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Abstract—Area spectral efficiency (ASE) was introduced as
a metric to quantify the spectral utilization efficiency of cel-
lular systems. Unlike other performance metrics, ASE takes
into account the spatial property of cellular systems. In this
paper, we generalize the concept of ASE to study arbitrary
wireless transmissions. Specifically, we introduce the notion of
affected area to characterize the spatial property of arbitrary
wireless transmissions. Based on the definition of affectedarea,
we define the performance metric, generalized area spectral
efficiency (GASE), to quantify the spatial spectral utilization
efficiency as well as the greenness of wireless transmissions.
After illustrating its evaluation for point-to-point tran smission,
we analyze the GASE performance of several different trans-
mission scenarios, including dual-hop relay transmission, three-
node cooperative relay transmission and underlay cognitive radio
transmission. We derive closed-form expressions for the GASE
metric of each transmission scenario under Rayleigh fading
environment whenever possible. Through mathematical analysis
and numerical examples, we show that the GASE metric provides
a new perspective on the design and optimization of wireless
transmissions, especially on the transmitting power selection. We
also show that introducing relay nodes can greatly improve the
spatial utilization efficiency of wireless systems. We illustrate that
the GASE metric can help optimize the deployment of underlay
cognitive radio systems.

I. I NTRODUCTION

Wireless communication systems are carrying an increasing
amount of multimedia traffics and, therefore, will have grow-
ing ecological impact on our society. With the current rate
of data traffic increase, the energy consumption in wireless
networks will grow by approximately 20% per year [1]. To
slow down the resulting increase of carbon dioxide emission
and achieve more sustainable development, future wireless
communication systems need to operate in a more energy
efficient fashion. Various transmission schemes and implemen-
tation structures are being developed to support high-data-rate
transmissions over limited radio spectrum with the minimum
amount of power consumption, which is essentially the ul-
timate goal of green wireless communications. To evaluate
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and compare the “greenness” of various transmission schemes,
we need effective performance metrics that can characterize
the utilization efficiency of both radio spectrum and energy
resource [2].

Wireless transmissions generate electromagnetic pollution
to the surrounding environment over its operating spectrum
band. The size of the polluted area depends on the transmitting
power, the radiation pattern of transmit antenna, propagation
environment, etc. In general, if a particular frequency band
is heavily “polluted”, i.e., a significant level of transmitted
signal power is observed, over a certain area, simultaneous
transmission over the same frequency band in the area may
suffer high interference level. Neighboring transceiver can
function properly only when enjoying high signal to inter-
ference ratio (SIR) or equipped with effective interference
mitigation capability. As such, an alternative design goalfor
future green wireless systems is toachieve high-data-rate
transmissions with minimum electromagnetic pollution in both
spectral and spatial dimensions. To compare the effectiveness
of different wireless transmission schemes in approachingsuch
goals, we need a performance metric that can take into account
this spatial effect of radio transmissions in the evaluation of
transmission efficiency.

Most conventional performance metrics for wireless trans-
missions focus on the quantification of either spectrum uti-
lization efficiency or link reliability. In particular, ergodic
capacity and average spectrum efficiency evaluate the spectral
efficiency of wireless links, where the former serves as the
upper bound of achievable average spectrum efficiency [3].
The link reliability is usually quantified in terms of outage
probability, average error rate, and average packet loss rate [4],
[5]. On another front, various energy efficiency metrics have
been developed and investigated, mainly at the component and
equipment level [2]. In the system/network level, ETSI defined
energy efficiency metric as the ratio of coverage area over
the power consumption at the base station [6]. Recently, area
power consumption (W/Km2) is introduced and used to opti-
mize base station deployment strategies for cellular network
in [7]. Note that most energy efficiency metrics can not be
readily related to the link spectral efficiency or reliability, as
they often conflict with each other. For example, a general
tradeoff framework between energy efficiency and spectral
efficiency for OFDMA systems was built to characterize their
relationship in [8]. Bit per Joule (bit/J), defined as the ratio
of achievable rate over the power consumption, is widely
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used performance metric to quantify the energy utilization
efficiency of emerging wireless systems [9]. Recently, this
performance metric is applied to the analysis of CoMP cellular
systems as well as heterogeneous network [10], [11]. Still,Bit
per Joule metric does not take into account the spatial effect
of wireless transmissions and is mainly applicable to cellular
networks.

Area spectral efficiency (ASE) performance metric was in-
troduced in [12] to quantify the spectrum utilization efficiency
of cellular systems. ASE is defined as the maximum data
rate per unit bandwidth at a user randomly located in cell
coverage area over which the same spectrum is used, with unit
being bps/(Hz · m2). As co-channel cells in cellular system
are separated by a minimum reuse distance ofD, the same
spectrum will be used only once over an area of the size of
πD2/4. Note that the area used in ASE definition is based on
the co-channel interference requirement of cellular system, not
related to the properties of target radio transmissions. Recently,
the ASE performance metric was applied to characterize
the performance of two-tier heterogeneous cellular networks
[13]–[16]. The authors in [17] studied the ASE performance
of cellular systems with cooperative relaying transmission.
Meanwhile, ASE was also analyzed jointly with area power
consumption (APC) from a green communication perspective
[18]–[20]. In these works, ASE was calculated by using either
the cell area covered by the macro base station (BS) or
the intensity of the femtocells per unit area according to
a certain distribution. The effect of smaller “footprint” of
microcell/femtocell due to lower transmission power were not
considered. After all, the application of ASE metric was still
limited to infrastructure based cellular systems.

In this paper, we generalize the ASE metric and develop
a new performance metric to evaluate the spectrum efficiency
as well as transmission power efficiency of arbitrary wireless
transmissions. The new performance metric, termed as gener-
alized area spectral efficiency (GASE), is defined as the ratio
of overall effective ergodic capacity of the transmission link
under consideration over the affected area of the transmission.
The affected area is defined as the area where a significant
amount of transmission power is observed and parallel trans-
missions over the same frequency will suffer high interference
level. The affected area characterizes the negative effectof
radio transmission in terms of electromagnetic pollution while
transmitting information to target receivers. Note that any
wireless transmission will generate interference to neighboring
transceivers if they operate over the same frequency band. We
use affected area to quantify such spatial effect of wireless
transmissions. The affected area is directly related to the
properties of target transmission and makes the GASE metric
applicable to arbitrary transmissions. Note that the size of the
affected area depends on various factors, including transmis-
sion power, propagation environment, as well as antenna radi-
ation patterns. In particular, the average radius of the affected
area will be proportional to the transmission power. Therefore,
GASE also characterizes the transmission power utilization
efficiency in achieving per unit bandwidth throughput and, as
such, serves as a suitable quantitative metric for measuring the
greenness of wireless communication systems.

A. Contribution, Organization and Notation

In this paper, we present a comprehensive study on the
GASE metric for various transmission scenarios of practical
interest. We first formally introduce the definition of GASE
by illustrating its evaluation for conventional point-to-point
transmission. Then we extend the analysis to three trans-
mission scenarios, namely dual-hop relay transmission [21]–
[24], three-node cooperative relay transmission [25]–[31], and
underlay cognitive radio transmission [32]–[41]. Cognitive
radio has received significant attention lately as it can help
greatly improve the spectrum utilization of licensed frequency
bandwidth [32]–[34]. Typically, there are three main cognitive
radio paradigms [35]: interweave, overlay and underlay. With
the underlay paradigm, the secondary cognitive users can
access the frequency bandwidth of the primary radio only if
the resultant interference power level at the primary receiver is
below a given threshold [36], [37]. Recently, intensive research
has been carried out to quantify the capacity gains of underlay
cognitive radio transmission [38]–[41]. These research focused
on the benefit of spectrum sharing by imposing a interference
constraint on the primary receiver. However, the spatial prop-
erty of parallel radio transmissions are overlooked in these
analysis. In particular, the area affected by simultaneoustrans-
mission should also be considered when evaluating overall
system spectrum utilization efficiency, especially in dense fre-
quency reuse scenario. For each communication scenario, the
generic formula of GASE are presented with specific closed-
form expressions for Rayleigh fading environment derived
whenever feasible. Selected numerical examples are presented
and discussed to illustrate the mathematical formulation and
demonstrate the new insights that GASE metric brings into
wireless system design.

The key contributions of this paper are summarized as
follows:

• We introduce the concept of affected area to arbitrary
wireless communications, based on which we present
a new performance metric GASE, which can evaluate
the spectrum utilization efficiency as well as power
utilization efficiency of arbitrary wireless transmissions.
We observe that while the conventional spectral efficiency
performance metric is a monotonically increasing func-
tion of the transmission power, the GASE metric is no
longer a monotonic function of transmission power. In
fact, optimal transmission power value exists in terms
of maximizing the GASE of wireless transmissions. We
also notice that larger transmission power leads to higher
spectral efficiency but not necessarily higher GASE. As
such, the GASE metric provides a new perspective on the
design and optimization of wireless systems.

• We study the GASE performance of dual-hop relay trans-
mission and three-node cooperative relay transmission
scenarios with either AF or DF relaying modes. Through
the analytical results and selected numerical examples, we
demonstrate that relay transmission can achieve higher
maximum GASE with smaller transmission power than
point-to-point transmission. In addition, if the transmis-
sion power is adjusted properly, relay transmission enjoys
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better overall GASE performance than that of point-to-
point link. Therefore, relay transmission can effectively
improve the power efficiency of wireless transmission.

• We derive the accurate analytical expressions of GASE
for underlay cognitive radio transmission, which includes
that for point-to-point transmission andX channel trans-
mission as limiting special cases. Through a comparative
study with the overall spectral efficiency metric, we
develop new design guidelines for underlay cognitive
radio implementation. We show that GASE performance
metric provides a new perspective on the design of under-
lay cognitive radio transmission. Specifically, the overall
spectral efficiency with underlay cognitive transmission
can not be worse than that of the point-to-point primary
transmission only case. However, the GASE performance
can be much worse than that of point-to-point trans-
mission if the power of secondary transmitter is not
properly chosen. The transmission power of secondary
cognitive transmission should be carefully selected to
benefit overall GASE performance of underlay cognitive
system, especially when the interfering link distance is
considerably greater than the desired transmission link
distance.

The remainder of this paper is organized as follows: Section
II introduces the definition of GASE by considering conven-
tional point-to-point transmission. Section III generalizes the
analysis of GASE to dual-hop relay transmission while in
Section IV, we consider GASE of three-node cooperative relay
transmission. Section V analyzes GASE of underlay cognitive
radio transmission and shows its asymptotic characteristics.
Finally, section VI concludes the paper.

Throughout this paper,FX(x) denotes the cumulative dis-
tribution function (cdf) of random variable (RV)X . fX(x)
denotes the probability density function (pdf) ofX . E(λ)
denotes the exponential distribution with mean1/λ. P {·}
denotes the probability of a random event.

II. GENERALIZED AREA SPECTRAL EFFICIENCY

In this section, we formally introduce the definition of
GASE metric and illustrate its evaluation for conventional
point-to-point transmission. Consider a point-to-point wireless
link between generic source S and destination D. The source
S is transmitting with powerPt using an omni-directional
antenna. For analytical tractability and presentation clarity, we
assume that the transmitted signal experiences both path loss
and multipath fading effects, ignoring the shadowing effect.
Specifically, the received signal powerPr at distanced from
the transmitter is given byPr = Pt · Z/(d/dref)

a, where
a is the path loss exponent, andZ is an independent RV
that models the multipath fading effect,dref is the reference
distance. Without generality, we setdref = 1m. We also assume
that the fading channel is slowly varying and, as such, the
transmitter can adapt its transmission rate with the channel
condition for reliable transmission.

GASE is defined as the ratio of the ergodic capacity of
the link, denoted byC, over the size of the affected area of
the transmission, denoted by A. Mathematically, if we denote

GASE by η, we haveη = C/A. The affected area refers to
the area where a significant amount of transmission power is
observed, i.e., the received signal powerPr is greater than
a certain threshold valuePmin, which will lead to significant
amount of interference to neighboring transceivers. The value
of Pmin should be selected based on the interference sensitivity
of neighboring wireless transmissions. In particular, if the
neighbouring transmission is insensitive to interference, e.g.,
spread spectrum or ultra wideband (UWB) systems,Pmin may
be set to a large value. Otherwise, it should be set to the
same order of magnitude to background noise. The samePmin

value should be used to compare different design for the target
transmission. For point-to-point link, the probability that an
incremental area of distancer from the transmitter is affected
is equal to the probability that the received signal power,
Pr(r), is greater thanPmin, i.e., P

{
Pt · Z/ra ≥ Pmin

}
. It

follows that the affected area of point-to-point transmission
can be determined as

A =

∫ 2π

0

∫ ∞

0

∫ ∞

Pmin·ra/Pt

fZ(z) dz rdrdθ

= 2π

∫ ∞

0

(
1− FZ

(
Pmin · ra/Pt

))
rdr. (1)

Meanwhile, the instantaneous link capacity between sourceS
and destination D is given by C= log2

(
1 + Pt

Nda · z
)
, where

z denotes a particular realization of fading power gainZ and
N is the noise power. As such, the ergodic capacity can be
calculated by averaging the instantaneous link capacity over
the distribution ofZ. Mathematically speaking, we have

C =

∫ ∞

0

log2

(

1 +
Pt

Nda
· z
)

dFZ(z), (2)

whereFZ(·) is the cdf ofZ. Note that we ignore the effect
of external interference from neighbouring transmission in
non affected area in the capacity calculation. We assume that
if Pmin is chosen properly, due to the channel reciprocity
property, the neighbouring transmission from non affected
area will not generate significant interference to the target
transmission. The effect of such external interference on the
ergodic capacity as well as GASE will be addressed in our
future work.

Therefore, the GASE for point-to-point link can be calcu-
lated as

η =

∫∞
0 log2

(
1 + Pt

Nda · z
)
dFZ(z)

2π
∫∞
0

(
1− FZ

(
Pmin · ra/Pt

))
rdr

. (3)

Under Rayleigh fading environment,Z is an exponential RV
with unit mean, i.e.,Z ∼ E(1). The affected area of point-
to-point transmission specializes, with the help of [47, Eq.
3.326.2], to

A =
2π

a
Γ

(
2

a

)(
Pt

Pmin

)2/a

, (4)

where Γ(·) denotes the Gamma function. As we can see
from (4), the affected area for the point-to-point link over
Rayleigh fading is proportional toP 2/a

t , wherea is the path
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loss exponent. Meanwhile, the ergodic capacity of the point-
to-point link is given by

C =
1

ln 2
E1

(
daN

Pt

)

exp

(
daN

Pt

)

, (5)

whereE1(x) =
∫∞
x

e−t

t dt is the exponential integral function
[47]. Finally, we can obtain the closed-form expression of
GASE for point-to-point transmission over Rayleigh fading
as

η =

1
ln 2 E1

(
daN
Pt

)

exp
(

daN
Pt

)

2π
a Γ
(
2
a

) (
Pt

Pmin

)2/a
. (6)

It worths noting that, by including the factorP 2/a
t in the

denominator, the GASE performance metric also quantifies
the energy utilization efficiency of wireless transmissions in
achieving certain ergodic capacity while taking into account
radio propagation effects. The conventional bit per Joule
metric, specialized toC/Pt for point-to-point transmission,
is roughly equivalent to the special case of GASE metric with
a = 2.
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Fig. 1. The effect of transmission powerPt on η. N = −100 dBm,Pmin =

−90 dBm, d = 1000 m.

In Fig. 1, we plot the GASE of point-to-point link under
Rayleigh fading environment as function of the transmission
powerPt for different path loss exponenta. It is interesting
to see that, unlike conventional spectral efficiency metric,
the GASEη is not a monotonic function ofPt in general.
Only whena is very small will GASEη be a monotonically
decreasing function of the transmission powerPt. For medium
to largea, GASE is proportional toPt whenPt is relatively
small, which implies that the ergodic capacity increases faster
than the affected area in this region. WhenPt becomes
large, the affected area increases faster, which leads to a
decreasing GASE. As such, an optimalPt value exists in
terms of maximizing the GASE of point-to-point transmission.
These behaviors ofη can be mathematically verified with the
following limiting results based on (6),

lim
Pt→0+

η =







∞, a < 2;

log2 e · Pmin
πNd2 , a = 2;

0, a > 2,

(7)

and
lim

Pt→∞
η = 0. (8)

It is straightforward although tedious to verify thatη is a
concave function ofPt. As such, there exist optimal values for
Pt that maximize the GASE for point-to-point link fora > 2
cases, which can be analytically obtained by solvingd

dPt
η = 0

for Pt. After substituting (6) into it and some manipulations,
we arrive at the following equation that the optimalP ∗

t satisfies
(
daN

P ∗
t

+
2

a

)

E1

(
daN

P ∗
t

)

exp

(
daN

P ∗
t

)

= 1. (9)

Various numerical methods can be used to solve this integral
equation forP ∗

t . Note that the optimal transmitting power
value is proportional to the productdaN , but independent of
the minimum power thresholdPmin. Essentially, for a certain
propagation environment and source-destination distance, P ∗

t

leads to the largest ergodic capacity per unit affected area.
The transmission power is therefore optimally utilized with
consideration of the spatial effect of radio transmission.

Fig. 1 also shows that the larger the path loss exponenta, the
larger the maximum achievable GASE. Meanwhile, we need
to use higher transmission power to achieve this maximum
GASE. This observation indicates that when the path loss
effect is significant, it is beneficial to use high transmission
power as the affected area is not growing quickly. On the other
hand, when there is severe shadowing effect between the S-
D link, the GASE performance will suffer from the excessive
increase of the transmission powerPt. In such scenario, relay
transmission is the ideal solution to increase link throughput
without significantly increasing the spatial footprint. Inthe
next section, we examine the GASE performance of relay
transmission.

III. GASE OF DUAL -HOP RELAY TRANSMISSION

Fig. 2. Dual hop relay transmission. S, D and R represent the information
source, destination and relay node, respectively.

In this section, we consider the scenario where S transmits
data to D with the help of the intermediate relay node R, as
illustrated in Fig. 2. Specifically, relay R carries out either
decode-and-forward (DF) or amplify-and-forward (AF) opera-
tion in a half-duplex mode. We assume the relay transmission
occurs in two successive time slots of equal durationT . The
distance from source to relay and relay to destination are
denoted bydSR anddRD, respectively. We assume that direct
S-D transmission is not possible, due to for example deep
shadowing. The GASE performance of cooperative three-node
network will be considered in the next section.
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The transmission power of the source and relay node are
denoted byPS andPR, respectively. The ergodic capacity of
the relay transmission can be calculated, noting the half-duplex
constraint, as

CR =
1

2

∫ ∞

0

log2(1 + γ) · fΓeq(γ) dγ, (10)

wherefΓeq(·) denotes the pdf of the equivalent end-to-end SNR
Γeq. For DF relaying protocol,ΓDF

eq is equal tomin {ΓSR,ΓRD},
whereas for AF protocol,ΓAF

eq is given byΓAF
eq = ΓSR·ΓRD

ΓSR+ΓRD+1
[24], whereΓSR andΓRD are the instantaneous received SNR
of S-R hop and R-D hop, respectively. The affected area
for the first and second relay transmission step, denoted as
ASR and ARD, can be calculated using (4) with correspondent
transmission powerPS and PR, respectively. Note that ASR

and ARD will not be affected at the same time as S and R
transmit alternatively. Therefore, the overall GASE for dual-
hop relay transmission is calculated by averaging GASE of
source and relay transmission steps, while noting that each
step finishes half of data transmission, as

ηR =
1

2

{
CR

ASR
+

CR

ARD

}

. (11)

Under Rayleigh fading environment, the received SNRΓij

(i ∈ {S,R}, j ∈ {R,D} and i 6= j) can be expressed as
Γij = γ̄ij ·Z, whereγ̄ij = Pi

da
ij ·N

is the average received SNR
related to the distance from the transmitteri to receiverj, dij .
Z is an exponential RV with unit mean. It follows that the pdf
of ΓDF

eq can be obtained, noting thatΓDF
eq is the minimum of

two exponential RVs, as

fΓDF
eq
(γ) = α1 · e−α1γ , (12)

whereα1 = 1
γSR

+ 1
γRD

. Then the ergodic capacity for DF case
can be derived as

CDF =
1

2 ln 2
E1(α1) exp(α1). (13)

Finally, GASE of DF relay transmission for Rayleigh fading
scenario is given, after applying (4) and (13) into (11), by

ηDF
R =

1

4 ln 2







E1(α1) exp(α1)

2π
a Γ
(
2
a

) (
PS

Pmin

)2/a
+

E1(α1) exp(α1)

2π
a Γ
(
2
a

) (
PR

Pmin

)2/a







.

(14)
For AF relaying, the pdf of the equivalent SNRΓAF

eq is
approximately obtained as [42, eq. (18)]

fΓAF
eq
(γ) = 2β1γe

−α1γ

{

α1 K1(2β1γ) + 2β1 K0(2β1γ)

}

,

(15)
whereβ1 = 1√

γSR·γRD

, K0(·) and K1(·) is the second kind

modified Bessel function of the zero-order and first-order,
respectively [47]. Substituting (15) into (10), we can calculate
ergodic capacity of relay transmission with AF protocol as

CAF =

∫ ∞

0

log2(1 + γ)β1γe
−α1γ×

{

α1 K1(2β1γ) + 2β1K0(2β1γ)
}

dγ. (16)
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Fig. 3. Comparison of the dual-hop relay transmission and point-to-point
transmission.N = −100 dBm, Pmin = −90 dBm, dSD = 1000 m, dSR =

dRD = 500 m, θ = 0.

The GASE performance of AF-based relay transmissions can
be similarly calculated by applying (16) in (11).

In Fig. 3, we compare the GASE of dual-hop relay transmis-
sion with point-to-point transmission. Specifically, the GASE
of both DF and AF cases are plotted as function of common
transmission powerPS = PR = Pt for different values
of path loss exponenta. The relay node R is assumed to
be at the center point along the line between S and D. As
we can see, similar to the point-to-point transmission case,
there exist optimal values for transmitting powerPt in terms
of maximizing GASE of dual-hop relay transmission. Based
on the analytical results on GASE, the optimal transmitting
power for relay transmissions can be obtained by solving the
following optimization problem

max
PS ,PR∈R+

ηR (17)

s.t. PS < Pmax, PR < Pmax,

wherePmax is the maximum transmission power of the nodes.
For DF relaying under Rayleigh fading environment, after
applying (13) and (4), the objective function specializes to

ηDF
R =

a

8π ln 2 · Γ
(
2
a

) E1(α1) exp(α1) (18)

×
((

PS

Pmin

)−2/a

+

(
PR

Pmin

)−2/a
)

.

The resulting optimization problem can be easily solved nu-
merically. We also note from Fig. 3 that the maximum GASE
of relay transmission are much higher and can be achieved
with much smaller transmission power than point-to-point
transmission. From this perspective, introducing a relay node
can greatly improve the greenness of wireless transmissions.
On the other hand, if the transmission power are set too large,
the GASE of point-to-point transmission becomes slightly
larger than that of relay transmission, partly due to the half
duplex constraint on relay transmission. Therefore, dual-hop
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relay transmission is more energy efficient than point-to-point
transmission only when the transmission power is adjusted to
proper values.

IV. GASE OF COOPERATIVE RELAY TRANSMISSION

Previous section investigates the GASE performance of
relay transmission and ignores the direct source to destination
link. In this section, we utilize GASE metric to quantify the
spectrum as well as power utilization efficiency of cooperative
transmissions while taking into account the spatial effects of
each transmission stage. We focus on a three-node cooperative
relay transmission where relaying is activated only if it will
lead to higher instantaneous capacity. In particular, the source
node decides to perform either direct or relay transmissionto
communicate with the destination node based on the instanta-
neous link capacity. Therefore, the instantaneous capacity of
such three-node cooperative transmission is given by

Cinst = max {Cd,Cr} , (19)

where Cd and Cr are the instantaneous capacity of direct
transmission and relay transmission, respectively. Cd is related
to the instantaneous received SNR of S-D link,ΓSD, as

Cd = log2(1 + ΓSD), (20)

The instantaneous capacity of relay transmission Cr is given
by

Cr =
1

2
log2(1 + Γeq), (21)

whereΓeq is the equivalent received SNR of the relay channel,
and the factor12 is due to the half-duplex constraint. Sub-
stituting (20) and (21) into (19), the instantaneous capacity
specializes to

Cinst =
1

2
max

{

log2(1 + ΓSD)
2, log2(1 + Γeq)

}

=
1

2
log2

{

1 + max
{

Γ2
SD + 2ΓSD,Γeq

}

︸ ︷︷ ︸

ΓC

}

, (22)

where ΓC is the overall equivalent received SNR of the
three-node cooperative transmission. The ergodic capacity can
be derived by averaging the instantaneous capacity over the
distribution ofΓC, i.e.,

C =

∫ ∞

0

1

2
log2

(
1 + γ

)
· fΓC(γ) dγ, (23)

where fΓC(γ) is the pdf ofΓC. Meanwhile, the probability
that the system performs direct transmission is equal to the
probability that Cd > Cr, i.e.,

Pd = P

{

Γ2
SD + 2ΓSD > Γeq

}

. (24)

Accordingly, the probability that the system performs relay
transmission is given byPr = 1− Pd.

The GASE of three-node cooperative transmission, denoted
by ηC , can be calculated, while noting that the affected areas
of source and relay transmissions are different, as

ηC = Pd ·
Cd

ASR
+ Pr ·

1

2

(
Cr

ASR
+

Cr

ARD

)

, (25)

where ASR and ARD are the affected areas for the source and
relay transmission steps, which can be calculated using (4)
with correspondent transmission power;Cd and Cr are the
average ergodic capacity under direct and relay transmission.
In what follows, we will calculateCd andCr for DF and AF
relaying protocols under Rayleigh fading environment.

A. DF Relaying Protocol

Under Rayleigh fading environment,ΓSD = γSD · Z and
Z ∼ E(1), Pd can be specialized to

Pd =
1

γSD

∫ ∞

0

FΓeq(x
2 + 2x) exp(−x/γSD) dx. (26)

With DF relaying, the pdf of equivalent received SNR over
relay link, ΓDF

eq , is given by (12). Substituting (12) into (26)
and carrying out integration, we can obtain the probability
that the system performs direct transmission with DF relaying
protocol, as

PDF
d = 1− 1

γSD
D(α1, α2), (27)

whereα1 = 1
γSR

+ 1
γRD

, α2 = 2
γSR

+ 2
γRD

+ 1
γSD

, andD(α1, α2)
is defined as

D(α1, α2) ,

∫ ∞

0

e−α1t
2−α2tdt

=
1

2

√
π

α1
e

α2
2

4α1 erfc(
α2

2
√
α1

), (28)

whereerfc(x) = 2√
π

∫∞
x e−t2dt is the complementary error

function [47].
The equivalent SNR of the three-node cooperative network

with DF protocol is given by

ΓDF
C = max

{

Γ2
SD + 2ΓSD,Γ

DF
eq

}

. (29)

It can be shown that the pdf ofΓDF
C under the conditionΓ2

SD+
2ΓSD > ΓDF

eq is given by

fΓDF
C
(γ | Γ2

SD+2ΓSD > ΓDF
eq ) =

γSD · fΓSD(ξ) · FΓDF
eq
(γ)

2(ξ + 1) · (γSD −D(α1, α2))
,

(30)
where ξ =

√
γ + 1 − 1. Substituting (30) into (23) and

making some manipulations, we can obtain the average ergodic
capacity of direct transmission as

C
DF
d =

1

ln 2
· 1

γSD −D(α1, α2)

{

γSD · e
1

γSD E1(
1

γSD
)

−
∫ ∞

0

ln(1 + t)e−α1t
2−α2t dt

}

. (31)

Following the same procedure, we can arrive at the pdf ofΓDF
C

under the conditionΓ2
SD + 2ΓSD < ΓDF

eq as

fΓDF
C
(γ | Γ2

SD +2ΓSD < ΓDF
eq ) =

γSD · fΓDF
eq
(γ) · FΓSD(ξ)

D(α1, α2)
. (32)
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It follows that the average ergodic capacity of relay transmis-
sion is given by

C
DF
r =

1

ln 2 ·D(α1, α2)

{

γSD · eα1 E1(α1)

−
∫ ∞

0

ln(1 + t) · e−α1t− 1
γSD

(
√
1+t−1)

dt

}

. (33)

B. AF Relaying Protocol

With AF relaying protocol, the pdf of the equivalent re-
ceived SNR over relay link,ΓAF

eq , is given by (15). Substituting
(15) into (26), we can obtain the probability that the source
node performs direct transmission, denoted byPAF

d , i.e.,

PAF
d = 1− 1

γSD
A(β1, β2), (34)

whereA(β1, β2) is defined to be

A(β1, β2) ,

∫ ∞

0

2β1(t
2+2t)e−β2(t

2+2t) K1(2β1(t
2+2t)) dt,

(35)
whereβ1 = 1√

γSR·γRD

, β2 = 1
γSD

+ 1
γSR

+ 1
γRD

.

The equivalent SNR of the three-node cooperative transmis-
sion with AF protocol is given by

ΓAF
C = max

{

Γ2
SD + 2ΓSD,Γ

AF
eq

}

. (36)

The pdf ofΓAF
C under the conditionΓ2

SD +2ΓSD > ΓAF
eq can be

obtained as

fΓAF
C
(γ | Γ2

SD + 2ΓSD > ΓAF
eq ) =

γSD · fΓSD(ξ) · FΓAF
eq
(γ)

2(ξ + 1) · (γSD − A(β1, β2))
.

(37)
Correspondingly, we can calculate the average ergodic capac-
ity of direct transmissionC

AF
d by averaging the instantaneous

capacity over the pdf ofΓAF
C under the conditionΓ2

SD+2ΓSD >
ΓAF

eq given in (37), as

C
AF
d =

∫ ∞

0

1

2
log2

(
1 + γ

)
·

γSD · fΓSD(ξ) · FΓAF
eq
(γ)

2(ξ + 1) · (γSD − A(β1, β2))
dγ.

(38)
Similarly, the pdf ofΓAF

C under the conditionΓ2
SD+2ΓSD < ΓAF

eq
is given by

fΓAF
C
(γ | Γ2

SD + 2ΓSD < ΓAF
eq ) =

γSD · fΓAF
eq
(γ) · FΓSD(ξ)

A(β1, β2)
, (39)

which can be applied to the calculation ofC
AF
r . The resulting

expression is omitted for conciseness.

C. Numerical Examples

In Fig. 4 we plot the GASE and spectral efficiency as
function of the source node transmission powerPS for
DF and AF relaying protocol. For comparison, we include
the GASE curve of conventional point-to-point transmission
without relays. It shows that the cooperative transmission
always enjoy better GASE performance than its conventional
counterpart. Meanwhile, the DF relaying protocol has slightly
better overall performance than AF relaying protocol. How-
ever, this performance gain shrinks as the transmission power
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Fig. 4. The effect of the source node transmission powerPS on GASE with
DF and AF relaying protocol. (PR = 10 dBm,dSD = 1000 m, dSR = dRD =

500 m, θ = 0, Pmin = −80 dBm, N = −100 dBm, a = 4.)

PS increases. Unlike spectral efficiency, whose performance
curves are monotonically increasing function with respectto
PS , the GASE curves show a peak as transmission pow-
ers increase. This observation indicates that increasing the
transmission power can lead to a higher spectral efficiency
but can not necessarily increase GASE. Therefore, GASE
provide a new perspective on transmission power selection for
wireless transmitters. Another interesting observation is that
the optimal transmission power, in terms of maximizing the
GASE, for point-to-point transmission is much larger than that
for cooperative relay transmission. In summary, cooperative
relay transmission can enjoy much higher energy efficiency
than point-to-point transmission when the relay is properly
located.

V. GASE OF UNDERLAY COGNITIVE RADIO

TRANSMISSION

Fig. 5. System model of underlay cognitive radio transmission. SP , SS ,
DP , DS represent a primary transmitter, a secondary transmitter,a primary
receiver and a secondary receiver, respectively.

So far, we have studied the scenarios where only a single
transmitter is operating at any time. In this section, we
generalize the analysis to consider the case where parallel
transmission occurs. Specifically, we extend the GASE analy-
sis to underlay cognitive radio transmission and examine the
effect of interference on overall spectral utilization efficiency
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while taking into account the larger spatial footprint of parallel
transmission. We consider the transmission scenario as illus-
trated in Fig. 5. The primary user SP transmits to the primary
receiver DP with transmission powerP1. Meanwhile, the
secondary user SS opportunistically communicates with the
secondary receiver DS using the same frequency bandwidth
with transmission powerP2. Both transmitters use omni-
directional antennas. As such, the primary user (secondary
user) will generate interference on the secondary receiver(pri-
mary receiver). The distance of the transmission link between
SP (SS) and DP (DS) is denoted asdP (dS); whereas the
distance of the interference link between SP (SS) and DS
(DP ) is denoted asdPS (dSP). The distance betweenPT and
ST is denoted asd0. In the underlay paradigm, the secondary
user is allowed to utilize the primary user’s spectrum as long
as the interference it generates on the primary receiver is below
a pre-determined thresholdIth. Otherwise, the secondary user
should remain silent. We assume that, by exploring the channel
reciprocity, the secondary transmitter can predict the amount of
interference that its transmission will generate to the primary
receiver.

We first focus on the scenario where parallel secondary
transmission occurs, i.e., the received interference power from
secondary transmitter at the primary receiver is less thanIth.
Based on the path loss and fading model adopted in this
work, this interference power is given byP2 ·Z/daSP. As such,
the probability that the parallel transmission occurs is then
given byP = P {P2 · Z/daSP < Ith}. Under Rayleigh fading
environment, this probability specializes to

P = 1− exp

(

−Ith · daSP

P2

)

. (40)

A. Ergodic capacity analysis

In the underlay cognitive transmission scenario, the total
instantaneous capacity of both primary and secondary trans-
missions is given by CCR = log2 (1 + Γp) + log2 (1 + Γs) ,
whereΓp and Γs denote the received signal-to-interference-
plus-noise ratio (SINR) at primary receiver DP and secondary
receiver DS , respectively. Based on the adopted path loss and
fading models,Γp andΓs can be shown to be given by

Γp =
P1 · ZP/d

a
P

P2 · ZSP/daSP +N
, Γs =

P2 · ZS/d
a
S

P1 · ZPS/daPS +N
, (41)

respectively. It follows that the ergodic capacity of the parallel
transmission channel can be calculated as

CCR =

∫ ∞

0

log2(1 + γ) · dFΓp
(γ)

︸ ︷︷ ︸

C
p

CR

+

∫ ∞

0

log2(1 + γ) · dFΓs
(γ)

︸ ︷︷ ︸

C
s

CR

,

(42)
whereFΓ(·) denotes the cdf of SINRΓ.

Under Rayleigh fading environment, the cdf ofΓp, FΓp
(·),

can be derived, while considering the interference constraint
on DP , as

FΓp
(γ) = 1− exp

(

−daSP · Ith
P2

)

− ρp
γ + ρp

exp

(

−daP ·N
P1

γ

)

×
{

1− exp

(

−daSP · Ith
P2

)

exp

(

−daP · Ith
P1

γ

)}

, (43)

whereρp = P1

P2

(
dSP
dP

)a

. It follows that the ergodic capacity of
the primary user in the parallel channel over Rayleigh fading
can be calculated, after substituting (43) into the first part of
(42) and applying integration by part, as

C
p

CR =







1
ln 2

ρp

1−ρp

{

F

(
da

P N
P1

ρp

)

− F

(
da

PN
P1

)

− exp
(

− da
SPIth
P2

ρp

)

×
{

F

(
da

P (N+Ith)
P1

ρp

)

− F

(
da

P N
P1

)}

, ρp 6= 1,

1
ln 2

{

1− da
P N
P1

F

(
da

P N
P1

)

− exp
(

− da
SPIth
P2

)

×
{

1− da
P (N+Ith)

P1
F

(
da

P (N+Ith)
P1

)}}

, ρp = 1,

(44)
whereF(x) , exp(x) · E1(x).

The cdf of Γs can be similarly obtained, but without the
interference power constraint, as

FΓs
(γ) = 1− ρs

γ + ρs
exp

(

−daSN

P2
γ

)

, (45)

whereρs = P2

P1

(
dPS
dS

)a

. Finally, the ergodic capacity of the
secondary user with the presence of primary user interference
is given by

C
s

CR =







1
ln 2

ρs

1−ρs

{

F

(
da

S N
P2

ρs

)

− F

(
da

S N
P2

)}

, ρs 6= 1,

1
ln 2

{

1− da
S N
P2

F

(
da

S N
P2

)}

, ρs = 1.

(46)

B. Affected area analysis

Based on the definition of affected area adopted in this
work, a particular area is affected if the total received signal
power from both transmitters is greater thanPmin. Specifically,
the probability that an incremental area of distancerp to
the primary transmitter SP and distancers to secondary
transmitter SS is affected can be calculated as the probability
that the total received signal powerPr(rp)+Pr(rs) is greater

thanPmin, i.e., P

{

Pr(rp) + Pr(rs) ≥ Pmin

}

. It follows that

the affected area of parallel transmission can be calculated as

Apt
CR =

∫ 2π

0

∫ ∞

0

P

{

Pr(rp)+Pr(rs) ≥ Pmin

}

rpdrpdθ, (47)

where rs =
√

r2p + d20 − 2rpd0 cos θ. Note that we use the
location of SP as the origin in the about integration.

Under Rayleigh fading environment, the pdf of the total
received signal power at a location of distancerp to transmitter
SP and distancers to transmitter SS , X = Pr(rp) + Pr(rs),
can be obtained as

fX(x) =







1
λp−λs

(

e−λpx − e−λsx

)

, λp 6= λs,

x
λ2
p
e−λpx, λp = λs,

(48)

whereλi = Pi/r
a
i , i ∈ {p, s}. Accordingly, the probability
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that this location is affected is determined as

P

{

Pr(rp) + Pr(rs) ≥ Pmin

}

=

{
1

1−λp/λs
e−Pmin/λp + 1

1−λs/λp
e−Pmin/λs , λp 6= λs

(1 + Pmin/λp)e
−Pmin/λp , λp = λs.

(49)

Substituting (49) into (47), we can numerically calculate the
affected area of underlay cognitive radio transmission with
parallel transmission, AptCR. The GASE of parallel transmission
over Rayleigh fading channel can be calculated as

ηptCR =
C
p

CR + C
s

CR

Apt
CR

. (50)

When the parallel secondary transmission is prohibited, i.e.,
the interference power constraintP2 · Z/daSP < Ith on DP is
not satisfied, the secondary user is not allowed to utilize the
primary user’s spectrum. Therefore, the parallel transmission
channel simplifies to the point-to-point link, whose GASEηstCR
is given by (6) with the transmission powerPt and distance
d substituted byP1 and dP, respectively. Finally, GASE for
underlay cognitive radio transmission can be written as

ηCR = P · ηptCR + (1− P) · ηstCR. (51)

Note that the GASE expression derived above for underlay
cognitive radio transmission will reduce to that for theX chan-
nels, resulted from insufficient spatial separation between re-
ceivers [43]–[45], when the interference threshold approaches
infinity. In particular, whenIth → ∞, P approaches to1,
which means two transmitters, SP and SS , always transmit
simultaneously over the same frequency band. The GASE of
X channels is then given by [46, eq. 17]

ηX =
C
p′

CR + C
s

CR

Apt
CR

, (52)

where

C
p′

CR = lim
Ith→∞

C
p

CR

=







1
ln 2

ρp

1−ρp

{

F

(
da

P N
P1

ρp

)

− F

(
da

P N
P1

)}

, ρp 6= 1,

1
ln 2

{

1− da
PN
P1

F

(
da

P N
P1

)}

, ρp = 1.
(53)

andC
s

CR and AptCR are given in (46) and (47), respectively.

C. Numerical examples

In Fig. 6, we investigate the effect of the maximum
tolerable interference powerIth on GASE performance of
underlay cognitive radio systems. To simplify the notation
and discussion, we denote the ratio of the interfering link
distance to transmission link distance for primary receiver
by κp = dSP/dP and that for the secondary receiver by
κs = dPS/dS. Note that the distance of the interfering link
between SS and DP , dSP, should satisfy|d0 − dP| < dSP <
|d0 + dP|. Therefore,κp = dSP/dP should be bounded as
|d0/dP−1| < κp < |d0/dP+1|. Similar bound applies toκs. In
Fig. 6, we plot GASE of underlay cognitive radio transmission

as function ofIth while fixing κp = κs = κ = 1.5. We can
see that asIth decreasing, the GASE performance of underlay
cognitive radio transmission converges to that of the point-
to-point transmission case. This behavior can be explained
that whenIth → 0, the probability of parallel transmission
P given in (40) approaches to0. On the other hand, when
Ith → ∞, the GASE performance of underlay cognitive radio
transmission converges to that ofX channels, as expected
by intuition. We also notice that the GASE performance of
underlay cognitive radio transmission is always worse thanthat
of point-to-point transmission case but better thanX channel
transmission for the chosen system parameters. In the next
numerical example, we explore under what scenario underlay
cognitive transmission will lead to better GASE performance.
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Fig. 6. The effect of the max tolerable interference powerIth on GASE.
P1 = P2 = 20 dBm, N = −100 dBm, Pmin = −100 dBm, a = 4,
d0 = dP = dS = 100 m, κ = 1.5.

In Fig. 7, we compare GASE metric with conventional
spectral efficiency of underlay cognitive radio systems. Specif-
ically, we plot overall spectral efficiency in Fig. 7(a) and
GASE in Fig. 7(b) as function of the transmission power
of secondary userP2 for different system parameters. As
we can see, when the interfering transmitter is close to the
target receiver, i.e.,κ is small, introducing underlay cognitive
transmission always deteriorates the overall system spectral
efficiency as well as the GASE performance. Basically, ca-
pacity gain incurred by the spectrum sharing through parallel
transmission cannot compensate the capacity loss caused by
the mutual interference, even with underlaying interference
threshold requirement. The interference requirement at the
primary user may protect the primary user transmission but
the secondary transmission will suffer severe interference from
primary user transmission. This observation also justifiesthe
practical understanding that the radio spectrum should not
be simultaneously used by other transmissions very close
to the transmitter and/or the receiver. On the other hand,
when κ is large, the underlay cognitive radio transmission
results in different behaviors in terms of spectral efficiency
and GASE. First, the underlay cognitive radio transmission
always benefits from the secondary user transmission in terms
of spectral efficiency when the transmission power is not
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Fig. 7. The effect of the transmission power of secondary user P2 on the
system overall spectral efficiency and GASE.P1 = 20 dBm, N = −100

dBm, Pmin = −100 dBm, Ith = −80 dBm, a = 4, dP = dS = 100 m.

very large, as shown in Fig. 7(a). However, with respect to
the GASE performance metric, the underlay cognitive radio
transmission may benefit from the secondary user only if
its transmission power is carefully selected. Otherwise, the
overall GASE performance may be greatly deteriorated by
the secondary cognitive transmission, as shown in Fig. 7(b).
Therefore, subject to GASE performance metric, the power al-
location for spectrum sharing transmission should be carefully
designed. Finally, both of the spectral efficiency and GASE
curve show the same asymptotic approach to point-to-point
link as increasingP2. This is because whenP2 → ∞, the
probability of parallel transmissionP given in (40) approaches
to 0. Under this circumstance, the performance of the cognitive
radio transmission approaches to that of the point-to-point link,
as shown in the largeP2 region in Fig. 7.

VI. CONCLUSION

In this paper, we generalized the conventional ASE perfor-
mance metric to study the performance of arbitrary wireless
transmissions while considering the spatial effect of wireless
transmissions. We carried out a comprehensive study on the
resulting GASE performance metric by considering point-to-
point transmission, dual-hop relay transmission, cooperative

relay transmission as well as cognitive radio transmission.
Through analytical results and selected numerical examples,
we showed that our research provided a new perspective on
the design, evaluation and optimization of arbitrary wireless
transmissions, especially with respect to the transmission
power selection. Meanwhile, we show that relay transmission
is power efficient and can greatly improve the greenness
of wireless transmissions. Finally, the study on underlay
cognitive radio transmission implied that, if the power of
secondary transmitter is not properly chosen, the secondary
user may degrade the GASE performance of overall system,
even worse than that of the point-to-point primary transmission
only case. While the analysis focuses on single antenna per
node scenario, the generalization of the analysis to multiple
antenna cases is straightforward. The GASE metric can also
apply to the spectral utilization efficiency of wireless ad hoc
network and femtocell enhanced cellular systems after proper
adaptation.
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