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Outage Minimization via Power Adaptation and
Allocation for Truncated Hybrid ARQ
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Abstract

In this work, we analyzé hybrid ARQ (HARQ) protocols over tmelependent block fading channel. We
assume that the transmitter is unaware of the channel stmieniation (CSl) but has a knowledge about the channel
statistics. We consider two scenarios with respect to tedlfack received by the transmittéy:“conventional”,
one-bit feedback about the decoding success/failure (NBKK), andii) the multi-bit feedback scheme when, on
top of ACK/NACK, the receiver provides additional infornat about the state of the decoder to the transmitter.
In both cases, the feedback is used to allocate (in the casaesbit feedback) or adapt (in the case of multi-bit
feedback) the power across the HARQ transmission atteripis.objective in both cases is the minimization
of the outage probability under long-term average and peaakep constraints. We cast the problems into the
[dynamic programming (DP) framework and solve them for Nakaign fading channels. A simplified solution
for the high[ signal-to-noise ratio (SNR) regime is presénising g geometric programming (GP) approach. The
obtained results quantify the advantage of the multi-bédfeack over the conventional approach, and show that
the power optimization can provide significant gains ovanvemtional power-constant HARQ transmissions even
in the presence of peak-power constraints.

Index Terms

Chase Combining, Dynamic Programming, Geometric ProgriagytARQ, Incremental Redundancy, Outage
Probability, Nakagamin Fading.

. INTRODUCTION

O GUARANTEE reliable data transmissions over unreliablargtels, two fundamental techniques

are commonly used: forward error correction (FEC) [and aatanrepeat request (ARQQJ)/[1]. [N FEC
schemes, error correcting codes are used to combat trasismerrors. If ARQ schemes, error detecting
codes are used and retransmission is requested every fiegaéive acknowledgment (NACK) is sent to
the transmitter via the feedback channel.[An HARQ schemebawed ARQ and FEIC, and provides better
performances compared to each scheme aldne [2]. In typila&Q}protocols, a retransmission request is
repeated until the codeword is received without errors—iimctv case & positive acknowledgment (ACK)
is sent on the feedback channel—or a maximum number of trigsgms is reached; this particular
case is called truncatdd HARQ! [3].][4]. HARQ schemes can lsstfied into two categories: the
[Chase combining HARQ (CC-HARQ)I[5], where all retransnuifp@ckets are identical, and {he incremental red
[6] where each retransmission carries a different piecénef‘mother code” that generates the complete
coded version of the message.

In this paper, we design transmission schemes and poweagnassnt strategies which minimize the
outage probability subject to both peak power and long-tauerage power constraints for IR-HARQ
and[CC-HARQ protocols in block fading channels. We analyath ltases when one bhit AQK/NACK or
multi-bits feedback is available at the transmitter. Thdtivhit feedback scenario covers the case when
the transmitter may obtain tHe_CSI from the receiver throtlgh feedback channel, but—due, e.g., to
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long communication/processing delays—the CSI is fullydatgd (i.e., independent of the CSI in the
subsequent transmissions).

To improve[HARQ's performance, many power policies havenbpeoposed in the litterature. In
[7], a power adaptation was proposed to increase the thpuigh the case of a discretizéd CSI. An
asymptotically optimal power control algorithm that attathe diversity limit in long-term static channels
has been presented [ [8]. The case of long-term static eamras also studied inl[9], where the authors
determined the optimal power assignment strategy to meartie total average transmission power subject
to outage probability constraints. The optimization of povefficiency with g packet error rate (PER)
constraint was solved as[@ IGP problem[in] [10] for the case afesfime code{l HARQ, and in [11]
for CC-HARQ over independent Rayleigh block fading chaanii [12], the authors derived an optimal
power allocation scheme which minimizes the packet dropadpdity under a total average transmit power
constraint fo TR-HARQ® with two transmissions. A suboptinfieedback and power adaptation rule was
proposed fof multiple-input multiple-output (MIM(D) TR-HAQ block fading channels in [13], achieving
the optimal outage diversity.

The objective of this paper is to assess the value of the +hitifteedback for power assignment schemes
in[HARQ, and the main contributions of this work are the faliog:

1) We show how to use the well-known DP methddsd [14] to find thiénwal power adaptation policies
for truncated HARQ in order to minimize the outage prob#pilinder constraints on peak and
long-term average power. The method can be applied for bGHHBRQJQ and TR-HARQ and for
any channel with a continuous cumulative distribution tiot. Unlike [13], where the proposed
power strategies are sub-optimal in terms of outage pedoo®, our power policies are optimal in
terms of outage.

2) We show how to optimize the power-allocation policy[forFFARQ and CC-HARQ over Nakagami-
m fading channels. The optimal solutions are given in paramest closed form for an arbitrary
number of transmissions. We note that only two transmissigare allowed in[[12]; in[[11] and
[12] only Rayleigh block fading channels were considered.

3) We present a simplified allocation policy for the high SN&jime obtained using the geometric
programming[(GP) framework.

4) We provide numerical results for practically interegtiwireless channel models, comparing the
outage probability with various power adaptation/allcaatmethods.

The rest of the paper is organized as follows. In $dc. Il, weoituce the adopted system model and,
in Sec.[ll, we define the optimization problem. We show thérjzation method for power adaptation
policies in Sec IV and the power allocation is treated in. 8&cThe optimal allocation for the high SNR
regime is discussed in S€c.]VI. We provide numerical examfiiat illustrate the advantages obtained
using the optimal power policies in Séc. MIl. Conclusions drawn in Sed._VIlI.

1. SYSTEM MODEL

We consider a block-fading model where the channel betweetransmitter and the receiver is varying
(fading) randomly from one transmission to another butsiayariant during each of the transmissions,
thus the signal received on tié&' transmission round is given by

Vi = vV Bk 1) Xk + 24, k=1, K (1)

wherez,, is a zero-mean, unit-variance Gaussian noigés the unit-variance transmitted sign&},(CSl,, _,) >

0 is the transmit power and is a function of the previous raéilim of the chann@Sl,._; = [v1, 72, .-, Ye-1],
where, /7 is the instantaneous channel gain. Thgnhas the meaning of an instantaneous noniinalISNR
(i.e., which considers unitary power transmission) whelassumed to be perfectly known at the receiver
but unknown to the transmitter. Thus, the transmitter camatjust the communication rate in thd’
transmission based o).




To recover from decoding errors, the coded versions of apgatket are transmitted at masttimes. On
top of the conventional one-bit signaling between the trtisr and the receivel (AGQK/INACK messages),
we also allow the receiver to send the CSI collected duringuocessful transmission attempts back to
the transmitter (entirely defined through SNR realizatigg)svia the feedback channel (which is assumed
error-free). The transmitter should be ableattapt the transmit power during the" transmission attempt
using the knowledge of4, ..., v,_1. Thus, we will talk aboupower adaptation when the CSI are used
to adjust the power used in each transmission. On the othet, e power allocation covers the case
when only the “conventional” one-bit feedback (ACK/NACK9 available. In this case, the transmitter
responds to the reception of a NACK message by retransmnittia packet with a power that depends
only on the transmission idek=1,--- , K.

We assume that, can be modelled ds independent and identically distrib(ited.) random variables
with 7, = E., [vx], whereE,[-] denotes the mathematical expectation calculated withestsp . The
independence ofy, can be justified by the practical scenario where the suaeedgsansmissions are
not sent in adjacent time instants and, being sufficientll separated, the realizations of the channel
become—to all practical extent—independént [15].

Most of the derivations will be done in abstraction of thetjgatar fading distribution, but in numerical
examples, we consider the popular Nakagamiading profile. Hence, the channel normaliZed $NR
follows a gamma distribution with [a_probability density @ilion (PDF)p. (x) given by

m

o m m—1—mz /7
T) = z"e , x>0,
and thg cumulative density function (CDF) (x) is given by
_ 1 _ D(m,mz/7)

wherel'(x) andl'(s, x) denote respectively the gamma function and the upper intEemgamma function.

We assume that the decoding is successful if the averagenatatied mutual information at the receiver
is larger than the overall transmission rate [for IR-HARQ.tle case of CC-HARR, the decoding is
successful if the accumulated SNR is larger than an SNR hblésThus, the decoding fails aftér
transmissions with the probability

Pr{>f og (19 ACSH-) < R} . for [RAARQ

e Pr qlog (1+Ef:1% : Pz(m_l)> < R}, for CC-HARQ
= Pr{l; <iwn} 3)
=Fy, (i) Z/Olm pr, (z)dz, 4)
where
{Ik - ZZZICI, i = R for [R-AARQ) ©
Iy = Y101, i ="m=2"—1 for CC-HARQ’

andal =" B(K:S]l_l), C, = 10g (1 + - Pl(m_l)) andp[k(l’) is the[PDF Offk
With this notation, the scenarios we consider are definealiss:
« Constant power (CO) HARQ, wher&,(CSl,_,) = P, i.e., the power is the same throughout
retransmissions.
« Power Allocation (AL), where the CSI feedback is ignored @mply not available) and the power
varies solely as a function of the transmission’s index, iR(CSl, ;) = Py - I(1;,_1 < ix) Where



I(z) = 1 if = is true, and0 otherwise, since thé" transmission is necessary only if the previous
(k—1) transmissions were unsuccessful. Finding the scafaris a problem of power allocation.

« Power Adaptation (AD), where the power is modified in eacmdnaission attempt using the CSI
provided over the feedback channel. Fréin (3), the decodig event in thek™ transmission depends
uniquely on/,_; and~, (which is unknown, and cannot be predicted from the previo8¢~,. ..,
v,—1 due to the independence assumption). Consequdintly, (which is a scalar representation of
the vectorCSI}. ;) is the only parameter eventually required to adapt the pawéCSl}, ;) via a
scalar function

Pk(m%—l) = pk(]k—l) . I[(Ik_l S 'L.th)a k‘ = 1, ,K (6)

wherel, £ 0. Finding the function?,(I;_,) is a problem of power adaptation.

For simplicity, we assume that the transmitter has a peieotvledge of/,_,, that is, we ignore all
eventual transmission and discretization errors. Thigrapsion lets us know the maximum gain that can
be achieved using information about the decoder’s stateaowd in/,_;.

. OPTIMIZATION PROBLEM

According to the reward-renewal theorem[16], the longrteaverage consumed power is the ratio
between the average transmit power between two consecwnvals (sending a new data packet)

B3, [P(IESI]K)} and the expected number of transmissidissy, [T(ICS]]K)] needed to deliver the
packet with up toK transmission attemptsl[7], [15]:

sy, [PCSl)] imip CSh-)

= : (7)

il

(>

I
Eonl
i
I\

k=0

wheref; is the probability of a decoding failure aftetransmission attempts given by (3), dﬁES[Lfl[Pk (IES]]Q_l)}

is the expected transmit power during ti& transmission attempt, obtained by considering all the tsven
yielding the k" transmission, i.e., the evelf_; < .

In this work, we aim at minimizing the outage probabilifitz with respect to the power policy
{P,(CSl, )} | for a given long-term average powek,.,, peak allowed poweP,, and a transmission
rate R. Taking [7) into consideration, the optimization probleende formulated as follows:

(8)

min fres
P17P2(IEI]1) ----- PK(GI]Kfl)
The problem[(B) requires an optimization over the sc&taand the functiong’,(CSl}, _;), so to solve
it we will discretize the functions usingy equidistant points. Then we define the Lagrangian function
L:RYF DY R — R associated with the problerfl (8) as

FSFmax
0 < Pp(CSl-1) < Prax, 1<k <K

L (Py, Py(CSh). .., Pl 1), \) = fic + A (Z Brsy [AESL)] - PracY fk> O

where we left implicit all power constraints < P, (CSI,_,) < Pnax. Without any loss of generality, we
considerPnax=1 in what follows.



IV. OUTAGE-OPTIMAL POWER ADAPTATION
For power adaptatiori{6), the expected transmit power dutie k™" transmission is given by:

Emcﬂ[Pkmk—ﬁ} = Ejél[pk(fk_l)}
= /0 Zthlﬁ/f(x)plr,c,l(:):)dx. (10)

Thus the Lagrangian functioh defined in [®) can be written as:

L (P Po(1), - PrelIic 1), A) = fic + A <ZElk B - ka> (11)

To solve the primal problem irik8), it is difficult to use the iilah—Kuhn—Tucker (KKT) conditions
on the Lagrangian functiom (IL1) since it requires to solvalgitally a system of an infinite number of
equations where, in addition, closed form expressiong,dfor 2 < k < K) are unknown. To overcome
these difficulties, we can solve the dual problem.

In the general case, the dual problem provides a solutiorctwis a lower bound to the solution of
@); the difference between the lower bound and the truemapti is called the “duality gap”. However,
according to a result in_[17, Theorem 1], optimization pevbs with expectations over possibly non-
convex functions of random variables in both objective aadstraint functions have a zero duality gap,
given that thé PDIF of the random variable of interest has rintp@f strictly positive probability (i.e.,
its[CDH is continuous). For this reason, we express the eytagbability and the average transmit power
(@30) as a function of the channel normalized SNR k& = 1,..., K, with a continuou$ _CDF, indeed
verifying the above requirement:

fK = Pr {IK < ith} - E’n,'yQ,...'yK[I[(IK < ith)]a (12)

and

K
Frgg, [P] = Pr + ZEm...w,l[ﬁk<fk_1>}
k=2 «
Z (Tr-1) ] (13)

According to [17, Theorem 1], the objective and cqnstramt:tlons must be expectations over (possibly
non-convex) functions of random variables. Howew@yr,is independent of any random variable. So we
introduce a sub-optimization problem for each valuePpt> 0

gee-

L <

fr(P) = min fr, st ZElk I[Pk G } ka L+h-h . (14)
OSPk(Ik—l)SPmam fOI’ 1§/{3§K

The optimal solution of((8) is then given by

min f(P). (15)
Py
Defining the Lagrange dual functiah: R, x R — R as
d(PL, N2 min L(Pl,z%(fl), o P, )\), (16)

Py(I1),.... P (Ic—1)



the dual optimization problem is thus given by
D(P1) = min d(P;, A). (17)
Note that, since the probleri (14) and its dudall (17) have a desdity gap, we can guarantee that
D(Pl) = fK(Pl) for P > 0.

Finally, (I8) can be rewritten in a recursive form charastar of dynamic programming optimization
(DP):

d(Py, \) = Ji(1p)

Ti(Io) = { N B I(T < ig)] + A P+ B [Jo(1)] } (18)
To(Iy) = }gn(iln){ — A Il < in)] + A+ Py(1) + Bl (D) } (19)
Jillir) = min ){ XN EI(I < )] + A+ Bo(Teer) + B [Jesr (1)) } (20)
Tilia) = | min ){)\  Pr(Ix—1) + B [I(Ix < iw)] } (1)

where I, is a function of;_q, ﬁk(]k_l), and~y, in the form

. {Jk_l +1og(1+ 3Pl ), for [RFHARG
Tt + 9Pl Ti-1), for CCHARQ

For a givenl,—noting thatl,€[0, i,) should be discretized oveY points—we can optimize the value of
the functionP(1,_,) provided that the function,.,(I;) is known. Thus, the global optimization of the
possibly non-convex problem i {114) over the setN\of—! values is reduced to a series @ — 1) - N
one-dimensional optimizations thanks to DP formutagguations in[(I8)=(21).

(22)

A. Radio silence
In this context of IR-HARQ transmissions, we have

R—1I1 _
B 11k < in)| = P, (%) . (23)

The condition to guarantee a minimum in the lasil DP step it ttie derivative of the function under
minimization in [21) equals zero, i.e.,

B 2R—IK,1 -1 2R—IK71 -1
WP et~ ., (-
() ()
1 2f-T-1 ]
L . R 24
Y P q< e ) 0, (24)
where it is easy to show thatz) £ z%p,, () satisfiesy(z) > 0, ¢(0) = 0, andg(co) = 0, and hencegy(x)
has a maximunmax = max, ¢(x). Since the derivative(0) = A andu(Px) must be locally non-increasing

aroundPyx = 0 (i.e., v/(0) < 0), the solution of [(2ZK) does not exist - (277x-1 — 1) > gpa Meaning
that the minimum is obtained by settid = 0 and yieldingJx (Ix_1) = 1. When (287 1x-1-1) < grax



u(Px) has at least two zefand the optimal solution corresponds to the point wherelersd derivative
is positive. .

In Fig.[d, we show the adaptation polidy,(z) in a case of IR-HARQ withX = 4. As we see, the
optimal solution requires a “radio silence”, that is, knowgiin the k™" transmission that the accumulated
mutual information at the receiver is below a threshglgl ;, the transmitter decides to stay silent (zero
transmit power) until the maximum number of transmissienatiained. This “silence time” guarantees that
the power is “saved” when the transmitter does not have sstmable hope” of successfully terminating
the transmission.
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Fig. 1. Optimized adaptation policidék(lk,l) for the case of IR-HARQ in Nakagamir fading model, whenmn =2, K =4, R=1.5
and¥ = —4 dB. The “radio silence” means that if the accumulated muinfirmation after thek™ transmission is less than a specific
thresholdig . (i.e., if I, < i, Whereip1 ~ 0.12, ig2 ~ 0.33, i0,3 ~ 0.63 in this example), the HARQ process decides to use zero power
for all reminder transmissions, i.e?(l;—1) =0, k<l < K.

B. Outage calculation

To calculate the outage probability, we usé (4) where [the |@DH, is Fj,(r) and taking into
consideration that’,(x) = 0 for x € [0,y 4_1], we obtain

Fy,(w) =Pr { Iy +log(1+ 3 Py(Ti)) < o}

Flk71<x)7 if o < ’i07k_1
- , @ 277Y — 1 : - (@3)
kaﬂ(ZO,k—l) _'_/ F’Y - 'plkﬂ(y) dy, if x> 10,k—1
10,k—1 Pk(y)
which depends on tHe PD#;, | (y) of I_;.
The differentiation of[(2b) yields a recursive relationsfor the[PDF
plk,1<x)7 if < i07k_1
Pr, (l’) = ’ (26)
T log(2)2*—Y T—y __ . .
I o () 'pv<2ﬁk<y>1> dy if 2> o

In the case of a Rayleigh fading channel, there are exactlyzvos: one corresponds to the local maximum, and the otietmthe
local minimum.



where

log(2)20 (27 —1
i) = 22 -py( = ) @7)

ConsideringE., [I(I; < in] = F%@hTQ”) the same analysis ds {25) afdl(26) can be done in the case
of [CC-HARQ. Thus,

F]k(l‘) = Pr {Ik—l + Vg - Pk(fk_l) < JJ}

Flkfl ([L’), if r< iO,k—l
- . , (28)
Flk71<i07k—1) + / F’Y<~—y) . phﬁl(y) dy, if x> 7:O,I»c—l
10,k—1 P <y>
which again depends on the PRF, , (y) of I;_;.
Differentiation of [28) yields the recursive relationstigr the pdf
pr,_, () if x <lgk—1
Pr, (1’) = ) (29)
‘/;Ok 1 Pk(y)plk 1(y)p'y (%) dy7 If x> 'L.O,k‘—l
where
1 T
pi(e) = 5o (). (30)

V. OUTAGE OPTIMAL POWER ALLOCATION
In this section, we consider the problem of optimal powervction (i.e., P(CSZy 1) = Pk~I[(Ik_1 <

z’th)). The expected power consumed in & transmission attempt is given by

By [P1=Er [P - I < i)] =D - fimn, (31)
and the long-term average powért (7) by

P=r (32)

Thus, the Lagrangian functioh defined in[(®) can be expressed as

L(Py, Py, P, N) = fre+ X <Zpkfk 1—ka>- (33)

To cast[(3B) into the OP formulation, we have to find the “stat®, such that: (i)f, may be calculated
from S, and (ii) stateSy,; may be obtained frons, and P, ;. Because the closed form expressions of
fx are unknown, we use an accurate approximation to expfeas terms of { £,}¥_,; as shown in the
Appendix A, we can obtain the following relationship:

fr &

Pm/ﬁl,fm 1<k<K, (34)



where the parametér; is independent fromf’k andm,, is the parameter of the Nakagami-channel at
the k" transmission. Considerinfj = 1, the optimization problem if.(33) can be reformulated remaly
as follows

L(pl,pg,...,p](,)\) - Jl(fO)

Nfo) = A (Pr=1)- fo+ Ja(f1) (35)
Jo(fr) = XN (Po—1)- fi+ Js3(f2) (36)
Jk-1(fx-1) = A (pK — 1) fxk-1+ fx. (37)

From the[KKT necessary conditions, and starting with (37, fimd a unique (therefore, the optimal)
solution as

1
A mm{cﬂ%ﬁgW“Jh%,fmlgkgK—l

Pk = 1 ) (38)
min { (mehK) o ,Pmax} ) fork =K
where
A(&—U+%ﬁﬁ,mugk§K—1
9k = (39)
A (P —1)+ #?K, for k=K
K

VI. APPROXIMATE SOLUTIONS
We target the high SNR regime, where typlcaﬂtyn fr=0for k € {1, ..., K}. Thus, the long term
average power (defined i (32)) can be expressed |n the high ighime as:

k=1

We note that([11] and [12] define the long term average poweina@Qd) even if it is only a valid
approximation in high SNR regime. Thus, the optimizationkpem [8) can be rewritten in the case of
power allocation as:

K
min_fr, Sty P fia <1, (41)

Py, Py,.... Py

where we assume th#t,., = co and Prax = 1.
As shown in Appendix A, for Nakagami: fading channel, a unified approximation of the outage

probability fx and the expected transmit power for bpth TR-HARQ and CC-HPE@ be written as

H P, (42)

22

and
k-1
Py fro1 = Apr - By H P, (43)

=1

where Ay = 1, Ay is defined in[(6ll) and_(52) for the case[of TR-HARQ &and CC-HARSpectively.
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Thus, the optimization problemis (41) can be written in tlemgard primal form of geometric program-
ming problems[[18],[[19],[120]:

K K k—1
min {AK - Hﬁk—m}, st. Y A AJ[A <1 (44)
Pk k=1 k=1 =1

As shown in Appendix B, the optimal solution &f (44) is given b

i K+1 Ak ) oy
fie = AN A T < = ) , (45)
k=2 k
whered” = [6], ..., 05| and
1 for k=1
=< 46
k {m c(m A+ D)EF=R for ke {2, K +1} (46)

and thus\(6*) = (m + 1)X — 1, cf. (68). Therefore, the optimal power policy correspagdio the
optimization problem[{41) is given by (69)

03

NTOWR if k=1
A6¥) - Ay’
. 071 . : (47)
* i—1 $\—m’ if k€{27'-7K}
A(67) - Aiy szl (P])
On the other hand, the diversity is defined [as [21]
7o log(7)

In the A,’s expressions, the exponent ®fis equal to—mk. Thus, according td_(45) the diversify for
power allocation is given by

K+1
k=2

= Km+m?*[(m+ 1524 2m+ 1) 2+ .+ (K —-2)(m+ 1)+ (K —1)]
= Km+m*> K-1+(m+1)+.+m+1)*?)-1-2-(m+2)—...— (K—1)- (m+1)*7?
= m+DF -1 (49)

We note that the same diversity value was obtained_inh [13]reyhie addition, it was proven that both
multi-bit feedback (i.e., adaptation) and single-bit fleack (i.e., allocation) have the same diversity gain
for an infinite constellation size; this is confirmed by ousuks. On the other hand, the diversity of
constant power HARQ is given b = Km.

VIlI. NUMERICAL EXAMPLES

For the case ofn = 2, Fig.[2a and Fig[]2b present the optimized outage probghilitthe case of
TR-HARQ and[CC-HARQ, respectively. We show both cases wRgg = 5 and P = oco. We also
plot the outage probability of constant-power transmissi¢CO). We can see, that for high SNR, the
optimized results outperform CO HARQ, which is due to theéases diversity of both power adaptation
and allocation strategies. On the other hand, the resul@@HARQ can outperform AL HARQ because
the latter is based on the approximations, which loose tfadidity for low SNR. For example, fof < —2
dB in Fig.[2a and fory < 0 dB in Fig.[2b.
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Fig. 2. Optimized outage probability when using the optiedizoower adaptation (AD) and allocation (AL) compared whike butage
probability of constant-power transmission (CO) (i.B, = P = 1, Vk) in the case of (a) IR-HARQ, and (b) CC-HAR® = 2,4 and
Nakagamim fading withm = 2; R = 1.5. Unconstrained peak (i.eFmax = 00) and constrained peak (i.e€Pnax = 5) cases are shown.

When Pnax = 5 instead of Phax = 00, the gain of the optimized outage compared with CO starts to
decrease after a specific valgg of the average SNRy. For example, in the case of allocation with
K =4, 5, ~ 0 dB for [R-HARQ and7, ~ 2 dB for [CC-HARQ. This is justified by the fact that the
constraintPnax = 5 becomes active fof > 7,, as can be seen in Figl 3. Moreover, when the maximum
power constraints are active, the diversity of the adamté&ilocation schemes is the same as the diversity
of the constant power transmission.

Fig.[4 illustrates the gain of the power adaptation overcallimn strategies, where it is clear that the
gain is not only a function of the maximum number of transimiss /', but is also depends on the channel
parametemn. In particular, for K = 2 we obtain the gain of approximately 0.1 dB, 0.2 dB, and 0.5 dB
form =1, m = 2, andm = 3, respectively. ForX = 4, the respective gains increase and also grow with
m; they are approximately given by 0.5 dB, 1.5 dB, and 1.8 dBFi [, we compare the optimized
solutions obtained usifg P ahdIGP for CC-HARQ and IR-HARQ. ligh SNR, and as expected, the

solutions of GP converge to the optimized solution obtaiwit DP.

VIIl. CONCLUSION

In this paper, we analyzed the impact of multi-bit feedbaoktte performance of HARQ protocols in
terms of outage probability. We analyzed HARQ with Chase lwamg and Incremental Redundancy in
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Fig. 3. Optimized allocation policie®;, as a function ofy in the case of (a) IR-HARQ and (b) CC-HARQ® = 4, m = 2, R = 1.5.
Both cases of unbounded (i.€2nax = o) and bounded peak power (i.6%ax = 5) are shown for comparison.
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Fig. 4. Optimized outage probability when using the optidipower adaptation (AD) and allocation (AL) policies in ttase of CC-HARQ
when K = 2,4 and all variables correspond to Nakagamifading withm = 1,2,3, R = 1.5, and Pnax = o©.

Nakagamim block fading channels. We show that an optimized power atlon/adaptation strategy



13

10
7[dB]
(b)

Fig. 5. Outage probability when HARQ process use the opérhiallocation power policies find by dynamic programming J2Rd

geometric programming (GP) in the case of (a) CC-HARQ andRbBHARQ. K = 2 and all variables correspond to Nakagamifading
with m = 1,2,3 and R = 1.5.

throughout the transmissions leads to notable gains owerptiwer-constant HARQ. Adding multi-
bit feedback improves the performance and the achievabies gacrease with the allowed number of
transmissions as well as with the parameteof the Nakagami= distribution.

APPENDIX A

We aim to determine the expression lof and Ax (required in [(3%) and[(42) respectively) for the
case of IR-HARQ an@l CC-HARQ. For that, we will derive a simpled accurate approximation gf
defined in [(B). Clearly, calculating the outage probabiiity3) for the power allocation scheme requires

the derivation of thé&_CDF of the sum @findependent random variableS;, = log, <1 +%J5k> in the

case of IR-HARQ and, = ;.7 in the case of CC-HARR.

A. CC-HARQ

We use a simple and accurate method to evaluate the outdggydity at the output df maximum ratio combinii
receivers in arbitrarily fading channels introduced [in][ZBhe approximation is based on the so-called
[saddle-point approximation (SBA) [23], ]24]. For the spéaase of Nakagami: fading channels, the
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outage probability can be approximated by|[22]

fic & (_exp(l)'%hf{‘ L ﬁ( m )m (50)
M 2TMmg Pl Tkpk 7
K
=AS2-T] L (51)
K Pmk’
k=1"k

whererng = > r | my and

mg

ol exp(1) - yn e my
- () mH< ) >

In this case, we can easily show that, required in[(34), is given by

(M)mk : (1 . %)mk1+0'5, for2 <k < K

VeMk mi

hy (53)

1 (Oxp(_U"Yth)ml , for k=1

V2mmy 71

B. IR-HARQ

In [25] and [26], the authors develop a simple and powerfuy wé characterizing the performance
of diversity schemes via limiting analysis of outage praligés in Rayleigh fading channels. We use a
similar analysis to approximate the outage probabilityhia tase of IR-HARQ for Nakagami- fading
channels. The key idea is the following:

Theorem 1. [25, Theorem. 1]([26, Lemma. 1]

Let 7 and W be two independent random variables. If their CDF verify

lim 7™ - Z(t) =a- q(t), (54)
F—00
_hIIl 7n2 - W (t) b- g(t)v (55)
'Y_>OO

whereny, ny, a andb are constants;(t) andg(t) are monotonically increasing functions, and the derieativ
of ¢(t) (denoted ag/(t)) is integrable, then the CDF of the surh= Z + I satisfies

lim 5™t Fy(t) = ab - /0 g(z) - ¢ (t — x)dx. (56)

F¥—00

Since~; follows a gamma distribution, it is easy to show that

my*
lim 3™ F, . k (28— 1)™. 57
Using Theoreni |1 with = R recursively, we have an approximation of the outage prdibalais
K i

fi = fr=gk(R)-]] (58)

k=1 pé”kﬁmkf(mk + 1)’

.
=A== (59)
k=1"k
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where

t
o) = [ qs(w)d (e — o) (60)
0
with go = 1 and g, (¢) = (2 — 1)™*. Thus, AB is given by
K o
AR =R || Zoere— (61)

whereg,(R) can be calculated numericaly. We show the accuracy of theoajppation in Fig.[6.
Since g (t) are independent of the transmitted power and/or SNR, theessgjon ofhy, required in

(34), is thus given by

My
B = g1 (B) A Dy 1) | (62)

(%) ey Ao

Fig. 6. Exact outage probabilitfx compared with the SPA approximatiofk (B8) in the case of IR-HARQ for Nakagami- when
K =1,2,3,4, R=1andm = 1.5.

APPENDIX B

In this appendix, we show how we solve the optimization peabl44) written as & GP probler [18]
, [19] , [20] in the standard primal form

K K k—1
min{go(w) = Ak - H%;m} st.gi(x) = ZAk—l - T, Hfb’l—m <1, (63)
* k=1 k=1 =1
wherex = [z, 29, ...,2k]. The dual problem corresponding to the primal problem (83)efined as
A 61 K+1 Ai— 04
mps vt0) = 000" (55) 11 (52) 69
S1=1,
st {6;>0, Vie{l, . K+1}, (65)

—m-§1—|—§j—m-2£§i16i=0, VjE{Q,,K'i‘l}
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whered = [01,...,0x41] and

A6) = (66)

This is a GP with a zero degree of difficulty [19], which im@ithat the unique solutiod* of the dual
constraints[(65) is also the solution 6f[64) . Because tte# donstraints are linead,” can be determined
easily by solving[(6b) as

s JL if i =1

_ : 67
' m - (m+1D)EH=Dif e {2 K+1} (67)

Defining z* as the argument which maximizés{63), the optimal solutiof®38) is given by [18, pp. 114-

116]
K41 /g 85
*\ *\ * A(&*)‘ . i—2
) =0l = 0 T (52) (68)
if and only if
_ % ifi=1
A0") - Ay’
o= N0 : (69)
i+1 e .
- P if i € {2,..,K}
)\(5 ) . Ai—l . Hj:l (.T])
where

M) = (m+1DF —1. (70)

Basically, [69) is the closed-form expression of the optip@ver policy.

REFERENCES

[1] S. Lin and J. D. J. Costelld&rror Control Coding, 2nd ed. Upper Saddle River, New Jersey 07458, USA: Prehi@tk Inc., 2003.
[2] L. Shu, J. D. J. Costello, and M. Miller, “Automatic-regterequest error-control schemel?EE Commun. Mag., vol. 22, no. 12, pp.
5-17, Dec. 1984.
[3] E. Malkamaki and H. Leib, “Performance of truncated tyflehybrid ARQ schemes with noisy feedback over block fadaignnels,”
IEEE Trans. Commun., vol. 48, no. 9, pp. 1477-1487, Sep. 2000.
[4] Q. Liu, S. Zhou, and G. B. Giannakis, “Cross-layer conifignof adaptive modulation and coding with truncated ARQroweeless
links,” IEEE Trans. Wireless Commun., vol. 3, no. 5, pp. 1746-1755, Sep. 2004.
[5] D. Chase, “Code combining- a maximum-likelihood decwgdiapproach for combining an arbitrary number of noisy peckeéEEE
Trans. Commun., vol. 33, no. 5, pp. 385-393, May 1985.
[6] J. Hagenauer, “Rate-compatible punctured convolafi@modes (RCPC codes) and their applicatioh&EE Trans. Commun., vol. 36,
no. 4, pp. 389 —400, apr 1988.
[7] D. Tuninetti, “On the benefits of partial channel statéoimation for repetition protocols in block fading chars&lEEE Trans. Inf.
Theory, vol. 57, no. 8, pp. 5036 —-5053, Aug. 2011.
[8] H. Gamal, G. Caire, and M. Damen, “The MIMO ARQ channelv®sity—multiplexing—delay tradeoff/[EEE Trans. Inf. Theory,
vol. 52, no. 8, pp. 3601 —3621, Aug. 2006.
[9] W.Su, S. Lee, D. Pados, and J. Matyjas, “Optimal poweigassent for minimizing the average total transmission powwdybrid-ARQ
Rayleigh fading links,”IEEE Trans. Commun., vol. 59, no. 7, pp. 1867 —1877, Jul. 2011.
[10] H. Liu, L. Razoumov, N. Mandayam, and P. Spasojevitn ‘@ptimal power allocation scheme for the STC hybrid-ARQroseergy
limited networks,”|EEE Trans. Wireless Commun., vol. 8, no. 12, pp. 5718-5722, Dec. 2009.
[11] T. Chaitanya and E. Larsson, “Optimal power allocatfon hybrid ARQ with chase combining in i.i.d. Rayleigh fadichannels,”
IEEE Trans. Commun., vol. 61, no. 5, pp. 1835-1846, May 2013.
[12] T. Chaitanya and E. Larsson, “Outage-optimal powencation for hybrid ARQ with incremental redundanciZEE Trans. Wireless
Commun., vol. 10, no. 7, pp. 2069 —2074, Jul. 2011.
[13] K. Nguyen, L. Rasmussen, A. Guillen i Fabregas, and Nzégs, “MIMO ARQ with multibit feedback: Outage analy5isEEE
Trans. Inf. Theory, vol. 58, no. 2, pp. 765 — 779, Feh. 2012.
[14] D. P. BertsekasDynamic Programming and Optimal Control, 3rd ed. Athena Scientific, 2005, vol. 1.



[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
(23]

[24]
[25]

[26]

17

G. Caire and D. Tuninetti, “The throughput of hybrid-@Rprotocols for the Gaussian collision channéEEE Trans. Inf. Theory,
vol. 47, no. 5, pp. 1971-1988, Jul. 2001.

M. Zorzi and R. Rao, “On the use of renewal theory in thalgsis of ARQ protocols,1EEE Trans. Commun., vol. 44, no. 9, pp.
1077-1081, Sep 1996.

A. Ribeiro and G. Giannakis, “Separation principlesiiteless networking,1TEEE Trans. Inf. Theory, vol. 56, no. 9, pp. 4488 —4505,
Sep. 2010.

C. Z. Richard James Duffin, Elmor L. Peters@gometric programming: theory and application. John Wiley & Sons, 1967.

M. Luptacik, “Geometric programmingOperations-Research-Spektrum, vol. 2, no. 3, pp. 129-143, 1981.

S. Boyd and L. Vardenbergh€onvex Optimization, 1st ed. Cambridge University Press, 2004.

L. Zheng and D. Tse, “Diversity and multiplexing: a fuardental tradeoff in multiple-antenna channel&§EE Trans. Inf. Theory,
vol. 49, no. 5, pp. 1073 — 1096, May 2003.

M. Jabi, L. Szczecinski, and M. Benjillali, “Accurateutage approximation of MRC receivers in arbitrarily fadioigannels,”|EEE
Commun. Letters, vol. 16, no. 6, pp. 789—792, June 2012.

R. Lugannani and S. O. Rice, “Saddlepoint approxinreior the distribution of the sum of independent randomalaes,” Advances
in Applied Probability, vol. 12, pp. 475-490, 1980.

R. W. Butler, Saddlepoint Approximation with Applications. Cambridge University Press, 2007.

J. Laneman, “Limiting analysis of outage probabiktifor diversity schemes in fading channelE2EE GLOBECOM '03., vol. 3, pp.
1242-1246, 2003.

S. Lee, W. Su, S. Batalama, and J. Matyjas, “Cooperatigeode-and-forward ARQ relaying: Performance analysis power
optimization,” IEEE Trans. Wireless Commun., vol. 9, no. 8, pp. 2632 —2642, Aug. 2010.



	I Introduction
	II System Model
	III Optimization Problem
	IV outage-optimal power adaptation
	IV-A  Radio silence
	IV-B  Outage calculation

	V outage optimal power allocation
	VI Approximate solutions
	VII numerical examples
	VIII Conclusion
	VIII-A CC-HARQ
	VIII-B IR-HARQ

	References

