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Filtered OFDM Systems, Algorithms and
Performance Analysis for 5G and Beyond

Lei Zhang, Ayesha Ijaz, Pei Xiao, Mehdi Molu and Rahim Tafazolli

Abstract—Filtered orthogonal frequency division multiplexing
(F-OFDM) system is a promising waveform for 5G and beyond
to enable multi-service system and spectrum efficient network
slicing. However, the performance for F-OFDM systems has not
been systematically analyzed in literature. In this paper, we first
establish a mathematical model for F-OFDM system and derive
the conditions to achieve the interference-free one-tap channel e-
qualization. In the practical cases (e.g., insufficient guard interval,
asynchronous transmission, etc.), the analytical expressions for
inter-symbol-interference (ISI), inter-carrier-interference (ICI)
and adjacent-carrier-interference (ACI) are derived, where the
last term is considered as one of the key factors for asynchronous
transmissions. Based on the framework, an optimal power com-
pensation matrix is derived to make all of the subcarriers having
the same ergodic performance. Another key contribution of the
paper is that we propose a multi-rate F-OFDM system to enable
low complexity low cost communication scenarios such as narrow
band Internet of Things (IoT), at the cost of generating inter-
subband-interference (ISubBI). Low computational complexity
algorithms are proposed to cancel the ISubBI. The result shows
that the derived analytical expressions match the simulation
results, and the proposed ISubBI cancelation algorithms can
significantly save the original F-OFDM complexity (up to 100
times) without significant performance loss.

Index Terms—Filtered OFDM, inter-subband-interference,
adjacent-carrier-interference, asynchronous system, multi-rate,
waveform, network slicing, NB-IoT

I. INTRODUCTION

Enhanced mobile broadband (eMBB), massive machine type
communications (mMTC) and ultra-reliable and low latency
communications (URLLC), have been categorized as three
main communication scenarios for the 5-th Generation (5G)
wireless communication [1], [2], [3]. In order to efficiently
support the diverse requirements of 5G and spectrum efficient
network slicing, from the physical layer perspective, one of
the fundamental and key challenges over the previous system-
s, e.g., orthogonal frequency division multiplexing (OFDM)
based long term evolution (LTE) [4], is the new waveform
design to enable the multi-service signal multiplexing and
isolation [5]. Besides inheriting the advantages of the OFDM
systems, such as ease of implementation of channel estima-
tion/equalization and multi-antenna techniques, there are two
imperative features that the new waveform must possess to
sustain the overall design requirements of 5G: low out of band
emission (OoBE) and relaxed synchronization requirements.
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are with the 5G Innovation Centre (5GIC) and Institute for Communication
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The first one may reduce guard band (e.g. 10% in OFDM
based LTE) to a much smaller value (e.g., 2%) to achieve
spectrum efficient transmissions [6]. In addition, this feature
also provides a foundation for enabling multiple types of
services with different optimal frame structures co-existing
in one baseband with negligible interference [5], [7]. On the
other hand, relaxed synchronization can lead to simplified
hardware/algorithm design and transceiver processing [8]. For
example, low complexity low cost MTC devices may not have
sophisticated RF hardware and/or baseband synchronization
algorithms [3], [9], [10]; in addition, asynchronous transmis-
sion may be adopted in 5G for uplink transmission to save
the synchronization signaling overhead (e.g., timing advance
in LTE uplink transmission) in mMTC scenarios.

Many waveforms have been proposed to meet (or partly
meet) these design metrics and requirements, such as filter-
bank multi-carrier (FBMC) [11], [12], [13], generalized fre-
quency division multiplexing (GFDM) [14], [15], universal
filtered multi-carrier (UFMC) [16], [5], [17], filtered orthogo-
nal frequency division multiplexing (F-OFDM) [7], [18] and
their variants [19], [20], [21], [22], [23]. Among them, FBMC
system offers the best OoBE and time/frequency localization
properties. However, channel estimation/equalization and its
combination with multi-antennas system may be significantly
more complex than OFDM due to the intrinsic interference
between the real and imaginary branches [11], [24]. Recently,
the authors in [25] proposed a low complexity one-tap channel
equalization algorithm with additional cyclic prefix (CP) inser-
tion to the original FBMC system [25]. In addition, for low-
to-middle frequency selectivity channels, [26] proposed block-
wise Alamouti schemes for FBMC systems with complex
orthogonality. Like FBMC, GFDM is also a per-subcarrier
filtered and block-based-processing system that may not be
applicable to the latency sensitive services (e.g., vehicle to
vehicle). Both UFMC system and F-OFDM are per subband
filtered and symbol-based-processing waveforms. One of the
major differences between them is that UFMC uses short
filter (e.g., Chebyshev filter with length similar to channel
length [16], [5]) and the filter tail does not extend to the
next symbol at the transmitter. Whereas, F-OFDM normally
adopts much longer filter (e.g., windowed Sinc filter with
length being half of the symbol duration [7]). However, the
filter tails (typically totally) extend to the adjacent symbols
to keep the system overhead the same as the CP OFDM
system (e.g., 7%) [7], [18]. This overlapping may make
the system incur more inter-symbol-interference (ISI) and/or
inter-carrier-interference (ICI) than the UFMC system in a
scenario wherein a subband occupies small percentage of the
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whole bandwidth (e.g., 1%) [2]. However, the longer filter
and soft overlapping among adjacent symbols in F-OFDM
render the system much more robust to the adjacent-carrier-
interference (ACI) and the multiple-access-interference (MAI)
in the asynchronous systems (for uplink). Since this is one of
the main targets and a challenging communication scenarios
for 5G from the physical layer perspective, our performance
analysis and proposed algorithms in this paper will be focused
on the F-OFDM system only. However, the basic idea could
be extended to other waveforms such as UFMC.

As mentioned above, F-OFDM uses filter with length up to
half of the symbol duration for good frequency localization.
This design criterion may make the system vulnerable to ISI
and ICI. Most of the existing work on F-OFDM, found in
the literature, is focused on the numerical comparisons with
other waveforms and sensitivity to the synchronization errors
[7], [27], [18], [28]. Some conclusions are made based on
specific simulation setups or qualitative analysis. However, a
systematic analysis on the performance in terms of ISI, ICI
and ACI is missing. For instance, it has been claimed that
increasing the CP length may reduce interference in F-OFDM
[7], [18]. However, maximum CP length required to limit the
interference level is unknown. This is a critical issue for the
5G system design and it is one of the questions answered
in this paper. It is a common problem in the subband filtered
system that the power is not evenly allocated to each subcarrier
due to the filter ramping-up and ramping-down at the edges
of a subband [5]. Based on our framework, we derive a
power compensation matrix to compensate the power among
subcarriers in order to output the same signal-to-noise-ratio
(SNR) for optimal performance. In addition, an updated one-
tap channel equalizer is proposed by considering all of the
above mentioned imperfections and power compensation.

In addition to the tradeoff between overhead and perfor-
mance, the tradeoff between complexity and performance is
another important consideration in the system design. In the
original F-OFDM system with small subband bandwidth (e.g.,
12 subcarriers as a subband) to support multiple users/services,
each subband may require an independent Discrete Fourier
Transform (DFT) or fast Fourier transform (FFT) operation,
which may result in more than 100 times higher complexity
than the OFDM system (assuming the system has more than
100 subbands) at the base station. The complexity issue is also
a major challenge for low cost low complexity devices (e.g.,
internet of things (IoT) devices), where narrow band IoT has
been proposed as a promising solution for 5G system to bal-
ance the performance and system implementation complexity
[3], [10], [29]. However, with the original F-OFDM system,
the FFT size and sampling rate should be kept as high as
the normal user devices to secure the orthogonality among
subbands, which may be against the design principles for low
complexity low cost devices.

As a solution, in this paper, we propose multi-rate F-OFDM
for computational complexity reduction. In the single-rate (SR)
F-OFDM system, the baseband sampling rate is fixed and
kept the same for all subbands. On the contrary, multi-rate
(MR) F-OFDM has variable sampling rate in the baseband
signal processing to use low complexity low-dimension DFT.

However, MR processing creates image signals in adjacent
bands and anti-image subband filters are required to eliminate
the image signals [27]. Nevertheless, the residual image signal
will create ISubBI in the system due to non-ideal filters, which
may degrade system performance in comparison with the SR.
To deal with the problem, we propose low-complexity base-
band signal processing algorithms to precancel the ISubBI by
precoding the information symbols for downlink transmission.
The idea can be also extended to the uplink transmission by
jointly detecting the receiver signals. Note that the concept
of MR implementation of multi-service subband filter multi-
carrier (SFMC) has been proposed in [27], however, it was
focused on the system model and simulation comparisons only.

Two main contributions and novelties of this paper are
summarized as follows:

• We first build an analytical framework for F-OFDM
system by considering the ISI, ICI and ACI in asyn-
chronous systems. The conditions to achieve interference
free transmission and one-tap channel equalization are
derived for F-OFDM. In the practical cases (e.g., insuffi-
cient CP length and asynchronous transmission, etc.), the
analytical expressions of ISI, ICI and ACI are derived,
which provide a guideline for 5G frame structure and
waveform design. Based on the analytical framework, the
optimal power compensation matrix is derived to make
the subcarriers in a subband have the same performance
in terms of SNR. In addition, we propose channel equal-
ization algorithms by taking the derived interference and
power compensation into consideration.

• We systematically establish a system model for MR
F-OFDM and propose low complexity ISubBI cance-
lation algorithms by taking downlink transmissions as
an example. The channel dependent and independent
algorithms are proposed. The algorithms are flexible to
support arbitrary bandwidth interference cancelation. For
downlink transmission, preprocessing is applicable at
the base station to pre-cancel the interference. For the
uplink transmission, joint detection at the receiver side
can be performed to mitigate the ISubBI and improve
the performance. The proposed scheme and interference
cancelation algorithm can provide a viable solution for
low complexity IoT/MTC devices.

Notations: Vectors and matrices are denoted by lowercase
and uppercase bold letters, and {·}H , {·}T , {·}∗ stand for
the Hermitian conjugate, transpose and conjugate operation,
respectively. We use trace{A} and diag{A} to denote the
trace of matrix A and a diagonal matrix formed by taking
the diagonal elements of A, respectively. However, diag{a}
denotes forming a diagonal matrix A using the vector a. IM
and 0m×n refer to M ×M identity matrix and m × n zero
matrix, respectively. Operator ∗ denotes linear convolution of
two vectors. A(i, j) means taking the i-th row and j-th column
of the matrix A. ↑ K and ↓ K refer the operation of up-
sampling and down-sampling the signal by a factor of K,
respectively.
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Fig. 1. Block diagram of SR and MR F-OFDM systems (We consider 3 contiguous subbands in the frequency domain and 2 symbols in the time domain
in this diagram for brevity).

II. SINGLE-RATE F-OFDM SYSTEM

A downlink SR F-OFDM system is shown in Fig. 1, a
power compensation is operated on each subband signal to
compensate the filter frequency response difference among
subcarriers. A normal CP-OFDM process is implemented on
per subband basis. Then a subband filter is followed with
the output data length being altered due to the filter tails.
However, the tail of the current symbol overlaps with the
next symbol (see Fig. 1 (d)) and therefore, does not cause
extra overhead. The subband filter takes the role of isolating
the interference from the adjacent subbands and reducing the
OoBE. At the receiver side, as shown in Fig. 1 (b), an optional
matched filter is used followed by CP removal and DFT or FFT
processing. Note that Fig. 1 is a downlink transmission system.
The uplink transmission system uses reverse procedure with an
optional DFT spreading on the modulated symbols for peak-
to-average-power-ratio (PAPR) reduction. However, to focus
on the interference analysis and cancelation algorithms, we
will not consider the PAPR reduction algorithms (e.g., DFT
spreading processing) in this paper.

A. Transmitter Processing

Let us consider an F-OFDM system contains N subcarriers
that are divided into K subbands with each subband transmit-
ting M contiguous subcarriers, i.e., N = M ·K 1. Writing the

1This equation implies that all of the N consecutive subcarriers are
occupied. Otherwise, the transmitted symbols can be set to zero at the
unoccupied subcarriers to satisfy the assumption.

transmitted symbols in vector form:

s = [s1; s2; · · · ; sK ] ∈ CN×1 , (1)

where

sk = [sk(1), sk(2), · · · , sk(M)]T ∈ CM×1 (2)

is the signal transmitted in the k-th subband. We assume
E{|sk(i)|2} = ρ2sym , for i = 0, 1, · · · , N − 1. Generally,
multiple subbands can be assigned to one user [5]. However,
to simplify the derivations and without loss of generality, we
assume that each user has been assigned a single subband, i.e.,
the k-th subband is allocated to the k-th user 2. We can write
the transmitted signal before subband filtering for the k-th sub-
band as RDkEksk, where R = [0LCP×(N−LCP ), ILCP ; IN ]
is the matrix form of CP insertion operation, with LCP
being the CP length and LSYM = N + LCP being the
symbol duration in F-OFDM samples. Dk ∈ CN×M is the
[(k − 1)M + 1]-th to the (kM)-th columns of the N -point
normalized inverse DFT (IDFT) matrix D. The element of D
in the i-th row and n-th column is D(i, n) = 1√

N
ej·2πin/N .

As mentioned early, power compensation processing matrix
Ek ∈ RM×M can be adopted so that all subcarriers have the
same ergodic output SNR to compensate the filter frequency
selectivity on different subcarriers. Note that the value of Ek

2Note that assigning multiple subbands to a single user is a special case of
single subband assignment, since in the latter case, we can always set several
subbands’ configurations the same to each other and with no synchronization
error among the subbands, which will be equivalent to the multiple subbands
assignment case.
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depends on the filter frequency response and the optimal value
will be given in Section III-C and when Ek = IM , no power
compensation is applied to the system.

Let us assume that the k-th subband filter impulse response
is

ak = [ak(0), ak(1), · · · , ak(LF − 1)] , (3)

with LF being the filter length. In addition, we assume
all subbands use the same prototype filter (e.g., same filter
length and type) and we assume that the energy of ak is
normalized to unity, i.e.,

∑LF−1
l=0 |ak(l)|2 = 1. However,

these assumptions can be easily removed without affecting
the algorithms and analysis results. In order to express the
system model into a matrix operation form, let us define an
(LSYM+LF−1)×LSYM dimension Toeplitz matrix Ak with
its first column being [ak,01×(LSYM−1)]

T and first row being
[ak(0),01×(LSYM−1)]. We can write the transmitted signal
after subband filtering for the k-th subband as AkRDkEksk.
Note that the number of overall samples that contains the
desired signal is LSYM + LF − 1 due to the filter tails.

After filter tail overlapping processing (as shown in Fig. 1
(d)), the current symbol at the k-th subband will be overlapped
with one previous and one next symbol 3. In this case, we can
write the k-th subband signal before transmission as

qk =
1

ρk
[q̂DES,k + q̂ISI,k] , (4)

where the first term q̂DES,k = AkRDkEksk is the desired
signal. The second term is the ISI due to the filter tail
overlapping with the previous and next symbol, which will be
analyzed in detail in the next section. ρk is the transmission
power normalization factor of the k-th subband.

B. Receiver Processing

Let us assume the channel impulse response be-
tween the transmitter and the k-th user is bk =
[bk(0), bk(1), · · · , bk(LCH,k − 1)] where LCH,k is the length
of the channel in F-OFDM samples 4. We assume that different
taps of the channel are uncorrelated, i.e., E{bk(i)bk(l)∗} = 0
if i 6= l and E{bk(i)bk(l)∗} = Rk(i) if i = l.

Without loss of generality, we assume the overall channel
gain for the k-th user is

∑LCH,k−1
i=0 E

|bk(i)|2 = ρ2CH,k. Let us define Ball,k ∈
C(LSYM+LCH,k+LF−2)×(LSYM+LF−1) as the equivalent
channel convolution Toeplitz matrix of bk with its first
row being [bk(1),01×LSYM+LF−2

] and first column is
[bk,01×LSYM+LF−LCH,k−2

]T .
At the receiver, due to the filter tails and channel dispersion,

in total LSYM +LCH,k+LF −2 samples contains the desired
signal. How to select the receiver processing window (i.e.,
LSYM out of LSYM + LCH,k + LF − 2 samples) is critical
to mitigate the ISI. In general, a shift of Ls samples from the

3Note that this implies the filter length is no longer than a half of the
symbol duration. Indeed, it is a common setup in literature to assume the
filter length LF = N/2.

4Note that we have assumed that each user is assigned to a single subband,
therefore the channel from the base station to the k-th user is equivalent to
the channel for the k-th subband.

first sample that contains the desired signal could be selected
to balance the ISI between the previous and next symbols
in the k-th subband. In this case, the current symbol might
overlap with two adjacent symbols. Therefore, Ball,k can be
split into three parts with the first part BUP

k by taking its first
Ls rows and the second part takes from the Ls + 1-th to the
Ls + LSYM rows as Bk and the third part by taking its last
LCH,k+LF −2−Ls rows as BDW

k . The second part Bk will
be the main part of channel matrix that convoluted with the
signal for the desired signal detection, while BUP

k and BDW
k

are the two parts which may generate ISI from the previous
and next symbols, respectively.

Taking the linear receiver filtering, CP removal and DFT
processing one by one, let us write the received signal at the
k-th user as:

yk = yDES,k + yISI,k + yACI,k + ṽk . (5)

The first term

yDES,k = DH
k TCkBkqDES,k

=
1

ρk
DH
k TCkBkAkRDkEksk (6)

is the term that contains the desired signal within the process-
ing window. Ck is the matrix form of subband filter based
on the receiver filter ck = [ck(0), ck(1), · · · , ck(LF − 1)]. In
general, matched filter is employed, i.e., Ck = AH

k . Without
loss of generality, we assume the receiver filter length is the
same as the transmitter filter’s. The matrix T = [0N×LCP , IN ]
is matrix form of CP removal implementation. The ISI signal
can be written as

yISI,k =
1

ρk
DH
k TCk(B̂DW

k AkRDkEks̃k

+ B̂UP
k AkRDkEks̄k) , (7)

where B̂DW
k = [BDW

k ; 0(LSYM−LCH,k−LF+Ls+2)×LSYM ] and
B̂UP
k = [0(LSYM−Ls)×LSYM ; BUP

k ]. s̃k and s̄k are the trans-
mitted symbols in the previous and next multicarrier symbol
in the k-th subband.

The third term is the ACI in the k-th subband due to the
non-orthogonality between subbands and the asynchronousity
between the subbands. Since the k-th subband/user can overlap
with up to three symbols in the i-th subband/user, let us define
the three symbols with the i-th subband as: the previous one
is qUi , the middle as qMi and the latter is qDi . Similarly,
BU
k , BM

k and BD
k are three parts of the channel convolution

matrix of Bk. Specifically, BU
k takes the first Ls + τi rows of

Ball,k; BU
k takes the Ls + τi + 1-th to the Ls + τi + LSYM -

th rows of Ball,k; BD
k takes the Ls + τi + LSYM + 1-th

to the τi + LSYM + LCH,k + LF − 2-th rows of Ball,k.
Defining B̂D

k = [BD
k ; 0(LSYM−LCH,k−LF+Ls+τi+2)×LSYM ]

and B̂U
k = [0(LSYM−Ls−τi)×LSYM ; BU

k ], then we have

yACI,k = DH
k TCk

K∑
i=1,i6=k

(B̂U
k qDi + BM

k qMi + B̂D
k qUi ) . (8)

Due to the symbol overlapping, the ACI will not be zero
even if the subbands are well synchronized (i.e., τi = 0). How-
ever, in this case, the interference level could be significantly
smaller.
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Finally, ṽk = TCkvk is a complex-valued noise vector
after receiver filtering for the k-th user and we assume vk is
white Gaussian noise with zero mean and variance σ2.

III. ASYNCHRONOUS F-OFDM SYSTEM AND
PERFORMANCE ANALYSIS

In this section, we will consider the interference and noise
terms in equation (5) and derive the analytical expressions
one by one. The conditions for orthogonality and securing the
circular convolution property between the channel and signal
will be given in this section as well. In addition, a power
compensation matrix will be derived so that all subcarriers in
one subband have the same performance. Finally, based on the
analytical results, we propose a modified channel equalizer by
taking all of the interference into consideration.

A. Filter and Channel frequency response

Before we give any derivations, let us first define the filter
and channel responses in frequency domain. We have defined
ak, ck and bk as the subband filter at the transmitter, receiver
and the channel impulse response, respectively. Let us define
N dimension fk, gk and hk as the corresponding responses
in frequency domain. Specifically

fk = DH · [ak,01×(N−LF )]
T ,

hk = DH · [bk,01×(N−LCH,k)]
T ,

gk = DH · [ck,01×(N−LF )]
T . (9)

Note that fk, gk and hk are N × 1 vectors. Let us split the
N elements into K parts, each containing M elements. Let
f
[i]
k , g

[i]
k and h

[i]
k be the i-th section of fk, gk and hk, which

consists of the (i− 1)M + 1 to the iM -th elements of fk, gk
and hk. Let us set three M ×K matrices as:

Fk = [f
[1]
k , f

[2]
k , · · · , f [K]

k ] ,

Gk = [g
[1]
k ,g

[2]
k , · · · ,g

[K]
k ] ,

Hk = [h
[1]
k ,h

[2]
k , · · · ,h

[K]
k ] . (10)

Note that the value of f
[i]
k (and g

[i]
k ) is significantly larger for

the k-th subband, i.e. for i = k, than for i 6= k. The values of
f
[i]
k should be reduced exponentially when |i − k| increases,

i.e, the filter response of the k-th subband is significantly
reduced in the subband that is away from the k-th subband.
Therefore, the F-OFDM system provides much better OoBE
and performance in the asynchronous cases.

An exemplary filter frequency response is shown in Fig. 2.
For the first subband (red line), the filter passband response f

[1]
1

(from 1st to 20-th subcarrier) has significantly larger values
than the response in stopbands (f [2]1 , f

[3]
1 and f

[4]
1 , i.e., from

the 21-th to the 80-th subcarrier). On the other hand, the
filter frequency response for the second subband (blue line)
shifts its passband to the stopband of the first subband (i.e.
the 21-th to the 40-th subcarrier). In this case, signals in the
two subbands will be isolated by the subband filters without
generating severe interference.
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Fig. 2. Filter frequency response (FFR) versus subcarrier index (N = 80;
M = 20; in total 4 subbands; only the first two subbands’ FFR are given
here. Subcarriers 1 − 20 belong to the first subband, subcarriers 21 − 40
belong to the second subband. Red and blue lines are the FFR for the first
and second subbands, respectively. Windowed Sinc filter [7] with LF = 41.).

B. Interference-free F-OFDM system

Securing interference-free one-tap channel equalization is
one of the most important design criteria in an multi-carrier
system such as CP-OFDM, where CP with length equal to or
longer than the channel dispersion in time domain is added
to satisfy the circular convolution property between signal
and channel, resulting in interference-free one-tap channel
equalization. For F-OFDM system, we can also achieve the
interference-free one-tap channel equalization at a cost of
system overhead. By using F̄

[i]
k = diag(f

[i]
k ), Ḡ

[i]
k = diag(g

[i]
k )

and H̄
[i]
k = diag(h

[i]
k ), we have the following Proposition

Proposition 1: Consider an F-OFDM system as shown
in Fig. 1. The filter and channel response are defined in
equation (9) and (10). The desired signal and the channel
frequency response can be written as the following point-wise
multiplications:

yk =
1

ρk
Ḡ

[k]
k H̄

[k]
k F̄

[k]
k Eksk + ṽk , (11)

if

LCP ≥ LO and 0≤ τi≤LCP − LO for i = 1,· · ·,K , (12)

where LO = LCH + 2LF − 3 and ṽk is Gaussian white noise
after filtering with correlation matrix being σ2Qk and Qk =
diag[DkTCkC

T
kTHDH

k ].
Proof: See Appendix A.

Equation (11) implies that interference-free one-tap equal-
ization can be achieved in F-OFDM if equation (12) is met.
However, the two conditions are hardly satisfied strictly due
to the following reasons: 1), the filter length in F-OFDM is
normally set much longer than the channel length to achieve
good filter response and low OoBE and the typical value is
half of the symbol duration [7], [18]. Designing a system with
such long CP may not be spectrum efficient; 2), the system
might be asynchronous in some communication scenarios such
as mMTC uplink transmission.



6

C. The proposed power compensation matrix
According to the system model in (11), it is intuitive

to understand that the SNR at different subcarriers in one
subband could be different. Specifically, the power at the m-th
subcarrier in the k-th subband can be written as SNRk(m) =
ρ2symρ

2
CH,k

ρ2kσ
2 · |g[k]k (m)f

[k]
k (m)Ek(m,m)|2/|Qk(m,m)|2. In the

original F-OFDM system, no power compensation is consid-
ered (e.g., Ek(m,m) = 1 for all m.). In this case, the SNR in
subcarriers may not be the same for different m. Since each
subcarrier carries information with the same importance, there-
fore, it is beneficial to design the power compensation matrix
to ensure that each subcarrier has the same detection SNR.
With this goal, it is easy to obtain the power compensation
matrix

Ek =

{
(G

[k]
k F

[k]
k )−1(Qk)

1
2 with power compensation

IM w/o power compensation
. (13)

Note that Ek is a diagonal matrix and the power compensa-
tion can be performed with very low complexity. In addition,
it is independent of the channel. In such case, the SNR in each
subcarrier will be equal and SNRk(m) = ρ2symρ

2
CH,k/ρ

2
k/σ

2.
Note that both transmitter and receiver filter response should
be priori known at the transmitter to implement the precoding.

Note that the power compensation algorithm operates on the
subband/user level to pre-compensate the selectivity among
subcarriers due to the subband filtering operation, in order to
ensure that all of the subcarriers are allocated the same power
as in the case without subband filtering. In other words, the
same as the typical adaptive modulation and coding (ACM)
schemes, it is user-specific. Thus, the algorithm will not be
affected by the ACM schemes.

D. Desired signal and ICI
For moderate channel conditions and moderate subband

bandwidth, it has been claimed in literature that one-tap
channel equalization is applicable with negligible interference,
even if equation (12) is not satisfied. However, most of the
results are based on the qualitative analysis or simulation
results. Next, we will analyze the performance loss of the
system when orthogonality conditions in equation (12) are
not met. The ISI, ICI and ACI will be derived to provide
meaningful design guidelines for F-OFDM systems.

Note that in the original F-OFDM system, CP addition
copies LCP (normally much smaller than LO) data samples
from the end to the front of the symbol, which is not
sufficient to achieve interference-free one-tap equalization.
In order to derive the ICI caused by the one-tap channel
equalization, let us define a full-size CP adding matrix RO =
[0LO×(N−LO), ILO ; IN ], and the difference between two the
CP adding matrices RC = RO − [0(LO−LCP )×N ; R] and
RC . In addition, let us define TO = [0N×LO , IN ] as a CP
removal matrix of moving the first LO elements/rows of a
vector/matrix. Then we have the following Proposition:

Proposition 2: Consider the same F-OFDM system defined
in Proposition 1 with CP length being LCP . The desired signal
and the ICI can be written as:

yDES,k =
1

ρk
Ḡ

[k]
k H̄

[k]
k F̄

[k]
k Eksk + yICI,k (14)

and

yICI,k = − 1

ρk
DH
k TOCkBkAkRCDkEksk . (15)

The average power of ICI at the m-th subcarrier of k-th
subband PICI,k(m) = E|yICI,k(m)|2 can be expressed as:

PICI,k(m) =
ρ2symρ

2
CH,k

ρ2k

M−1∑
i=0

γk(m, i, 0, 0) , (16)

where γk(m, i, 0, 0) is defined in equation (17). When LCP ≥
LO, we have RC = 0, resulting in yICI,k = 0 and
PICI,k(m) = 0.

Proof: See Appendix B.
Equation (14) implies that to enable one-tap channel equal-

ization, the ICI will exist in the system. The level of the
interference depends on the filter and CP length. Note that
due to the filter ramping-up and ramping-down, the product
AkRC could be considerately small when the filter has good
time localization (i.e., the filter energy is mostly concentrated
in the middle of the filter taps). This will also be shown in
the simulation results to illustrate the negligible interference
in considered cases.

E. ISI Analysis

Proposition 3: Considering the same F-OFDM system
defined in Proposition 1, the power of ISI defined in (7) can
be written as:

PISI,k(m) =
ρ2symρ

2
CH,k

ρ2k

1∑
e=−1,
e 6=0

1∑
d=−1,
d 6=0

N−1∑
n=0

γk(m,n, e, d) . (19)

The proof can be done following the steps similar to the
ICI derivations in (16) and to save space, it is omitted in this
paper.

Proposition 3 implies that the level of ISI is dependent on
the filter design, subband bandwidth and CP length. Quanti-
tatively, according to the ISI expression in equation (19), the
filtered signal tail (and head) might overlap with the current
symbol creating ISI and the value could be significantly small
when the CP length is sufficiently large and/or the filter is well
localized in time domain5. This may restrict the applicable
scenarios of F-OFDM system. However, with the analytical
derivation in equation (19), we can always calculate the ISI
level to guide the system design.

F. ACI Analysis

Proposition 4: Consider the same F-OFDM system defined
in Proposition 1. The time differences between the k-th and
i-th subband is τk(i) (i.e., synchronization error between the
subbands), i.e., the first sample of the i-th subband is delayed
τk(i), compared to the first sample of the k-th subband. The

5The filter shape decides how dense does the energy distribute and the
CP length decide how long does the interference overlap to the interested
symbol. One should note that interference energy distribution is monotonously
decreased from the head of the symbol to the middle, i,e., most of the
interference energy could be reserved in the CP zone [7].
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γi(q, n, e, d) =

LSYM−1∑
l1=0

l1∑
l2=0

LSYM−1∑
r=l1−l2

βi(n, e, l1, l2)ηi(q, r, r − l1 + l2)Ri(r − l1 − dLSYM + τk(i) + µ3Ls)

+

LSYM−1∑
l1=0

LSYM−1∑
l2=l1

LSYM−1−(l2−l1)∑
r=l1−l2

βi(n, e, l1, l2)ηi(q, r, r − l1 + l2)Ri(r − l1 − dLSYM + τk(i) + µ3Ls) ,

where αi(n, e, l) = Qi(n, n)

µ1−1∑
m=0

ej·
2π(m−µ2)[(i−1)M+n]

N ai(l −m− eLSYM ) , (17)

βi(n, e, l1, l2) = αi(n, e, l1)αi(n, e, l2)∗ ,

θi(q, r) =

N−1∑
p=0

e−j·2πp[(i−1)M+q−1]/Nci(p− r + µ3(LF − Ls − 1) + µ2) ,

ηi(q, r1, r2) = θi(q, r1)θi(q, r2)∗ ,

where µ1 = LSYM , µ2 = LCP and µ3 = 1 for ACI and ISI. ,
µ1 = LO − LCP , µ2 = LO and µ3 = 0 for ICI. (18)

power of ACI of the m-th subcarrier in the k-th subband can
be written as

PACI,k(m)=

K∑
i=1,
i 6=k

ρ2symρ
2
CH,i

ρ2i

1∑
e=−1

1∑
d=−1

N−1∑
n=0

γi(m,n, e, d) . (20)

Again, the proof can be done by following the steps similar
to ICI derivations and to save space, it is omitted here.

Equation (20) gives an analytical result of how much ACI
an asynchronous system generate and provides a guideline for
the system and filter design. It is a general case and can be
boiled down to the the OFDM system when the filter length
is set to 1. However, in this case, the system might suffer
from much larger ACI due to the lack of subband filtering
protection.

G. One-tap channel equalization for asynchronous F-OFDM

Based on the derived signal model in the presence of
insufficient CP length for non-synchronized F-OFDM system,
the channel equalization algorithms can be updated accord-
ingly. In this paper, we consider ZF and MMSE based linear
equalization algorithms. The equalizer for the m-th subcarrier
can be expressed as

Wk(m) =
φH

|φ|2 + ν[σe(m)]2/ρ2sym
, (21)

where φ = Ḡ
[k]
k (m)H̄

[k]
k (m)F̄

[k]
k (m)Ek(m). ν = 0 and

ν = 1 correspond to ZF and MMSE equalizer, respectively.
[σe(m)]2=PICI,k(m)+PACI,k(m)+PISI,k(m)+σ2Qk(m,m)
is the effective interference-plus-noise power for the m-th
subcarrier of the k-th subband taking ISI, ICI and ACI and
power compensation into consideration.

IV. MULTI-RATE F-OFDM SYSTEM AND ISUBBI
CANCELATION

The SR implementation of the F-OFDM system has been
presented in Section II with comprehensive performance anal-
ysis in Section III. However, the SR implementation may

suffer from 2-3 orders higher computational complexity. For
instance, consider a system with K = 100 subbands, each
subband contains M = 12 subcarriers and the filter length
is LF = N/2 = 600. Assuming downlink transmission, the
overall complexity at the base station could be 100 times
higher than an OFDM system. On the other hand, at the
user device side, the high sampling-rate baseband filtering
and FFT operation (e.g., 2048-point FFT) is not necessary,
especially for narrow band low cost low complexity IoT
devices. Next, we will propose a low complexity MR imple-
mentation for F-OFDM system. However, unlike SR method,
MR system generates residual image signals (i.e., ISubBI)
causing performance loss due to the sampling rate mismatch.
In order to mitigate the ISubBI, we propose a low complexity
ISubBI cancelation algorithm to improve the performance of
the proposed MR implementation.

A. Multi-rate F-OFDM system
The proposed MR F-OFDM system for downlink transmis-

sion is shown in Fig. 1. Unlike SR system which uses corre-
sponding columns of an N -point IDFT/DFT processing to map
the signal to a subband, MR system uses low-dimension full
size IDFT (IDFT size is the same as the number of subcarriers
in one subband, e.g., M = 12) that spreads the signal across
the whole baseband bandwidth. The following up-sampling
operation squeezes the signal into 1/K of the full bandwidth.
According to the sampling theorem, it creates (K − 1) image
signals in adjacent bands and an anti-image subband filter
is required to eliminate the image signals. Nevertheless, the
residual image signal will create the ISubBI in the system due
to non-ideal filters, which may degrade system performance
in comparison with the SR system [27]. Besides complexity
reduction due to low dimension DFT, data sparsity implies
that the filtering operation could also significantly reduce the
system complexity by taking advantage of the up-sampling
operation, particularly, when the filter length is long (and it is
critical to reduce the OoBE and interference level).

To reduce the PAPR, DFT spreading can be adopted in the
uplink transmission. With MR implementation, a system with
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the DFT and IDFT processing will be equivalent to a filtered
single carrier system.

B. MR Signal Model and ISubBI

For an insightful analysis and to focus on ISubBI, we will
omit ISI, ICI and ACI in the derivations based on the following
reasons: 1), the MR system may generate significantly higher
interference (i.e., ISubBI) than ISI, ICI and ACI; 2), the
MR implementation will not change ISI, ICI and ACI power
significantly and the derivations for MR system are trivial; 3),
ZF based ISubBI cancelation algorithm is preferred since it
does not require interference and noise power, and therefore,
it is not related to ISI, ICI and ACI.

With up- and down-sampling, the received signal of the k-th
subband can be written as

yMR
k =

K∑
l=1

1

ρl
VHUHTCkBlAlRUVElsl + ṽk

=

K∑
l=1

K∑
m=1

Ḡ
[m]
k H̄

[m]
k F̄

[m]
l Elsl + ṽk , (22)

where V is normalized M -point IDFT matrix and U is the
up-sampling matrix by a factor of K. Note that in equation
(22), we have used DHUV = [IM , IM , · · · , IM ] ∈ RM×N .

Thus, the desired signal and the interference can be written
as

yMR
DES,k =

K∑
m=1

Ḡ
[m]
k H̄

[m]
k F̄

[m]
k Eksk (23)

and the ISubBI can be expressed as

yMR
ISubBI,k =

K∑
l=1,l 6=k

K∑
m=1

Ḡ
[m]
k H̄

[m]
k F̄

[m]
l Elsl . (24)

Comparing to the desired signal expressed in (11), it can be
seen that the signal expression in equation (23) is a summation
of K terms, which is due to the image signals generated in
the up- and down-sampling in MR processing. Specifically, up-
and down-sampling by a factor of K results in K − 1 image
signals in adjacent spectrum except the original one, and those
signals will destroy the circular convolution property and one-
tap channel/filter equalization will cause interference.

For the ISubBI in (24), it is essentially ACI since the
interference is caused by the adjacent subbands. Instead of
one ACI signal per adjacent subband in SR system, K ACI
signals in each subband are generated in MR system, resulting
in two layers of summations as shown in (24).

Note that with the subband filtering, the IsubBI can be
mitigated significantly when the subband is far away from
the current subband. However, According to the FFR in Fig.
2, the edge subcarriers in the adjacent (stopband) subband
can still generate considerately large interference. Next, we
will propose low-complexity algorithms to enable one-tap
equalization to detect sk.

C. ISubBI Cancelation

According to our analysis and filter frequency response Fig.
2, the matrix element of Ḡ

[m]
k and F̄

[m]
k are non-trivial only

if |m−k| ≤ 1. In other words, only adjacent subbands gener-
ate non-trivial interference. Thus, we have the approximated
desired signal and interference as

ỹMR
DES,k = (Ḡ

[k−1]
k H̄

[k−1]
k F̄

[k−1]
k + Ḡ

[k]
k H̄

[k]
k F̄

[k]
k

+ Ḡ
[k+1]
k H̄

[k+1]
k F̄

[k+1]
k )Eksk (25)

and

ỹMR
ISubBI,k=Ḡ

[k−1]
k H̄

[k−1]
k F̄

[k−1]
k−1 Ek−1sk−1

+Ḡ
[k]
k H̄

[k]
k F̄

[k]
k−1Ek−1sk−1

+Ḡ
[k]
k H̄

[k]
k F̄

[k]
k+1Ek+1sk+1+Ḡ

[k]
k+1H̄

[k+1]
k F̄

[k+1]
k+1 Ek+1sk+1 .(26)

By noting that Ḡ
[m]
l = Ḡ

[m+i]
l+i and F̄

[m]
l = F̄

[m+i]
l+i and

defining

Z0 = Ḡ
[k−1]
k H̄

[k−1]
k F̄

[k−1]
k

+Ḡ
[k]
k H̄

[k]
k F̄

[k]
k + Ḡ

[k+1]
k H̄

[k+1]
k F̄

[k+1]
k (27)

Z1 = Ḡ
[k−1]
k H̄

[k−1]
k F̄

[k−1]
k−1 + Ḡ

[k]
k H̄

[k]
k F̄

[k]
k−1 (28)

Z2 = Ḡ
[k]
k H̄

[k]
k F̄

[k]
k+1 + Ḡ

[k]
k+1H̄

[k+1]
k F̄

[k+1]
k+1 . (29)

Consider the entire bandwidth signal, the signal model for
the MR F-OFDM system can be expressed as:

yMR = XEs + ṽ , (30)

where E = diag[E1; · · · ; EK ] and ṽ = [ṽ1; · · · ; ṽK ] are
the power compensation matrix and noise for the whole
bandwidth. The mixture matrix

X =



Z0 Z2 0 0 0 · · · ψZ1

Z1 Z0 Z2 0 0 · · · 0
0 Z1 Z0 Z2 0 · · · 0
...

. . . . . . . . . . . . · · · 0
...

...
. . . . . . . . . . . . 0

0 · · · 0 0 Z1 Z0 Z2

ψZ2 · · · 0 0 0 Z1 Z0


, (31)

where ψ = 1 if all of the subband are occupied, i.e., the last
subband will generate (receive) interference to (from) the first
one; and ψ = 0 if guard band is applied to the system, i.e.,
the first and the last subbands will not interfere each other due
to the guardband protection.

Apparently, the desired signals in any subband is interfered
by the adjacent subbands. To eliminate the interference, we
can process the original transmitted signal s at the transmitter
side, or jointly process the received signal at the receiver side.
Note that in order to take the advantage of the base station’s
computational capability, it is preferred to perform interference
elimination at the base station no matter for uplink or downlink
transmission. In other words, for downlink transmission, we
precode the transmitted signal s at the transmitter and for
uplink transmission, we can perform joint detection on the
received signal yMR. However, in this paper, we will consider
the downlink transmission as an example.
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1) Channel-dependent ISubBI Cancelation Algorithm: Let
us first consider the downlink case with the precoding matrix
P used to pre-cancel the interference as follows:

yMR = XPEs + ṽ . (32)

We can use the standard ZF method to get the optimal P
as

P =
1

ρP
X−1 , (33)

where 1
ρP

is the normalization factor and ρP =√
trace[X−1(X−1)H ]/N .
Calculation of P requires a matrix inversion operation,

which could be very complex when N is large, though the
matrix X is well structured with only some main diagonal
elements being non-zero. In addition, we have to update
P in channel coherence time since X is a function of the
channel, leading to high system computational complexity. In
addition, this algorithm requires the knowledge of channel
state information at the transmitter, which might be unavailable
or inaccurate in some communication scenarios. Next, we will
introduce new algorithms that do not rely on the channel state
information and the precoding matrix/detection matrix can be
calculated offline.

2) Channel-independent ISubBI Cancelation Algorithm:
Assuming that the channel frequency response is flat across
the three considered subbands, we can approximate Z0, Z1

and Z2 as follows:

Z̃0 = H̄
[k]
k Ẑ0 , (34)

Z̃1 = H̄
[k]
k Ẑ1 , (35)

Z̃2 = H̄
[k]
k Ẑ2 (36)

and Ẑ0 = Ḡ
[k−1]
k F̄

[k−1]
k + Ḡ

[k]
k F̄

[k]
k + Ḡ

[k+1]
k F̄

[k+1]
k , Ẑ1 =

Ḡ
[k−1]
k F̄

[k−1]
k−1 + Ḡ

[k]
k F̄

[k]
k−1 and Ẑ2 = Ḡ

[k]
k H̄kF̄

[k]
k+1 +

Ḡ
[k]
k+1F̄

[k+1]
k+1

Then we can rewrite (32) as

yMR ≈ H̃kX̃Es + ṽ , (37)

where X̃ has the same structure as X, only replacing Z0, Z1

and Z2 by Ẑ0, Ẑ1 and Ẑ2, respectively. Note that different
from T, T̃ is unrelated to the channel coefficients. H̃k =
diag{hk} is the diagonal channel matrix for all subcarriers.

Equation (37) decouples the channel from the filter response
and shows point-wise multiplication of the signal and channel.
This is critical for the one-tap channel equalization and calcu-
lating the channel-independent ISubBI precancelation matrix.
For the downlink transmission, we can perform precoding
based on the channel-independent matrix as

P2 =
1

ρ̃P
X̃−1 , (38)

where 1
ρ̃P

is the normalization factor and ρP =√
trace[X̃−1(X̃−1)H ]/N . Note that at the receiver, one-tap

channel equalization should be performed since the precoding
process does not consider the channel coefficient.

3) Partly Subband Bandwidth ISubBI Cancelation Algo-
rithm: The interference mixture submatrices Z1 and Z2 are
diagonal matrices and according to the analysis in Section III
and FFR in Fig. 2, the elements at the edges of Z1 and Z2 have
significantly higher values than in the middle of the matrices.
For example, |Z1(1)| = |Z1(M)| > |Z1(2)| = | Z1(M−1)| >
|Z1(M)| > |Z1(3)| = |Z1(M − 2)| > · · · > Z1(M/2).
Therefore, the ISubBI at the edge of each subband is much
stronger than in the middle of the subband. This inspires us
to only consider the edge subcarriers of each subband instead
of canceling the ISubBI over the whole bandwidth to further
reduce the complexity.

Let us assume the L edge subcarriers (on both left and right
sides, e.g., when L = 2, the first two subcarriers from the left,
and the last two from the right) of each subband generate
serious interference. We can select the edge subcarriers and
build a small dimension signal model as

yMR
L = XLPLELsL + vL , (39)

where sL is defined as sL = [̂s1; · · · ; ŝK ] and ŝk =
[sk(1), sk(2), · · · , sk(L), sk(M − L + 1), sk(M − L +
2), · · · , sk(M)]T . yMR

L and vL are the received signal and
noise vector at the selected subcarriers over the whole band-
width, respectively. XL has the same structure as X but Z0,
Z1 and Z2 are replaced by ZL,0, ZL,1 and ZL,2, i.e. 2L× 2L
diagonal matrices taking the first and last diagonal elements
of Z0, Z1 and Z2, respectively. Similarly, EL is a matrix that
takes the corresponding elements of E. Then the proposed
ISubBI cancelation algorithms in (33) and (38) can be updated
as follows:

PL =
1

ρP,L
XL
−1 (40)

and

P̃L =
1

ρ̃P,L
X̃−1L , (41)

where 1
ρP,L

and 1
ρ̃P,L

are the power normalization factors.
Note that (40) and (41) are general cases of (33) and (38),

respectively. When L = M , (40) and (41) will boil down to
(33) and (38).

D. Computational complexity

1) Computational Complexity of ISubBI Cancelation: Note
that the computational complexity of the ISubBI cancelation
algorithm involves complexity of precoding matrix (e.g., P̃L)
calculation and it depends on the dimension of interfer-
ence matrix (e.g., X̃L). Let us first consider the channel-
independent case with the number of cancelation subcarriers
being L. Note that X̃−1L could be calculated in advance for P̃L.
Then P̃LsL needs 6LK complex multiplications. Note that
generally taking L = 1 or 2 is sufficient and the complexity
could be significantly lower than the FFT operation in OFDM
system, as shown in Fig. 3.

For the channel-dependent case, it relies on how fast the
channel changes and how often the precoder updates. Let us
consider the worst-case that XL changes in every F-OFDM
symbol, then the total complexity will be O((2LK)3) + 6LK
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Fig. 3. SR and MR F-OFDM system complexity with M = 12 (Normalized
by OFDM system).

complex multiplications with O((2LK)3) being the complex
of matrix XL inversion calculation.

2) Computational Complexity SR and MR implementations:
Note that the overall complexity at the transmitter and re-
ceiver are similar and here we only consider the transmitter
complexity for the downlink transmission. For the SR imple-
mentation with K subbands, K IFFT operations are required
each requiring (N log2(N) − 3N + 4)/2 complex multipli-
cations [20]. The filtering operation needs LFN complex
multiplications. Therefore, in total, (N log2(N)−3N+4)/2+
LFN complex multiplications are performed per subband and
K((N log2(N)−3N+4)/2+LFN) complex multiplications
are performed for the whole bandwidth.

For the MR implementation, each subband requires
(N log2(N) − 3N + 4)/2 complex multiplications; for the
filtering operation, it needs LFM complex multiplications.
In total, K((M log2(M) − 3M + 4)/2 + LFM) complex
multiplications are needed for the whole bandwidth. Note
that MR subband filtering takes the advantage of up-sampling
operation for computational complexity since the data after
up-sampling is sparse.

The transmitter computational complexity in terms of the
multiplication of the SR and MR systems for both implemen-
tations is shown in Figure 3. Note that the complexity is nor-
malized by the OFDM system (i.e., (N log2(N)−3N+4)/2).
We can see that SR implementation complexity is significantly
higher than OFDM system (up to 1000 times when number
of subbands is 100, which roughly corresponds to 20MHz
bandwidth in LTE), while the MR system can achieve compa-
rable complexity as the OFDM system. In addition, the ISubBI
cancelation algorithm for the MR implementation is negligible
with L = 6.

V. NUMERICAL RESULTS

In this section, we use Monte-Carlo simulations to verify
the accuracy of derived F-OFDM system signal models and
the derived interference power in (16), (19) and (20) proposed

in Propositions 2, 3 and 4. In addition, the proposed power
compensation algorithm and ISubBI cancelation algorithms for
MR F-OFDM will be examined.

Unless otherwise specified, the following common param-
eters are used for simulations: the signal is modulated using
16-QAM (Quadrature amplitude modulation) with power nor-
malized to unity and the input SNR is controlled by the noise
variance. We use the root-raised-cosine (RRC) Windowed
Sinc filter at transmitter and matched filter at receiver for
all simulations [7], [18]. The filter length and CP length
are 50% and 7% of a symbol duration, respectively [7],
[18]. Each subband contains 12 subcarriers and in total 100
subbands are used. For the ACI parameter τi, we assume it
has uniform random distribution between [0, N ]. The LTE
Extended Pedestrian-A (EPA) channel [4] is assumed in all
simulations. We also provide the results for OFDM systems
as benchmark for comparison.

A. OoBE and PAPR

F-OFDM performance in terms of OoBE and PAPR is
examined in Fig. 4 for CP-OFDM, original SR F-OFDM,
proposed MR F-OFDM and MR F-OFDM with ISubBI cance-
lation. Note that 3 subbands are considered for OoBE. It can
be seen that the F-OFDM system can achieve significantly
lower OoBE than the OFDM system for both SR or MR
systems. However, the MR system performs slightly worse
than the SR system due to the (residual) image signals. In
addition, the MR system with ISubBI cancelation does not
cause significant increase in OoBE. Comparing the F-OFDM
with and without power compensation, we can see that the
power is evenly distributed in the passband of F-OFDM
with power compensation; while the filter response selectivity
shows in the one without power compensation.

In terms of PAPR, SR F-OFDM system performs similar to
the CP-OFDM system. However, ISBI cancelation algorithm
does not bring noticeable PAPR (≈ 0.01 dB) increase, no
matter for SR or MR systems. In addition, compared to SR
F-OFDM, MR F-OFDM increases PAPR by around 0.7 dB.
The reason is that the upsampling process in the MR imple-
mentation will make the power distribution among symbols
wider than the SR case. That may degrade the efficiency of
the power amplifier in the transmitter. Some PAPR reduction
algorithms such as DFT spreading can be adopt on top of
SR/MR F-OFDM.

B. ICI, ISI and ACI

Now we examine the impact of system parameters (e.g.,
filter length, CP length, etc.) on the system performance and
compare our analytical results with the simulation results in
terms of the power of the ICI, ISI and ACI in an asynchronous
system. To make the comparison clear for this simulation, we
consider in total 36 subcarirers are split into 3 subbands each
containing 12 subcarriers. In addition, τ1 = τ3 = N/4 and
τ2 = 0. However, a general case will be considered in the
next simulations. Fig. 5 shows the analytical and simulated
interference power for the second subband (which is in the
middle). It can be seen that all of the analytical results
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match the simulation results which shows the effectiveness and
accuracy of the derived signal models and interference power
in (16), (19) and (20). In addition, due to the asynchronousity
among the subbands, the ACI level is significantly higher than
ICI and ISI. However, ISI shows larger impact on the system
than ICI. Since the analytical and simulated results match
very well, in the next, we will only show either analytical
or simulated results for clarity.

In order to show the relationship between the filter length
and the ACI level, the analytical results for ACI versus
subcarrier index with different filter lengths are shown in Fig.
6. It can be seen that the ACI level drops monotonically
when the filter length increases, especially in the middle of
the subband. The reason is that longer CP results in higher
probability of synchronization between subbands. However, in
all cases, the F-OFDM system can mitigate the ACI effectively
as compared with the OFDM system.

The impact of CP length on the system performance in terms
of ICI and ISI at the first subcarrier (the worst-case) in one
subband is shown in Fig. 7 (a). It can be seen that both ICI and
ISI drop when the CP length increases. However, ICI is more
sensitive to the change than ISI and it is negligible compared
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power versus CP length. (LF = N/2 for F-OFDM).

to ISI when the CP length is set as 7% of the symbol duration.
Since ISI does not drop significantly even with large CP
length, in such a case, filter optimization should be considered
to further reduce the ISI level. One possible solution is to take
the system parameter information into consideration to balance
ICI, ISI and ACI and to minimize the overall interference [30],
[31]. Moreover, the channel statistic information can also be
considered to further improve the performance.

Fig. 7 (b) compares the overall interference at the first
subcarrier (the worst case) in OFDM and F-OFDM system in
asynchronous systems. It can be seen that the F-OFDM suffers
from smaller overall interference than the OFDM system, thus,
it expects a better BER performance than OFDM system.

C. Bit Error Rate

We first investigate the performance of the SR F-OFDM
system with and without power compensation in terms of
BER in asynchronous scenarios with OFDM system as a
benchmark. Note that different subband bandwidth M and
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CP length LCP are considered in the simulation to show the
system’s sensitivity to the parameters. It can be seen from
Fig. 8 that the performance is better with longer CP length or
larger subband bandwidth. The reason is that larger subband
bandwidth means that more energy is concentrated in the
mainlobe and the leakage to the adjacent symbols is smaller.
Therefore, it generates less ISI into the adjacent symbols. The
OFDM system shows an obvious error floor in high SNR
region due to ACI among the subbands. On the other hand,
F-OFDM shows robustness to such kind of interference with
moderately large subband bandwidth and CP length.

In addition, it can be seen that the performance difference
with and without power compensation at the transmitter is
significant, which concludes that the power compensation is
necessary at the cost of negligible increase in computation
complexity.

Finally, we examine the performance of the proposed MR
F-OFDM system in synchronous systems with and without
ISubBI cancelation shown in Fig. 9. In this simulation, we
use LCP = 0.07N and M = 12. We adopt the channel-
independent partial subband bandwidth ISubBI cancelation
algorithm derived in (41) with L = 2. In addition, Quadrature
phase-shift keying (QPSK) modulated signal is used to target
the low data-rate low complexity mMTC scenarios [9]. All
other simulation parameters are specified in the first and
second paragraphs of Section V to conserve space. To avoid
over-crowded curves associated with multiple parameters (CP
length LCP , subband size M and Eb/N0), we have selected
some representatives shown in Fig. 9. It can be seen from
the figure that compared with the SR F-OFDM system, the
MR F-OFDM has worse BER performance due to the image
signals, no matter ISubBI cancelation is applied in the system
or not. However, with the ISubBI cancelation, it can achieve a
better performance compared to the algorithm without ISubBI
cancelation and the gain is significant in high SNR region. In
addition, compared to OFDM system, SR F-OFDM shows a
slightly degraded performance due to the filter tail overlapping
caused ICI/ISI.

0 5 10 15 20 25 30 35

Eb/N0(dB)

10-5

10-4

10-3

10-2

10-1

100

B
E

R

MR F-OFDM w/o ISubBI Cancelation
MR F-OFDM with ISubBI Cancelation
SR F-OFDM
OFDM

Fig. 9. MR F-OFDM system BER performance for synchronous system
.

VI. CONCLUSIONS

The F-OFDM system has been modeled and analyzed in
this paper by considering ICI, ISI and ACI for asynchronous
scenarios. Several propositions have bee made on the orthog-
onality conditions of the system and the analytical derivations
for ICI, ISI and ACI, which can provide theoretical guide-
lines for 5G system design. Based on the analytical results,
we proposed a power compensation matrix to optimize the
subcarrier performance in a subband. In addition, a channel
equalization algorithm is proposed by considering the system
interference and power compensation. We also proposed a
low complexity MR F-OFDM system to support low cost
devices. The low complexity MR system comes at the cost of
ISubBI and performance loss due to the image signals. A set
of ISubBI cancelation algorithms is proposed to mitigate the
interference. Simulation results show that our derivations are
valid and the proposed MR system can save up to 100 times
computational complexity. The proposed ISubBI cancelation
algorithm can effectively mitigate the ISubBI with negligible
complexity increase.
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APPENDIX A
PROOF OF PROPOSITION 1

Note that the transmitter and receiver filters are convoluted
with the channel from the left and right side, respectively.
Thus, we can treat the filter (both transmitter and receiver
filters) and channel as the effective channel with length LCH+
2LF −2. In this case, the F-OFDM system can be treated as a
special CP-OFDM system with channel length LCH+2LF−2.
We can, therefore, conclude that the system is ISI-free (i.e.,
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yISI,k = 0) when LCP ≥ LO. Now let us consider the ICI,
which can be rewritten as

yDES,k =
1

ρk
DH
k TCH

k BkAkRDkEksk . (42)

When LCP ≥ LO, we have TCHBkAkR =
TCH

k RTBkRTAkR = CH
cir,kBcir,kAcir,k, where CH

cir,k,
Bcir,k and Acir,k are N dimension circular matched filter
channel and transmit filter matrices, respectively. Substituting
into (42) and write it as

yDES,k =
1

ρk
DH
k CH

cir,kDDHBcir,kDDHAcir,kDkEksk . (43)

By further using the circular convolution property:
DH
k CH

k D = [0M×(k−1)M , Ḡ
[k]
k ,0M×(K−k)M ],

DHAkDk = [0M×(k−1)M , F̄
[k]
k ,0M×(K−k)M ]

and DHHH
cir,kD = diag(H̄), we can obtain

yDES,k = 1
ρk

Ḡ
[k]
k H̄kF̄

[k]
k Eksk.

For the ACI with 0 ≤ τi ≤ LCP − LO, we can follow the
same method to write yACI,k as:

yACI,k =

K∑
i=1,
i6=k

1

ρi
DH
k CH

cir,kDDHBcir,kDDH

·Acir,iDiEisi . (44)

When i 6= k, the non-zero parts of DH
k Bcir,kD and

DHAcir,iDi do not overlap, leading to yACI,k = 0.
In summary, we have equation (11) the Proposition 1 when

LCP ≥ LO and 0 ≤ τi ≤ LCP − LO.

APPENDIX B
PROOF OF EQUATION (16)

According to the definition of RO and RC , we
have yDES,k = 1

ρk
DH
k TOCH

k BkAkRODkEksk −
1
ρk

DH
k TOCH

k BkAkRCDkEksk. According to Proposition

1, we can easily get the first term as 1
ρk

Ḡ
[k]
k H̄kF̄

[k]
k Eksk,

then we obtain equations (14) and (15).
To prove (16), we have to write equation (14) as a time

series expression:

yICI,k(m) =

LSYM−1∑
l=0

LSYM−1∑
r=0

M−1∑
i=0

Qk(i, i)

·αm(i, 0, l)θi(q, r)b(r − l)sk(n) . (45)

Let us use the fact that E{bk(l1)b∗k(l2)} = 0 if l1 6= l2
and E{bk(l1)b∗k(l2)} = Rk(l1 − l2) if l1 = l2. Additionally,
E{sk(n1)s∗k(n2) = 0} for n1 6= n2, therefore, we have
equation (16).
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