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Abstract—A full-duplex (FD) multiple antenna access point
(AP) communicating with single antenna half-duplex (HD)
spatially random users to support simultaneous uplink
(UL)/downlink (DL) transmissions is investigated. Since FD nodes
are inherently constrained by the loopback interference (LI),
we study precoding schemes for the AP based on maximum
ratio combining (MRC)/maximal ratio transmission (MRT), z ero-
forcing and the optimal scheme for UL and DL sum rate
maximization using tools from stochastic geometry. In order to
shed insights into the systems performance, simple expressions
for single antenna/perfect LI cancellation/negligible internode
interference cases are also presented. We show that FD precoding
at AP improves the UL/DL sum rate and hence a doubling of
the performance of the HD mode is achievable. In particular,
our results show that these impressive performance gains remain
substantially intact even if the LI cancellation is imperfect.
Furthermore, relative performance gap between FD and HD
modes increases as the number of transmit/receive antennas
becomes large, while with the MRC/MRT scheme, increasing the
receive antenna number at FD AP, is more beneficial in terms
of sum rate than increasing the transmit antenna number.

Index Terms—Full-duplex, stochastic geometry, average sum
rate, precoding, interference, performance analysis.

I. I NTRODUCTION

Due to the proliferation of devices such as smart phones,
tablets, and personal digital assistants (PDAs) and the ex-
ponential growth of the number of subscribers, the world
has witnessed a dramatic increase in wireless traffic recently.
The low-hanging fruit in terms of spectral efficiency gains
of traditional point-to-point links has reached the theoretical
limits. Only incremental gains of spectral efficiency appears
feasible at this point. Thus, is it possible to significantly
improve overall spectral efficiency of networks any further?
Note that wireless nodes operate half-duplex in (HD) mode by
separating the uplink and downlink channels into orthogonal
signaling (time or frequency) slots. FD mode (i.e., both uplink
and downlink on the same channel at the same time), if
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possible, has the potential to double the spectral efficiency
instantly. The tremendous implications of FD wireless nodes
will thus be not only to transform for cellular network designs
radically and but also to double capacity, speed or number of
subscribers of cellular networks [1].

However, a key challenge in implementing a FD transceiver
is the presence of loopback interference (LI) [2]–[6]. Since the
LI is caused by the self-transmitted signal in the transceiver,
up until recently FD radio was considered practically infea-
sible. This long-held pessimistic view has been challenged
in the wake of recent advances in antenna design and in-
troduction of analog/digital signal processing solutions. To
this end, several single and multiple antenna FD implemen-
tations have been developed through new LI cancellation
techniques [4]–[10]. Antenna separation/radio frequency(RF)
shielding, analog/digital and hybrid analog-digital circuit do-
main approaches can achieve significant levels of LI can-
cellation in single antenna FD systems. Multiple antenna LI
suppression/cancellation techniques are largely based onthe
use of directional antennas and spatial domain cancellation
algorithms. The implementation of single antenna FD tech-
nology with LI cancellation was demonstrated in [5]. The
authors in [4] and [6] characterized the spatial suppression
of LI at FD relaying system. A multiple-input multiple-output
(MIMO) FD implementation (MIDU) was presented in [7],
while [8] reported design and implementation of an in-band
WiFi-PHY based FD MIMO system.

FD systems find useful in several new applications that ex-
ploit their ability to transmit and receive simultaneously. Some
of these examples include one-way [11]–[13] and two-way
FD relay transmission [14], simultaneous sensing/operation
in cognitive radio systems [15] and reception/jamming for
enhanced physical layer security [16]. Another possible ad-
vantageous use of FD communications is the simultaneous
uplink (UL)/downlink (DL) transmission in wireless systems
such as WiFi and cellular networks [8], [17]–[20]. However,
such transmissions introduce LI and internode interference
in the network as DL transmission will be affected by the
LI and the UL user will interfere with the DL reception.
Therefore, in the presence of LI and internode interference,
it is not clear whether FD applied to UL/DL user settings
can harness performance gains. To this end, several works
in the literature have presented useful results considering
topological randomness which is a main characteristic of
wireless networks.

A new modeling approach that captures topological random-
ness in the network geometry and is capable of producing
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tractable analytical results is based on stochastic geometry.
In [17] a FD cellular analytical model based on stochastic
geometry was used to derive the sum capacity of the system.
However, [17] assumed perfect LI cancellation and therefore,
the effect of LI is not included in the results. The application
of FD radios for a single small cell scenario was considered
in [20]. Specifically in this work, the conditions where FD
operation provides a throughput gain compared to HD and
the corresponding throughput results using simulations were
presented. In [21], the combination of FD and massive MIMO
was considered for simultaneous UL/DL cellular communica-
tion. The information theoretic study presented in [22], has
investigated the rate gain achievable in a FD UL/DL network
with internode interference management techniques.

In [23], joint precoder designs to optimize the spectral and
energy efficiency of a FD multiuser MIMO system were pre-
sented. However [21]–[23] considered fixed user settings for
performance analysis and as such the effect of interferencedue
to distance, particularly relevant for wireless networks with
spatial randomness, is ignored. Tools from stochastic geometry
has been used to analyze the throughput of FD networks
in [24]–[26]. Specifically, [24] studied the throughput of multi-
tier heterogeneous networks with a mixture of access points
(APs) operating either in FD or HD mode. The throughput
gains of a wireless network of nodes with both FD and HD
capabilities has been quantified in [25], while [26] analyzed
the mean network throughput gains due to FD transmissions
in multi-cell wireless networks.

In this paper, we consider a wireless network scenario in
which a FD AP is communicating with the single antenna
spatially random user terminals to support simultaneous UL
and DL transmissions. Specifically we consider a Poisson point
process (PPP) for the DL users and assume that the scheduled
UL user is locatedd distance apart. The AP employs multiple
antennas and therefore, precoding can be applied for proper
weighting of the transmitted and received signals and spatial
LI mitigation/cancellation. We develop a performance analysis
and characterize the network performance using UL and DL
average sum rate as the metric. Further, we present insightful
expressions to show the effect of network parameters such
as the user spatial density, the LI and internode interference
(through UL/DL user distance parameter) on the average sum
rate.

Our contributions are summarized as follows:
• We consider both LI and internode interference and

derive expressions for the UL and DL average sum rate
when several precoding techniques are applied at the
AP. Specifically, precoding schemes based on the maxi-
mum ratio combining (MRC)/ maximal ratio transmission
(MRT), zero-forcing (ZF) for LI cancellation and the
optimal precoding scheme for sum rate maximization are
investigated. In order to highlight the system behavior and
shed insights into the performance, simple expressions
for certain special cases are also presented. Further, as
an immediate byproduct, the derived cumulative density
functions (cdfs) of the signal-to-interference noise ratios
(SINRs) can be used to evaluate the system’s UL and DL
outage probability.

• Our findings reveal that for a fixed LI power,
when the internode interference is increased, the
MRC(rx)/ZF(tx) scheme achieves a better performance
than the MRC(rx)/MRT(tx) scheme. On the other hand,
by keeping the amount of internode interference constant,
while decreasing the LI the MRC(rx)/MRT(tx) scheme
performs better than the MRC(rx)/ZF(tx) scheme. More-
over, in the presence of LI, increasing the receive antenna
number at the FD AP with the MRC(rx)/MRT(tx) scheme,
is more beneficial in terms of the average sum rate than
increasing the number of transmit antennas at the AP.

• We compare the sum rate performance of the system for
FD and HD modes of operation at the AP to elucidate
the SNR regions where FD outperforms HD. Our results
reveal that, the choice of the linear processing play a criti-
cal role in determining the FD gains. Specifically, optimal
design can achieve up to47% average sum rate gain in
comparison with HD scheme in all LI regimes. However,
at high LI strength as well as high transmit power regime
(i.e.,> 30 dB), FD mode with MRC(rx)/MRT(tx) scheme
becomes inferior as compared to the HD mode. Moreover,
our results indicate that different power levels at the AP
and UL user have a significant adverse effect to decrease
the average sum rate in the HD mode of operation than
the FD counterpart1.

The rest of the paper is organized as follows. Section II
presents the system model and Section III analyzes the UL and
DL average sum rate of different precoding schemes applied
at the AP. We compare the sum rate of the counterpart HD
mode of operation as well as some special cases in Section
IV. We present numerical results and discussions in SectionV
before concluding in Section VI.

Notation: We will follow the convention of denoting
vectors by boldface lower case and matrices in capital boldface
letters. The superscripts(·)†, ‖ · ‖, trace(·) and (·)−1, denote
the conjugate transpose, Euclidean norm, the trace of a matrix,
and the matrix inverse, respectively.E {x} stands for the
expectation of random variablex and IM is the identity
matrix of sizeM . A circularly symmetric complex Gaussian
random variablex with meanµ and varianceσ2 is represented
as CN (µ, σ2). E1(·) is the exponential integral [28, Eq.
(8.211.1)]. 2F1(·, ·; ·; ·) is the Gauss hypergeometric func-
tion [28, Eq. (9.111)] andF1(·; ·, ·; ·; ·, ·) is the Appell hyper-
geometric function [29, Eq. (5.8.2)].Gmn

pq

(

z | a1···ap
b1···bq

)

is the
Meijer G-function [28, Eq. (9.301)] andD−1(·) is Parabolic
cylinder function [28, Eq. (9.241.2)].

II. SYSTEM MODEL

Consider a single cell wireless system with an AP, where
data from users in the UL channel, and data to the users in
the DL channel are transmitted and received at the same time
on the same frequency as shown in Fig. 1. All users in the

1In a multi-cell case, the exact level of performance gap between FD/HD
operations will be further determined by the amount of co-channel interference
generated in the network. However, inter-cell interference can be reduced sig-
nificantly in emerging networks by exploiting techniques such as interference
coordination [27].



cell are located in a circular area with radiusRc and the AP is
located at the center. We assume that users are equipped witha
single antenna, while the AP is equipped withnu receive and
nd transmit antennas for FD operation. The single antenna
assumption is made for several pragmatic reasons. First, most
mobile handsets are single antenna devices. Second, since in
the case of multiple antennas, the capacity is unknown or at
least it will be a complicated optimization problem. Third,
single antenna user equipment is also an exceedingly com-
mon assumption made in massive MIMO and other wireless
literature. Also since we assume multiple-antenna AP, it can
cancel LI and provide a good rate for the UL / DL user etc.
In the sequel, we use subscript-u for the UL user, subscript-d
for the DL user, and subscript-a for the AP. Similarly, we will
use subscript-aa, subscript-ad, subscript-ud, and subscript-ua
to denote the AP-to-AP, AP-to-DL user, UL user-to-DL user,
and UL user-to-AP channels, respectively.

We model the locations of the DL usersxd inside the
disk as an independent two-dimensional homogeneous PPP
Φd = {xd} with spatial densityλd. The AP selects a DL
user that is physically nearest to it as well as an UL user
d distance away2 from the DL user in a random direction
of angle θ3 [25], [26]. The AP selects a DL user that is
physically nearest to it. We use the terms “nearest DL user”
and “scheduled DL user” interchangeably throughout the paper
to refer to this user. Selection of a nearest user is necessary
for an FD AP since transmitting very high power signals
towards distant periphery users in order to guarantee a quality-
of-service can cause overwhelming LI at the receive side of the
AP [9]. Moreover, cell sizes have been shrinking progressively
over generations of network evolution. Therefore in some next
generation networks each user will be in the coverage area
of an AP and can be considered as a nearest user [31]. As
a benchmark comparison we also consider the random user
selection (RUS) in Section V. Under RUS the AP randomly
selects one of all candidate DL users with equal probability.

For a more realistic propagation model, we assume that the
links experience both large-scale path loss effects and small-
scale Rayleigh fading. For the large-scale path loss, we assume
the standard singular path loss model,ℓ(x, y) = ‖x − y‖−α,
whereα ≥ 2 denotes the path loss exponent and‖x−y‖ is the
Euclidean distance between two nodes. Ify is at the origin,
the indexy will be omitted, i.e.,ℓ(x, 0) = ℓ(x). In order
to facilitate the analysis, we now set up a polar coordinate
system in which the origin is at the AP and the scheduled
DL user is atxd = (r, 0). Therefore, we haveℓ(xu) = (r2 +

2The link distanced can also be random without affecting the main
conclusions, since we can always derive the results by first conditioning on
d and then averaging overd. The fixed inter user distance assumption can
be shown to preserve the integrity of conclusions even with random transmit
distances.

3Since UL/DL users simultaneously use the same channel resources (due to
FD operation), a separation distance between the users is required in order to
avoid inter-user interference effects. This distance is ensured by an appropriate
scheduling algorithm, which selects UL/DL users with a distance higher than
d. In our setup, we study a worst-case scenario where users arelocated in
the smallest allowed distance as this scenario serves as a useful guideline
for practical FD network design. Parametrization in terms of the inter user
UL/DL distance has also been adopted by some of the existing papers [20],
[30].
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Fig. 1. System model for the FD wireless system. The AP communicates with
single antenna HD spatially random user terminals to support simultaneous
UL and DL transmissions in the presence of LI and internode interference.

d2 − 2rd cos θ)−α/2. In the following, we will need the exact
knowledge of the spatial distribution of theℓ(xu) in terms of
r and θ. Since we assume that nearest DL user is scheduled
for downlink transmission,xd denotes the distance between
the AP and the nearest DL user. Therefore, the probability
distribution function (pdf) of the nearest distancexd for the
homogeneous PPPΦd with intensityλd is given by [32].

fr(r) = 2πλdre
−λdπr

2

, 0 ≤ r <∞. (1)

Moreover, angular distribution is uniformly distributed over
[0 2π] i.e., fθ(θ) = 1/2π.

A. Signal Model

We assume that the AP transmits with powerPa and let
sa be its transmitted data symbol withE

{
|sa|2

}
= 1. The

transmitted data symbolsa is mapped onto the antenna array
elements by the beamformingwt ∈ Cnd×1 with ‖ wt ‖= 1. It
is worth mentioning that the scheduled UL user, located atxu,
is served by receive antennas from AP at the same time, and it
lacks coordination with concurrent active DL users. Therefore,
the received signal for the scheduled DL user is given by

yd =
√

Paℓ(xd)hadwtsa +
√

Puℓ(xu, xd)hudsu + zd, (2)

wherehad ∈ C1×nd denotes the small-scale fading for the
link between the AP and the active DL user. The entries of
had follow identically and independently distributed (i.i.d.)
CN (0, 1). Pu is the transmit power of the UL user,hud denotes
the channel for the UL-DL user link,su is the source symbol
satisfyingE

{
|su|2

}
= 1. zd is the additive white Gaussian

noise (AWGN) at the DL user receiver withE {zdz∗d} = σ2
n.

From (2) the receive signal-to-interference-plus-noise ratio
(SINR) of the scheduled DL user is given by

SINRd =
Paℓ(xd)‖hadwt‖2
Pugudℓ(xu, xd) + σ2

n

, (3)



wheregud = |hud|2 is the channel gain for the link between
the UL and DL user.

On the other hand, with the linear receiver vectorwr ∈
C1×nu , the received signal at the AP is given by

ya =
√

Puℓ(xu)wrhuasu +
√

PawrHaawtsa +wrza, (4)

wherehua ∈ Cnu×1 denotes the small-scale fading between
the scheduled UL user and AP,Haa ∈ Cnu×nd is the channel
matrix between the transmit and receive arrays which repre-
sents the LI [4]. We model the LI channel with Rayleigh flat
fading which is a well accepted model in the literature [3],
[4]. In this model, the strong line-of-sight component of the
LI channel is estimated and removed during the cancellation
process employed at the AP. Therefore, the residual interfer-
ence is mainly affected by the Rayleigh fading component
of the loopback channel and its strength is proportional to
the level of suppression achieved by the adopted specific
cancellation method. Since each implementation of a particular
analog/digital LI cancellation scheme can be characterized by
a specific residual power, the elements ofHaa can be modeled
as i.i.d.CN (0, σ2

aa) random variables (RVs). This parameter-
ization allows these effects to be studied in a generic way.
Also, za is AWGN vector at the AP withE

{
zaz

†
a

}
= σ2

nI.
Invoking (4), the resulting SINR expression at the AP can

be computed as

SINRa =
Puℓ(xu)‖wrhua‖2

Pa‖wrHaawt‖2 + σ2
n‖wr‖2

. (5)

In the next section, we consider different schemes forwt

andwr and characterize the system performance using the UL
and DL average sum rate given by

RFD

sum = Ra +Rd, (6)

where Ra = E {log2 (1 + SINRa)} and Rd =
E {log2 (1 + SINRd)} are the spatial average rate of the UL
(xu → AP) and DL (AP → xd), respectively. Specifically,
we analyze the following schemes:

1) The AP adopts MRC and MRT processing on
receive and transmit antenna signals, respectively
(MRC(rx)/MRT(tx)),

2) The AP adopts MRC and ZF processing on receive and
transmit antenna signals, respectively (MRC(rx)/ZF(tx)),

3) The AP employs ZF and MRT processing on
receive and transmit antenna signals, respectively
(ZF(rx)/MRT(tx))4.

We finally address the problem of joint optimal design of
transmit and receive precoders at the AP for maximizing the
average UL and DL sum rate.

III. PERFORMANCEANALYSIS

In this section, the UL and DL average sum rates provi-
sioned under different transmit-receive precoding schemes are
evaluated and new expressions are derived5. We then consider

4Joint optimization of receive and transmit precoding vectors under the
condition wrHaawt = 0 is another ZF approach that can be studied.
However, we leave it as future work since already MRC(rx)/ZF(tx) or
ZF(rx)/MRT(tx) can eliminate LI.

5Note that the rate achieved by a DL user outside the cell radius Rc is
zero.

the more general problem of joint transmit-receive precoder
design at the AP for the sum-rate maximization problem.

Before proceeding into the derivation of the average sum
rates for the specific schemes, it is useful to note that for a
nonnegative random variableX , sinceE {X} =

∫∞

t=0
Pr(X >

t)dt, the average achievable rate can be written as

Ri =

∫ ∞

0

(1− FSINRi(ǫt)) dt, (7)

whereFSINRi(z) = 1−Pr(SINRi ≥ z) is the cdf ofSINRi with
i ∈ {a, d}, andǫt = 2t− 1. Therefore, the average achievable
rate can be calculated from the cdf of the corresponding SINR.

A. MRC(rx)/MRT(tx) Scheme

MRC processing for UL signals combined with MRT pro-
cessing for the DL signals (MRC(rx)/MRT(tx)) is the optimal
transmit-receive diversity technique in the sense that it maxi-
mizes the SNR [33]. Although MRC(rx)/MRT(tx) processing
is not optimal in presence of LI, it is favored in HD systems,
because of its ability to balance the performance and system
complexity.

With MRT processing, precoding vector is given by

wMRT
t =

h
†
ad

‖had‖
. The MRC processing combines all the signals

received from each antenna at the receive side of the AP.
Mathematically, the combining vector can be expressed as
w

MRC
r =

h
†
ua

‖hua‖
. Therefore, the corresponding SINRs for the

MRC(rx)/MRT(tx) scheme becomes

SINRa =
Puℓ(xu)‖hua‖2

Pa

‖h†
uaHaah

†
ad
‖2

‖huahad‖
+ σ2

n

, (8a)

SINRd =
Paℓ(xd)‖h†

ad
‖2

Pugudℓ(xu, xd) + σ2
n

. (8b)

We now proceed to derive the cdfs of the SINRs given
in (8a) and (8a) so that the spatial capacity can be evaluated
using (7).
Evaluation of Ra: In order to determine the cdf ofSINRa

in (8a) the distribution of the RV‖wMRC
r Haaw

MRT
t ‖2 =

‖h†
ua
Haah

†
ad
‖2

‖huahad‖
needs to be found. Note that the exact cdf

expression of this RV valid for anynd/nu is cumbersome
to obtain in closed-form. As such, we consider now several
cases as follows:

Case-1)nu = 1, nd ≥ 1: In this case the numerator in (8a)
reduces toPuℓ(xu)gua where gua , |hua|2 is an exponen-
tial distributed RV. Before proceeding, we need the cdf of
Pa‖haaw

MRT
t ‖2, which can be written as

Pa‖haaw
MRT

t ‖2 = Pa(haaw
MRT

t w
†MRT

t h
†
aa)

= Pa(haaΦtdiag{1, 0, · · · , 0}Φ†
th

†
aa)

= Pa|ĥaa,1|2, (9)

wherehaa ∈ C1×nd , Φt is an unitary matrix and̂haa = haaΦt.
In (9), the second equality is due to the eigen-decomposition6.
Let us denotegaa , |ĥaa,1|2. Since the elements ofhaa are
i.i.d. CN (0, σ2

aa) RVs,gaa is an exponential RV with parameter
σ2
aa. Therefore, the denominator in (8a) depends of the LI

channelhaa. On the contrary the numerator of (8a) only

6Note thatwt is and × 1 normalized column vector and has rank1.



depends on the UL user to AP link which is independent of the
LI channel. Hence, the numerator and the denominator in (8a)
are independent. Therefore theSINRa cdf can be written as

FSINRa
(z) = 1−Er,θ

{

Pr

(

gua≥
z

Puℓ(xu)
[Pagaa+σ

2
n]
∣
∣
∣gaa

)}

,

= 1−Er,θ







e−z
σ2n
Pu

(r2+d2−2rd cos θ)α/2

1+zPa

Pu
σ2
aa(r

2 + d2 − 2rd cos θ)α/2






. (10)

With the aid of the pdfs forr and θ in (1), we can express
FSINRa

(z) as

FSINRa
(z) = 1− λd (11)

×
∫ Rc

0

∫ 2π

0

re−λdπr
2

e−
zσ2n
Pu

(r2+d2−2rd cos θ)
α
2

1 + z Pa

Pu
σ2
aa(r

2 + d2 − 2rd cos θ)
α
2

dθdr.

By making the variable changeθ = arccos
(
r2+d2−y2

2rd

)

the
integrand of (11) forα = 2n, n = 1, 2, · · · can be written
asf(y) = 1

(1+z Pa

Pu
σ2
aa
yn)

√
y−(d−r)2

√
(d+r)2−y

. To proceed, we

convert the integral overy into a complex integral overZ.
By considering a positively oriented simple closed contour
C such thatf(Z) is analytic everywhere in the finite plane
except for a finite number of singular points interior toC
and using the fact

∫

C f(Z)dZ = 2πiResZ=0

[
1
Z2 f

(
1
Z

)]

whereResZ=Zk(·) represents the residue atZk, after some
manipulations, (11) can be expressed as

FSINRa
(γth)=1−λdπ

n∑

k=1

∫ Rc

0

re−λdπr
2

Res
Z=Zk

(f(Z))dr, (12)

whereResZ=Zk(f(Z)) = limZ→Zk(Z −Zk)f(Z) andZk =

(Pu

Pa

1
γthσ2

aa

)
1
n e−i

(2k+1)π
n . In general, the double integral in (12)

does not admit a simple analytical solution for an arbitrary
value ofα. However, the cdf can be straightforwardly evalu-
ated using numerical integration. By substituting (11) into (7),
after some manipulations, the exact average capacity of the
UL user can be written as

Ra =
λd
ln 2

∫ Rc

0

∫ 2π

0

re−λdπr
2

1− Pa

Pu
σ2
aa(r

2 + d2 − 2rd cos θ)α/2

×
(

e
σ2n
Paσ2aa E1

(

− σ2
n

Paσ2
aa

)

− e
σ2n
Pu

(r2+d2−2rd cos θ)α/2

×E1

(

−σ
2
n

Pu

(r2 + d2 − 2rd cos θ)α/2
))

dθdr. (13)

The following propositions characterizeRa for the
interference-limited scenario withσ2

n = 0 and the special cases
with7 α = 2 andα = 4.

Proposition 1. The spatial average rate of the UL user in
Case-1 forα = 2 is given by

Ra=
4

ln 2

Pu

σ2
aaPa

∞∑

k=0

(−1)k(2πλd)
k+1

Γ(k + 1)

∫ ∞

0

ck+
1
2

z(z + 1)

(
b−√

c̺

c−b2
)k+1

× F1

(

k + 1; k + 1, k + 1; k + 2;
b−√

c̺

b+
√
c
,
b−√

c̺

b−√
c

)

dz.

(14)

7Note thatα = 2 andα = 4 correspond to free space propagation and
typical rural areas, respectively, and constitute useful bounds for practical
propagation conditions

whereΓ(·) is the Gamma function [28, Eq. (8.310.1)]. More-

over, c =
(
Pu

Pa

1
zσ2

aa

+ d2
)2

, b = Pu

Pa

1
zσ2

aa

− d2, and ̺ =

(
√

R4
c + bR2

c + c−√
c)/R2

c .

Proof: To prove this proposition, the following lemma is
useful. The proof of Lemma 1 is presented in Appendix A.

Lemma 1. The cdf ofSINRa, for α = 2 is given by

FSINRa
(z) = 1−Pu

Pa

8πλd
zσ2

aa

∞∑

k=0

(−2πλdc)
k

Γ(k + 1)

√
c

(
b−√

c̺

c− b2

)k+1

× F1

(

k + 1; k + 1, k + 1; k + 2;
b−√

c̺

b+
√
c
,
b−√

c̺

b−√
c

)

. (15)

Next, by using Lemma 1, and plugging (15) into (7), after
some algebraic manipulation, the desired result in (14) canbe
obtained.

Before proceeding further, we present the following lemma,
which will be used to establish an upper bound on the
achievable rate of the UL user forα = 4.

Lemma 2. The cdf ofSINRa for α = 4 is lower bounded as

FSINRa
(z) > 1−

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 2)

× 2F1

(

1,
k+1

2
,
k+1

2
+ 1,−zσ2

aa

Pa

Pu

R4
c

)

. (16)

Proof: See Appendix B.

Proposition 2. For α = 4, the spatial average rate of the UL
user is upper bounded by

Ra <
1

2 log 2

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 1)

×G3 2
3 3

(

Pu

Pa

1

R4
cσ

2
aa

∣
∣
∣
∣

1, 1, 1 + k+1
2

1, 1, k+1
2

)

. (17)

Proof: By substituting the lower bound ofFSINRa
(·) from

Lemma 2 into (7), and applying the transformationy = 2t−1,
an upper bound for the average rate of the UL user can be
expressed as

Ra <
1

ln 2

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 2)

×
∫ ∞

0

1

y + 1
2F1

(

1,
k + 1

2
,
k + 1

2
+ 1,−Pa

Pu

R4
cσ

2
aay

)

dy,

︸ ︷︷ ︸

I1

where the integral,I1 can be expressed [34, Eq. (17)] in terms
of the tabulated Meijer G-function as

I1=
2

k + 1

∫ ∞

0

G11
11

(

y
∣
∣
∣
0

0

)

(18)

×G12
22

(

Pa

Pu

R4
cσ

2
aay
∣
∣
∣
0, 1− k+1

2

0,−k+1
2

)

dy.

The above integral can be solved with the help of [34, Eq. (21)]
and [35, Eq. (8.2.2.14)] to yield the desired result in (17).

Note that the Meijer G-function is available as a built-in
function in many mathematical software packages, such as
Maple and Mathematica.



Case-2)nd = 1, nu > 1: In this case, the cdf ofSINRa can
be expressed as

FSINRa
(z) = Er,θ

{

Pr

(
γua

γaa + σ2
n

≤ z

)}

(19)

= 1− Er,θ

{∫ ∞

0

Fγaa

(x

z

)

fγua(z + x)dx

}

,

whereγua = Puℓ(xu) ‖ hua ‖2 andγaa = Pa

‖h†
ua
haah

†
ad
‖2

‖huahad‖
with

haa ∈ Cnu×1. Moreover,Fγaa(·) andfγua(·) denote the cdf and
the pdf of theγaa andγua, respectively. In the sequel, we first
derive the expressions forFγaa(·) and fγua(·), then use these
expressions to derive theFSINRa

(z).
It is easy to show thatγua follows central chi-square

distribution with2nu degrees-of-freedom8 whose pdf is given
by [36]

fγua(x) =
xnu−1

(Puℓ(xu))nuΓ(nu)
e−

x
Puℓ(xu) . (20)

Before deriving the cdf ofγaa, we first note thatγaa can be
written as

γaa = Pa(w
†MRC

r haah
†
aaw

MRC

r ),

= Pa(w
†MRC

r Udiag{λmax, 0, · · · , 0}U†
w

MRC

r ),

=
|hua,1|2

∑nu

i=1 |hua,i|2
Paλmax,

, Y Z, (21)

whereU is unitary matrix,Y =
|hua,1|

2

∑nu

i=1 |hua,i|2
, Z = Paλmax,

and λmax is the largest eigenvalue of the Wishart matrix
haah

†
aa. Here, the second equality is due to the eigen-

decomposition. It is well known thatλmax ∼ χ2
2nu

[37] andY
follows a beta distribution with shape parameters1 andnu−1,
which is denoted asY ∼ Beta(1, nu − 1) [36]. Accordingly,
the cdf ofγaa, can be found as

Fγaa(w) = Pr(Y Z < w),

=

∫ 1

0

FZ

(
w

y

)

fY (y)dy,

(a)
=

1

Γ(nu − 1)

∫ ∞

1

x−nu(x − 1)nu−2γ

(

nu,
σ2
aa

Pa

wx

)

dx,

(b)
=

1

Γ(nu − 1)

∫ ∞

1

x−nu(x− 1)nu−2G11
12

(
σ2
aa

Pa

wx
∣
∣
∣

1

nu, 0

)

dx,

(c)
= G21

23

(
σ2
aa

Pa

w
∣
∣
∣

1, nu

1, nu, 0

)

, (22)

whereγ(·, ·) is the lower incomplete Gamma function defined
by [28, Eq. (8.350.1)]. In (22), the equality (a) follows by
substituting x = 1/y, (b) is obtained by expressing the
functionγ(·, ·) in terms of Meijer G-function according to [35,
Eq. (8.4.16.1)], and (c) follows with the help of [28, Eq.
(7.811.3)].

Remark 1. For nu = 1, using the equality [35, Eq. (8.2.2.18)]
and applying [35, Eq. (8.4.3.4)], the cdf in(22) leads to
a closed-form result for the cdf of the exponential RV with
parameterσ2

aa/Pa, which confirms our analysis.

8In what follows, we will use the notationx ∼ χ2
2K to denotex that is

chi-square distributed with2K degrees-of-freedom.

Now, by substituting (20) and (22) into (19), we have

FSINRa
(z) =1− 1

Γ(nu)P
nu

u

Er,θ

{
1

(ℓ(xu))nu

∫ ∞

0

(x+z)nu−1

×e−
x+z

Puℓ(xu)G21
23

(
x

z

1

Pa

∣
∣
∣

1, nu

1, nu, 0

)

dx

}

. (23)

Evaluation of (23) is difficult. In order to circumvent this
challenge, a common approach adopted in the performance
analysis literature is to neglect the AWGN term. Therefore,
by using [35, Eq. (2.24.3.1)] (23) can be evaluated as

FSINRa
(z) = 1− 1

Γ(nu)P
nu

u

Er,θ

{
1

(ℓ(xu))nu

∫ ∞

0

xnu−1

×e− x
Puℓ(xu)G21

23

(
x

z

1

Pa

∣
∣
∣

1, nu

1, nu, 0

)

dx

}

= 1− 1

Γ(nu)
Er,θ

{

G22
33

(
Pu

Pa

ℓ(xu)

z

∣
∣
∣
1− nu, 1, nu

1, nu, 0

)}

= 1− λd
Γ(nu)

∫ Rc

0

∫ 2π

0

re−λdπr
2

×G22
33

(
Pu

Pa

ℓ(xu)

z

∣
∣
∣
1− nu, 1, nu

1, nu, 0

)

dθdr. (24)

Proposition 3. The average rate of the UL user in the
interference-limited case can be expressed as

Ra =
λd

Γ(nu)

∫ ∞

0

∫ Rc

0

∫ 2π

0

re−λdπr
2

(25)

×G22
33

(
Pu

Pa

1

ǫt
(r2 + d2 − 2rd cos θ)

α
2

∣
∣
∣
1− nu, 1, nu

1, nu, 0

)

dθdrdt.

Proof: The proof is straightforward and follows from the
definition ofRa.

Evaluation of Rd: In order to derive a general expression
for the Rd, according to (7), we need to obtain the cdf of
SINRd in (8b), which can be written as

FSINRd
(z) = 1− EId,u

{
Pr
(
Pa‖had‖2r−α ≥ z(Id,u + σ2

n)
) ∣
∣r
}
,

= 1−EId,u

{

1− 1

Γ(nd)
γ

(

nd,
z

Pa

rα
(
Id,u+σ

2
n

)
)
∣
∣r

}

, (26)

whereId,u = Pugudℓ(xu, xd). Note that in our system model
the randomness of theId,u is due to the fading power envelope
gud. As such,FSINRd

(z) can be re-expressed as

FSINRd
(z) =

1

Γ(nd)
(27)

× Er

{∫ ∞

0

γ

(

nd,
z

Pa

rα
(
Puxd

−α + σ2
n

)
)

e−xdx

}

.

Plugging (27) into (7) and using the identity [28, Eq.
(8.356.3)], exact average rate of the DL user can be written
as

Rd =
2πλd
Γ(nd)

∫ ∞

0

∫ Rc

0

∫ ∞

0

rΓ

(

nd,
ǫt
Pa

rα
(
Puxd

−α + σ2
n

)
)

× e−xe−λdπr
2

dxdrdt, (28)

whereΓ(·, ·) is upper incomplete Gamma function [28, Eq.
(8.350.2)]. Moreover, forσ2

n = 0 (interference-limited case),
using the cdf provided in the following lemma, Proposition 4
presents the average rate of the DL user.



Lemma 3. The cdf ofSINRd, can be expressed as

FSINRd
(z) =

2

α

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 1)
(29)

×G1,2
2,2

((
Rc
d

)α
Pu

Pa

z
∣
∣
∣

nd, 1− 2(k+1)
α

1,− 2(k+1)
α

)

.

Proof: For σ2
n = 0, with the help of [28, Eq.

(6.451.1)], (27) can be written as

FSINRd
(z)=2πλd

∫ Rc

0

re−λdπr
2

(

1+
1

(
r
d

)α Pu

Pa
z

)−nd

dr. (30)

Using the McLaurin series representation of the exponential
function and expressing(1 + [

(
r
d

)α Pu

Pa
z]−1)−nd as Meijer G-

function with [34, Eq. (10)] and [35, Eq. (8.2.2.14)], we can
write

FSINRd
(z) = 2

∞∑

k=0

(−1)k(λdπ)
k+1

Γ(k + 1)
(31)

×
∫ Rc

0

r2k+1G11
11

(( r

d

)α Pu

Pa

z
∣
∣
∣
nd

1

)

dr.

Now, using [34, Eq. (26)] the desired result in (29) is obtained.

In order to gain more insight into the system parameters, we
study the special case ofα = 2 which allows a closed-form
solution, given by

FSINRd
(z) = Γ(nd + 1)Ψ

(

nd, 0,
Pa

Pu

d2

z
λdπ

)

,

where Ψ(a, b, z) is the Tricomi confluent hypergeometric
function defined in [28, Eq. (9.211.4)]. By using the fact
that Ψ(a, 0, z) ≃ 1/Γ(1 + a), for small values ofz, we get
FSINRd

(z) = 1. This result is intuitive, since it indicates that
the DL transmissions are in outage, when the UL user transmit
power cause overwhelming internode interference at the DL
user (i.e.,Pa

Pu
→ 0) or/and internode distance is significantly

decreased (i.e.,d→ 0).

Proposition 4. The average rate of the DL user in the
interference-limited case can be expressed as

Rd =
2

α ln 2

(
Rc
d

)α
Pu

Pa

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 1)

×G34
55

((
Rc
d

)α
Pu

Pa

∣
∣
∣

0, nd, 1− 2(k+1)
α ,−1, 0

1,−1,−1,− 2(k+1)
α , 1

)

. (32)

Proof: The achievable rateRd can be written as

Rd =

∫ ∞

0

log(1 + z)fSINRd
(z)dz, (33)

wherefSINRd
(z) denotes the pdf of theSINRd in (8b). Taking

the first order derivative of (29) with respect toz, using the
expression for the derivative of the Meijer G-function, given
in [35, Eq. (8.2.2.32)], the pdf ofSINRd can be obtained. By
plugging the result into (33) we get

Rd =
2

α ln 2

(
Rc
d

)α
Pu

Pa

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 1)
I2(z),

where

I2(z) =
∫ ∞

0

z−1 ln(1 + z)

×G1,3
3,3

((
Rc
d

)α
Pu

Pa

z
∣
∣
∣

0, nd, 1− 2(k+1)
α

1,− 2(k+1)
α , 1

)

dz.

The above integral can be evaluated by expressingln(·) in
terms of a Meijer G-function [35, Eq. (8.4.6.5)] and then
using [34, Eq. (21)] to yield (32).

Remark 2. Rd is a monotonically increasing function of
nd. This can be explained by first noting thatQ(a, x) =
Γ(a, x)/Γ(a) is a decreasing function ofx, whose range is
from 1 (at x = 0) to 0 (at x → ∞). Also, it can be readily
checked thatQ(a, x) = Q(a+1, x)− e−xxa/Γ(a+ 1) which
results inQ(a+ 1, x) > Q(a, x) for x > 0. Combining these
results together with the fact thatQ(a, x) has only one turning
point atx = a− 1, we conclude that the area under the curve
of Q(a, x) is increased whena is increased.

It is worth noting that for the special case ofnd = 1, the
numerator in (8b) becomes exponentially distributed. Hence,
by using the similar approach as in the proof of Lemma 2, the
cdf of SINRd can be written as

FSINRd
(z) = 1−

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 2)

× 2F1

(

1,
2(k + 1)

α
,
2(k + 1)

α
+ 1,−z Pu

Pa

(
Rc
d

)α)

. (34)

Accordingly, substituting (34) into (7), we can compute the
average rate of the DL user, using the following Corollary.

Corollary 4. For the special case ofnd = 1, the spatial
average rate of the DL user in the interference-limited case
can be expressed as

Rd =
α

2

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

(k + 1)Γ(k + 2)

×G3 2
3 3

(

Pa

Pu

(
d

Rc

)α ∣
∣
∣
∣

1, 1, 1 + 2(k+1)
α

1, 1 + 2(k+1)
α , 1

)

. (35)

Proof: The proof, similar toProposition 2and is omitted.

Outage probability: As a byproduct of our analysis, the outage
probability can be evaluated. The outage probability is an
important quality-of-service metric defined as the probability
that SINRi, i ∈ {a, d}, drops below an acceptable SINR
threshold,γth. Mathematically, the outage probability can be
obtained by evaluating the cdf of the received SINR atγth.
The following corollaries establish the UL and DL user outage
probability valid in the interference-limited case (i.e.,σ2

n = 0).

Corollary 5. For the MRC(rx)/MRT(tx) scheme with (nu = 1,
nd ≥ 1), the UL user outage probability withα = 2 is given
by substitutingz = γth into (15). Moreover, forα = 4, the
outage probability is lower bounded by substitutingz = γth
into (16).

Corollary 6. The DL user outage probability is given by
substitutingz = γth into (29).



The MRC(rx)/MRT(tx) scheme does not take into account
the impact of the LI. Therefore, the system performance
suffers under the impact of strong LI. Motivated by this,
we now study the performance of more sophisticated linear
combining schemes with superior LI suppression capability,
namely the MRC(rx)/ZF(tx) and ZF(rx)/MRT(tx) schemes.

B. MRC(rx)/ZF(tx) Scheme

In the MRC(rx)/ZF(tx) scheme the AP takes advantage of
the available multiple transmit antennas to completely cancel
the LI. To ensure this is possible, the number of the transmit
antennas at AP should be greater than one, i.e.,nd > 1.

With wMRC
r =

h
†
ua

‖hua‖
, the optimal combining vectorwt,

which maximizes achievable UL and DL sum rate, should be
the solution to the following maximization problem

max
wt

RFD

sum = log

(

1 +
Puℓ(xu)

σ2
n

‖hua‖2
)

+ log

(

1 +
Paℓ(xd)‖hadwt‖2
Pugudℓ(xu, xd) + σ2

n

)

s.t. ‖wMRC

r Haawt‖2 = 0, ‖wt‖2 = 1, (36)

which can be further simplified as

max
wt

‖hadwt‖2 (37)

s.t. ‖wMRC

r Haawt‖2 = 0, ‖wt‖2 = 1.

The solution is such that the vectorwt is in the orthogonal
complement space ofwMRC

r Haa. The orthogonal projection
onto the orthogonal complement of the column space of
wMRC
r Haa is given by [38]

Π⊥
H

†
aaw

†MRC
r

= Ind
−H

†
aaw

†MRC

r

×
(
w

MRC

r HaaH
†
aaw

†MRC

r

)−1
w

MRC

r Haa. (38)

Therefore, the optimal solution of (37) is given by

w
ZF

t =
Π⊥

wrHaa
h
†
ad

‖Π⊥
wrHaa

h
†
ad
‖
. (39)

Having obtained the ZF precoder with MRC processing, the
received SINR at the AP and DL user can be obtained as

SINRa =
Puℓ(xu)

σ2
n

‖hua‖2, (40a)

SINRd =
Paℓ(xd)‖Π⊥

wrHaa
h
†
ad
‖2

Pugudℓ(xu, xd) + σ2
n

. (40b)

Based on (7), in order to study the achievable sum rate of
the UL and DL we investigate the cdf ofSINRa andSINRd,
respectively. Since‖hua‖2 ∼ χ2

2nu
, we have

FSINRa
(z) = 1− λd

Γ(nu)

∫ Rc

0

∫ 2π

0

re−λdπr
2

(41)

× Γ

(

nu, z
σ2
n

Pu

(r2 + d2 − 2rd cos θ)
α
2

)

dθdr,

which does not yield a closed-form solution, but can be
evaluated numerically.

Next, we derive the cdf ofSINRd. For this purpose, let us
first characterize‖Π⊥

wrHaa
h
†
ad
‖2 = (hadΠ

⊥
wrHaa

Π†⊥
wrHaa

h
†
ad
)

which can be written as

‖Π⊥
wrHaa

h
†
ad
‖2 =

(
had

(
Ind

−H
†
aaw

†MRC

r

×
(
w

MRC

r HaaH
†
aaw

†MRC

r

)−1
w

MRC

r Haa

)

h
†
ad

)

=
(

hadΨt (Ind
− diag{1, 0, · · · , 0})Ψ†

th
†
ad

)

=
(

ĥaddiag{0, 1, · · · , 1}ĥ†
au

)

,

= ‖h̃ad‖2, (42)

where Ψt is an unitary matrix,ĥad = Ψthad and h̃ad

is a (nd − 1) × 1 vector. Note that in (42) the first
equality holds becauseΠ⊥

wrHaa
is idempotent and the

second equality is due to the eigen-decomposition. Hence,
‖Π⊥

wrHaa
hua‖2 ∼ χ2

2(nd−1). By comparing (40b) and (8b) one
can readily check that by replacingnd with nd − 1 in (29),
the SINRd cdf, for the MRC(rx)/ZF(tx) scheme, is obtained.

Evaluation of Ra: By substituting (41) into (7) the
spatial average rate of the UL user can be written as

Ra =
λd

Γ(nu)

∫ ∞

0

∫ Rc

0

∫ 2π

0

re−λdπr
2

× Γ

(

nu, ǫt
σ2
n

Pu

(r2 + d2 − 2rd cos θ)
α
2

)

dθdrdt. (43)

Evaluation of Rd: Since the cdf of the received SINR
at the DL user with the MRC(rx)/ZF(tx) scheme can be
extracted from Proposition 4. Therefore, the average rate of
the DL user under interference-limited case can be readily
obtained by replacingnd with nd − 1 in (32) to yield

Rd =
2

α ln 2

(
Rc
d

)α
Pu

Pa

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 1)
(44)

×G34
55

((
Rc
d

)α
Pu

Pa

∣
∣
∣

0, nd − 1, 1− 2(k+1)
α ,−1, 0

1,−1,−1,− 2(k+1)
α , 1

)

.

Remark 2 indicates that DL transmission of MRC(rx)/ZF(tx)

scheme exhibits an inferior performance compared to the
MRC(rx)/MRT(tx) scheme in terms of both outage probability
and average rate of the DL user. This is intuitive, since
the MRC(rx)/MRT(tx) allocates one degree-of-freedom for LI
cancellation at the transmit side of the AP.

C. ZF(rx)/MRT(tx) Scheme

As an alternative scheme we consider MRT withw
MRT
t =

h
†
ad

‖had‖
is used for transmit and optimizewr based on the ZF

criterion. Note that to ensure that ZF can completely null the
LI, the AP should equipped withnu > 1 receive antennas. In
this case, the received SINR at the DL user is given by (8b).
Furthermore, it is easy to show thatSINRa cdf can be obtained
as (41) by replacingnu with nu − 1. The achievable UL and
DL average sum rate can be easily derived as in the case of the
MRC(rx)/ZF(tx) scheme and is omitted for the sake of brevity.

D. Optimal Solution With the Optimal Linear Receiver

In this subsection, our main objective is to jointly design
transmit and receive precoders so that the system achievable



sum rate is maximized. Specifically, the general sum rate
maximization problem can be formulated as

max
wr ,wt

RFD

sum = log2
(
1 + a1‖hadwt‖2

)

+ log2

(

1 +
a2‖wrhua‖2

Pa‖wrHaawt‖2 + a3

)

s.t. ‖wt‖2 = 1, ‖wr‖2 = 1, (45)

wherea1 = Paℓ(xd)
Pugudℓ(xu,xd)+σ2

n
, a2 = Puℓ(xu), anda3 = σ2

n.

In order to solve the problem (45), we first fixwt and
optimizewr to maximize the achievable sum rate. Note that
givenwt, wr only influence the achievable UL rate. Therefore,
the optimization problem can be re-formulated as

max
wr

Ra = log2

(

1 +
a2wrhuah

†
uaw

†
r

wr(PaHaawtw
†
tH

†
aa + a3I)w

†
r

)

s.t. ‖wr‖2 = 1. (46)

Since logarithm is a monotonically increasing function, we
may equivalently solve,

max
wr

wrhuah
†
uaw

†
r

wr(PaHaawtw
†
tH

†
aa + a3I)w

†
r

(47)

s.t. ‖wr‖2 = 1,

which is a generalized Rayleigh ratio problem. It is well known
that the objective function in (46) is globally maximized when
wr is chosen as [38]

wr =
h†
ua(PaHaawtw

†
tH

†
aa + a3I)

−1

∥
∥
∥h

†
ua(PaHaawtw

†
tH

†
aa + a3I)−1

∥
∥
∥

. (48)

Accordingly, the maximum UL achievable rate can be ex-
pressed as

Rmax

a = log2

(

1 + a2h
†
ua

(

PaHaawtw
†
tH

†
aa + a3I

)−1

hua

)

,

= log2

(

1+a2h
†
ua

(

I

a3
− (

√
PaHaawt)(

√
PaHaawt)

†

a23 + a3Paw
†
tH

†
aaHaawt

)

hua

)

,

= log2

(

1+
a2
a3

‖hua‖2 −
a2
a3

Pa‖h†
uaHaawt‖2

a3 + Paw
†
tH

†
aaHaawt

)

, (49)

where the second equality is obtained by using the Sherman
Morrison formula(A+uv

†)−1 = A
−1−(A−1

uv
†
A

−1)/(1+
v†A−1u) with A = I andu = v =

√
PaHaawt. Therefore,

the optimization problem in (45) is re-formulated as

max
wt

RFD

sum = log2
(
1 + a1‖hadwt‖2

)

+ log2

(

1 +
a2
a3

(

‖hua‖2 −
Pa‖h†

uaHaawt‖2
a3 + Paw

†
tH

†
aaHaawt

))

s.t. ‖wt‖2 = 1, (50)

which is still difficult to solve. Therefore, instead of solv-
ing it directly, we introduce an auxiliary variablet =
Pa‖h

†
ua
Haawt‖

2

a3+Paw
†
tH

†
aaHaawt

. Then, assumingt is known, we solve the
optimization (50) as

max
wt

‖hadwt‖2 (51)

s.t.
Pa‖h†

uaHaawt‖2
a3 + Paw

†
tH

†
aaHaawt

= t, ‖wt‖2 = 1.

This is a nonconvex quadratic optimization problem with
quadratic equality constraint and difficult to solve. To solve
the problem in (51), we apply a similar approach as in [16]
to convert the optimization problem (51) to

max
wt

trace(hadW̃th
†
ad
) (52)

s.t. trace(W̃t(H
†
aahuah

†
uaHaa − tH†

aaHaa)) =
a3
Pa

t,

W̃t � 0, trace(W̃t) = 1, rank(W̃t) = 1,

where W̃t = wtw
†
t is a symmetric, positive semi-definite

(PSD) matrix. Note that (52) is still nonconvex due to the rank-
1 constraint. But we can resort to widely used semidefinite
relaxation (SDR) technique to solve it. In SDR, the rank-1
constraint is first dropped and the resulting problem becomes
a semidefinite programming (SDP), whose solutionW̃

†
t can

be found by using the method provided in [16, Appendix B]
or by using appropriate solvers e.g., Gurobi. OnceW̃

†
t is

obtained, we can check if it satisfies the rank-1 constraint.
Note that, in [16, Appendix B], it has been shown that the
optimal solution is rank-1 and hence (52) and its SDR are
equivalent. Therefore, the optimalw†

t of (51) can be extracted
from W̃ ⋆

t . Denoting the optimal objective value of (52) as
h(t), the achievable sum rate maximization problem can be
formulated as

max
t≥0

RFD

sum(t) = log2

(

(1+a1h(t))

(

1 +
a2
a3

(
‖hua‖2−t

)
))

.

(53)

Therefore, in order to solve (45), it remains to perform a one-
dimensional optimization with respect to the variablet.

E. Comparison of the Proposed Schemes

Here, we provide a brief discussion on the implementa-
tion complexity of the four proposed schemes, in terms of
the amount of channel state information (CSI) required for
their operation and computational complexity. In practice, the
acquisition of CSI involves additional signaling overheadfor
channel estimation, which must be considered in the design
of wireless systems. On the other hand, if a large amount of
CSI is available at the transmitting node, more sophisticated
transmission schemes could be designed to improve the trans-
mission efficiency and to achieve a better performance. The
MRC(rx)/MRT(tx) scheme has the lowest CSI requirement of
the four, since it only needs the CSI knowledge of the UL and
DL channels. On the other hand, the remaining three schemes
additionally require the CSI knowledge of the LI channel.
The computational complexity of the optimal solution is much
higher than the other three methods as it involves inversionof
the (high-dimension) matrices and solving a SDP problem.
Since one-dimensional optimization alongt is required, (52)
needs to be solvedN times, whereN is the number of
quantization point ont if an exhaustive search alongt is
performed. Then with eacht, solving (52) requires running
time ofO(n4.5

d
) [39], wherend is the length ofwt. Therefore,

the total running time isO(Nn4.5
d

).



IV. BASELINES FOR COMPARISON

In this section, in order to obtain more insight, and support
our average sum rate results, we derive a tight upper bound
for the UL and DL average sum rate in case ofnd = nd = 1.
Moreover, we consider the sum rate of the MRC(rx)/MRT(tx)

scheme with large receive antennas due to the recent interest
on massive MIMO technology with low complexity linear
combining. We also investigate the average sum rates due
to the HD mode of operation as a baseline reference for
comparison with the FD counterpart.

A. Dual-Antenna AP

Consider the special case ofnu = nd = 1. In order to
facilitate a closed-form analysis, we neglect the effect ofLI
at the AP and internode interference at the DL user. The cdf
of the SNRa for α = 2 can be derived as

FSNRa
(z) = 1−

(

1 +
z

ψu

)−1

e
−
λdπd

2

1+
ψu
z , (54)

whereψu =
Pu

σ2
n
λdπ. Therefore, by using (7), an upper bound

on the average rate of the UL user is

Ra ≤
1

ln 2

(
1

ψu

− 1

)−1

e−
λdπd

2

ψu

×
(

E1

(
λdπd

2

1− ψu

)

− E1

(
ψuλdπd

2

1− ψu

))

. (55)

Similarly, by neglecting the termPugudℓ(xu, xd) in (3), a
valid assumption forPud

−α ≪ 1, we obtain

FSNRd
(z) =







1−
(

1 + zλdπ
ψd

)−1

α = 2,

1−
√

ψd

2z e
ψd
8zD−1

(√
ψd

2z

)

α = 4,
(56)

whereψd = Pa

σ2
n
(λdπ)

2. Hence, the UL user average rate is
upper bounded as

Rd ≤ 1

ln 2







(
λdπ
ψd

− 1
)−1

log
(
λdπ
ψd

)

α = 2,

∫∞

0
1
z+1

√
ψd

2z e
ψd
8zD−1

(√
ψd

2z

)

dz α = 4.

(57)

It is worthwhile to point out that the corresponding outage
probability of the UL and DL transmission withnu = nd = 1
can be determined by substitutingz = γth into (54) and (56),
respectively.

B. MRC(rx)/MRT(tx) Scheme With a Large Receive Antenna
Array

In the MRC(rx)/MRT(tx) scheme LI plays a major role to
limit the performance. Motivated by this and the developments
in the area of massive MIMO [40], we now consider the case
of large receive array as a simple way of removing the effect
of LI [13]. It is interesting to observe that for any finitend, as
nu grows large, the channel vectors of the desired signal and
the LI become nearly orthogonal. Therefore, the MRC receiver
can act as an orthogonal projection of the LI [13]. Note that
from (5), the received SINR at the AP can be written as

SINRa =
Puℓ(xu)‖wrhua‖2

Pa

∑nd

i=1 ‖wMRC
r hai‖2wti + σ2

n‖wr‖2
. (58)

where hai is the ith column of Haa (i.e., Haa =
[ha1,ha2, · · · ,hand

]) andwti is the ith element ofwt. Then
from the law of large numbers for the asymptotic largenu

regime, we have
1

nu

h
†
uahai

a.s.−−→ 0, asnu → ∞, (59)

where
a.s.−−→ denotes the almost sure convergence. As a result,

the LI can be reduced significantly by scaling the AP transmit
power with nu together with the MRC receiver. Hence, the
average sum rate for the MRC(rx)/MRT(tx) scheme with
asymptotic largenu regime can be expressed as

R̃FD

sum =E

{

log2

(

1 +
Paℓ(xd)‖had‖2

nu(Pugudℓ(xu, xd) + σ2
n)

)}

+ E

{

log2

(

1 +
Puℓ(xu)

σ2
n

‖hua‖2
)}

, (60)

where (32) (after replacingPa with Pa/nu) provides an
expression for the first expectation term in the interference-
limited case. Moreover, the right hand side expectation term
is given by (43).

C. Half-Duplex Mode

In this subsection, we compare the performance of the HD
and FD modes of operation at the AP. In the HD mode of
operation, AP employs orthogonal time slots to serve the UL
and DL user, respectively. In order to keep our comparisons
fair, we consider“antenna conserved”(AC) and “RF-chain
conserved”(RC) scenarios which are adopted in the existing
literature [7]. Under AC condition, the total number of an-
tennas used by the HD AP and FD AP are kept identical.
However, the number of RF chains employed by the HD
AP is higher than that of the FD AP [7] and hence former
system would be a costly option. Under RC condition, the total
number RF chains used HD and FD modes are kept identical.
Therefore, in DL (or UL) transmission, the HD AP only uses
nd (or nu) antennas under the RC condition, while it uses
nd + nu antennas under the AC condition.

The average sum rate under the RC condition, using the
weight vectorwMRC

r =
h

†
ua

‖hua‖
for the MRC receiver, and the

MRT precoding vectorwMRT
t =

h
†
ad

‖had‖
can be expressed as

RHD−RC

sum =δE
{
log2

(
1 +snrd,RCℓ(xd)‖had‖2

)}

+(1−δ)E
{
log2

(
1 +snru,RCℓ(xu)‖hua‖2

)}
, (61)

whereδ (0 < δ < 1) is a fraction of the time slot duration
of T , used for DL transmission,snrd,RC = PHD−RC

a /σ2
n, and

snru,RC = PHD−RC
u /σ2

n, wherePHD−RC
a andPHD−RC

u are the
transmit power of the AP and UL user, respectively, in the
HD-RC mode.

Under the AC condition, the average achievable rate can be
expressed as

RHD−AC

sum =δE
{
log2

(
1 + snrd,ACℓ(xd)‖had‖2

)}
(62)

+ (1− δ)E
{
log2

(
1 +snru,ACℓ(xu)‖hua‖2

)}
,

where snrd,AC = PHD−AC
a /σ2

n, and snru,AC = PHD−AC
u /σ2

n,
wherePHD−AC

a andPHD−AC
u are the transmit power at the AP

and UL user, respectively.
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Using (43) with change of variables, the second expectation
of (61) and (62) can be obtained. Moreover, after some
algebraic derivations, we get

E
{
log2

(
1 + snrd,iℓ(xd)‖had‖2

)}
=

2

α ln 2

1

Γ(nt)
×

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

Γ(k + 1)
G32

34

(

σ2
n

PHD−i
a

Rαc

∣
∣
∣

1− 2(k+1)
α , 0, 1

0, nt, 0,− 2(k+1)
α

)

,

(63)

wherei ∈ {RC,AC} and under RC and AC conditionsnt = nd

andnt = nd + nu, respectively.
We end this section with the following remarks. In general,

the corresponding SNRs for DL and UL transmissions in HD
mode are larger than those of in FD mode. However, although
HD mode does not induce LI and internode interference, it
imposes a pre-log factorδ on the spectral efficiency. Since,
most of the results contain Meijer G-functions, a direct com-
parison of the average sum rate of the FD and HD modes is
challenging. Nevertheless, let us consider the achievablerate
region of both FD and HD modes. The rate region frontiers
can be found by sweepingδ over the full range of[0, 1],
while total energy of the AP and UL user for FD and HD
modes are the same. From (61) and (62) we observe that the
achievable rate region of the HD mode is a linear decreasing
function ofδ. On the other hand, by modeling the FD network
as a two-user interference channel as in [41], frontier of the
achievable rate region ofRa andRd (defined in (6)) through
the power levels ofδPa and(1−δ)Pu, are convex (concave in
case of MRC(rx)/MRT(tx) scheme with high LI strength) [41]
with the same extremity points in the frontiers as HD system.
This observation indicates that with the ideal choice of the
linear processing scheme as well as the time fraction, the
potential gains of the FD mode over the HD mode can be
always exploited.

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we evaluate the system performance and
elucidate the effect of system parameters on achievable UL
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Fig. 3. Average sum rate versusσ2
aa. δ is adjusted to support the same

amount of traffic for both DL and UL users (nd = nu = 3).

and DL average sum rate. Specifically, we compare the per-
formance of different precoding schemes investigated in Sec-
tion III in terms of the achievable sum rate. Unless otherwise
stated, the value of network parameters are:α = 2, Rc = 200
m, andλd = 1 × 10−3 node/m2. The state-of-the-art work
has demonstrated that LI can be significantly suppressed viaa
combination of various analog and digital techniques [5]. As
such, the typical values of0.01 (−20 dB) and0.1 (−10 dB) for
σ2
aa, are used in the simulations. Moreover, with curves shown

in Figs. 5-9, we assume that the total power of the AP and UL
user for FD and HD modes are the same. The curves in Figs.
2-9 were plotted using the developed analytical expressions
in Section III except in the cases for MRC(rx)/ZF(tx) (with
nd, nu > 1) and optimal where we have used simulations.

A. Effect of Resource Allocation

In Fig. 2 we compare the UL and DL average sum rate
as a function ofδ for the FD and HD modes of operation
and for two different values ofσaa. Here, nd = nu = 1
is used for FD operation and also the MRC(rx)/MRT(tx)

scheme is studied for the HD-AC mode. The total energy
consumption for both the FD and HD modes is the same and
we plot the UL and DL average sum rate for two different
power constraints(Pa, Pu) = (25 dB, 25 dB) (symmetric)
and (Pa, Pu) = (25 dB, 12 dB) (asymmetric), respectively. In
particular, numerical results lead to the following conclusions:
1) As expected, the UL and DL average sum rate under the
RC condition is worse than those of other cases.2) In the
asymmetric case, FD operation outperforms HD within the
practical range ofδ. However, in the symmetric case, HD-AC
condition achieves the best performance even forσaa = 0.01.
3) It is clear that the symmetric case is more vulnerable to the
strength of the LI.

In Fig. 3, we plot the UL and DL average sum rate of the
FD and conventional HD system versus self LI channel gain
σ2
aa for nd = nu = 3 and d = 25 m. In order to guarantee

the fairness of DL and UL users,δ is numerically adjusted
to support the same amount of traffic for both DL and UL
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users, while the average sum rate is maximized9. Fig. 3 depicts
that with appropriate choice ofδ, the FD mode outperforms
its HD counterpart as long as the LI is sufficiently canceled.
Note that in case of MRC(rx)/MRT(tx), δ is decreased asσ2

aa is
increased, while in other casesδ is constant. This is intuitive,
since the uplink average rate is degraded when the LI strength
is intensified. Therefore, to guarantee the fairnessδ must be
decreased which lowers the residual LI power at AP (i.e.,
δPa‖wrHaawt‖2) and consequently increases the SINR.

Fig. 4 shows the UL and DL average sum rate versusPa for
the nearest DL user (to the AP) and UL user fornd = nu = 1,
σ2
aa = 0.1 andd = 25 m. The UL and DL average sum rate of

the RUS scheme is also included as a benchmark comparison.
Moreover, the upper bound is plotted using (55) and (57)
with Pu = 10 dB for the nearest UL user and the DL user,
respectively. We see that the analytical bound provides a very
tight bound on the UL and DL average sum rate. Furthermore,
as expected, we see that the nearest user selection (NUS)
scheme outperforms the RUS scheme.

B. Effect of Internode Interference and LI

We investigate the impact of internode interference and LI
on the average sum rate of the system taking into account two
scenarios based ond andσ2

aa as follows: First, the internode
distance is increased, while the LI power level is kept constant
at −20 dB (σ2

aa = 0.01). Fig. 5 plots the average sum rate
against distanced between the UL and DL user achieved by
the FD and HD modes of operation and for different precoding
schemes. Here,nd = nu = 5 antennas are deployed at AP
and two different power constraint are considered. Resultsnot
shown here for HD-RC showed an inferior performance as
compared to the HD-AC case.

• It can be seen that for larged, the average sum rate of
the FD mode is higher than that of the HD mode. The
effect of larged on the sum rate is visible as the internode

9Please note that, in order to strike a balance between maximizing the
system average sum rate and maintaining fairness among users, the idea
of proportional fair scheduling can also be applied to our framework. We
postpone this problem to our future work.
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interference effect becomes weak a performance gain of
up to twice (forσ2

aa = 0) that of the HD mode can be
obtained.

• Observe that there clearly is an optimal location for UL
user placement around its corresponding DL user for
maximizing the sum rate of each precoding design at FD
mode of operation. At this optimal point, both DL and UL
transmission are fairly supported by the AP, whereas the
internode interference is not overwhelming. Nevertheless,
in the case of the MRC(rx)/MRT(tx) scheme, under the
symmetric power constraint the HD mode outperforms
the FD mode at this optimum location.

• We observe that FD transmission with the
MRC(rx)/ZF(tx) scheme can significantly increase
the achievable UL and DL sum rate. However, asd
increases, the curves for the FD mode intersect and the
MRC(rx)/MRT(tx) scheme surpasses the MRC(rx)/ZF(tx)

scheme. This trend can be justified by noting that the
effect of DL transmission for this simulation setup is
more dominant than the UL transmission. We recall
that whend is increased orPu is decreased (i.e., the
asymmetric power constraint case)SINRa is degraded
for both the MRC(rx)/MRT(tx) and MRC(rx)/ZF(tx)

precoding schemes. On the other hand, since the MRT
precoder is optimal in sense of maximizing theSINRd,
it is not surprising that MRT precoder attains a better
performance than that of the ZF.

Next, we fix the distance between the UL and DL users
to be d = 25 m and let the LI power increase from−30
dB to 20 dB. In Fig. 6 we plot the average sum rate gain,
which is defined asG(FD,HDi) = (RFD

sum − RHD−i
sum )/RFD

sum

versusσ2
aa and fornd = nu = 5 and δ = 0.5. The average

sum rate gain of the interference-limited FD mode with the
MRC(rx)/MRT(tx) scheme is also included for comparison
(dashed line curves). A general observation is that the FD
mode with the MRC(rx)/ZF(tx) scheme significantly and con-
sistently outperforms the HD counterpart in all regimes of
LI. Nevertheless, when the LI is low (σ2

aa < −22 dB) sum
rate gain achieved by the MRC(rx)/ZF(tx) scheme appears
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to be limited when compared with the MRC(rx)/MRT(tx)

scheme. This is due to the fact that, when LI is substantially
suppressed, the same SINR yields at the AP for both schemes.
As such, both schemes achieve a similar average rate in
the UL channel. On the other hand, since MRT processing
is the optimum precoder for SNR maximization in absence
of the interference, the received SINR at the scheduled DL
user (and consequently the DL user average rate) is slightly
higher than that of the ZF precoder. Moreover, we observe
that whenσ2

aa increases, the average sum rate gain of the
MRC(rx)/MRT(tx) scheme decreases. The sum rate gain loss is
more pronounced, whenσ2

aa ≥ −15 dB, as forσ2
aa ≥ −10 dB

the HD-AC mode outperforms the FD mode (for asymmetric
power case, please see Fig. 7.). Now, comparing the optimal
scheme and other precoding schemes, we see that, as expected
the optimal design can achieve respectively, up to37% and
47% average sum rate gains in comparison with HD-AC
and HD-RC schemes in all LI regimes. Note that depending
on transmit powers and LI strength, the MRC(rx)/MRT(tx)

scheme is preferred over the MRC(rx)/ZF(tx) design and vice
versa. The critical factor is the LI level. If all other factors
are fixed, the MRC(rx)/ZF(tx) scheme always outperforms the
MRC(rx)/MRT(tx) scheme ifσ2

aa > σ2
aa,0, whereσ2

aa,0 is the

root of RFD−(MRC/MRT)
sum = R

FD−(MRC/ZF)
sum .

Fig. 7 shows the UL and DL average sum rate versus the
transmit power, where the AP transmit power level is twice
that of the UL user, i.e., we consider asymmetric power case.
We compare the FD and HD modes for different levels of LI.
Herend = nu = 5 antennas are deployed at the AP andd is
set to be25 m. We also plot the curves for the UL and DL
average sum rate of the interference-limited FD mode with the
MRC(rx)/MRT(tx) scheme, as a performance upper bound. As
expected, it can be seen that this upper bound is inversely
proportional to the average strength of the LI channel. More-
over, when transmit power is increased, the MRC(rx)/MRT(tx)

sum rate saturates to the corresponding upper bound, and
reconfirms the correctness of our analysis. This observation
simply means that the LI cancellation mechanism should be
highly effective in the FD mode to compete against the HD.
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C. Effect of Antenna Number and Configuration

We consider the influence of transmit/receive antenna num-
ber and also the antenna configuration at the FD AP on
the achievable UL and DL sum rate. Fig. 8 compares the
transmission rates for FD and HD AP in the cases of fixed
internode interference and LI power level as a function of the
number of transmit/receive antenna at the AP. As expected
for severe LI conditions, since ZF precoder can completely
cancel the LI, the relative performance gap between the
MRC(rx)/ZF(tx) scheme and the other schemes is notable. In
particular, the relative gap between the FD and HD curves
gradually increases when the number of antennas increases.
This observation reveals that deployment of large number of
antennas is beneficial to the performance. The UL and DL
average sum rate of the optimal precoder design is also plotted
for completeness of comparison. It can be seen that optimal
precoder yields the best performance among all schemes.

Fig. 9 shows the UL and DL average sum rate versus
transmit power for the MRC(rx)/MRT(tx) scheme for an asym-
metric power allocation case, i.e.,Pa = 2Pu. We compare
the FD and HD modes for four different transmit/receive
antenna pairs:[nd, nu] ∈ {[1, 1], [2, 1], [1, 2], [2, 2]}. We also
included the benchmark performance achieved by interference-
limited assumption for the first three antenna pairs. This
results implies that the achievable rate given by Proposition 1,
Proposition 4, and (25) are good predictors of the system’s
sum rate. An interesting observation that can be extracted from
Fig. 9 is that, increasing the receive antenna number at the
FD AP is more beneficial to the UL and DL average sum
rate than increasing the number of transmit antenna elements.
For example, the relative performance gain of[1, 2] scheme
over [1, 1] is more than that of[2, 1] scheme over[1, 1],
especially at high transmit power levels of> 25 dB. As noted
before, this can be explained by the fact that by doubling
the number of transmit/receive antenna number at the AP, the
numerator ofSINRa (8a) andSINRd (8b) is increased in the
same proportions. However, by doubling thend, the LI at AP
is boosted, leading to a decrease inSINRa and consequently
in the average sum rate.
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VI. CONCLUSION

The performance of a wireless network scenario in which
a multiple antenna equipped FD AP communicates with
spatially random single-antenna user nodes in the UL and
DL channels simultaneously has been analyzed. In particular,
we considered precoding schemes based on the principles
of MRC, MRT and ZF and studied the system performance
in terms of the UL and DL average sum rate. Further, we
have considered the problem of optimal precoding design for
the UL and DL sum rate maximization and reformulated the
problem as a SDP, which can be efficiently solved. Analysis
and simulation results demonstrated the superiority of the
optimal precoding scheme over the MRC/MRT and MRC/ZF
schemes. We further studied the effect of resource allocation,
LI and internode interference, and antenna configuration on
the system sum rate. We found that the MRC/MRT scheme
can offer a higher UL and DL average sum rate compared to
the MRC/ZF scheme, when the LI is significantly canceled
or the internode interference is weak enough, and vice versa.
Furthermore, we observed that the performance gap between
the FD and HD modes can be further increased by deploying
more transmit/receive antennas at the AP. As for future re-
search work, the performance gains due to FD transmission in
setups such as heterogeneous network architectures with mixed
FD/HD mode operation, cooperative relaying and MIMO may
be characterized to further establish the viability of the usage
of FD terminals.

APPENDIX A
PROOF OFLEMMA 1

Following (11), theFSINRd
(z) corresponding toα = 2 and

σ2
n = 0 is given by

FSINRa
(z) = 1− Pu

Pa

1

zσ2
aa

∫ Rc

0

(64)

×
∫ 2π

0

λdre
−λdπr

2

Pu

Pa

1
zσ2

aa

+ r2 + d2 − 2rd cos θ
dθdr.
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With the help of [28, Eq. (3.661.4)], and making the change
of variabler2 = υ, we obtain

FSINRa
(z) =1− Pu

Pa

πλd
zσ2

aa

∫ R2
c

0

e−λdπυ

√
υ2 + 2bυ + c

dυ. (65)

To the best of our knowledge, the integral in (65) does not
admit a closed-form solution. In order to proceed, we use
Taylor series representation [28, Eq. (1.211.1)] for the term
e−λdπυ, and write

FSINRa
(z) = 1− Pu

Pa

πλd
zσ2

aa

∞∑

k=0

(−λdπ)k
k!

∫ R2
c

0

υk√
υ2 + 2bυ + c

dυ.

(66)

A change of variable
√
υ2+2bυ+ c =υt+

√
c, and after some

manipulations, (66) can be expressed as

FSINRa
(z) = 1− Pu

Pa

4πλd
zσ2

aa

∞∑

k=0

(−λdπ)k
k!

∫ ̺

b√
c

(b−√
ct)k

(t2 − 1)k+1
dt.

Finally, using [29, Eq. (5.8.2)], we arrive at the desired result
given in (15).

APPENDIX B
PROOF OFLEMMA 2

Following (11), theFSINRa
(z) corresponding toα = 4 and

σ2
n = 0 can be written as

FSINRa
(z) = 1− 1

z

λdPu

σ2
aaPa

(67)

×
∫ Rc

0

∫ 2π

0

re−λdπr
2

Pu

Pa

1
zσ2

aa

+(r2 + d2 − 2rd cos θ)2
dθdr.

By using [28], the inner integral can be obtained as

FSINRa
(z) = 1−

√
2π

z

λdPu

σ2
aaPa

(68)

×
∫ Rc

0

re−λdπr
2

√

c2(r)+
√

c4(r)c0(r)

(

1
√

c0(r)
+

1
√

c4(r)

)

dr,

wherec0(r) = b0(r) − b1(r) + b2(r), c2(r) = b0(r) − b2(r),
andc4(r) = b0(r)+b1(r)+b2(r), with b0(r)= Pu/(Pazσ

2
aa)+

(r2+ d2)2, b1(r) = 4rd(r2+ d2), andb2(r) = 4r2d2. We can



simplify the above integral in the case ofd = 0. Hence, after
a simple substitutionr2 = υ, (68) can be written as

FSINRa
(z) > 1− π

z

λdPu

σ2
aaPa

∫ R2
c

0

e−λdπυ

υ2 + Pu

Pa

1
zσ2

aa

dυ. (69)

In order to simplify (69), we adopt a series expansion of the
exponential term. Substituting the series expansion ofe−λdπυ

into the (69) yields

FSINRa
(z)>1−Pu

Pa

1

zσ2
aa

∞∑

k=0

(−1)k(λdπ)
k+1

k!

∫ R2
c

0

υk

υ2+ Pu

Pa

1
zσ2

aa

dυ.

Let us denoteβ = Pu

Pa

1
zσ2

aa

. By making the change of variable
(
υ/R2

c

)2
= t, we obtain

FSINRa
(z)>1−

∞∑

k=0

(−1)k(λdπR
2
c)
k+1

2k!

∫ 1

0

t
k−1
2

1+
R4
c

β t
dt. (70)

Now with the help of [28, Eq. (9.111)] the integral in (70) can
be solved to yield (16).
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