHner t
g 14 g 14 I y path—loss exponent the better the average rate regardiges o
S 12t 512t / ] operating SNR. On the other hand, in medium/sparse cellular
% 1| % 1} networks two SNR regions can be identified: i) for low—SNR
g sl g sl (noise—limited regime), the lower the path—loss exponket t
Z osl 1 osl h_igher the average rate. This is due_ to that fact that theulisef
signal undergoes a lower attenuation and that the aggregate
04 04 interference is negligible compared to the additive noése]
021 o02f ii) for high—SNR (interference—limited regime), the higtlee
o ot ]

— path—loss exponent the higher the average rate. This isadue t

0 20 40 60 80 100 0 20 40 60 80 100 . . . ..

SNR [dB] SNR [dB] the fact that the additive noise is negligible compared ® th
) _ _ ~aggregate interference and that the interfering BSs underg

Fig. 8. Average rate of a single—tier cellular network ovemgposite a larger attenuation, which has a more pronounced effect on

Nakagamim and Log—Normal fading Kz = 1). The curves are obtained ’ .

by using the analytical framework and Monte Carlo simulaicare not the average rate than the larger attenuation undergoneeby th

fshlgwn- MOIrE_ STphecifiCériT"ﬂ% Ft)he Cur\_/esarfé_ r?tztained2 t;’y com[étgf]\ae two— useful signal. These results are in agreement with intugiod

old integral in eore , Propositionfd| with (m = 2.5, 0 = y = + .

~In(10) 02 /20 dB) and N — 5, andRemark2 with Naog = 2000. confirm the usefulness of th_e propose_d MGF-based approach

Furthermore, Mo (-) = M (-) are obtained from [75, Eq. (2.58)] with for cellular networks analysis and design.

Neuq = 5. For ease of comparison with Monte Carlo simulations, in the
following only large path—loss exponents and dense cellula
networks deployments are considered.

MGF-based approach are shown in this figure. The curves are c) Impact of Fading Model and Fading Parameterst

obtained by using the two—fold integral theorenfll As far Figs.[9£IR, the average rate of Nakagami-og—Normal,

as the application oCorollary [Z is concerned, its accuracycomposite Nakagamirand Log—Normal, and composite Rice

for o > 2.4 is shown in Figs[J6 andl 7. Far < 2.4, it is less and Log—Normal fading is shown, respectively, for a single—

practical to use the Meijer G—function iBorollary [2 since tier cellular network and for different choices of the faglin
for such values ofr we would haveay > 1 andap > 1, parameters. Also in this case, the framework provides very

and, thus, computation time and numerical accuracy woudcurate estimates. More specifically, we observe thahe) t

highly depend on the specific implementation of the Meijer Gaverage rate is slightly sensitive toandK fading parameters

function. On the other han@heorentll provides very accurate of Nakagami#, composite Nakagamir and Log—Normal,
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Fig. 10. Average rate of a single—tier cellular network dveg—Normal fad- Fig. 12. Average rate of a single-tier cellular network ogemposite Rice
ing (Fp = 1, SNR = 10 dB). Markers show Monte Carlo simulations. Solicand Log—Normal fading Kz = 1, SNR = 10 dB, and\ = 0.25). Markers
lines show the analytical framework, which is computed bypgdheorenil, show Monte Carlo simulations. Solid lines show the analytitamework,

Corollary & with e = 0.05, Propositiond with = —1In (10) 62/20dB  which is computed by usingrheorem[, Corollary @ with ¢ = 0.05,
and Nguq = 5, and Remarkd with Ngcq = 2000. Furthermore, Propositiond with 1 = —In (10) 02 /20dB and Ngug = 5, and Remark
Mo () = My (-) are obtained from [75, Eq. (2.54)] witNguq = 5. with Ngcq = 2000. In Propositiond, the series in[{17) is truncated

to the first 100 terms. The application &emark[3 provides the same
result and accuracy, but with less computational compleXurthermore,

a=4 a=5 Mo () = My (-) are obtained fronl{46) witiNguq = 5.
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Fig. 11. Average rate of a single—tier cellular network oeemposite 0 10 20 30 40 50 0 10 20 30 40 50
Nakagamim and Log-Normal fading Kz = 1, SNR = 10 dB, and SNR [dB] SNR [dB]

A = 0.25). Markers show Monte Carlo simulations. Solid lines show th

analytical framework, which is computed by usifieorendd], Corollary 2  Fig. 13.  Average rate of a single—tier cellular network overrelated

with € = 0.05, Propositiorfd with 4 = — In (10) 02 /20 dB andNguq =5, composite Nakagamin and Log—Normal fading Kz = 1). Markers show

and Remark2l with Ngcq = 2000. Furthermore, Mg () = M (-) are  Monte Carlo simulations. Solid lines show the analyticahiework, which is

obtained from [75, Eq. (2.58)] witiNgrq = 5. computed by usind(22) wittNgrq = 5, Theorenfl], Corollary [2 with & =
0.05, Propositiond with (m = 2.5, ¢ = 6dB, 4 = —In (10)0?/20dB,
a = 4) and Ngruq = 5, andRemark? with Ngcq = 1000. Furthermore,
Mo (-) = M (-) are obtained from [75, Eq. (2.58)] witNguq = 5.

and composite Rice and Log—Normal distributions, as well

as that it increases for less severe fading ificreases) and

in the presence of a stronger line—of—sight componént (for correlated Log-Normal shadowing is very accurate for
increases); and ii) the average rate strongly depends on #ierent choices of the correlation coefficient. Furtherm
shadowing standard deviation of Log—Normal, composite py comparing Figs_13 arid 114 with Figl 4, we note that the
Nakagamifand Log—Normal, and composite Rice and Logframework in Sectiofi III-F reduces to the independent case
Normal distributions, as well as that it decreases signifiga for p = 0. More specifically, the figures show the following
for more severe shadowing (ncreases). performance trends: i) for high-SNR, the average rate is
d) Correlated Log—Normal Shadowindn Figs.[13 and independent of the density of BSs regardless of the shad-
[I4, numerical examples in the presence of shadowing coroeving correlation coefficient; ii) for low—SNR, the average
lation over a composite Nakagami-and Log—Normal fading rate slightly decreases if the shadowing correlation ogefit
channel are shown. We observe that the proposed approexieases; and iii) for high—SNR, the average rate inceedise
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Fig. 14. Average rate of a single-tier cellular network owerrelated Fig. 15. Average rate of a single—tier cellular network wfithquency reuse
composite Nakagamir and Log—Normal fading Kz = 1). Markers show over composite Nakaganti+and Log—Normal fading X = 0.25). Markers
Monte Carlo simulations. Solid lines show the analyticahfiework, which is show Monte Carlo simulations. Solid lines show the anadytitamework,
computed by usind(22) wittNgrq = 5, Theorenfl], Corollary [ with e = which is computed by usingrheorem[d, Corollary [2 with ¢ = 0.05,

0.05, Proposition[d with (m = 2.5, ¢ = 6dB, 4 = —In(10)02/20dB, Propositiond with (m = 2.5, ¢ = 6dB, 4 = —1In(10)02/20dB)
a = 5) and Nguq = 5, andRemark2 with Ngcq = 1000. Furthermore, and Nguq = 5, and Remark[d with Ngcq = 2000. Furthermore,
Mo (-) = My (-) are obtained from [75, Eq. (2.58)] witNguq = 5. Mo (-) = My (-) are obtained from [75, Eq. (2.58)] witNgrq = 5.

a=4 a=5

18 A, =0.01, P, =1 (1-tier)

the shadowing correlation coefficient increases. Evenghatu
may seem counterintuitive that the average rate increaks v 167
shadowing correlation, this result seems to originate ftben

— )\2 = 5)\1, F’2 = P1I5

—o—2,=10A,P,=P /10

1.4} )\2 = 50)\1, P2= P1/50
BSs association policy adopted in the present paper (tHeeprc _
mobile terminal is associated with the closest BS). Finall %1‘2' %1-2’
we emphasize that (apparently) counterintuitive trendghe g E
presence of Log-Normal shadowing have been observed & g
other paperss.g, [22] and [97] where it is shown that the cov- & &
erage probability increases and that the blocking proltfisl B 2

not always increasing with the shadowing standard deviatic
respectively. This confirms, once again, the importance
taking into account correlated Log—Normal shadowing fc
accurate performance prediction. ‘ ‘ ‘ ‘ ‘ ‘

0 5 10 15 20 0 5 10 15 20

e) Impact of Frequency Reusé Fig.[13, the impact of SNR [dB] SNR [dB]
frequency reuse on the average rate of a single-tier celluia _ _
network over composite Nakagamirand Log—Normal fading F'gl-( 16. Ave(fjagf ra't\le of ?f“ﬁ?—“f} ( ge“ularlnftwork ovir 2mmtg
. . - : - T akagamim an og-Normal fading K° = or t = 1,2, an
IS Stf‘d'ed' Our numerical analysis Con,ﬁrms t,he findings QLNR = SNR1). Markers show Monte Carlo simulations. Solid lines show
SectionII[-E, and that frequency reuse is detrimental F& t the analytical framework, which is computed by usiBgrollary [, Corollary
average rate. As suggested in [22], frequency reuse sigﬂflwit(h § ?/ 0.2%) F’rodp]?[sition with émR = ?@5 _oh ; 6dB, p =
: H HH H n (10) o< /20 an GHQ = 5, an emarkZ witl GCcQ = 2000.
|Cf_;1ntly improves the coverage probability. The analysis ¢ rthermore,Me.o (-) = M 1 () for ¢ = 1,2 are obtained from [75, Eq.
this trade—off is out of the scope of the present paper hgtsg)] with Neiq = 5.

is currently being investigated by the authors.

f) Framework Validation for Multi-Tier Cellular Net-
works: In Fig. and Fig[17, the average rate of a twowe note a negligible difference between the two fading madel
tier cellular network over composite Nakagamiand Log— for the chosen set of parameters.
Normal and composite Rice and Log—Normal fading is ana- g) High—SNR ScenarioFinally, we observe that, in all
lyzed, respectively. As an illustrative example, we coesithe figures, the average rate increases with the SNR tending
situation where the BSs of every tier transmit with a powdowards a horizontal asymptote for high—-SNR. By direct
that is inversely proportional to their spatial density.isTks inspection, the reader can verify that the horizontal adpiep
a reasonable choice if.g, the first tier is used to model coincides with the average rate that can be computed by
macro BSs and the second tier is used to model femto B&sing Corollary 3 and Corollary [8 with 7@§SNR°°> = 7it’\°°)
We observe, as expected, that the average rate significaimlyCorollary [@. In other words, the SNR region where the
increases when the BSs density of the lower tier increasaserage rate is flat corresponds to the interference—limite
The framework provides a very good accuracy. Furthermoperating regime. As a consequence, we conclude that the
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18 a‘=4 A, =0.01, P, = 1 (1-tier) a‘=5 ‘ we obtainSNRyacro = 111.50dB, SNRumicro = 103.45dB,
—%— A, =5A, P, =P /5 SNRpico = 86.60dB, and SNRremto = 82.45dB, respec-

16r —e— A, =10\, P, =P /10 1 tively. By comparing these typical operating SNRs with the

14l A,=50A, P, =P /50 ] SNR* shown in our figures, we conclude that the condition

SNR > SNR* is well satisfied for many system setups
analyzed in the paper. For example, let us consider the setup
shown in Fig.[8. We observe th&NR > SNR"* is always
verified in denseX = 10~2) cellular networks for every path—
loss exponents, and in medium/sparae=t 10~%) cellular
networks for low path—loss exponents € 4 in the figure).
On the other hand, for larger path—loss exponents the gondit
may not be verified for some types of BSs. This confirms that
typical cellular networks deployments can be approximated
‘ ‘ ‘ ‘ ‘ ‘ in most cases, to be interference—limited, and that thelsimp
% e Y R frameworks inCorollary [3 and Corollary [8 can be used for

first—order performance analysis, design, and optiminatio
Fig. 17. Average rate of a two—tier cellular network over poisite Rice and
Log—Normal fading Fg) =1 fort = 1,2, andSNR = SNR;). Markers
show Monte Carlo simulations. Solid lines show the anaytitamework,

I
N
T

Average Rate [nats/Hz]
Average Rate [nats/Hz]

which is computed by usingCorollary [6, Corollary 2 with e = 0.05, VI. CONCLUSION

Propositiond with (K = 10, ¢ = 6dB, u = —In (10)¢?/20dB) and

Nguq = 5, and RemarkZl with Ngcq = 2000. In Propositionfd, the

series in[(Il) is truncated to the first 100 terms. The apijicaof Remark3 In this paper, we have introduced a comprehensive math-

provides the same result and accuracy, but with less corignahcomplexity. . .
Furthermore Mo (-) — M1 (-) for ¢ — 1,2 are obtained fromi46) with ematical framework for the analysis of the average rate of

Nguq = 5. multi—tier cellular networks whose BSs are assumed to be
randomly distributed according to a PPP spatial distrdyuti
The framework is applicable to general fading channel nedel

simple formulas given in these corollaries are quite adeuraVith arbitrary fading parameters. Numerically efficientdan

for SNR > SNR*, whereSNR* is the corner point where the Stable algorithms to compute some transcendental furgtion

average rate starts approaching the horizontal asymgiote. Such as the Meijer G-function, have been proposed. The

exampleSNR* ~ 20dB for a = 4 in Fig.[1. In general$NR*  framework needs the computation of either single— or twinl-fo

depends on the density of BSs, the path—loss exponent, dHggrals for general fading distributions and arbitrasttp-

the fading channel model. The reader can ider§i§R* for 0SS exponents. Furthermore, shadowing correlation can be

different cellular setups by direct inspection of all theufigs taken into account with another extra numerical integ.ral?T _

shown in the paper. Figufd 8 shows many cellular network@mework can handle random frequency reuse, and it simpli-

deployments of interest. fies significantly for interference—limited cellular netike and

By observing the asymptotic behavior of the average rad@r h_igh—SNR setups. Extensive Monte Carlo simulationsehav

for high-SNR, an interesting problem to investigate is whet confirmed the accuracy of the proposed analytical methodol-

SNR* is lower or greater than the typical operating SNR d?9Y for various fading distributions and cellular deployrtse

current cellular networks deployments. This question isrin

esting because many papers assume, for analytical tréigtabi

that the additive noise is always negligible and that, as a APPENDIX |

consequence, cellular networks are interference—limitéd PROOF OFTheorentl]

the figures shown in our paper confirm that the interference—

limited assumption is accurate only if the operating SNR is By using [66, Lemma 1] withV — M — 1, we have:
greater tharBNR™. In order to assess whether the operating

condition SNR > SNR* is usually verified, we investigate, E{ln (1 + X )}

as an example, the same setup as in [43], which holds for Y +1

typical cellular networks. More specifically, we considér: T My (2) — Mxy (2)

SNR = P/o%; i) 0% = W/Lg; i) W = kpTyBy = =, . exp{—z}dz  (32)
—104dBm = 4 - 10"*Watt is the noise power, where +00 _

kp = 1.38 - 10~ 23Joule/Kelvin is the Boltzmann’s constant, @ My () [1 - Mx (2)] exp{—z}dz

Ty = 290Kelvin is the noise temperatur&, = 10MHz is the 0 o

receiver bandwidth; and ivLo = —38.5dB = 1.41-10~* is where: i) X andY are arbitrary non—negative random vari-

the path—loss at a reference distance of one meter. Acggydinables; i) Mx y (z) = E {e~*X+¥)} is the MGF of random

we haveSNR = P/o% = (Lo/W)P = 3.52- 10°P. By variableX +Y; and iii) (a) holds ifX andY are independent.
assuming typical transmit powers equalRQacro = 40Watt, From [32) with X = (Pgo& *)/o%, Y = ligg (£)/0%,
Pricro = 6.3Watt, Ppico = 0.13Watt, and Premto = and by taking into account that, conditioning upgnX and
0.05Watt for macro, micro, pico, and femto BSs [42], [101],Y are independent, the expectation[ih (7) can be re—written as
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= 1 too a_q z a
RGN =gyg [ €8 exp{-mzr (o)) exp {~ et } e
©_1 = §-1 AZ ae® L (Y Az, o) 8 o
Som ) enmz@gr g () e
follows: and by applying the integration by parts to the integraf.in
. {ln <1 . Pgot— >} This concludes the proof. O
O + Lage (£)
+o0 _
= / MMlagg (2:€) [1 = Mo (SNRE )] dz APPENDIX I
0 z PrROOF oFRemarld]

(33)

We note that the identity in[{33) avoids the need o

f From [8), by using the change of varial§& Ry = z, we
computing Pcov and makes our analytical development yotal ave.

different from current practice [20], [22], and [43]. [T 1-Mo(2)dz a [TF1—Mg(2) 5,
o R = - — 0 R (20 dz
From [33), it is apparent that a closed—form expression 0 Zr(z) =z 2, Zr (2)
of My,,, (-;€) is needed. This is the MGF of the aggregate (37)

interference, which is generated by all the interferers iea Where R (-;-) is given in [38) at the top of this
outside a disk of radiug. In other words, due to the tier andPagde, and (a) follows by taking into account that <

BS association policyMT, has an exclusion zone aroundp {— (¢/SNR) £*/?} < 1 for every choice of the param-

it where no interfering BSs are located and are allowed &ers. while (b) follows from [73, Eq. (2.1.1.1)].

transmit. This is called exclusion region [5]. The MGF of As a consequence, the average rate[if (37) is upper— and
Lee () has been studied in [91] for a generic annular regidawer—bound as follows:
with radii A and B. In particular,M;, . (-;€) can be obtained  f+o° 1 _ Aq, (z) dz BN <<
from [91, Eq. (6)] by lettingA — ¢ andB — +o0, as follows: / Zr(2) = (M <R< /O Z () =z

My, (5:§) = exp {71'/\52} exp {—71'/\52./\/11 (5570‘)} where: (39)
a 2 /e .
com{omee (10 b} 0= s (5) (e
00 40
X exp {m\s?/o‘E {gi/“r (1 - %,sgbf_“) }} o /+ 1= Mo (2)] Z;(%H) (2) d (40)
(34) 0

Equation immediately follows fronh (#0) by observin
In [91], the expectation over the fading distribution of th‘i"hat?imA KI%)()\) — 0 for gverya ~ 2. This c)onZIudes theg
interference channels is not computed in closed—form ahd o roof e ' 0

bounds for Rayleigh fading are provided. To the best of our

knowledge, there is no analytical framework that provides a

exact and closed—form expression of the MGF [inl (34) for APPENDIX I
general fading channels. In what follows, we provide a ganer PROOF OFPropositior(d]
methodology to this end. This is a contribution of this paper

By using [69, Eq. (6.5.3)], [69, Eq. (6.5.4)], and [69, Eq. By using [75, Eq. (2.21)] and [73, Eq. (2.2.1.24'" ()

(6.5.29)], we have: in @) can be computed as follows:
[(z,z) =T(z) —v(z,x) (k) 1 m\™ m —(m+k+1)
o0 " M) = 7o (5) (+g) F(m+k+1)
=T(2)—T(z)x"exp{—x} Z S (41)
R G By substituting[{4L) irf7; (-) in @) and by using the identity
(35) [69, Eq. (15.1.1)]:
By substituting [(3b) in[(34)M,,, (-;&) simplifies to: > (k+ A) s7h
Misge (5:6) = exp {mA} exp {-mAEMy (7)) 50 kzzo Dlk+B)(s+0)" (42)
X exp {—7r)\§27} (35_(’)} s* T (4) ( s )
= ——= 52 | 4,1, B,
whereT; (+) is given in [9). Closed—form expressionsTf(-) (s+C)"T'(B) s+C
are available inPropositiondIH4. with A, B, C, z, ands being positive constants, we eventually

Finally, by substituting[(36) in[(33), the average rate[ij (7obtain [1#) with some algebraic manipulations and using the
simplifies to [8) by using the change of variahle= 2z~ identity I' (z + 1) = 2T (z). This concludes the proof. O
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NgHQ
fon (7) % (14 ) exp {~K) = > @b exp {— (1 + K) @z} Io (2 K(l—i—K)cha:)
n=1

Neng ) (46)
(@) 1 . 1+ K K/®,
Ma &= 7 ; PTEE + (5/@n) eXp{_Sl TK - (s/fm}
1 Ncuaq +o0
MP (s) % 1+ K)exp{-K} —= Y {wnwn/ M exp{—[s + (1+ K) @) 2} I (2 K(1+K) wnx) dz
VT 0
NC:HQ ( ) (47)
(@) g b L ~ 1= (k+2) K(1+K
(14 K)exp{—K} 7 HZ::I Wp&onl (k4 2) [s 4+ (14 K) @) By (k+2,1,—1+K+ )
T ()~ (1+ K)exp{—K}T (1-2) =
7(8)~ exp o) /=
NgHq +o0 k+1 (48)
NSl -8 G ) i MlFl<k+2,1,—K(1+K)~ )
—~ k:or(2_3+k) [s 4+ (14 K) @] 14+ K+ (s/wn)
APPENDIX IV By substituting[(4b) iri7; (-) in (@), from (42) we eventually
PROOF OFPropositior2 get [16). This concludes the proof. O
By using the approximate expression of the PDF of Log— APPENDIX VI
Normal random variables in [77, Table IVie., f,, (v) = PROOF OFPropositiorid
Nguq ~ V2050 +1 (k) H .. . . .
(1/v/7) 32,50 Wnd (CC —10(+2 +')/10)’ M ()in@  similar to AppendixIV, in order to have an analytically
can be computed as follows: tractable expression of PDF and MGF of composite Rice
Ncuq and Log—Normal fading, we use the approximation of the
M(Ik) (s) ~ 1 Z @nlo(kﬂ)(\/iagnw)/lo Log—Normal distribution that is based on the Gauss—Hermite
VT 1 (43) quadrature in [77, Table IV]. In particular, from [78, Eq)k6
% exp{_lo(ﬂa§n+p)/los} we qbtam [@6)_ shown at the top of this (g)age,_ where (a) is
obtained by using [75, Eq. (2.17)]. Thus/;"” (-) in (@) can
By substituting[(4B) ir7; () in (@) and by using the identity be computed as shown ih_(47) at the top of this page, where
[69, Eq. (13.1.2)]: (a) is obtained by using [69, Eq. (6.631)]. By substitutidd)(
oo i in 77 () in @), we obtain[(4B) shown at the top of this page.
Z st _ s* Fi(1,B,s) (44) Since the infinite series in_(#8) is not fast converging, we
= '(k+B) T(B) A elaborate furtheff; (-) in order to obtain a better expression

for simple numerical computation. Fd& # 0, this can be
€0btained by first replacingF (-, -, -) with its series expansion
in [69, Eqg. (13.1.2)], and then computing the infinite sennes
by using [42). Eventually, we obtaih_(17) with some algebrai
APPENDIXV manipulations and using the identify(z + 1) = 2T (z). The
PROOF oFPropositiori3 caseK = 0 can be obtained by noting thaf} (4,1,0) = 1
Similar to Appendix[1V, in order to have an analyti-for every A, and by applying the same procedure as in
cally tractable expression of PDF and MGF of composi#®ppendixiM withm = 1. This concludes the proof. O
Nakagamim and Log—Normal fading, we use the approxi-
mation of the Log—Normal distribution that is based on the
Gauss—Hermite quadrature in [75, Eq. (2.58)] and [76, Table
V]. Accordingly,Mgk) (+) in @) can be computed as follows:

with B and z being positive constants, we obtaln(15) aft
some algebra. This concludes the proof.

APPENDIX VII
ProoF oFCorollary[Z
Let ¢f(asymptote) (») — lim__, oy U (2) in (@8). This limit
can be computed as follows:

1 mm

MP (s) ~ —=— A(an, —va)
F (asymptote) . H ap,xN N fe%
VETm) u (:)= lim Gazgs <z ‘ A >
> (mth+D) ) @ 1—A(ap,0)
X Wl (8 + may,) '(m+k+1 @) .. an,ap - Ds
= A Calax <<‘ 1= Aaw, —va) >

(45) (49)
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where ¢ = 1/z and (a) is obtained by using [68, Eqg.21] P. Madhusudhanan, J. G. Restrepo, Y. E. Liu, and T. XwBrdCarrier

(8.2.2.14)].

From [49), [18) can be obtained by using [92, Theorey)
1.8.3], and more explicitly by using [92, Eqg. 1.8.8] whose

parameters are defined in [92, Eq. 1.4.2] and [92, Eq. 1.ds7],
well as by taking into account théitn, o+ ,F, (a,b, z) = 1,
and, thus, the generalized hypergeometric functigi(-, -, -)
can be neglected. This concludes the proof. O
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