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Cooperative Relaying of Superposition Coding with
Simple Feedback for Layered Source Transmission

Jin Soo Wang, Student Member, IEEE, Yun Hee Kim, Senior Member, IEEE, lickho Song, Fellow, IEEE,
Pamela C. Cosman, Fellow, IEEE, and Laurence B. Milstein, Fellow, IEEE

Abstract—We consider a relay network that delivers a Gaus-
sian source by employing successive refinement source coding and
superposition coding of layers at the source node and successive
decoding at the relay and destination nodes. For the network,
making use of the decoding results at the relay and destination
nodes of the first transmission, an efficient relaying strategy
of layers is proposed to minimize the expected distortion (ED)
when only the average channel state information is available at
the source node. Three types of the proposed scheme, defined
as Prop-DF, using decode-and-forward signals, Prop-AF, using
amplify-and-forward signals, and Prop-MF, using mixed-forward
signals, are addressed and analyzed in terms of the outage
probability and distortion exponent. Unlike other studies, we
have also taken the relay location into account in deriving
the distortion exponent showing the high SNR behavior of the
ED. The results show that the proposed scheme increases the
distortion exponent up to twice that of the conventional relaying
schemes when the relay is close to the source node, and that
Prop-MF provides the best performance for most relay locations.

Index Terms—Superposition coding, Amplify-and-forward,
Decode-and-forward, Expected distortion, Distortion exponent

I. INTRODUCTION

IRELESS relaying and cooperation of neighboring

nodes can improve the communication reliability with-
out increasing the transmit power or mounting multiple an-
tennas in the communication nodes [1], [2]. These advantages
have motivated the design of efficient relaying protocols and
their performance analyses under various system conditions
[3]-[6]. Relaying protocols are usually based on decode-and-
forward (DF) which avoids noise amplification, or amplify-
and-forward (AF) which makes the relay simple. In most
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studies, the performance has been investigated mainly from
physical layer aspects such as the outage probability, symbol
error rate, and average rate delivered reliably.

In the meantime, the advent of wireless multimedia services
with a diversity of quality-of-services has initiated cross-layer
designs between the application and physical layers for effi-
cient utilization of wireless resources [7]-[9]. These designs
attempt to improve the end-to-end performance by taking
into account both source coding and channel transmission.
Recently, without assuming the availability of channel state
information (CSI) at the transmitter, cross-layer designs using
layered transmission of successive refinement source coding
have been extensively studied for various system models to
minimize the expected distortion (ED) when the transmitted
multimedia source is reconstructed at the receiver [8], [10]-
[20].

In the designs, the transmitter encodes a source into multiple
layers such that each layer refines the description in the pre-
vious layer successively, and transmits the layers sequentially
or simultaneously by using superposition coding (SC) with
an appropriate power allocation. The receiver decodes the
layers successively, and combines the successfully decoded
layers to reconstruct the source. Due to the difficulty in
analyzing the finite signal-to-noise ratio (SNR) performance,
the performance of such designs has often been analyzed in
terms of the distortion exponent [8], [11], [13], [15], [17],
[19] which quantifies the exponential decay rate of the ED
in the high SNR regime. In some studies, efficient power
and rate allocation algorithms have been investigated in the
finite SNR regime to obtain the minimum ED [12], [14],
[16]. The results have shown that SC transmission of layered
sources tends to achieve better distortion performance than
progressive transmission of layered sources (which transmits
layered sources sequentially in time) [11], [13], [15].

The SC for layered sources has been applied in wireless
relay networks also. In [10], layer-selective relaying based
on the relay decoding result was proposed for a three-node
relay network, but without any analysis of the distortion
performance. In the same system model as in [10], the
distortion exponents of DF and AF schemes were analyzed
for the source-channel mismatch factor in [11], revealing
that the distortion exponent of the relaying schemes gets
larger than that of direct transmission when the source-channel
mismatch factor is large. The analysis was extended to the
case of multiple AF relay nodes [17] when relay selection
or distributed beamforming is employed. The performance

0090-6778/13$31.00 © 2013 IEEE
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Fig. 1. A relay network: (a) System model (b) Transmission protocol.

with relay selection is also evaluated with multiple DF relay
nodes in [18]. For the multiple AF relay network, power
and rate allocation algorithms in the finite SNR regime were
also proposed for the two-layer case in [19]. Although less
relevant, the studies in [21]-[23] also apply SC transmission in
relay networks and attempt to maximize the transmission rate
with full CSI at the transmitter without considering successive
refinement source coding.

In this paper, we consider a relaying scheme for the SC
transmission of layered sources, by which the ED can be
improved even with a single relay node. We extend the DF-
based layer-selective relaying scheme using only the relay
decoding result [10] into the case where the decoding result
at the destination in the first slot is also incorporated in
the design of relay signals. Specifically, making use of the
decoding results at both the relay and destination nodes in
the first slot, we propose three types of relay signal con-
struction, one incorporating DF signals, another incorporating
AF signals, and the third incorporating both DF and AF
signals. Generalizing and extending the preliminary study in
[20], we not only consider an arbitrary number of layers but
also analyze the outage probability and successive decoding
diversity order. In addition, the distortion exponent is derived
in a closed form expression as a function of the source-channel
mismatch factor. Unlike conventional studies, the effect of the
relay location is also incorporated in the analysis of distortion
performance.

II. SYSTEM MODEL

Consider the relay network described in Fig. 1, where the
source node s wishes to send an information source to the
destination node d with the help of the relay node r. Each node
is equipped with a single antenna, and the channels between
any two nodes are Rayleigh fading, independent of each other,
and quasi-static over N channel uses. Let f,,, ~ CN(0,6,.Y)
denote the complex channel gain between nodes u and v
at distance ¢, for uwv € {sd,sr,rd}, where ~ stands for
‘distributed as’, CA'(m, 0?) denotes the circularly symmetric
complex Gaussian distribution with mean m and variance o2,
and v is the path loss exponent.

As shown in Fig. 1(b), NV channel uses are divided into two
time slots of length %, with the first and second slots used for
the transmission of the source and relay, respectively. Over the
N channel uses, a block of K source samples is transmitted,
which leads to the source-channel mismatch factor (also called
the bandwidth expansion ratio) [11], [12], [14]

N
b= e channel-uses per source-sample. 1)

The mismatch factor can be interpreted as a delay constraint
in transmitting the source. The source samples are encoded
by successive refinement source coding, which produces L
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layers, each carrying the refinement information of a lower
layer. Each layer is then channel-encoded with independent
and identically distributed complex Gaussian codebooks. The
channel code rate of layer [ will be denoted by R; bits/channel-
use on average over N channel uses, which corresponds to the
source code rate of bR, bits/source-sample.

If the channel encoder outputs of L layers are transmitted by
SC with power allocation, the transmit symbol of the source
at the nth channel use in the first slot is given by

z(n) = lZL:1 VPsaqzi(n) 2)

N
for n € N2, where x;(n) ~ CN(0,1) is the channel encoder

output of layer [, Ps is the transmit power of the source, and «;
L

is the power allocation factor to layer [, subject to > oy =1
, =1

with N} = {i,i+1,---,j} denoting the set of integers from

1 to j. The corresponding received signal can be expressed as

L
yv,l(n) = hsv ZZ Vv Psalxl(n) + Wy, 1 (TL), (3)
=1

where v € {r,d} denotes the receiving node and w, ;(n) ~
CN(0,0?) is the additive noise at node v in the ith slot for
i = 1,2. In the second slot, the relay transmits a signal z(n),
generated from ¥, 1(n) under the relay power constraint P;.
Details of the proposed relay signal z(n) will be described
in Section III. The received signal at the destination in the
second slot can then be written as

yd,2(n) = heaz(n) + wa,2(n). “4)

In the network, receiving nodes perform successive decod-
ing, decoding lower layers first and decoding the next higher
layer only if all the lower layers are decoded successfully
and removed from the received signal. Consequently, if layer
l, is in outage, so are layers [ € Nﬁﬂ. Thus, with the
successive decoding, we have {Poyt, < Pouc,z+1}lL:0, where
Py, denotes the outage probability of layer ! averaged over
all channel realizations with Pyy0 = 0 and Py, 41 = 1.
Now, for a rate vector R = [R; Ry --- Rp] and a power

allocation vector @ = [a1 ag -+ ag], the ED is given by
[11]
L !
Ep(R,a) = > (Pouri+1 — Poutt)D (b > Rm> (5)
=0 m=1

after reconstructing the source with successfully decoded
layers at the destination, where D(-) is the distortion-rate
function of source coding. In applying the SC, the source
chooses vectors R and a to minimize the ED as

Ep, = min Ep(R, a). (6)

(R,@)

In this paper, we assume a memoryless, zero-mean, unit-
variance Gaussian source, of which the distortion-rate function
is bounded by D(R) = 2~ under the squared-error distortion
measure [24]. In addition, the numbers K and N are assumed
to be large enough to achieve the distortion-rate bound and
instantaneous channel capacity as in [11], [19].
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III. THE PROPOSED RELAYING SCHEME

A. Overview

The conventional relaying schemes for SC signals adopt ei-
ther DF or AF without any feedback information. Specifically,
the relay signal is given by

dr
>/ Eea(n)
=1 "

(N

in SC-DF [10], and

z(n) = \/W%l(n)
=/ PtreT {hsr > VPsauzi(n) +wr,1(n)} ®)

in SC-AF [11], where ¢, € N¥ is the number of layers decoded
successfully at the relay in the first slot and &; ; = XJ: fo
is the power fraction allocated to layers {é,7+ 1, - - ,}n} Zwith
a; ;= 0 for i > j.

The proposed relaying scheme, on the other hand, designs
the relay signal by taking into account the decoding result
qa € N} at the destination as well as the decoding result
gr at the relay in the first slot. Note that the decoding result
qa (gr) indicates that the destination (relay) has successfully
decoded all the layers up to and including layer qq (g;) but
failed to decode higher layers. The information ¢4, which can
be made available at the relay through feedback from the
destination using [logy(L + 1)] bits, will be used to avoid
redundant transmission of the layers recovered successfully
at the destination in the first slot. In the second slot, the
destination attempts to decode layer [ only for [ € Ngd 11 (e,
layers not decoded successfully in the first slot) and only when
the relay signal contains the information on layer [ (i.e., when
combining the relay signal z(n) with the directly received
signal can improve the SNR).

The decoding result g, at node v € {r,d} in the first
slot is determined by the effective SNR 7, ; at layer [ when
node v decodes layer [ with the received signal (3). Assuming
successive decoding with perfect cancellation of lower layers,
we have [14]

N, = q)l,L(')/sv) (9)

for v € {r,d}, where y,, = |huv|2% is the instantaneous
SNR of the link between nodes v and v for uv € {sd, sr,rd},
and

;T
O () = — L 10
(@) Girrgo+ 1 (10)
is the effective SNR at layer ¢ when layers {7,7 +1,---,7}

are received at SNR z.

Denoting by 7¢,; the final effective SNR at layer [ when
the destination performs the final decoding of layer [ in the
second slot, let us now design the relay signal z(n) to improve
ne, for 1 € Ngd 41 by employing DF signals, AF signals, and
both DF and AF signals.

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 61, NO. 11, NOVEMBER 2013

B. Proposed DF (Prop-DF)

Prop-DF constructs the relay signal as

Gl Z VPrazi(n), if ga < gr,
2n) =9 “Ti=an (11
0, 1f qd 2 qr,
where GD = &:1 - is the amplification factor to make
g

the relay power P;. Basically, Prop-DF scheme constructs the
relay signals by selecting the layers required at the destination
among the layers recovered at the relay.

In the second slot, to improve the final effective SNR for
le NZ; 11, the destination performs maximal ratio combining
(MRC) of (3) with v = d and (4). The corresponding final
effective SNR is derived in Appendix LA as

=g, (Myq) - (12)
where
A, = 2120sd) | na (13)
J Q; Qit1,j

C. Proposed AF (Prop-AF)
The relay signal for Prop-AF is expressed as

min(qd7Qr)
Z(n) = Géin(qd7qr){yr;1(n) - hsr Z \% Psalxl(n)} 7(14)

=1

A o ’]Dr . . .
where Gq =,/ e the amplification factor

to make the relay power P.: Basically, Prop-AF scheme
constructs the relay signals by removing, from the received
signal, the layers which have been decoded successfully at
the relay yet are not required at the destination. In this case,
with MRC, the final effective SNR will be improved into

ma = 0n (M) (15)
forl e Ng 11 as shown in Appendix 1.B, where
YsrYrd
Xy =sd + (16)
K anrl L7sr + Yrd + 1
D. Proposed Mixed-Forward (Prop-MF)
Noting that Prop-DF improves the SNR for | € N¥ gat+1> We

modify Prop-DF by sending AF signals when DF relaying is
not possible. The relay signal is then defined as

G Z VPrayzi(n), if ga < @,
2(n) = Faatt o (17)
G:;‘r {ynl(n) - hsr Z V ,Psalirl(n)} 5 if qdad 2 qr,
=1

which leads to the final effective SNR (12) and (15) for ¢4 <
l < ¢ and ¢, < qq <1< L, respectively.

The final effective SNR for the three types of the proposed
scheme is summarized in Table I. Note that the final effective
SNR of a layer remains unchanged from 7nq; = ®; 1(Vsd)
when the MRC has not been performed for the layer.

IV. OUTAGE ANALYSIS IN THE FINITE SNR REGION

Given the rate and power allocation (R, «), let us derive
the outage probability Fy,,; of the proposed scheme.
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TABLE 1
FINAL EFFECTIVE SNR OF THE THREE TYPES OF THE PROPOSED SCHEME.

Case Layer Final effective SNR (¢ ;)

Prop-DF Prop-AF Prop-MF
J1 1 <1< qq P, 1 (vsa) P11 (vsa) Dy 1, (Vsa)
T2 ga <! < qr q>l,qr(kflii,qr) <I>L,L()\qu) 1 (Mg qr)
Js | 9a<q <IZL @1, (Vsd) (A7) Q1,1 (Vsa)
Ti | ¢r<qa<I<L [ ®0(a) [ @0Qg) | @)

A. General Framework for Analysis

Let £q,; (&:,;) denote the event that the destination (relay)
successfully decodes all the layers up to and including layer ¢
but fails in decoding higher layers in the first slot. Assuming
the power and rate allocation which allows successive decod-
ing, we have

Evi={TsrL <o <Tiy1.L} (18)

for v € {d,r}, where the threshold T'; ;, with Iy ; = 0 and
I'r41,; = oo, is the SNR required for successful decoding
of layer ¢ with rate R; when layers {i + 1,i+2,--- ,j} are
interfering with layer i for i € N¥ and j € NiLJrl. Now, when
the effective SNR is given by ®; ;(y) (as in (9), (12), and
(15)), by setting the mutual information equal to the rate as
3 logy (14 ®;;(I';;)) = R;, we can obtain the threshold
Lij =@} (ki) =

i,J

S — (19)
QG — Q15K
since ®; ;(z) is a monotonically increasing function of = > 0,
where x; = 22% —1. In addition, since the conditions {T'; , <
Ty, L}lL:o are satisfied under the assumption of successive
decoding, we also have {T;; < T';41 ;}i, for j € Nf L.
Denote by St;(i,5) the event that the decoding results
(qa, q-) of the first slot are (4, j) and layer [ is reconstructed
successfully in the second slot. If we write the final effective
SNR of layer [ when (ga,q) = (4, ) as n¢,;(¢,j) by showing
the dependence on (i, j) explicitly, the event St (7, j) can be
written as

Sea(i,4) = Eai &y NAnea (i, §) > kit
The outage probability of layer [ is then given by

outl—l_zzpsfllj _1_Zpsuclu7k (21)

1=0 j=0

(20)

where P[] denotes the probability of an event, {7, }izl denote
the four cases shown in Table I,

Psuc,l(jk) - Z

(4,7)€Q1(Tx)

P[Se (i, 5)] (22)

is the probability of decoding success at layer [ when Jj
occurs, and

QT ={(i,j): 1<i<L,0<j<L}
Q(J2) ={(i,j): 0<i<I<j<L}, (23)
Qu(J3) = {(i,7) : 0 <i < j <},
Qu(Ja) ={(i,7): 0<j <i<l}

denote the sets of (qq,qy) belonging to {jk}izl for layer
I. Here, the probability P[S; (4, j)] is derived over the dis-
tribution of v = [Ysd 7Yer rd]: Note that 7, = |huv|2%
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for uv € {sd,sr,rd} are independent and exponentially dis-

tributed with mean Q,, = gm}’% since hyy ~ CN(0,5.7).
Let us next derive S¢;(4,7) and then Py (Jx) for the

three types of the proposed scheme, which would allow us to

evaluate (21).

B. Prop-DF

When (i, 5) € Qi(J1), we have n (4, j) =
Table I so that

q)l,L (Vsd) from

Sea(i, ) = EaiEr
since {n¢1(¢,7) > ki} = {7vsa > 1,1} in (20). We then have

(24)

L L L
PsuC,l(jl) = Z]P)[gd,i] Z ]P)[gnj] =e %a (25)
i=l =0
from (22), Q;(J1) in (23), (24), and P[&, ;] = 6735 —

Tita,

e for v € {r,d}.
When (i,7) € Qi(J2), since ne(i,7) = P ; ()\ ) from
Table I, we have

Sf,l(i,]) 5dlﬂg7j ﬂ{)\ > Flj} (26)
Thus, recollecting Q;(J2) in (23) and (26), we have
L -1
PSHC,l(jZ) = Z:l P[Er,j] EOPE (]) (27)
j= i=

from (22), where

PRG) =P [CaiN{AD; = Tu;}]

= PleaiN{BLle 1+ s b] L e8)

Similarly, for (i,7) € Q(J3) UQ(J4), we have ng (i, 5) =
®;.1(sa) and Sti(i,7) = EaiEej(Wysa > Tur} = b

Consequently, Pyyc1(J3) = Psuci(Ja) = 0, which produces
the outage probability

Pout,l =1l-e (29)

L -1
D .
ma =Y P& PRG)
j=l i=0
of Prop-DF when combined with (25) and (27).
C. Prop-AF

In the case J1, with ¢ ; (4, ]) belng identical to that of Prop-

DF, we have Py (J1) =€ Qsd from (25). Next, for (i,7) €
Qi(J2)U Qi(T3), the relation ng (i, j) = @1 1 (/\;4) results in

Sia(iyj) = EaiNEj N{AL > Ty 1}, from which we have
3 -1 L
Z Psuc,l(Jk) = Z Z P [gd7imgr,j m{Af > Pl,L}]
k=2 i=0 j=i+1
-1
=Y P (30)
=0
since Qi(J2) U Qi(J3) = {(i,7) : 0 < i <l,i <j <L}
where
P, = E P [EaiNE; N > Tur}]
j=i+1

=P [F'L,L < Vsd S F1'+1,L7 Fi—Q—l,L < Ysrs

YsrYrd
Vsr@it1, L+ Vra+1 s FZ’L] ’

Ysd + (€29)
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In the case Ji, with 7¢:(i,5) = @, (A?), we have
Sei(i,7) =EaiEr ﬂ{x\}4 > T 1}, and consequently,

1-11-1
Psuc,l(j4) = Z Z P [gd7i mgnj ﬂ{/\f > Pl,L}
7=01i=j
-1
=X PA (32)
7=0 "~
where
-1
Pl = Y P[€aiNEy NIA} > D]
=]
=P [FJL <Vsd < Fl,L’ Fj,L < Yar < Fj+1,L7
o+ e > T (33)

Thus, from (25), (30), and (32), we finally have the outage
probability of Prop-AF as

Pout,l =1- einl‘j - Z (Pf%* + 'Plékl) . (34)

D. Prop-MF

For Prop-MF, the event S, (4, j) is identical to that for Prop-
DF in the three cases {jj}j’:l and to that for Prop-AF in the
case Js. Therefore, we have the outage probability

-1

L -1
_Mup .
Pouta =1—e ™a = > P&, PLG) - P, 39
j=l i=0

=0
using (25), (27), Psyc,i(J3) = 0 as in Section IV-B, and (32).

E. Discussion

With the outage probabilities derived analytically so far, we
next find the minimum ED shown in (6), which can be restated
as an optimization problem:

EDO = min ED (R, OL) (36)
{(R,a): R=0, a>0}
L
subject to C1: Y ;=1 (37
=1

C2: FL7L>PL,1’L>-'->F1’L>O, (38)

where > denotes the element-wise inequality. The problem can
be solved by first minimizing the objective function Ep (R, a)
over all feasible o at each feasible value of R as

II'ED,min (R) =

= i Ep(R
faroriin o Ep(R @),

(39)

and then, finding the minimum of (39) over all feasible R as

EDO = min ED,min(R)' (40)
{R: R-0}

Since the optimization problem is non-convex and non-
linear, no existing algorithm may be employed to obtain the
solution effectively. We thus resort to exhaustive search for the
solution, in which the following linearization of the constraints
is helpful for obtaining Ep nin(R) in (39). By changing
variables as

1 1 _
ap = =— = —0 — Q41,1
Kl

41
s 41)
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for | € NlL [12], we can express «; as a linear combination

L
o = E ti.mam of a = [a1 ag - CLL], where ¢, = Ky,

m=1 L
K] Z tk,m if
k=1+1
l € N’lnfl. Replacing o with T'a, the problem (39) can
be transformed into Ep nin(R) = min  Ep(R,Ta),
’ {a:C1/,C2'}
L L
where C1: Y Tpam = 1 with T, = Y t,,, C2~
1

m= =1
ap > ag > -+ >arp > 0,and T is an L x L matrix with
ti,m as the (I,m)th element. With the linear constraints C1’
and C2’, we can set the search range of a conveniently, since

tbm = 01if 1 € N#_H, and t;,, =

M
{ > Tm} <ar < Tfl,al <aj_qforl=2,3,---,L—1,
m=1

L—1
and ay, = TL_1 — TL_1 > Tynam. Next, in solving (40), we

employ an exhaustive g&%ch over 0 < R; < Rpax, Where
Rpax 1s empirically chosen to be sufficiently large to include
the optimal point.

Normally, numerical integrations would be required when
searching for the minimum ED, incurring an excessive amount
of computation time. To reduce the search time in the finite
SNR regime, we have derived upper bounds If’llz (7) (given in
(65)), P/A, (given in (67)), and P/, (given in (68)) on P (j),
Plf‘i*, and Pl‘_f‘*j shown in (28), (31), and (33), respectively, in
Appendix II, which lead to a lower bound pout_’l on Fout. i,
shown in (29), (34), and (35): Let us just mention that the
computation time for evaluating the minimum ED of Prop-
MF using Pout,l is, for example, only 0.26% that of using
numerical integration when L = 2 on Windows7 with a 3
GHz processor.

V. ASYMPTOTIC DISTORTION PERFORMANCE

The high SNR behavior of the ED of the proposed scheme
will now be investigated in terms of the distortion exponent
defined as

logEp(R, o)
log Q2

for a single link system [8], where €2 is the average SNR of the
link. In [11], the distortion exponent (42) is investigated for
the relay system assuming that ,,,, = Q for uv € {sd, sr,rd}.
Taking the relay location also into account, we will investigate
the distortion exponent behavior in terms of Q = (g then

Qg = pQ and Qq = p22, where p; = (<Sd) and

Ssr

A= — lim

Q—o00

(42)

v
p2 = % (25—:) . We assume P, = Ps, 0 < ¢ < Gsa, and
0 < Gd < Gsd, SO that p; > 1 and py > 1. In obtaining the
distortion exponents of the proposed scheme at two extreme
relay locations of ¢, — 0 and ¢ — ¢q, we employ the
diversity-multiplexing tradeoff approach [11], [17], in which

the successive decoding diversity gain (SDDG) at multiplexing

gainr =1[ryry -+ rp] = logle is defined as
o . 1Og Pout7l
dir) = ngréo log (“43)
with do(r) = oo and dryi(r) = 0 since Poyto = 0 and

Pout7L+1 =1.
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We employ the exponential power allocation, assigning
-1
-2 Z Tm —€1—1

m=1

arrp=1and ;= Q for I € NI with some
infinitesimal numbers {¢; }f;ll suchthat 0 < €1 <ex < -+ <
er—1 [11], [17]. The exponential power allocation is selected
based on the following rationale of an attempt to make the ef-
fective SNR (9) as high as possible. First, the vector o should
be chosen to satisfy the condition Pt < 1, or equivalently,
I';,r > 0: This implies we should have &1, rx; < oy in (19),
which can be expressed as (i) a1, < @Z,LQ_QW. Now, from
(i), we can show that oy = @y,1, — Qy+1,1. = @y, 1. Therefore,
to make the effective SNR (9) as high as possible, &; 7, should
be chosen as large as possible under the constraint (i), which
can be achieved by the allocation & , = a1 Q= 2"t-17¢c1-1

for some infinitesimal £;_1 > 0 for [ € N%. In the sequel,
-1

. -2 Z Tm —€l—1

since &, = 1, we have o = Q m=1 ,

!
€= Y. Em forlENlL_l.
=1
Wiﬁl the exponential power allocation, the SNR thresholds
in the high SNR regime can be approximated, from x; ~
1—1

-2 > Tm—€—1

m=1

%

O~ ap = Q ,and o — Qg1 K1

-2 > rm—€_
a(1—Q )~ == " " in(19), as
l
2 > rmte—
ym ot mg i (44)

To ensure Poy; — 0 as  — oo in (29), (34), and (35),
the multiplexing gain vector r should be chosen to satisfy

'L
Q

=1
The SDDG and the distort%n exponent of Prop-DF, Prop-
AF, and Prop-MF are provided in Theorems 1-4 below.

l
— 0, which results in 2 > 7, + -1 < 1 from (44).

Theorem /: For Prop-DF, Prop-AF, and Prop-MF, the
SDDG of layer [ with the exponential power allocation is

l
2—4 > rm,

m=1

if Ssr — Ssd»
di(r) = (45)

l
>ty if g — 0.

2—2maxr; —2
1<i<l oyl

Proof: See Appendix III. O

Theorem 1 implies that the SDDG of the proposed scheme
is larger when the relay is closer to the source: Intuitively,
when the relay is closer to the source, the relay can decode
more layers successfully, and consequently, transmit the layers
required at the destination more effectively. Since Poyt; ~
Q=4 from (43) and do(r) = oo > di(r) > --- >
dr+1(7r) = 0 in (45), the distortion exponent is obtained from
(5) as

A= (46)

max  min Ay,
{rr>0} jenEF?

-1
where A; = di(r) + b > 7 with b the source-channel

m=1
mismatch factor defined in (1).
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Theorem 2: When ¢, — ¢q, the distortion exponent of
Prop-DF, Prop-AF, and Prop-MF with the exponential power
allocation reaches

—1
b m
&

L
A=2-2 { > 47)
L m -1 -1
when 7, = {2 > (%) } and r; = (%) ry for | € N&.
m=0

m=0

Proof: See Appendix IV. [

Theorem 3: When ¢, — 0, the distortion exponent of
Prop-DF, Prop-AF, and Prop-MF with the exponential power
allocation reaches

9 ZMHENT g <p <o
1+S*+ E %)’WL
A= m=t _ (48)
2— . if b>2,
1+% lel(bTQ)m_
where
L, if L<1+3%,
st = min s, ifL>142 (49
{seNEFT1:A(s)<0}
L—s+1

with A(s) =b— {2+ (2 —b)s} (%)
gain achieving (48) is given by

. The multiplexing

(50)

for 1 € NL

L—s"+1 m - *
. I+s+ > (%) , forleNj,
1= m=1
1—s*
(3) " 7

when 0 < b < 2, and by

b+2\"!
ry = —4 1

I -1

for [ € NI with ry =2 {4 +b > (b'fTQ)m_l} when b >
m=1

2.

Proof: See Appendix V. U

(51)

When the relay is near the destination, it is immediate from
Theorem 2 that the distortion exponent of the proposed scheme
is identical to that of the conventional SC-AF [11]. When the
relay is close to the source, we can in addition deduce, after
some thought based on Theorems 1 and 2, that the distortion
exponent (48) of the proposed scheme will be larger than
that of SC-AF. Next, the behaviors of the distortion exponent
for finite values of L can be predicted indirectly from the
following theorem for L — oo.

Theorem 4: When L — oo, the distortion exponent of
Prop-DF, Prop-AF, and Prop-MF converges to

A% {min (%,2) ,

min (b,2),

f ST _> Sd
LT (52)
if ¢ — 0.

Proof: From (47), A =2-2(1-%) =Lif0<b< 4
andA:2ifb24When§sr_><sd- When §sr—>0, A=2
if b > 2 from (48). Let us now consider the case 0 < b < 2
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when ¢, — 0 in (48). Since L > 1+ 2 when L — oo,

we need to find s* = en[NliLri1 s subject to A(s) < 0 in (49).
Clearly, when 0 < b < 2,1 A(s) is a decreasing function of
s with A(1) = b— {2+ (2—b)}(2)" and AL — 1) =
b—{2+ (2= b)(L — 1)} (2)* with A(1) — band A(L—1) —
—o0 as L — oo. Thus, there exists an s* € Néfl such that
A(s* — 1) > 0 and A(s*) < 0. Now, when L — oo, the
equation A(s) = 0, or equivalently (%)L_SJrl = m,
cannot be satisfied with a finite value of s: Thus, s* — 0o as
L — oco. This implies A = 2— —2H0HE N5 (5 )
1+s*+ m2::1 (%)m

as L — oco. O

To confirm Theorems 2-4, the distortion exponent of the
proposed scheme is shown in Fig. 2 as a function of the
source-channel mismatch factor b. It is observed that the
closed-form solutions (47), (48), and (52) (denoted by lines)
agree well with those obtained from the optimization program
[25] (denoted by marks) and that the distortion exponent
increases with L as anticipated. The distortion exponent when
Gsr — 0 is larger than that when ¢ — ¢sq, which gets more
noticeable as L increases. In other words, the proposed scheme
would perform better when the relay is closer to the source
and the number of layers L increases.

Fig. 3 compares the distortion exponent of the proposed
and conventional schemes for four values of L. when ¢, —
0. In this figure, ‘Prop’ denotes the proposed scheme, ‘Conv
[10,11]" denotes the conventional SC-DF [10] and SC-AF [11]
schemes, and ‘DT [12]" denotes the direct transmission (DT)
of SC [12]. As shown in Appendix VI, the distortion exponent
of SC-DF and SC-AF does not depend on the relay location
and is identical to that of the proposed scheme for ¢5 — Gyq-
Clearly, at the cost of feedback overhead of [log,(L + 1)]
bits, the proposed relaying scheme provides a higher distortion
exponent than the conventional ones when the relay is close to
the source, with the gain getting larger as L increases. When
b is small, the high SNR performance of the relaying schemes
is known to be inferior to that of DT since relaying using
two slots can incur a larger distortion in source coding due to
reduced source code rate: Over the interval (by,c0) of b, on
the contrary, it is clearly observed that the proposed scheme
can enjoy a larger distortion exponent than DT, where by is
approximately 1.3 when L = 2 and converges to 1 when
L — oo. In addition, the proposed scheme provides the same
performance as DT when L — oo for 0 < b < 1.

VI. PERFORMANCE EVALUATION

Let us now evaluate the performance of the proposed
scheme in the finite SNR region. We assume the three nodes
form a straight line (¢.q = Gsq — Ssr) With the same transmit
power Ps = P, and path loss exponent v = 3. We numerically
search for the minimum ED in the feasible region of (R, o)
in two steps as described in Subsection IV.E and show the
result in dB relative to the worst ED.

Fig. 4 compares the expected distortion performance of
various relaying schemes as a function of the average SNR
Q when b = 1 and L = 2. The normalized relay location
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Fig. 2. Distortion exponent of the proposed scheme as a function of the
source-channel mismatch factor b.
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Fig. 3. Comparison of the distortion exponents of the proposed and
conventional schemes when ¢ — 0.

%; is set to 0.2 and 0.8 in Figs. 4(a) and (b), respectively.
As benchmarks, we have shown the performance of the
optimal relaying scheme (denoted as ‘CSIT’) with optimal
time allocation between the two transmission phases and full
CSI at the source [21], [26], that of the basic AF and DF
schemes without SC [3] (denoted as ‘AF [3]" and ‘DF [3]’,
respectively), and that of SC-DF [10] and SC-AF [11] schemes
(denoted as ‘SC-DF [10]" and ‘SC-AF [11]’, respectively):
It should be noted that the optimal relaying scheme can be
implemented only when the instantaneous CSI ~ is fully
available at the source for each data transmission whereas the
other SC-based schemes can be implemented with the average
CSI Q at the source. The solid and dash-dot lines represent
the minimum ED evaluated with Py (‘Exact’) and the lower
bound evaluated with Pout, 1 (‘LB’), respectively. It is observed
that the lower bounds, obtained with significantly reduced
computation time, are almost indistinguishable from the exact
values. Prop-MF, Prop-AF, and Prop-DF perform similarly,
all with some gain over AF, DF, SC-AF and SC-DF, when
ES; = 0.2. When EL; = 0.8, Prop-MF, Prop-AF, and SC-AF
perform similarly with some gain over Prop-DF, SC-DF, AF,
and DF. The figure also reveals that the distortion exponent,
i.e., the slope of the ED in the high SNR region, varies as the
relay location. The slopes for the proposed scheme are steeper
than those for the conventional schemes when %; = 0.2, while
the slopes are almost the same when EL; = (.8, which agrees
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Fig. 4. Minimum ED as a function of the average SNR with exact and

approximate evaluations: (a) :*3 =0.2 (b) SL; =0.8.

with the analysis on the distortion exponent in Section V.

In Fig. 5, we show the expected distortion performance
as a function of the normalized relay location gd when
b=1, L =2, and 2 = 15 dB. We can make observations
similar to those in Fig. 4, except that lower bounds now tend
to deviate from the exact values for Prop-AF and SC-AF
around ES; 0.5, since the inequality (66) becomes loose
when vg =~ 7pq. It is observed that (i) Prop-DF (Prop-AF)
outperforms, or performs similarly to, SC-DF (SC-AF), (ii)
Prop-DF, not incurring any noise amplification, outperforms
Prop-AF when the relay is near the source, and (iii) the AF-
based schemes perform better than the DF-based schemes
when the relay is near the destination as is well-known. We
would like to add that Prop-MF provides uniformly the best
performance at most relay locations by taking the advantages
of both DF and AF signals. Prop-AF performs slightly better
than Prop-MF when EL; 2 0.75, where the AF signals
used in Prop-AF are more suitable than the DF signals used
in Prop-MF for g4 < ¢:: As the relay gets closer to the
destination node, the number ¢, tends to decrease, resulting
in a smaller number of layers transmitted by the relay in
the DF signal, which implies a better performance for the
AF signal than the DF signal. Nonetheless, the gain is not
significant, since the probability of the event {qgq < ¢,} is
not that high. Let us mention that other assignments of the
AF and DF signals can, of course, be devised, which would
produce performance characteristics different from those of the
proposed assignments. Specifically, if we modify Prop-MF so
that AF signals, instead of DF signals, are sent in some cases
where ¢4 < ¢, we could improve the performance when the
relay is close to the destination at the expense of performance
loss at other relay locations. In any case, we believe there does
not exist a uniformly optimal scheme.

In Fig. 6, we compare the performance of some represen-
tative schemes for various values of L and b when = = 0.2.
Again, the slopes of the ED curves in the high SNR region
agree with the results in Fig. 3: That is, (i) the slope for Prop-
MF is steeper than that for SC-AF as gd — 0, (i1) all the
slopes become steeper when L increases with that for Prop-
MF getting even steeper, and (iii) all the slopes become steeper
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when b increases due to the decreased distortion from source
coding. Unlike in the infinite SNR region, the relaying systems
are shown to provide better outage performance than DT in
the finite SNR region. In addition, Prop-MF again exhibits
the best performance in most cases: As observed in Fig. 6(a),
Prop-MF provides a gain of about 2.5 dB in the average SNR
Q over SC-AF and DT when b =1, L = 2, g = 0.2, and
Ep, = —8 dB, at the cost of 2-bit feedback overhead.

In passing, we would like to note that, as in the conventional
relaying schemes [10], [11], [17]-[19], the rate R and power
a in the proposed scheme are determined once the average
SNR levels 2 = (Qsq, Qsr, Qra) (in which the effect of relay
position is incorporated inherently) of the channels are fixed.
When the average SNR levels change, R and « can be updated
with a look-up table installed, or with a numerical search based
on 2 fed back, where the feedback and updating rate is much
lower than that in the optimal scheme [21], [26] performing
resource allocation based on the instantaneous SNRs.

VII. CONCLUSION

When superposition coding is adopted for the transmission
of successive refinement layers in a relay network, we have
proposed three types of relay signals by exploiting the decod-
ing results at both the relay and destination nodes in the first
slot. We have analyzed the outage probability of the proposed
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ey =

consideration.

Ca |hsal* Pt + 0 bdhrdqu 4V PsPrQui, 57)
i h:dhrdqu @V 7’-)s,lproill—i—l,qr |hrd| ( qa, Qr) 7’-)1r07l—i—1,qr + 0'2
Qgr+1,L Yrd
B a {&q(wl,q Ysand + 5 N T %d} 58)
L= & Qgp+1,1 + = Yd +a 41
+1,qr &ququ YsdVYrd +1ar Vsd qr+1,L’st
|hsa|*Pstipa, + 02 hsa(hi)* Pstui,L .
- 2 (61)
b, hsdh Pstyy1,L |2 | Ps@yi1.r + |heal? ( A in(aa, qx)) 02 + o2
a {'Yrd')/sd + YedVsr + amin(qd,qr)+1,L’Ysr'75d + Vsd} (62)
64l+1,L {’Yrd'}/sd + YrdVsr + amin(qd7qr)+1,L’Ysr’st + 'st} + Yrd + @min(qd,qr)JrLL’ySr +1
scheme, based upon which lower and upper bounds are derived ~ where h, = [hsd VPsay hpq Gqu @ \/”Pral} T and
for the fast evaluation of the minimum expected distortion in I
the finite SNR region and for the assessment of the asymptotic hsa Y. VPs@mZm(n) + wq1(n)
behavior of the expected distortion in terms of the distortion w(n) = mf”é . (55)
exponent, respectively. In investigating the distortion exponent heaGL o > VPramTm(n) + wa2(n)
by deriving the successive decoding diversity gain of the m=Il+1
outage probability, we have also taken the relay location into The final effective SNR is then obtained as [27]
~H i~
ney =hy Cglhy, (56)

The results from the asymptotic analysis have exhibited that
the difference in distortion exponents of the proposed and
conventional relaying schemes becomes larger as the number
L of layers increases, at the negligible cost of feedback
overhead of [log,(L+1)] bits for the proposed scheme, when
the relay is close to the source. In particular, the proposed
scheme can provide a distortion exponent of up to min(b, 2)
as L tends to infinity, while the corresponding values for the
conventional relaying and direct transmission are min (%, 2)
and min(b, 1), respectively, where b is the source-channel
mismatch factor.

In the finite SNR region, the proposed scheme can provide
additional SNR gain over the conventional schemes by sending
the relay signal more efficiently when the relay is close to
the source. Among the three types of the proposed scheme,
the type of selecting appropriately DF and AF relay signals
is observed to perform the best over a wide range of relay
locations.

APPENDIX I. DERIVATION OF FINAL EFFECTIVE SNRS

A. Prop-DF

For MRC at the destination, using z(n) for gg < ¢ shown
in (11), we can rewrite (4) as

ydz2(n) = hrdqu " i VProgzi(n) + wa 2(n). (53)

l=ga+1

Assuming that layers up to [—1 are decoded successfully at the
destination and cancelled in the received signal (3) for v =d
and in the received signal (53), the signals to be combined for
decoding layer [ can be expressed in a vector form as

y;(n)

= hyay(n) + @y (n), (54)

where Cg, = E{w;(n)w}

N |, we have (12).

(n)}. From (57) and (58) for [ €

B. Prop-AF
With z(n) given in (14) we have

yaz(n) = hiy, Z\/ Psaqzi(n) + wa,2(n), (59)
I=min(qa,qr)+1
where hZ = hbrhrdGmm( g And Waap(n) =

hrdGmm (qa.q) W1 () + wa2(n). Hence, for Prop-AF, we

again have (54), now with h, = [hsd\/PSozl hfq\/Psozl]T
and

hsa ZL: Vpsamxm(n) + wd,l(n)

wi(n) = m:Ll’Ll (60)
hfq 3 VPsam@m (n) + Wa,2(n)
m=Il+1

We thus have (61) and (62) for [ € qu+1, leading to (15).

APPENDIX II. UPPER BOUNDS ON P (j), P/;,. AND PA i
Since ®; 1.(x) is a monotonically increasing concave func-
tion for x > 0, we have
@ r(r) <min{p;r(z;Tin), (v Tiv1n)}  (63)

for I'; 1, <@ <Tyi1,1, where @ 1(z;a) = @' (a)(z —a) +
®; 1.(a) is the tangent line to ®; 1(z) at x = a. From (28),
we then have an upper bound

PAG) = P[Lip <9 <TFG) 5 >T1
+P[T} (i) <ysa <Tit1.L,

Yrd >Flj _ ‘Pj,L('st7Fi+1,L):| , (64)

Qit1 ’ aj

#j. L(vsa,ls, 1)
aj
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Pfi* P [Fz L <%d <Tig1n, Yo >Tig1,, Yed + 7 > T0, Ysa + anL > FZ,L}
IS I e ) dadyda
+ f‘::H LfFi+1,L f((;?z,wa)@iﬂ,Lmei(T;Jrn%rJrﬁ) dzdydzx
= o (S ) (e + e )
+<%g (Cg;zi’ Ci;zl;il,L) g (Fg:r,L + &H;i,.LdFLL ’ OO) 7 (67)
]5{‘*], =P [Fj,L <vd <Tur, I'jr <Y <Tj41,0,%a +Ysr > T, Ysa + ath > Fl,L}
_C]%g (Cj(lzzljl 7 Cj(lz:;jz) g (Fja:r,z, + o’eﬁ;z,iil‘z,L 7 OO)
+C]i‘1g (%7 Cj;lE;,L) g (I;%_gf + 6‘j+;z,fdr‘l,L7 F]’(erslr,L @j+;i:sz,L) ’ (68)

on PR(j), where T;(i) is the solution = to
vz Tin) = ¢jn(x;Tip1,r). When [ > 4, since
qu?L(Fl’L) = al—@l+1,jlifj—aj+1 LK1 = ajFl’j and
Q;r(Tr) > min{pj (1% 0), ¢)0(x;0ig1,0)}  for
Tz < & < Dy, we have I, —W > 0
for I, < z < F+(z) and T ; — W > 0 for
F*( ) < & < T'j41,1. Therefore, (64) can be rewritten
i1 3@ L@ p)—es (@7
T
L_&i+1,j{‘I’j,L(Fl,L>—Wj,L(I%Fi+1,LJ}
+fri+zl)LQ — e Qsd cxjﬂrd da:

+ .
_ 1 Yijol, L D007 ()
= U509 < ]Qsd ) 97:1 g (5lij03 00)

910 F (4) Vi1l
+193j19< gt Jlasfl’L>9(5lij1700)a (65)

with T ; %}r“), where g(x,y) e — e7Y,
Vign = 1 — @ (Titn, L)%glj, and  Gjn =
fa;{;; {%Jf Lip) 4 @5 0(Civnr) = Divn2®;  (Citnr)}
orn =0,

Next, by applying the inequality

YsrYrd

_ 66
VsrC + Yrd +1 ( )

< min (vsr, E)
C

for ¢ > 0 to (31), we can obtain an upper bound on PlA
(67), where Gi1 = 1 — @105, o = G — §2, and 7,
min {max(l"l L — ].—‘lJr]_ L,FZ L) i+1, L} Note that ]-—‘z L
7i < Tit1,1, and therefore, {ysr > Tiv1.0} N {Vsd + Ysr
FZ,L} = {Vsa+7vsr > I 1} when veq € [T 1, 735, and {~e;

1+1 L} N {78d + Ysr > Fl L} - {'Ysr > 1—‘z+1 L} when Ysd
[714, Tit1,1]- An upper bound on Pz +; can next be obtalned in
a similar way as (68), where 751 = max(I';,, —T'j41,2,T;,1)
and Tij2 —max(l"l}L PJ)L,PJ)L)

m\/\/\/\ll

APPENDIX III. PROOF OF THEOREM 1

Let us first derive upper bounds on the outage probability
Py, using

PX+Y > >PX <c,Y>c+PX>c (69

for nonnegative random variables X and Y and a positive

constant c. For DF signals, let us obtain a lower bound 15£ ()
on Pl? (j) shown in (28), in order to obtain an upper bound

on Pay, shown in (29). Applying (69) with X = ‘I’Lai”)

and Y = 1‘; in (28), we have
PP(j)="P[Eai N {®),L(vsa) < ;T15,Ya > Aig1,;T05}]

P [Ea,i N { P, L(vsa) > ;T ;1] (70)

Since {®;r(vsa) < oI} = {v%a < Tyr} and
{®L(va) > o} = {va > Ty} from a;T0; =
@j@(P[}L), Qit1,5 = QGit1,Ls and l—‘[}j ~ ]-—‘l7L in the high
SNR region as observed in (44), we can derive (70) as

PP(j) =P[Eq: N {vsa < Tty Ya > @ir1,;T05}]
~g (Fz L Fm{-l:iL) g (@Ha:‘:z,L : OO) )

For AF signals, lower bounds Z%f* and ]3;4* ; on (31) and
(33), respectively, can be obtained by setting X = ~,q and
Y = TsrTrd in (69) and then applying

Qi 1,LYsr+Yra+1

YsrYrd > 1 . Yed — 1
— 2= 7 MmN | “sr,
VYsrC + Yrd +1 2 c

for ¢ > 0. Specifically, we get

(71)

(72)

Pffﬁ* =P[5 <vsd <Tit1,0, Yo > Tigrr,
Ysa < Tz, 3 min (%r, ;il L) > T, L}

— Tir Diyan 2FL,L 2a; +1,LFZ,L+1
- g ( QLsd ’ 7(Qsd ) g ( er + - Qrd 700 (73)

and

PA = P[Fj,L <sd ST, Uy <vee <Tjar,

Ysd < Tz, 3 min (Vsr, ey i) > Fl,L} =0.(74)
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With the lower bounds (71), (73), and (74), the outage
probabilities (29), (34), and (35) of Prop-DF, Prop-AF, and
Prop-MF can be approximated in the high SNR region as

N
Poutlxl_e a

i, I; r o7 T
—Zg( - JLL)Q(“Q;L T L’L,oo),(75)

where ;1 = 1 or 2. When Q9 = Q, Qg = p1Q, and Qg =
p2f2, if we consider only the dominant terms in the Taylor
series expansion of (75) in the high SNR region, we get

L uri paiy1,rliv1,0T L
Pout |~ 0102 + Z 2022
> l >
2¢;_1—2+4 Tm €_1—242r;+2 Tm
~ =3 m=1 23 m=1
Q) + L Zjl 0 . (76)

where all possible candidates for the lowest power of Q2! are
preserved, since the dominant term varies depending on the
multiplexing gain vector 7 and (p1, p2).

When ¢ — ¢iq (i.€., p1 — 1 and ps > py), the first term
in (76) dominates, leading to the successive decoding diversity
gain d;(r) =2—4 Z Tm — 2€,—1. When ¢, — 0 (i.e., p1 >
p2 and py — 1), on the other hand, the second term in (76)

dominates, leading to d;(r) = 2—2 maxl ri—2 Z T —€l—1-
m=1
Letting ¢;_1 — 0, we get (45).
APPENDIX IV. PROOF OF THEOREM 2
With the SDDG for Ssr — Ssd given in (45), we have

Al—2—(4—b)2rm—4rl for | € N¥ and Apyq =

b Z Tm. It is easy to see that {A;}L | are active! in the
m=1
feasible set F = {r : r > 0} since A1 — Ay = bry — 4141
L

for [ € fol and Apyr — Ap = brp +4 > rm — 2.
m=1
Now, when [ € NlL, A; is a decreasing function of r; while

Apy1 is an increasing function of 7;. Hence, to maximize
min ({Al}f:ll), r, should satisfy A; = Apq for | € NF.

(5" '

The solution of such L equations is given by r; =
—1
} , leading to (47).

forleN%andrlz{Z Z ( )

APPENDIX V. PROOF OF THEOREM 3
With the SDDG for ¢, — 0 given in (45), we have
-1

A = 2—2ma§ri—(2—b) irm—%l for | € NE
€N} m=1

L

and Ar11 = b >, 7n. To solve the optimization problem
m=1

(46), we first subdivide the set 7 = {r : r > 0} as

F = U]—'() where F(s) = {r:r > 0,75 > r, 1l € NI}

Let us next find the solutions A(s) = max min A; and

reF(s) 1ent

UIf there is any Aj,j # [ such that A; < A, for all possible values of
r € S, A; is called inactive in the set S. Otherwise, A; is called active in
the set S.
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r(s) = [ri(s) ra(s) -

each subset F(s).
When r € F(s), we can rewrite A; as

max min A; for

rris = ar
() gTEF(S)zeNlL“

2—2r;q) — (2-) Z m — 21, 1 eN;TL
Al = l (77
2—2r,—(2— )Z m — 277, l € NL

where rs = maxr; and i(l) = Note that, since

leNt

1
MaX 7y = max(r;;—1y,71), we have i(1) = 1, i(s) = s, and
meN;]

i(l) = 1 or i(l — 1) for I € N3~'. Observe from (77) that
A; can be inactive for some b in F ( ): We will obtain A(s)

and r(s), and then, A = max A(s) in three distinct cases as
seNy

arg max 7op,.
meN}

follows:

Case I: 0<b< 2
When | € Ni_l, we have A} — A, = 4r, — 21 —
s—1
2r;) +(2—0) > 7 > 0 since vy > 1y and 0 < b < 2.

m=l

Therefore, {A;};~] are inactive in F(s). When [ € NS ‘1

+ (-2 Z Tm
can be either nonnegative or negative in F(s): For example
A — Ay =brg > 0if r, = 0 for m € N, and
A=Ay =0b-2)(1—8)rs <0if ry =7, forme N, ;.
Similarly, for l;,l, € N, and [ < lo, the difference

-1
Ay, — Ay = =2(rg, (2-0) Z rm can be either

m= ll
nonnegative or negative in F(s). In addition, when [ € N, we

L l
Ar=b> rm+2 Y rm+2rs —2, which can
m=l m=1
also be either nonnegative or negative. Therefore, the {A; };

are active in F(s) for 0 < b < 2, with which the opt1m1zat1on
problem (46) can be restated as

A(s) =

the difference A} — Ay = —2r; + 2r, +

_Tl1) —

have Ay —

L+1

max

min(Ag, Agi1,- -
{r:irs>r; >0} ( o1t

AL, Apyr). (78)

Here, the optimal r; should satisfy A; = A yq for [ € N&,
since A; is a decreasing function of r; for | € NI, while
L

s
Apy1 is an increasing function of r;. Now, Apy; =0

=1
can be maximized in F(s) when r; = 7, for [ € N§™!, since
rs > 1. Thus, from (77), the solution of (78) is given by

A(s) = 2—{24+b+ (2 —b)s}rs(s)
24+b+(2-0)s
= 2- Lfs+1 ) (79)
1+s+ > (H)™
m=1
with

L—s+1 " -1

ri(s) = {1;LS+ z, &) } CENL (g0
(3) "ri(s), €N,
We now obtain the solution A = max A(s) in F. Let
seNE

A(s + 1) = Als) = pripgy, Where A(s) = b —



WANG et al.: COOPERATIVE RELAYING OF SUPERPOSITION CODING WITH SIMPLE FEEDBACK FOR LAYERED SOURCE TRANSMISSION

2+e-nsp ()" est 3 ().
Observe that A(s + 1) — A(s) is a monotonically decreasmg
function of s for s € NF~! when 0 < b < 2, since A(s) is a
decreasing function of s and B(s) is an increasing function of
s, since A(s+1)—A(s) = (§ — 1) (%)Lis {44+ (2-0b)s} <0
and B(s+ 1) — B(s) = 1 — (g)L_S > 0 for s € NF71,
Thus, if A(s,) > 0 for so € NF=!, we have A(s) < A(s,+1)
for s € Ni°, and we have A(s) < A(s,) for s € NL | if
A(s,) < 0 for s9 € NE~!. The optimal value A = A(s*)
is then obtained when s* = L if A(L — 1) > 0 and

and B(s) =

st = min s if A(L —1) < 0, which is equivalent
{seNE71 A(s)<0}

to (49).

Case 2: b=2

If b =2, (77) becomes A; = 2 — 2r;) — 2r; for [ € Nj ™"
and A; = 2 — 2r, — 2r; for | € NL. Therefore, Ay — A; =
2riq) + 21 —4rg for | € fol and A, — A; = 2r; — 2r, for
l € NSLH, resulting in A, < A, for all [ € NF, since r, >
7, for all | € NL. The optimization problem then becomes

A(s) = max min(A, Apyy), for which the solution
{r:rs>r; >0}

occurs when Ay = Ay and r; = ro = --- = r, from the

same reasoning as that for 0 < b < 2: In essence, the solution

for b = 2 is given by

A(s) =2 —4dry(s) =2 — o2

I 1)

with 7(s) = 2+L for | € NL Thus, the solution A =
?el%?A( s)in Fis A=2— 2+L
Case 3: b > 2

We first observe that {A;}[, . | are inactive in F(s), since
—1
A=Ay =2(rs—r)+(1-2) 3 rm>0fromrs =7 >0

and b > 2. Then, the optimizaqligrsl problem when b > 2 is
restated as

A(s) =

max
{r:rs>r; >0}

min(Ala A27 T 7A87 AL+1)' (82)

Next observe that Ay is actlve with {A;} =1 in F(s), since

Ar=0b Z T+ 2 Z T 4 2150) — 2
m=l
can be either nonnegative or negative regardless of the value

of i(l) for [ € N§ if b > 2. On the other hand, the activeness
of {A;};_, depends on the values of {i(l)};—,. We thus
have to investigate the activeness of {A;}7_, for all possible
cases of {i(l)};=) and derive the solution in each case. To
facilitate this, deﬁne I, = {l - i(l) = 1,1 <1 < s} and
its complement Z, = N5 — Z,: Note that {1,s} C Z, C N}
since i(1) = arg max r,,, = 1 and i(s) = arg max r,, = s.
meN! meN]

the difference Ap 1 —

For notational convenience, arrange the elements of Z, as
T, = {ki, ko, kiz,)}, where ky = 1, k7| = s, and
km < km41 with |Z| the cardinality of Z,. In fact, F(s)
can be partitioned with all possible cases of Z,. For example,
Zs = Nj corresponds to the case r; < ry < -+ < 7, while
T, = {1, s} corresponds to the case rs > r; > r; for all
le Ny L

Let Fz,(s) be the set of r in F(s) leading to Z:
Specifically, Fz,(s) = F(s) N {r

max r,, =
meN}
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rpif | € T;, max ry, = max T, if [ € Z,}. By partitioning
meN mEN B

F(s) into {Fz,(s), ¥V Zs}, we can obtain the solution when
b > 2 as follows:

Lemma /: When b > 2, A; is active (inactive) in Fz_(s)
if l € Z, (if | € I;).

Proof: Consider | € Z, such that k; < | < kz+1 for i €
N‘IS‘ ! . Then, Al Akl = 2(7’]CI —’I"l) ( ) E Tm >0

m=k;
since ,, > 7 and b > 2. Hence, A; for [ € 7, is inactive in

Fz,(s). On the other hand, when k; < k;, the difference Ay, —

Ay, = 4(rk, —7r,;)+(b—2) > 7., can be either negative or

m:ki

positive from the following observations (O1) and (02): (O1)
Since Akj —Ayg, < 4(7‘1%.71 —Tkj)—i— (b—2)(/€ —k; )T‘;@J 1, We
have Ay, — A, < 0if ry > {14 &2k (02)
Since Akj — Ay, > 4(ryg, _Tkj) + (b—2)ry,, we have Akj —
Ay, > 0if ry, < (14 252) ry,. Since we can always find
an 7 in Fz,(s) with either ry, > {1 + M} Th;_, OF
ri; < (1+952) ry,, A for | € Z, is active in Fz,(s). O

Lemma 2: The

max min(Aj, Ag,---
reFz,(s)

b > 2 has the solution
Az, (s) =2 —4r11,(s)

optimization problem Az (s) =
,Ag, Ary1) in partition Fz,(s) for

(83)

with

s —1
r,z,(s) = 2{4+b > ﬁm+b(L—S)ﬁs} . (84)

m=1
11,7.(s) = Bir1z.(s) for l € N;fl, and 7.7, (s) = Bsr1.1.(8)
for [ € NL. Here, 8; = 1 and
Bi = Bk, (85)
m—1
for [ € Nk’"“_l with By, = 1:[1 {1 - W} for
m € NIIS‘

Proof: From Lemma 1, the optimal solution occurs when A; =
Apyq forl € Zy, rp =1, forl € Nﬁ:“_l, and 7 = 7,
for I € NI ,. Now, from Ay, ., = Ay,,, we have 7y, ., =
{1 — —(27b)(k72+17km) } Tk, SO that Tk = ﬂkm’l“l with ﬁkm =

m—1

T {1 - @Rt b Since 1y = 1y, for I € Ngwe

m

i=1
we have r; = [y with 8 = By, for | € N],z:*rl. In
addition, from r; = r, for [ € NL, |, we have r; = 8,7 for
L
1 € NL . By solving Ay = Apqq,ie, 2—4ry =b > 7,
m=1

we will get (84), leading to (83) from A; =2 —4r;. O
Lemma 3: The solution of A(s) = max Az (s) for b > 2
is obtained with Z; = NY as
A(s) =2 —4ri(s) (86)
with

ri(s) = {4+b > (22)"

m=1

—1

-1
+b(L — s) (bz—Z)“} 87)



4460

r(s) = (bjLTQ)l_lrl(s) if 1 € N37', and r(s) =
(5£2)° " ry(s) if 1 € NE.

Proof: If T, = Nf, we have k; = [ for [ € N in (85), and
consequently, 5, = (QT“’)Z_l = BF. With B}, (83) and (84)
become (86) and (87), respectively. We now prove 3/ >
for all possible 3; given in (85) via induction. First, it is clear
By > B since 57 = (1 = 1. Next, assume that ﬂl > 06
for | € Nj™. Then we have 3; > f; for [ € Nk””fl !
since Bf = (#) Fim Bk . Bi = By, and (%”)l "> 1
for b > 2. In addition, §; Bhpsa since By - =

km+1—km — mat1—km
(#) - ﬂl:nz’ Bk"‘+1 - {1 N M} ﬂknz’
and (1 — 2T_b)km+1_km > 1 _ (Q_b)(kTZ-%—l— m)

have used (1 4 )™ > (1 + nz) for x > 0 and any positive
integer n. Therefore, 8 > f3; for [ € Ni. It is then straight-

s -1
2{4+b ) ﬁfn+b(L—8)ﬂ§} <
m=1

, where we

forward that r1(s) =

—1
riz.(s) = 2{44—5 Zs: ﬁm—f—b(L—s)ﬂs} and thus
Als)2 Az 0

Now, ri(s) in (87) is a decreasing function
of s since Wlﬂ) — %(S) = (L S)L;Z)
(22)*"' > 0 for s < L. Thus, A(s) = 2 — 4ry(s)
is maximum at s = L, resulting in A = maxA(s) =

seNk

-1
2 —dry(L) = 2 — 2{1+§ XLj (bfTQ)m‘l} from (86)

m=1
and (87).

APPENDIX VI. ANALYSIS ON SC-DF [10] AND
SC-AF [11]
SC-DF with relay signal (7) has nt; = ®;r(va) if
I € Nf, o and nry = @4,(A)) if | € N{", where
\¢ = w + 2. Following the approach used for Prop-
DE, we have an upper bound

T
Poutl_g(07 Q:j)

L
. ;o Tiyin a0y
1 Z g ( er ’ er g Qrd ’ o0

J=l

(88)

on P,y for SC-DF. In the high SNR region, where &, ; ~ 1

!
2 > rmte—1

and I'; ; = Q) m=1 , we have

r? r?
Qsa Qsr QsaQrd

~ (L1
~ (Pl +P2)Q

Similarly, SC-AF with relay signal (8) has nr; =

Ysr¥rd
QL (%d + 'ysr+'yrd+1)’

PG =9 (0.5 ) g (Bt + Zet )
on P, for SC-AF can be obtained by following the ap-

proach used for Prop-AF: In the high SNR region, (90)
becomes

PCD ~

out, l

m=1

2¢;_1—2+4 ZL: Tm (89)

and an upper bound

(90)

l
o 2¢;_1—2+4 T
poa 2)9 A 1)

~ (2 —
out,l ™ (p_1+p_2 m=t
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From (89) and (91), it is clear that SC-DF and SC-AF have
l

di(r)=2—-4 > ry, — 2€-1, identical to (45) for ¢ — G
m=1

with ¢,_; — 0, irrespective of relay location. Consequently,

the distortion exponent of SC-DF and SC-AF is also given by

47).
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