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Downlink Millimeter Wave Cellular Networks
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Abstract—Large antenna arrays will be needed in future
millimeter wave (mmWave) cellular networks, enabling a
large number of different possible antenna architectures
and multiple-input multiple-output (MIMO) techniques. It
is still unclear which MIMO technique is most desirable
as a function of different network parameters. This paper,
therefore, compares the coverage and rate performance
of hybrid beamforming enabled multi-user (MU) MIMO
and single-user spatial multiplexing (SM) with single-user
analog beamforming (SU-BF). A stochastic geometry model
for coverage and rate analysis is proposed for MU-MIMO
mmWave cellular networks, taking into account impor-
tant mmWave-specific hardware constraints for hybrid
analog/digital precoders and combiners, and a blockage-
dependent channel model which is sparse in angular
domain. The analytical results highlight the coverage, rate
and power consumption tradeoffs in multiuser mmWave
networks. With perfect channel state information at the
transmitter and round robin scheduling, MU-MIMO is
usually a better choice than SM or SU-BF in mmWave
cellular networks. This observation, however, neglects any
overhead due to channel acquisition or computational
complexity. Incorporating the impact of such overheads,
our results can be re-interpreted so as to quantify the
minimum allowable efficiency of MU-MIMO to provide
higher rates than SM or SU-BE.

I. INTRODUCTION

A classical question in multi-antenna wireless com-
munications has been to determine which MIMO tech-
nique performs better in different scenarios, for example
based on the channel and interference characteristics.
At mmWave frequencies, several important new factors
must be considered, due to different hardware constraints
on the precoders/combiners and a significantly different
outdoor channel, which is both blockage-dependent and
sparse (low rank) [2]-[4]. In order to compensate for the
large near-field path loss, SU-BF has been the primary
focus of several existing system capacity evaluations
for mmWave cellular networks [2f], [S]-[7]. However,
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recently there has been significant work on enabling MU-
MIMO and SM under different antenna architectures that
respect the necessary hardware constraints at mmWave
frequencies. Hybrid analog-digital precoders and com-
biners, receivers with low resolution analog to digital
converters, and continuous aperture phase MIMO with
lens-based beamformers (also called CAP-MIMO) are
prominent antenna architectures being considered [8[]—
[10]. Most existing studies on mmWave MIMO, except
for SU-BF, rely on single cell analysis for evaluating
performance of the MIMO techniques and/or system
level simulations for understanding the impact of base
station (BS) deployment scenarios or blockages in the
environment on the coverage and rate performance.
Although analytical models for studying coverage and
rate in SU-BF mmWave networks have been studied [6],
[L1], these cannot be directly used for studying other
MIMO techniques like MU-MIMO and SM, as will be
explained in Section

The goals of this paper are two-fold. First, we propose
a stochastic geometry-based model to study coverage
and per user rate distribution in fully-connected hybrid
beamforming-enabled MU-MIMO mmWave cellular net-
works. Second, we use this analytical model as a tool
for comparing coverage, rate and power consumption for
MU-MIMO, SM and SU-BF mmWave cellular networks.

A. Background and Related Work

Conventionally, BSs are equipped with fully-digital
baseband processing. However, this approach requires
a radio frequency (RF) chain per antenna which is im-
practical for mmWave BSs equipped with large antenna
arrays. Fully analog solutions, on the other hand, require
only a single RF chain for the entire antenna array but
have no capability of digital processing. Hybrid beam-
forming strikes a balance between these two solutions,
wherein the number of RF chains can be designed to
be between 1 (analog beamforming) and the number
of antennas (digital beamforming). In a fully-connected
architecture, each RF chain has phase shifters connected
to all antennas in the array. On the other hand, in



the array of sub-arrays architecture, the entire array
is divided into sub-arrays and all antennas in a sub-
array are connected via phase shifters to exactly one
RF chain. The fully-connected architecture has higher
beamforming gain than array of sub-arrays, for a fixed
number of antennas. However, the power consumption
and hardware complexity of precoder/combiner is lower
in the latter. With low-complexity yet near optimal
precoding/combining algorithms for MU-MIMO and SM
being proposed with the fully-connected architecture
[4], [12f], this approach looks promising for practical
implementation and is the focus of our discussion.

In [12]], a joint baseband-RF precoder solution for
MU-MIMO was proposed and proven to be asymp-
totically optimal as the number of antennas become
large. Using this scheme, it was observed that MU-
MIMO can offer higher sum rates than SU-BF. Another
simulation-based work [13|] highlighted that per user
rates, including the cell edge rates, can be much higher
with MU-MIMO with appropriate user pairing. It was
observed that exploiting polarization diversity for two
stream transmission to each user further enhances the
gains in using MU-MIMO. This is one particular way
in which SM gains can be obtained in tandem with
MU-MIMO. Another way to get SM gains would be
to rely on the scatterers in the environment [3]], [4].
The simulations in [3]], [4] showed that SM and SU-
BF could work in tandem to improve capacity. How-
ever, all these works implicitly neglected the aspect of
power consumption at BSs and UEs when comparing the
MIMO techniques. If we were to compare the coverage
and rate performance of SU-BF and MU-MIMO or SM
with fixed power consumption per unit area and fixed
number of antennas per BS, we can deploy a much
denser mmWave network with SU-BF than MU-MIMO
or SM. This significantly affects the comparisons as will
be shown in Section since unlike in conventional
cellular networks [|14]], densifying a mmWave network
boosts the coverage and capacity notably [6]], [[7].

The above mentioned studies either rely on system-
level simulations or on single cell analysis. There is
no analytical model for MU-MIMO or SM mmWave
networks that incorporates the impact of hybrid pre-
coders and combiners and the channel sparsity. Analysis
for MIMO cellular networks has conventionally been
done by capturing the impact of linear precoding and
combining into the distribution of an effective small
scale fading random variable [[15]—[18]]. In [15], [16],
it was shown that Gamma distribution can be used
to model the small scale fading gain in MU-MIMO
cellular networks employing ZF precoding. Most succes-
sive analytical studies on MU-MIMO cellular networks
using stochastic geometry have relied on this result,
for example [17], [18]]. However, justifying this result

assumes fully digital processing and full rank Rayleigh
fading channels. At mmWave frequencies the channel is
expected to be sparse and blockage-dependent [2], [3]],
[19], [20]]. Thus, the full rank assumption is far from
reality. A recent work [21] proposes an analytical model
for SINR (signal to interference plus noise ratio) in MU-
MIMO mmWave cellular networks but assumes fully
digital processing. But, as described earlier, fully digital
processing is also not realistic at mmWave. Analysis of
multiuser mmWave cellular networks, thus, demands a
new approach. Also, other existing analytical models for
SU-BF enabled mmWave networks assume an equiv-
alent SISO-like system with directional antenna gains
by abstracting underlying signal level details [6]], [11]].
Further, the analysis in these papers is done for single
path channels. An analytical framework that can be used
as a tool for comparing with different MIMO techniques
needs to incorporate multipath in the channel, which is
a primary feature enabling SM. The key contributions in
this work are as follows.

B. Contributions

1) Tractable Model for Coverage and Rate in MU-
MIMO mmWave Cellular Networks. The analytical
model captures the following mmWave-specific features:
(i) precoding and combining with hybrid beamforming,
and (ii) sparse blockage-dependent multipath channel
model. For simplicity the channel model is assumed to
be non-selective in both time and frequency to focus only
on the spatial aspects. Using Monte-Carlo simulations,
the model is shown to be reasonably accurate for a large
number of antennas at the BSs and user equipments
(UEs) in noise-limited scenarios. In interference-limited
scenarios, upper and lower bounds to the distribution
of the proposed approximate SINR model are derived
under some assumptions and validated with Monte-
Carlo simulations. The fact that our model incorporates
different channel rank for line-of-sight (LOS) and non-
LOS (NLOS) makes it possible to fairly compare an-
alytical results with Monte-Carlo simulations for SM,
which strongly depend on the rank of the channel.
Numerical results reveal the following insights: (i) In
interference-limited scenarios, SINR coverage has a non-
monotonic trend with BS density. The optimum BS
density for SINR coverage decreases with increasing
degree of multiuser transmission. (ii) Although SINR
coverage decreases with MU-MIMO, the median and
peak per user rate increases due to increasing number of
time slots available per user. However, the cell edge rates
suffer with round robin scheduling, which motivates that
the scheduler must explicitly safeguard the rates of edge
users to use MU-MIMO.

2) Comparison of MIMO Techniques Considering
Coverage, Rate and Power Consumption Tradeoffs. With



perfect channel state information at the transmitter and
neglecting channel acquisition and computational com-
plexity overheads, MU-MIMO usually provides higher
per user throughput compared to SM and SU-BF in
mmWave networks for a fixed density of BSs and fixed
number of antennas per BS/UE. Further note that en-
abling MU-MIMO requires only single RF chain at UEs,
whereas enabling SM requires some baseband combining
at UEs with multiple RF chains. We provide a stochastic
ordering argument which highlights that SNR coverage
normalized by the antenna gains is better for MU-MIMO
than SM asymptotically with the number of antennas at
the BSs and users. SM can outperform MU-MIMO in
scenarios when SM can support more streams than the
number of users that can be served with MU-MIMO.
This boils down to having sufficiently low user density
coupled with sufficiently large number of RF chains at
UEs/BSs and multipath in the channel. Instead of fixing
the density of BSs if power consumption per unit area is
fixed, a denser SU-BF network outperforms MU-MIMO
and SM in terms of per user cell edge rates. However,
the sum rate with MU-MIMO is still usually better
than SU-BF and SM. The above results on sum or per
user rates neglect the possibly increased overheads with
MU-MIMO due to channel acquisition or computational
complexity. Incorporating such factors, our results can be
re-interpreted so as to quantify the minimum allowable
efficiency for MU-MIMO to provide higher data rates
than SM or SU-BF. The definition of minimum allowable
efficiency is formally given in Section [[II-B]

C. Organization and Notation

Section [[I] sets up the system model. The analytical
model for coverage and rate in MU-MIMO mmWave
networks is developed in Section Heuristic com-
parison of coverage and rate with SM is discussed in
Section [[V] Section [V] and [V discusses the numerical
results and conclusions [

II. SYSTEM MODEL

Consider a downlink mmWave cellular network oper-
ating at carrier frequency f. and with bandwidth B. It
is assumed that BSs and UEs are distributed in R? as
independent and homogeneous Poisson point processes
(PPPs) ®&pg and Pyg, with intensities Ags and Ayg,
respectively [14]. Each BS and user is assumed to
employ a uniform linear array (ULA) of size Npg and
Nvyg, respectively. Full buffer traffic is assumed in this
work.

Variables in italics are scalar random variables. Small and capital
bold letters indicate vectors and matrices, respectively. An exception
are random spatial locations in R2, which are italicized small letters

z,y,u,v or w. The complex conjugate transpose and pseudo inverse of
Ais A* and AT, respectively. Convergence in distribution is denoted

by LY

A. Propagation Model

Path loss from BS at x € ®pg to a user at u € Pyg

is given in dB by

L(z,u) = f+ 10alog(||z — u|]) + Sgu, (1)
where 3 = 201log;, (i—’:
loss at 1 meter, \. is the wavelength in meters, « is the
path loss exponent, S, ., ~ N(0,&?) denotes Gaussian
distribution with zero mean and standard deviation &.
Note that « and £ are different for LOS and NLOS links.
A subscript ‘L’ and ‘N’ to « and & denote the respective
parameters for LOS and NLOS links, respectively. A
probabilistic blockage model proposed and validated in
[11], [22] is used in this work. According to this model,
the probability that a link of length ||z — u|| is LOS is
pros if || — u|| < D, for some value of D. All links
longer than D are NLOS.

MmWave channels are expected to be sparse with
very few angles of arrival (AOAs) and departure (AODs)
capturing most of the energy [2], [3], [19], [20]. In this
work, we assume a narrowband geometric channel model
[4], [12], where the channel matrix between BS at = and
user u is given by

| NpsNug = .
Hz,u - m ;'Vi,z,uaUE(qsi,z,u)aBS(ei,x,u)~

2)
Here, 7 ., is the number of paths between BS at x and
user at u, ;. is the small scale fading on i path
(assumed to be complex normal with zero mean and unit
variance for both LOS and NLOS to enhance analytical
tractability), 0; ;. ,, is the virtual AOD and ¢; , ,, is the
virtual AOA for the i" path. The number of paths Neu
equals 71, or nn depending on whether the link is LOS
or NLOS, respectivelyﬂ It is expected that )y > 71
[3], 119]], [20]. The virtual AOA or AOD are related to
the corresponding physical angles as 6 = 27d sin(¢)/Ac,
where d is the inter-antenna spacing (chosen to be \./2),
@ is the physical angle and 6 is the virtual angle. The
array response vectors for ULAs, ags and ayg, are of
the form a(d) = [1 e 79... e 7(N=1* /\/N, where
N € {Ngg,Nyg}. We assume that for every BS-UE
link, scatterers in environment are uniformly distributed
in [0, 27| and thus, the physical angles are also uniformly
distributed in [0, 27r]. We call this the “physical model”,
which will be the basis of our simulation results, whereas

) is the reference distance path

2L, > 1 indicates more than 1 LOS like paths. In this work,
we either have LOS or NLOS multipaths. A more general channel
model would incorporate scenarios with 1 or more LOS like paths
along with NLOS paths. However, an optimal power allocation would
nearly allocate all power to LOS-like paths, thus, justifying our model.
For simplicity, it is assumed that each scatterer gives rise to a single
dominant path [[12], [23], [24]. Extension to a clustered model [4], [23]
is desirable in future.



for tractable analysis we leverage the virtual channel
approximation [23]] in Section [[II-B

B. Fully Connected Hybrid Beamforming Architecture

A fully-connected two layer hybrid beamforming ar-
chitecture with NB and NRE RF chains at the BS
and UE, respectively, is shown in Figure |[I} A BS at =
sends a total of NSBS streams of data, which may include
data sent to multiple users in the network. The transmit
signals first go through a NE3 x NBS baseband precoder
matrix FP = [£7 ... £V 5] followed by a Nps x N
RF precoder F}¥ = [f1] . s |- Note that the RF
precoder is generally implemeniegFusing phase-shifters
[4], [12], although there have been attempts trying to
explore alternative methods [25]. Let us denote the RF
combiner at user u by WE¥ and the baseband combiner
by WiB = [wph,...,wiRs]. Note that SM, MU-
MIMO and SU-BF can all be implemented with this
generic architecture. The problem of jointly optimizing
over FRF FBB WRF and WBB to maximize sum
rate or per user rate for SM and MU-MIMO is still
an open problem [4f], [12]]. In the following sections,
we use recently proposed near optimal algorithms for
designing of precoders and combiners in [4] and [12] to
employ SM and MU-MIMO, respectively as baseline for
our simulations and analysis.

III. MULTIUSER MIMO IN MMWAVE CELLULAR
NETWORKS

For MU-MIMO, it is assumed that each BS serves
multiple users with a single stream per user. Thus, analog
beamforming with a single RF chain suffices at each UE.
Let U, be the set of all users in $y which are scheduled
by the BS at z in the same time slot, and the cardinality
of U, be U,. We assume U, = min(Uy;, N,.), where
N, is the total number of users connected to the BS
and Uy is the maximum number of users that can be
scheduled in a time slot. A more sophisticated algorithm
for deciding how many and which users to schedule in a
resource block may be implemented as in [[13], [26]] but
we neglect this aspect here for tractability. We further
assume Uy = Ngp, and that unless the load on the
BS is less than the number of RF chains, Uy, users are
served in a time slot. Also, when Uy > U, only U,
RF chains are used for processing, which means that
FDP = [£27...f27 ] is of dimension U, x U, and
FRF = [f3 ... ff‘FUJI] is of dimension Ngg x U,.

Under the narrowband assumption, the received signal
at user v from BS at x after passing through w,,, the RF
combiner at the user, is given by

Yu = H;uf_ﬁgsu + Z H;_’uff,]fsv + OCI + noise,
VEUL , vFU

where Hz_u = w;H, ,F! and OCI is the out-of-cell
interference. Here, s(,) are the transmit symbols with
energy P /U,. Thus, the total transmit power of the BS is
P. In this work, we will follow the precoding/combining
algorithm in [[12]] and also assume an infinite resolution
codebook at BSs and UEs for tractability. The first step is
to design the RF precoders and combiners that maximize
the received signal power on each of the BS-UE links.
Thus, w, and £} are designed such that (wy, f}y) =
arg max|w*H, ,f|.
w, f

Lemma 1 (from [24])). The left and right singular
vectors corresponding to non-zero eigenvalues of H, ,,
with 1., < min(Ngs, Nyg) converge in chordal dis-
tance to ayg(Piqzu) and apg(6;4.4), for 1 < i <

Ne,u- The corresponding singular values converge to
NpsNug
L(%u)%,u

7i,m,u|2-

This lemma indicates that for large number of anten-
nas w,, = avg(¢;,, ) and fﬁg = aps(0;,, ), Where
im = argmax|y; ;.| This observation will be crucial
in developzing a tractable model for coverage and rate.
Next, the baseband precoder is designed such that the
multiuser interference is cancelled. Using a zero forcing
(ZF) baseband precoder, FBB = ﬁlA, where A is
a diagonal matrix whose entries are chosen such that

[FEFEBB|| = 1. Here, Hy = [hyy, ... Dy, |* with

= =% * -1
U, = {u1,...,uy,}. Note that H' = H (HH) ,if
H is full rank.

A. SINR and Rate Model

The SINR of the user at u € ®yg served by a BS at
x € $pg connected to U, total users is given by

L BB |2
by W f ]

_ Us
SRz, = o2 |Ihy , £2B 1 By £P5 (12
P + Z U, + Z Z U,
VEU, yEdps weldy,
vFEU yF#x
(3)

The second term in the denominator is zero, owing to the
ZF precoder and the fact that H, is almost surely full
rank for independently distributed channel gains from
BS at x to users in U,. The per user rate (in bits per
second or bps) of user u served by BS at x is defined as

Ryw = wac% logy (1 + SINRy ), ()]
where w; < 1 models the efficiency in implementing
MU-MIMO in terms channel acquisition or computa-
tional complexity or cyclic prefix while implementing
OFDM [21], [27]. The above model implies that each
user gets U, /N, fraction of resources, which can be
achieved using round robin scheduling. The sum rate is
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Fig. 1: Fully-connected hybrid architecture at the BSs and UEs.

defined as

Ry =w,B > logy(1+ SINR, ),
UEU,

®)

which is basically the total number of bits per second
(bps) transmitted by the BS, whereas the per user rate is
the rate achieved by a typical user in a scheduling cycle.

In general, the efficiency factors vary for different BSs
and are dependent on Uy, Ngs, Nug,nN, n, and OFDM
cyclic prefix penalty. For simplicity we assume w, =
wmMmu, vV € Ppg. One can interpret wyy = ming wy
to get a lower bound on the rate. Since we expect the
overhead to increase with U, wyy corresponds to the
efficiency of BSs serving Uy users. Note that wyy for
Uwm =1 is the overhead for SU-BF.

B. Coverage and Rate Analysis

Consider a typical UE at origin, wherein the notion of
typicality for stationary point process is defined through
Palm probability [28]], and it associates with the BS
at x offering minimum path loss L(x,0). We call this
the tagged BS. We evaluate the SINR coverage defined
as P (SINR, o > 7), which is the SINR distribution of
the typical user at origin. Rate coverage is similarly
defined. The SINR expression in (EI), although exact,
is not tractable in terms of finding its distribution. We,
thus, provide an accurate yet tractable approximation that
captures the dependency of the several parameters in the
following analysis.

Definition 1. A random variable Z; stochastically dom-
inates another random variable Zo, if P(Z; > z) >

P(Zy > z) for all z € R. We denote this as Z; > Zy.

1) Rate Distribution in a Noise-limited Network.
We first focus on finding the rate distribution in a
network with negligible interference effects. Throughout
the discussion, the virtual angles of departure/arrival are

quantized to take values in {6 : § = —7w 4+ 2,1 < i <
Na}-

Lemma 2. If antenna spacing is half wavelength and
the physical AOAs/AODs are uniformly distributed in O
to 2m, the distribution of the quantized virtual angles is

given by
(sin™" (=14 2 ) —sin ! (<14 %21))
Ga,i = P
™

for a € {UE,BS} and i € {1,...,
No=1
daN, =1— Zj:l Qa,j-

Proof: Note that § = msin(y) for half wavelength
antenna spacing. Thus, the required probability can be
computed by using that ¢ is uniformly distributed in 0
to 27. |

N, — 1}. Further,

Proposition 1. Let U, = {uy,...,uu,} be the users
served by the BS at x. Assuming ny < min(Ngg, Nug),
Uy < min(Ngs, Nug) and a dense network deploy-
ment, SNR at user uy can be modelled as

G

_ 6
N, uy Uazo'r% ( )

SNRy o, A "z,

|7im,Z,U1 |2L(l’, ul)i

where G = PNpsNyg, iy, is the index corresponding to

reduction in signal power due to the ZF penalty and has
distribution that stochastically dominates pyy, which is
a Bernoulli random variable with success probability

C(Mwuy > Uz), where

Nps

C(Muy - U. ZqBSJ (M2,u1> Uz) (PLosA; (1)
+(1 = pros)A;(m)) "1,

Aj(n) =Cn) + (1 —gss;)" " = (1—gss;)" "Cn)

Bj(n,,Uz) = C)(1 = gss;)"" " + D;(n,Us) —



N _
D;(n, U:)C(n), C(n) = 3.F que.i(1—que:)"" ', and
Up—1
Nps—1 -
Di(nUs) = > H i (1= D iy
i1, in—1=1n=1 unique(i(.y)
where 1, ; = 71‘1_%;; ifn < jandl,; = 7335{1;; if

n > j and unique(i()) represents the unique values in
the set {i1,...,iy—1}.

Proof: Without loss of generality, ¢,, = 1. From
Lemma |l} w, = aygr(¢1,,.) and ffjg = aps(01,z,u)-
Using the orthogonality of the array response vectors
with quantized virtual angles, it can be shown that H,
takes the form

NggN
"=V L.y haw 0
0 P,

with probability at least (7,4, Us). See Appendix Al
for details. Note that here P, is a submatrix of H, of

; )

dimension U, — 1 x U, — 1. In this case,
. L(z,u1)Ne,u;  —1
H = | V NasNos Tz 0
0 P!

We know that FBB = ﬁlA, for diagonal matrix A
that helps satisfy the power constraints. Thus, the first
column of the baseband precoder is of the form f2B

[c0...0], for some constant ¢ such that ||FRFff’51H =
1. Thus fBB = [1 0...0] since each term in FZ

> T, U1

unit norm. In this case, the received signal power of Uy is
equal to — U V1 2,0y |2 L(x uy) ™1, which corresponds
to the case when pyu = 1 in @ Since the event
that P, is not of this form is of low probability and
results in intractable expressions the signal power is
lower bounded by O in this case. Under virtual channel
approximation, (6) is a lower bound on SNR. ]

Remark 1. If the quantized virtual angles are distributed
uniformly in their range, instead of the distribution in
Lemma 2] l D;(n,U,) takes a much simplified form given
by D(n,U,) = 3021 (V571 (Npg — 1 — d)V=—1

d=1
x S (1) (d — )11 (D).

Remark 2. To simplify evaluation of Proposition I} the
following can be used

(1 — gps,;)¥=! Zl T aquei(l — que,)
Bj(n,Us) < (1 - qps )"~

n—1 <

Remark 3. It can be shown that El T agss,i(1 —
qBSJ)” — 1 as Ngs — oo for any r > 0, which is
true since max; qps,; — 0 as Ngg — oo. Similar result
holds for qug,; with Nyg — oo. All these imply that
¢ — 1 with Ngg — 0o and Nyg — oo.

To find the SNR coverage, we need to find the distribu-
tion of several random variables in Proposition |1} First

we focus on the finding the probability mass function
(PMF) of the number of multiuser streams of BS at
y € Ppg given by U, = min{Uy, N,}. We use an
approximation proposed in [29]] to model the distribution
of IV,, which are actually correlated random variables
for y € ®pg and particularly known to be intractable
since finding the volume of Voronoi association cells is
itself an unsolved problem [30]]. With notably different
propagation channels for LOS and NLOS links, the
cell association regions in mmWave networks are not
even Voronoi and more irregular [11]]. The PMF of NV,
is denoted by k(n) is modelled as follows [11]. Let
p = Augr/ABs, then if y = z, that is the BS is serving
the typical user, k(n) is given by

3.5%5 T'(n+3.5)

n—1 —n—3.5
3.5 8
for n > 1 and £(0) = 0. For interfering BSs, x(n) =
3535 T(n+3.5) .
gp '(3.5+p) ", 9)

n!

for n > 0.
Assuming NN, to be independently and identically
distributed, we model the PMF of U, by

I(3.5)

P Uy =n) = Lio<n<uy-13£(n)
Um—1
n (1 — &(n)) Tevyy  (10)

>
i=1

We first model the point process $pg to be superpo-
sition of the point processes @1, and ®n with intensi-
ties ABspLos1|jz||<p} and Aps(1 — prLos)L{jjz|j<D} +
ABs1y||z||>D}» respectively. These two point processes
correspond to LOS and NLOS BSs. The correspond-
ing propagation processes [31]] are given as N,
(gl /Sy <y € BL}. and Ny = {[[y]|™/Sy.x :
Yy € (I)N}.

Lemma 3. N, is a non-homogeneous PPP with intensity
AL([0,1)) = ApsML(t), where ML( ) is given by ([L1).
Here m = —0.13In10, o, = 0.1&,1In10, Y;(t) =
for j € {L,N}and Q(.) is the Q-function
( Standard Gaussian CCDF).

Proof: Special case of Appendix A of [11] and is
therefore skipped for brevity. [ ]

Lemma 4. Ny is a non-homogeneous PPP with inten-
sity AN([0,t)) = ApsMn(t), where Mn(t) is given by
(2.
Proof: Proceeds very similarly to Lemma3]and thus
is omitted. ]
Note that here Ap([0,)) = ApsmpLosD?. The
probability that there is no point in the interval [0, c0)
is equal to exp (—/\Bsﬂ'pLosDQ). This is exactly the



, 2
Mu(t) = mpnos |DQ (Tu(0) + % exp (22 4 22 ) @ (22 1y, ).

Mn(t) = —mprLosD*Q (YTn(t)) + TN exp (

probability that there is no point in ®y1,. Let us call the
probability that there is at least one point in Nj, to be
B, .The event that number of points in $y is zero is
empty and thus, By = 1.

Corollary 1. Let N be the point process of propagation
losses corresponding to ®pg. This point process is a
PPP with intensity A((0,t]) = Ags(Mr(t) + Mx(t)) =
AsM(¢).

Proof: Follows directly from the Superposition
property of PPPs [28| Proposition 1.3.3]. [ |

Lemma 5. Given that N1, and Nx are not empty,
the probability density function (PDF) of the distance
to the point nearest to origin in these point processes
is given by fL(t) = Aps eXP(—ABsM,L(t))ML(t)/BL
and fN(t) = >\BS exp (*/\BSMN t MN( ) BN, where
M, (t) and My(t) are given in and , respec-
tively.

Proof: If I* is the point nearest to origin in the point
process N7,

P (I* > t|NL([0,00)) > 0)

=P (N2([0,t)) = 0|NL([0,00)) > 0)

_ PW([0,%)) = 0N NL([0,%0)) > 0)
P(NL([0,00)) > 0)

=P (NL([0,£)) = 0N NL([t,00)) > 0) /By

=P (VNL([0,1)) = 0) P(NL([t, 0)) > 0) /B

= exp (=AL([0,8)]) (1 — exp (=AL([t, >0)])) /Br
= (exp (=AL([0,1)]) — exp (=AL([0, 0)])) /BL.
Thus, taking the negative derivative of the above

expression we get the PDF f(¢). Similarly, we can
derive the PDF for the NLOS case. ]

Theorem 1. The SNR coverage of a typical user in the
network is given by

S(r) & P(SNRy,0 > 7) = Ey, [S(1,U,)], where

5)

~ 3 By U f}( )"“(’Zj)

j€{L,N} =

s , 2
x /exp (_mﬂéﬂan _

0

)\Bij(l)) £i(Ddl

2
20% + 2m> {1 — prLosQ ( 20N _ TNU))] .
o2 aN aNON

2

(1)

af, Qaf,

(12)
N

where G = PNpgNug, § = L if 5 = N and vice
versa. The terms ((.), M;(.) and f() are derived in
Proposition [I| Lemma 3| Lemma {] and Lemma

Proof: See Appendix [B] [ |

Corollary 2. Assuming that user density is much larger
than BS density, the SNR coverage can be approximated
by S(7,Up).

Theorem 2. In a noise-limited network, the per user
rate distribution (or rate coverage) of a typical user at
origin served by a BS at x is given by

R(TT) £ P (Rz,() > Tr)
=3 s (2 anvBmn(rOn) 1, min (n, Un)),

n>1

where S(.) was defined in Theorem|l|and k(n) is given
in (8).
Proof: Follows by re-arranging (4) and using SNR =
SINR. |
Although the above expression is an infinite summa-
tion, as verified earlier in [11]], [29], it can be accurately
represented as a finite summation. For the results in
this work, considering the first [12Ayg/Aps] terms is
sufficient. The following definition will be useful when
comparing the rate coverage of MU-MIMO with SM and
SU-BFE.

Definition 2. The minimum allowable efficiency of
scheme A such that it is guaranteed to outperform
scheme B in terms of per user rate for p percentile
users (that is users with rate coverage p), is given by

R—l
Orn(p) = Zoxt

of the rate coverage at p (that is rate thresholds 7
corresponding to R(7) = p) for schemes A and B after
setting wa = wp = 1, where w(,) are the efficiency
factors for the respective MIMO techniques as defined
in @). The per user rate of A cannot stochastically
dominate that of B, unless the efficiency of A is at least

min, Oa g(p).

, where 7'\’,;1 and Rp ! are inverse

Note that MU-MIMO implementations with different
U are considered as separate MIMO schemes in the
above definition since they have different efficiency fac-
tors. It is clear that LB(M is an upper bound on the ratio
R (p) and R (p) for non-unity efficiency for scheme



/ 202 2m\ 2 _ 2
MN(t) = WPLOS{ exp (2N -+ > ton 1 [
« PLoseN

2
2 Q( 20% TN(t))
QN QANON

2
1 2 T (t D2 Y2 (¢
+——=cexp | — V205 — n(t) — ——exp (— N )> . (14
V2mo% an V2 V2rton 2
A and wp = 1, since wp is the minimum efficiency by the ZF precoder, the virtual approximation with an

over all BSs in the network. Note that from @I) setting
wp = 1 gives upper bound on rate for scheme B. For
scheme A to outgerform scheme B for p percentile users,
we need 2220 < 1 yith equality giving minimum
allowable wA If the network is such that all BSs see
the same overheads wa or wg, then O g(p) is the
minimum allowable relative efficiency (that is wa /wg)
of scheme A over scheme B. This gives tighter estimates
for allowable wy especially when comparing MU-MIMO
for different Uy or SM for different number of streams.
2) Rate Distribution in an Interference-limited Net-
work. Until now, our analysis focused on noise-limited
mmWave cellular networks. In this section, we will
discuss how to model interference in these networks.
From , the OCI power at user u served by a BS at
x is modelled as
b,

wll?

I, =P Z Z u,u u,
YyEPRs WEU,,
yF#
. Z Z |W Hy, FRFfBB||2
YyEPRs WEUy,
yF#
Here, avp(feu),  Hyu =
NpsN Nyu RF
)y o z'l Yi,yudUE(Piyu)ahs(Oiyu), F

has columns equal to apg(6,,.,) for all w € U,,, and £’
is designed so as to cancel the multiuser interference
of the BS at y. All the AOAs and AODs in the above
expression are independent of each other. Leveraging
the virtual channel approximation for large number of
antennas at the BS and UE, interference due to the link
between BS at y and user at w on the user u is non-zero
if and only if ¢,, is equal to at least one of the
AOA of H, ,, and 6, ,, equals the corresponding AOD.
Note that since multiuser interference was cancelled

ON/OFF model for inner product of two beam steering
vectors gave us a tractable and accurate tool to study
SNR distribution in the previous section. However, this
model may not be accurate when OCI is incorporated.

The virtual channel approximation quantized the angu-
lar space into N sectors, where N is the number of anten-
nas. If two angles lie on either sides of a sector boundary,
the inner product of beam steering vectors is zero, which
can be a main cause of underestimated interference. In
order to alleviate this problem, we introduce the notion
of sidelobe gain which was also used in [6], [11]. We
still assume that the virtual angle space is quantized into
N sectors with the angle bisector being a representative
of each sector, but the inner product between two beam
steering vectors is defined as:

1 if 01 = 6

16
otherwise, (16)

afjs(01)aps(02) = {

PBS
where ppg < 1 introduces a sidelobe gain into the model.
Similarly, we model the inner product for beam steering
vectors at UEs with parameter pyg. Note that setting
ps = pue = 0 reverts back to the virtual channel
approximation.

To characterize the interference distribution, we ne-
glect the effect of ZF on interfering links and dependence
in pyry and I, through {w,} for tractability and show
that for a fairly large number of antennas this is a reason-
able approximation. First we deal with the n;, =gy =1
case.

Proposition 2. Assuming the inner product of any two
beam steering vectors at BS or UE follow the law given
by ([16), nm, = nn = 1 and propagation loss on the
service link is I, the OCI power at the typical user can be

modelled as Iy = > Glyyol2L(y,0)"txy /Uy,
yEPps,y#
where vy, o is complex normal random variable with unit



variance and zero mean, Uy are i.i.d random variables
with distribution given in (I0) and x,, is defined as

k+ Uy — k)pQBS w.p. (Z?:Uf q%E,i)x
() 2025 ghth (1 — gms )V F
pEp(k + (Up — k)phs) wp. (1= S0YF gip ;) %
() 05 abd (1 — ams )V F,

Xy =

for k=1,2,...,U,.

Proof: For single path channel, the out-of-cell in-
terference is given by

5GPl

Iy =
Uy
yEdps,y#x

Z ||atE (6x,0)auE(¢y,u)aps (0y,u)aBs (0y.0)|*.

wWEUy

Now using the inner product rule in and the fact
that all the virtual angles in the above equation are
independent and distributed according to Lemma [2] the
proposition can be proved. ]

Lemma 6. The Laplace functional of the interference
power in Proposition |2| conditioned on path loss to the
typical user at origin from serving BS is L(x,u) =1, is
given by
Ly, .1(s) £ Elexp (—slp) |L(z,0) =[]

Unm Ngs

— exp (ABS ;ﬁ(n) i <Z> .

Z a5si(1— gmsi)"
k=0 =1
xE M (t)dt
Z duE,: 1+ in
i=1 t21 sG(k+(n—k)pLg)
Nue

) M’ (t)dt

where p(.) is the distribution of U, for interfering BSs
given in ([I0).

Proof: Appendix [C] [ |

tn
SGP%E(kH’(n*k)szs)

Theorem 3. The SINR coverage of the typical user is

with an extra term Ly, (%ﬂm

) inside
the integral over dl.

given by

Proof: Exactly on same lines as Theorem [I] The
Laplace functional Ly, ;(.) has been derived in Lemma [6]
for single path channel. Upper and lower bounds on
Ly, () for a general number of paths can be found in
Appendix [ |

From this expression of SINR coverage, the rate
coverage can be found similar to Theorem [2] We will
validate these analytical results in Section [V} In the next
section, we will take a brief look into the coverage
and rate for SM enabled mmWave cellular networks.

Before that though, we provide a brief discussion on
how to choose pug and pps. Recall that Ngsphg and
Nygp?y are the sidelobe gains for beam pattern at BSs
and UEs, respectively. An obvious question is whether
these parameters depend on the number of antennas and
if yes, how should their dependence be modelled?

If p(.) were to be a constant, the sidelobe gain will also
scale up with an increasing number of antennas. This will
violate Lemma |1} Since virtual channel approximation
asymptotically tracks physical channel model, ppg and
pug should decrease and eventually vanish with increas-
ing Ngg and Nyg, respectively. For a uniform linear
array with N antennas, the ratio of the gain of the i side-
lobe to the main lobe is equal to |%|2
[32], for i =1,2,...,|§ — 1]. For i < N, this ratio is
independent of N using the small angle approximation
sinf =~ 6. For 7 on the order of N, this ratio decreases
approximately as square of N. The regime in which the
ratio is independent of N has about fixed beamwidth,
which corresponds to the beamwidth in which the small
angle approximation of sinf =~ 6 is accurate with p
percent relative error. For p = 1, 6§ ~ 0.244 radians.
Since the majority of the angular space corresponds to
the regime in which the above ratio varies inversely with
the square of N, we model p(, to linearly decrease
with N. We choose pps = 1/(sin(0.244)Nps) and
pue = 1/(sin(0.244)Nyg), however in future it is
desirable to re-investigate the scaling factor to get a

k better fit.

IV. SINGLE USER SPATIAL MULTIPLEXING IN
MMWAVE CELLULAR NETWORKS

For spatial multiplexing (SM), we consider a scenario

.in which every BS transmits more than one stream of

data to a single user per resource block. Thus, NVE =
NBS = N, where N, is the multiplexing gain. In this
section, we will focus mainly on the multipath diversity
approach for SM [3]], [4] and not on the polarization
approach [3], [7].

A. Spatial Multiplexing: UHF versus mmWave

We begin with a brief recap of the theoretically opti-
mal implementation of closed-loop SM in conventional
cellular networks, which motivates the main challenges
in precoding/combining for SM in mmWave networks.
Under unitary power constraint, given the singular value
decomposition of the channel matrix H = UXV*, the
transmitter pre-multiplies the input symbols with matrix
V and the receiver combines the received signal on all
its antennas with matrix U*, to effectively achieve N
parallel channels, where Ny is the multiplexing gain.
Since the channel matrix is either full row rank or



full column rank with high probability for sub 6 GHz
frequency bands, Ny = min{Ngg, Nyg}.

At mmWave frequencies, however, the first challenge
is that it is not practically feasible to implement a
fully digital precoder and combiner. Using the popular
hybrid beamforming approach for mmWave networks
[8]l, the precoder is of the form FmRFFzBB, wherein
FRY is generally implemented using phase shifters and
thus has constant magnitude entries. Similarly, we have
a constraint for the combiner. Another challenge for
implementing SM at mmWave is that the channel is
sparse [3[], [19] and thus obtaining multiplexing gain on
the order of number of antennas is nearly impossible.

We now look at a typical implementation of SM using
the hybrid beamforming architecture in Fig.[T} Assuming
perfect channel estimation, and using the system model
from Section [lI} the received signal at user u from BS
x is given by

Yu = H:z:,uF?FFEBSu +n -+ OCL

where s,, are transmit symbols of dimension N x 1 with
energy per symbol equal to P/Ng, n is the noise power
(complex Gaussian with zero mean and variance o2). We
assume equal power allocation to all streams. After RF
and baseband combining at the receiver, the processed
signal is of the form WEB*WEF*y ~When Gaussian
symbols are transmitted over the mmWave channel, the
spectral efficiency can be at most [4]

P
r = log, |In, + 1\1—11;,1HeffH:;ff ;

where Her = WBB"WRF'H,  FRFFBE Iy is an
identity matrix of rank N and

_ 2 BB* RF* RF BB
R, = 02 WBB " WRF WRFyBB,

We use the near optimal precoding-combining algorithm
proposed in [4] for our simulations. Assuming that
an equal fraction of resource is allocated to each UE
connected to a BS, the per user rate is defined as
R, = wsmBr/N,, where wsy is the efficiency factor
for SM and recalling that N, is the total number of users
associated with the BS at z. Note that similar to the MU
case, wgy is dependent on several network parameters
like number of antennas, the channel parameters, number
of streams, etc. but we drop this in the notation for
convenience. Sum rate is defined as the total bits per
second transmitted by a BS in Section Based on this
definition, we define the sum rate for the SM enabled
mmWave network to be R, = wgvBr.

B. Heuristic Comparison of Coverage and Rate for MU-
MIMO and SM

In this section, we denote the SNR with a superscript
SM and MU to identify spatial multiplexing and MU-
MIMO. Round robin scheduling and wyy = wsmy = 1
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will be assumed in this section. Recall from Lemma [I]

that for a large number of antennas the eigenvalues of
) 2

the channel matrix H, , converge to NesNus|viewl”

SM 5 IL(17U)71
. SNRY L., d ieu|” L(T,u) ™
Thus, the ratio SR ’n‘ 1(\11 “"_  From Re-
z,ulNs
. smMY g4 ; 21 (x,u) "t
mark the ratio —&* Yign o .ul " L(w,w) , where
Nz, uNs
st

iy = argmax; Yi,x,ue Since Yi,x,u < max; Yi,x,us WE

can conclude that in the limit as Ngg — oo and
snrSM st gypMU .
Nug — 00, —g=* < —g= forall i € {1,...,Ns}.

The above discussion hints that for many antennas
at BS and UE, the SNR with MU-MIMO stochastically
dominates the SNR on each stream of SM. If the network
were to be noise-limited, the per user and sum rates
with MU-MIMO will be higher than SM for a large
number of antennas and the same number of streams.
Now, let us consider how this result might be affected
by OCI. As the number of antennas become large,
the effect of zero forcing on the interfering streams
is negligible for both MU-MIMO and SM (since the
virtual channel approximation in [23] starts to more
closely model the actual channel). Thus, if the number of
streams transmitted by the BS with SM and MU-MIMO
are the same, the interference statistics with MU-MIMO
and SM would be similar and one would expect that
MU-MIMO still outperforms SM for a large number of
antennas at BSs and UEs.

For a finite number of antennas the ZF penalty may
be non-negligible. It is expected that the ZF penalty with
SM will be less than MU-MIMO since there are more
sidelobes that need to be suppressed with MU-MIMO.
Thus, the above SNR dominance result holds given that
the number of antenna is large enough such that the
effect of the smaller ZF penalty with SM does not reverse
the inequalties. For a finite number of antennas, it is
neither obvious nor analytically tractable to conjecture
as to whether the per user and sum rate of SM would
dominate or whether MU-MIMO would. We, thus, rely
on Monte Carlo simulations for SM while comparing
with our validated analytical model for MU-MIMO and
SU-BFE.

V. NUMERICAL RESULTS

In this section, we first validate the SNR, SINR and rate
coverage analysis from Section III. Next, we compare the
per user and sum rate for SU-BF, MU-MIMO and SM
with fixed number of BSs per unit area as well as fixed
power consumption per unit area. The default parameters
used for generating the results are given in Table
The efficiency factors wyy and wsyr are implementation
specific and estimating these is not the focus of this
study. Thus, we set the efficiency parameters to 1 and
use Definition [2| for quantifying the allowable relative
efficiency.
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(a) Comparison of SNR analysis with SINR simulation.
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Fig. 2: Validation of SNR analysis in noise-limited scenario shows a tight match with the physical channel model simulations.
Tradeoff between SINR and rate coverage is also shown with MU-MIMO.

TABLE I: Simulation parameters

Parame- Value(s) Parame- Value(s)

ter ter

fe 73 GHz [7] B 1 GHz [7]

pLos, D 0.11, 200 | o2 —174 +

m [11] 10log;o B 410
dBm

o (LOS, 2,33 (7] & (LOS, 5.2,7.6 [7]

NLOS) NLOS)

AUE 500/km? ABS 60/km?

Nuge 16 2], [33] | Nps 64 (2], [33]

P 30 dBm [5] | 7. 1N 1,3 2], [12], [20]
A. Coverage and Rate with MU-MIMQO: Validation and
Trends

1) Cases Where Interference is Negligible. Fig. [2a]
shows the validation of the SNR coverage formula in
Theorem |1} As can be seen from the figure, the analysis
is a tight approximation with the simulations using
the physical channel model even when the virtual an-
gles are equally likely, in which case we have much
simplified analytical expressions as compared to when
the distribution is as given in Lemma [2] Henceforth,
all analysis plots will be with equally likely virtual
angles. As expected, the match loosens as Up; ap-
proaches Npg and Nyg. With increasing Uy, the SINR
coverage decreases since the transmit power is split
amongst the multiple users served by the BS. However,
as seen from Fig. the median and peak per user
rate increases with MU-MIMO. This is due to the fact
that in round robin scheduling, each user connected
to BS at z now gets min (Uy, V) times more slots
to transmit. A re-interpretation of the above result can
be made in terms of minimum allowable efficiencies.
For example, Oy, =2} 1uy=13(0.5) = 62.67% and

Ofuy=4},{un=1}(0.5) = 42.73%. This means that if the
efficiency of implementing MU-MIMO with Uy = 2 is
at least 62.67% of the efficiency with Uy = 1, then it
is beneficial to employ MU-MIMO with Uy = 2 over
SU-BF in terms of the median rates.

Since SINR decreases with Uy, the trend for cell
edge rates is exactly opposite to peak and median rates.
Note that in [[13]], it was shown that cell edge rates can
improve with MU-MIMO. However, the main difference
in their model is the user selection and scheduling. In
[13], there is a high priority user scheduled in a time slot
and additional users are served using MU-MIMO only
if the expected sum proportional fair metric does not
increase due to addition of more users. This protects the
rates achieved by cell edge users. The result in Fig. 2b
thus, highlights the importance of user selection and
scheduling to protect the rates achieved by cell edge
users with multiuser transmission.

2) Cases Where Interference is Not Negligible.
Fig. [3a) shows the validation of SINR coverage formula
in Theorem [3] for single path scenario. In order to present
a case where interference effects are not negligible we
consider a network at 28 GHz band with 200 MHz
bandwidth, a less blocked scenario with pr.os = 0.5 for
D = 200m and much higher A\yg = 1000/km?. As per
discussion in Section[III} pgs = 1/(Npg sin(0.244)) and
puk = 1/(Nyg sin(0.244)). Fig. B4 shows that increas-
ing BS density does not necessarily improve coverage.
This trend is similar to that observed in [6]] and shows the
presence of an optimal BS density in terms of SINR cov-
erage. Approximate analytical results in Lemma [6] and
Appendix [D] capture the essential non-monotonic trend
shown with the simulations. Fig. further validates
the analysis in Appendix [D] for multipath scenario as
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Fig. 4: Comparison of MIMO techniques with fixed BS density. Uy = 4

well as shows a decreasing gap with the physical model
simulations as the number of antennas grows large. Both
these plots build confidence in the analysis and derived
insights. Using analysis, it can be found that optimum
BS density for Uy = 1,2 and 4 decreases as 82,72
and 63 BSs/km?. Thus, with increasing Uy the optimum
BS density reduces due to increasing interference in the
network.

B. Comparing Per User and Sum Rate for SU-BF, MU-
MIMO and SM

The gains with SM and MU-MIMO are fundamentally
driven by distinct network parameters. For example,
having more number of multipaths (or larger 7, and 7y)

increases the rank of the channel and thus enables trans-
mitting more number of streams with single user SM,
given that there are enough RF chains at the transmitter
and the receiver. However, this does not necessarily help
in having more multi-user streams. On the other hand,
having low load reduces the possible gain with MU-
MIMO even if each BS is equipped with a large number
of RF chains due to the fact that there are not many
users to schedule simultaneously per BS. This does not
however affect SM in terms of the number of streams per
user. Thus, sufficiently low load and high multipaths may
cause SM to outperform MU-MIMO given that there are
enough RF chains at the BSs and UEs. This can be seen
in Figures [a) and Ab] The plots for MU-MIMO and SU-
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MU-MIMO and SM in terms of cell edge per user rates but
MU-MIMO performs the best in terms of sum rates.

BF in Figure [da] are with analysis. The plots for SM
in Figure [a and the entire Figure {b] is using Monte-
Carlo simulations. Note that our analytical model is valid
for nr,,mn > Nyg and not for 7, 7N close to Nyg,
which is the case in Figure bl Figure fa] shows that
for moderate and low user densities (which corresponds
to Ayg = 500/km? and A\yg = 100/km?) MU-MIMO
outperforms SM and SU-BF. However, for very low
load (corresponds to 10 UEs/km?) SM outperforms MU-
MIMO. This result is due to the fact that although SM
can offer 2 streams per user but MU-MIMO cannot
provide gains since per km? there are only 10 users that
can associate with 60 possible BSs and the probability
that a BS connects to more than 1 user is very low. Since
our analytical model slightly loose estimates for low SNR
users, we compare the cell edge rates using simulations
only. The cell edge rates are quite close for the three
schemes, although SM and SU-BF slightly outperform
MU-MIMO. For low loads, SM is slightly better than
SU-BF in terms of cell edge rates. Considering that
overhead with MU-MIMO could be the highest, this
trend will be more exaggerated afte considering these
factors. A better scheduling will be indeed important for
protecting cell edge rates with MU-MIMO.

Figure [4b] shows the impact of high multipath on the
comparison insights. As was observed in Figure #a] MU-
MIMO outperformed SM for A\yg = 100/km? when
multipath was low. For the same network parameters,
that lead to a noise-limited case, increasing the multipath
to nr, = 10 and 7 = 12 gives higher rates with SM for
even 30 percentile users. This is again due to the fact
that since there are 4 RF chains at UEs and BSs, SM
can support 4 streams per user. However, since there
are about 1.7 UEs per BS, BSs can only transmit to
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about 2 UEs per time slot on an average with MU-
MIMO. Further the increased multipath leads to higher
ZF penalty for MU-MIMO. Similar trend is observed
in the interference-limited scenario (f. = 28 GHz,B =
100 MHz, pr,0s = 0.5). Since a low blockage scenario is
considered, the 4 streams per UE are LOS links with very
high probability. Thus, the gains with SM look slightly
exaggerated in the interference-limited case. Also note
that having a large multipath as considered here could
be a unlikely scenario in outdoor mmWave networks
[2] but it is interesting to consider from an analytical
perspective.

A re-interpretation of the above plots can be made in
terms of minimum allowable efficiency of MU-MIMO
to outperform SM or SU-BE. For example, when A\yg =
500/km? in Figure @ MU-MIMO outperforms SM in
terms of median users if its efficiency factor is more
than 58%. Similarly, such numbers can be extracted for
other plots using Definition 2] As mentioned earlier, a
separate study on estimating these efficiency factors is
needed to make a strong claim on comparison of these
MIMO techniques.

The above comparison results were for fixed BS
density and the same number of antennas across different
schemes. However, with an increasing number of RF
chains, the power consumed per BS also increases. In
the hybrid precoding as shown in Fig. 1} each RF chain
is connected to all antennas through phase shifters. Thus,
with increasing number of RF chains the number of
phase shifters grows proportionally with the number
of antennas, and effectively the power consumption is
also increased. Let v(Ngp) denote the ratio of power
consumed at a BS with Ngr RF chains to a BS with 1
RF chain. A ballpark value of v can be found to be 1.38
for Ngg = 64 and Ngr = Uy = 2 based on the power
consumption model in [25] (refer [[1]] for a discussion
on this). We now scale up the BS density of SU-BF by
exactly a factor of v. Note that UEs need to use only
single RF chain for SU-BF and MU-MIMO with hybrid
precoding. However, UEs need multiple RF chains for
SM with hybrid precoding architecture. Thus, for fair
comparison considering power consumption model in
[25] we reduce the Nyg to 7 for SM. As can be seen
from Fig. [5] the gain in per user data rates with MU-
MIMO and SM diminishes or completely vanishes if
the SU-BF network has 1.38 times denser deployment
on an average. Fig. [5] shows that MU-MIMO still has
significantly higher sum rates than for a denser SU-BF
network. However, per user cell edge rates with a denser
SU-BF network are higher in this case. To quantify the
cell edge gains in per user rates Oy, su(0.95) = 315%,
which is huge and strengthens our conclusion that a
denser SU-BF network outperforms MU-MIMO in terms
of cell edge rates. Also note that Ony su(0.5) = 99%,



which implies that most likely even the median gains
with SU-BF will be better after incorporating the channel
acquisition overheads. However, in terms of sum rates
Omu,su(0.5) = 73% which implies that median rates
with MU-MIMO can still be higher as long as the
efficiency is more than 73% of SU-BF efficiency.

VI. CONCLUSIONS AND FUTURE WORK

The analytical model in this work demonstrates the
utility of the virtual channel approximation to incor-
porate different precoder and combiner constraints in
network level analysis of dense MIMO cellular networks
with many antennas. It would be beneficial to get tighter
bounds on the Laplace functional of the out-of-cell
interference. The analytical model can also be extended
to incorporate more realistic cross-polarized uniform
planar arrays instead of ULA. Another important issue
that needs to be addressed is to incorporate the effects
of imperfect channel state information in the analytical
model. Since MU-MIMO requires more channel state
information at the transmitter, imperfect channel knowl-
edge may affect the performance of MU-MIMO more
than SM or SU-BF. It is essential to know whether this
would overshadow the benefits of MU-MIMO over SM
and SU-BF observed in this paper.

APPENDIX
A. Derivation of Zero Forcing Penalty in Proposition [I|

For simplicity in notation, let us denote by 6’ and ¢’
as the AOD and AOA on the j™ path from/to the BS at
under consideration to/from the i user, i € {1,...,U},
served by the BS, respectively. ﬁ%u is equal to (7) when
all of the following events are true.

o By : ajp(oh)ave(oh)apg(0F)aps(0]) = 0 for all

je{l,...,m}and k € {2,...,U}.
o By : ajgp(¢1)ave(e))aps(0])ass(0F) = 0 for all
je{l,...,m}and k € {2,...,U}.
o Es : afjp(o1)ave(¢])aps(0])aps(01) = 0 for all
j S {2,...,7’]1}.
Note that probability of pzr = 1 is given by P(E; N
E5 N Es3). Using the ON/OFF nature of inner products
of beamsteering vectors with virtual channel approxima-
tion, we can re-write the above conditions as
o & = Ay N Ay, where Ay = (N _,{0} # 0F} and
Az = (o N {0f # of U {6F # 61},
o & = A1 N As, where A = (,_, NIy {0t #
¢t U{0] # 01}
Note that P(El n E2 ﬂEg) = ]P)(gl ﬂgg) = P(Al QAQ N
Aj3). Conditioning on 0], A, is independent of A; and
As. Using (a) P(AU B) = P(A) + P(B) — P(AN B),
(b) all distinct AOA or AOD are independently dis-
tributed as per the distribution given in Lemma [2} (c)
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Myt Na{od # 6} U M Mi{0) # 61} ©
Mi=1 Njo{ot # 6} U{0] # 01} and (d) for a highly
dense network, the probability that the BS is serving a
LOS UE is pr,os since the association region of a BS is
almost surely covered by the ball of radius D centered
at the BS, the required lower bound on the probability
of pzr = 1 is derived, also given by ((.). In order
to get the more simplified expression in Remark 1, the
term D;(.) in Proposition [I| needs to be simplified. For
equally likely virtual angles, this can be found using the
following Lemma, which we propose.

Lemma 7. Pick U numbers that take values in range
{1,..., N}. Repetition of values is allowed and order is
important. The probability that the first Uy numbers are
mutually exclusive from the remaining Us = U — Uy is
given by P, where

d

P U; ()@ -am3 (§) @i,

=0

The idea is to condition that there are d distinct values
in first U; numbers, in which case the remaining U,
numbers can take values in (N — d)Y2 ways. Further
the number of ways in which first U; numbers take d
distinct values can be found using inclusion exclusion
principle, which is given by the inner summation.

B. Proof of Theorem

Let /f and [ denote the points closest to origin in N7,
and Ny, respectively. Using Lemma [3] the probability
of associating with a LOS BS is given by

A, =By, /Ooo P(ZKI > t) fL(t)dt

= BL Am exp (_)\BSMN (t)) fL (t)dt.

Similarly, the probability of associating with NLOS BS
is given by AN = BN fooo exp (_)\BSML(t)) fN(t)dt.
Similar to Lemma 3 in [6], the PDF of prop-
agation loss to associated BS given that the as-
sociation is of type LOS, is given by fu(t) =
%ifL(t) exp (—ApsMn (¢)). Similarly, the PDF of prop-
agation loss given the associated BS is NLOS is
given by fn(t) = i—ﬁfN(t) exp (—ApsML(t)). Define
S(r,U) £ P(SNR,( > 7|U, = U). Thus, S(1) =



Ey,—u [S(7,U)]. By the law of total probability,

S(r,U) = AP (SNRI,O > T’LOS connection)

+ AnP (SNR%O > T‘NLOS Connection)
() > TUto?
AL/ P <|’Yim,x,0|2 > LT 0n )fL( )dt
pymuG

> 7Uto;,
#an [P (Pisol > ’@MU) fu(yat
(o]
= BL/P (|%‘m,ac,o|2 >
0
+BN/]P <|%‘m,x,o|2 >
0

where (a) is obtained using Proposition Note that
the first integral is the probability that SNR exceeds
the threshold and there is LOS connection, whereas the
second term is for NLOS connection. Let us consider
the probabilities in each of these two terms separately.

Uto?
n;;Ué"rL) ef)\BsMN(t)fL(t)dt

nn7Uto?
rmuG

L7Uto?
P (%‘m,x,0|2 > 77)
pymuG
nL7Uto?
=P =D P( [Yipw0l® > —=2 =1
(pmu ) (|7 0 oG U )
(b) ’r]LTUtU%

® ¢y, V)P (Ivl >

where (b) is obtained from distribution of pyy in Propo-

sition [11

Further, using the distribution of maximum of 7y,

P (mm,m,oﬁ >

Z)_: "H( ) exp (—nmnUto? /G).

G

s

nLTUtafL
G

Similarly, we can find the NLOS probability term, which
completes the proof.

C. Proof of Lemma [6]

The Laplace functional of the out-of-cell interference
to a user at origin, given the path loss to the serving BS,
is defined as Ly, ;(s) £ E[exp (—slp) |L(z,0) = ].

) e ML) f (1)t
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Glyy0/*Xy

D

yEPps,y#x

s Z Glye|*txe
teN t>1 U

L(z,0)=1

T 1
@D
»
T
SN———

I 2,1
On] [ o (20" Xt)}
Uy
_teN,tzl
1
2| T B[ (L))
teEN t>1
(©) 1
S H
teN,t211+wt
Lo (- T
= exp | — 1— —— | ) A(dt
(=) (1B [ ) v

- ( /l > <]E¢t {leng A(dt)> ,

where (a) is obtained by displacing each point y €
Pps,y # x to L(y,0) = ¢t € N, t > I. Note that
vy,0, Uy and X, are independent marks of y € ®gg,
whose distributions are themselves independent of the
location y. After one to one mapping of each point
Yy € R2 to t € Rt and each mark to itself, we associate
each feasible point ¢ € N with independent marks ¢, Uy
and xy, with same distribution as the corresponding
earlier marks. Here, (b) is obtained using independence
of the marks of the displaced PPP and (c) since -
are exponentially dlstrlbutcd random variables with unit
mean and )y = 9Gt Gt 1xe . Using the PGFL (probability
generating functlonal) [28] we obtain (d). Using the
distribution of U, and x;, we get the required result.

D. Laplace Functional of Out-of-cell Interference for
General Number of Paths

The out-of-cell interference from a BS at y to user at
origin, served by BS at x is given by

GL y, Ny, u
Iy = Z ||Z'7jaUE Gzu)AUE(Dj,y,u) X
T’%“ Y ’LUEUU j=1
aps(0),.y,)ams (0y,0)]1%,
Thus,
GL( y, o
Iy70 = )
My, wU, well, j—1



where X ., is given by,

1 if Gpu = Gjy.u and Oy = 0;y.4
X4 = PBS if (bw,u = ¢j,y,u and ay»w 7& Hj,y,u
Y PUE if (bx,u 7é d)j,y,u and ey,w = ej,y,u

pBspuEe  otherwise.

Now let us look at the Laplace functional of this inter-
ference power.

Li,(s)=E |exp | —s Z I, 0
yEPps,y#T
GL(y,0)~ !
“E|exp (-5 3 @7[])
YyEPps,y#£T 1y,0%y
MNy,0
< > D Xl
wel, j=1
@ —sGL(y,0)!
=E H B ymo [GXP (U
yEPps,y#T 1y,0%y
Ny,0
x> D Xl
weld, j=1

where (a) follows since x and 7 have distributions inde-
pendent of location y. Finding the exact distribution from
this expression is intractable. The main bottleneck is that
the small scale fading random variables «;, are together
clubbed in a single norm expression and thus, although
these random variables are assumed to be independent,
the distribution of the norm squared for different users
in U, are correlated exponential random variables. We,
thus, find upper and lower bounds in this work.

1) Upper Bound on the Laplace Functional. In order
to find an upper bound, we use the fact that ;. >
pBSpPUE- Thus,

sGp2 . p?
Li(s) <E H Ex v {exp <_L(PB8PUE

yEdpg,y#z Y, O)Uy,ko
My,0
x>0 Il
wel, j=1

(1

We| J[ E

{exp ( _SGP%SP%EE)]
L(y, 0)ny0

yEPps,y#T
1
=K H
—1,2 2
YyEPps,y#T 1+ SGL(y’ O) PBsPUE

where = is an exponential random variable with mean
7y,0 in (a). In order to find the SINR distribution, we are
interested in Laplace functional conditioned on path loss
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to serving BS. Thus, conditioning on L(z,0) = [ and
displacing the points in ® to N, similar to Appendix [C]
we get,

Lp,.(s) <E

1
H 1,2 2
LN i1 1+ sGt=1piepip

_ [T A(de)
(/ 1+_1”)-

sGt~ 1 ogspim

2) Lower Bound on the Laplace Functional. One
obvious lower bound can be obtained using x;., = 1.
The Laplace functional in this case is the same as for the
upper bound with p3qp?p, replaced by 1. However, with
the narrow beamwidth for a large number of antennas,
this approximation is clearly very pessimistic. We can
get a tighter lower bound using the Cauchy-Schwarz
inequality as follows.

Li,(s) > E {exp (‘SGL(yO)_l

My,0Uy

H EX(.,.)W(.)

yed,y#z

Ny,0 Ny,0
( B2 I

j=1 weldy j=1
sGL(y,0)~ 1
=E| [[ E.., (1+ yU)
yED Y Mly.0
My,0 —777/,0
2
<D 2 N
wely j=1
Simplifying the term
—Ny,0
MNy,0
sGL(y,0
Uy =Byo || 1+ ——F— ZZXJW ;
77y0 v wely j=1
we get
NBs My,0 n
0 _
-2 > (" )ng: e
i=1 m=0

Ngs MNy,0

X Z Z H (77y 0) q]gS,LS+k1 (1= gus )70

skuy=17J1,....,ju, =0n=1

U
sGL(y,0) 1 K S,
14 2 p
ny,OUy ; ,;1 ( BS

() < Ga)) (1= pBs)) (PP + LG < m)(1 - phg))) ™"

The above expression boils down to Lemma [0 for
a single path channel. This expression can be further



simplified assuming equiprobable virtual angles,

5 () () ()"
m Nug Nue
(ny’0)< 1 >jn (1 1 )ny,o—jn
Jn Ngs Ngs

j=1

x(1— p]235)) (P%E + 1 <m)(1 - P%E)))_nw .

Now seperating the LOS and NLOS terms and using
the Displacement theorem as for the upper bound, the
Laplace functional can be given as

Ly, .(s) > exp ( /loo(l —E [\IJtVL])AL(dt)>
X exp < /loo(l -E [\I’t,N])AN(dt)> .

where WU, ; is same as ¥, with y replaced by ¢ and 7, o
replaced by n;, for j € {L,N}.
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