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Abstract—In this paper, we investigate the system perfor-
mance of a multi-cell multi-user (MU) hybrid millimeter wave
(mmWave) communications in a multiple-input multiple-output
(MIMO) network. Due to the reuse of pilot symbols among
different cells, the performance of channel estimation is expected
to be degraded by pilot contamination, which is considered as
a fundamental performance bottleneck of conventional multi-
cell MU massive MIMO networks. To analyze the impact of
pilot contamination to the system performance, we first derive
the closed-form approximation of the normalized mean squared
error (MSE) of the channel estimation algorithm proposed in
[2] over Rician fading channels. Our analytical and simulation
results show that the channel estimation error incurred by the
impact of pilot contamination and noise vanishes asymptotically
with an increasing number of antennas equipped at each ra-
dio frequency (RF) chain at the desired BS. Furthermore, by
adopting zero-forcing (ZF) precoding in each cell for downlink
transmission, we derive a tight closed-form approximation of
the average achievable rate per user. Our results unveil that
the intra-cell interference and inter-cell interference caused by
pilot contamination over Rician fading channels can be mitigated
effectively by simply increasing the number of antennas equipped
at the desired BS.

Index Terms—Pilot contamination, millimeter wave, hybrid
systems, inter-cell interference.

I. INTRODUCTION

Recently, the escalating demands for high data transmission,

which is one of the key requirements of the fifth-generation

(5G) wireless communication systems, have triggered and at-

tracted tremendous interests from both academia and industry,

e.g. [3]–[21]. To meet the ultra-high data rate requirement of

emerging applications, millimeter wave (mmWave) massive

multiple-input multiple-output (MIMO) systems have been

proposed [22], [23]. Specifically, mmWave massive MIMO

cellular systems provide a huge trunk of the unlicensed

bandwidth of the order of gigahertz to achieve ultra-high data

rate communication. In practice, to strike a balance between
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the data rate, hardware cost1, system complexity, and power

consumption, hybrid mmWave MIMO systems are proposed

for practical implementation [8], [18], [22], [24]. Due to

the hybrid MIMO structure, the required number of radio

frequency (RF) chains equipped at a base station (BS) and

users are much smaller than the number of antennas equipped

at the BS and users. Thus, both the hardware cost and the en-

ergy consumption of hybrid mmWave massive MIMO systems

can be reduced significantly compared to the conventional

fully digital mmWave massive MIMO structure, e.g. [7], [8].

Furthermore, the severe propagation path loss of mmWave

channels between the transceivers can be compensated by

forming a highly directional information beam enabled by the

massive numbers of antennas.

On the other hand, as required by 3GPP new radio (NR), the

BSs of mmWave network systems is ultra-densely deployed

with small cell radius for improving the network coverage

and to meet the data rate requirement of the enhanced Mobile

BroadBand (eMBB) applications (the peak data rate is 10
Gbps and the minimum is 100 Mbps2) [25], [26]. The ultra-

dense mmWave network facilitates the reuse of the same piece

of spectrum across a large geographic area3 for achieving a

high network spectral efficiency [27] and reducing the severe

large-scale propagation path loss by shortening the distances

between transceivers [12], [28]. In practice, the interference

received at the desired user in ultra-dense mmWave network

systems originates from two sources, as illustrated in Fig. 3 of

[28]: interference among different BSs and interference within

the desired cell. It is mentioned in [12] that, mmWave beams

are highly directional, which completely changes the interfer-

ence behavior as well as the sensitivity to beams misalignment.

In particular, the interference adopts an on/off behavior where

strong interference occurs intermittently [12]. With a shrinking

cell radius, distances from neighbouring BSs to the desired

user decrease, which may lead to severe inter-cell interference

to the desired user. Recently, it is also mentioned in work

[29] that the received interference significantly increases when

1The hardware cost is mainly contributed by RF, intermediate frequency
(IF) and analog to digital converter/digital to analog converter (ADC/DAC)
associated with each RF chain.

2Typical mmWave inter-site-distances (ISDs) would be 100-200 meters with
experienced rates ranged from a few hundreds of Mbps to a few Gbps. In
general, the peak data rate is not expected to be provided to every user in the
cell.

3A reasonable frequency reuse factor can effectively strike a balance
between cross-cell interference mitigation and bandwidth utilization. In this
paper, we investigate the worst scenario in terms of multi-cell interference for
mmWave networks that all cells reuse the same piece of frequency bands.

http://arxiv.org/abs/1806.02514v1
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directional transmission are simultaneously adopted in both

transceivers for the same amount of total emitted energy. Be-

sides, due to the impact of imperfect channel state information

(CSI) on the design of downlink precoder, the desired BS will

cause severe intra-cell interference on the desired user. Thus,

for the multi-small-cell mmWave downlink transmission with

imperfect CSI and a large number of antennas, the desired user

may suffer severe intra-cell and inter-cell interference. Hence,

it is necessary to study the interference in multi-small-cell

hybrid mmWave systems.

A. Pilot Contamination in mmWave Systems

In mmWave systems, channel estimation is important for

unlocking the potential of the system performance. Majority

of contributions in the literature focus on the development of

CSI feedback based channel estimation methods for hybrid

mmWave systems, e.g. [20], [30]–[34]. In practice, the 5G

NR specification includes a set of basic beam-related pro-

cedures for the above 6 GHz CSI acquisition. The beam

management of 5G NR mmWave systems consists of four

different operations, i.e., beam sweeping, beam measurement,

beam determination, and beam reporting. Taking a single-

antenna user in 5G NR stand-alone (SA) downlink scheme for

example, the BS sequentially transmits synchronization signals

(SS) and CSI reference signals (CSI-RSs) to the users by using

a predefined codebook of directions. Then, the users search

and track their optimal beams by measuring the collected CSI-

RSs. At the end of CSI acquisition phase, beam reporting,

the users feed back the determined beam information (beam

quality and beam decision) and the random access channel

(RACH) preamble to the BS.

However, these feedback-based channel estimation algo-

rithms have some drawbacks. Most of channel estimation

methods are based on the assumption of the sparsity of

mmWave channels that the numbers of resolvable angles-of-

arrival (AoA)/departure (AoD) paths are finite and limited.

Thus, the CSI acquisition via feedback only leads to a small

amount of signalling overhead compared to non-sparse CSI

acquisition. However, the sparsity assumption for practical

mmWave channels may not hold in some special scenarios4

[18], [35]–[38]. Thus, the explicit CSI feedback from the users

to the BS is required by the RACH-based approaches which

may incur high complexity and extra signallings overhead.

In particular, the required amount of feedback signalling

overhead increases tremendously with the number of scattering

components as well as scales with the number of antennas

equipped at the BS, consuming a significant portion of sys-

tem resources [30]. In addition, there will be a system rate

performance degradation due to the limited amount of the

feedback and the limited resolution of CSI quantization [30].

Therefore, a low computational complexity mmWave channel

4For certain practical mmWave channels, there are not enough measurement
data for justifying that mmWave channels in some considered scenarios are
non-sparse yet. However, recent field test results, as well as ray-tracing
simulation results, have shown that the number of scattering clusters increases
significantly and reflections from street signs, lamp posts, parked vehicles,
passing people, etc., could reach a receiver from all possible directions in
UMi scenarios in the city center [18], [35], [36].

estimation algorithm, which does not require explicit CSI

feedback, is necessary to unlock the potential of mmWave

massive MIMO systems. Recently, an alternative algorithm,

which performs the mmWave channel estimation in the uplink

by exploiting the reciprocity of downlink in TDD systems and

sound reference signal (SRS), has been investigated in works

[2], [39]. The utilization of SRS, e.g. orthogonal pilot symbols,

transmitted from the users to the desired BS for the estimation

of equivalent channels is novel and different from previous

works utilizing SS and CSI-RS [40]–[42]. The analytical and

numerical results illustrated that mmWave multi-user (MU)

channel estimation at the BS in uplink outperforms downlink

channel estimation at the users for a fixed overhead, even

if the required signalling overhead feedback is not taken

into account [39]. The results hold for both fully digital and

hybrid architectures at the receiver and transmitter sides and

have been verified via the recent field test [43]. Besides, the

algorithm mentioned above can work well in sparse and non-

sparse environments5 [2].

For the algorithm proposed in [2], the designed analog

beamformers allow signal transmission and reception along

the strongest AoA directions, which reduce the interference

outside the strongest AoA directions and utilize the transmis-

sion power more efficiently. It can strike a balance between

the system robustness [41], the impact of multi-paths on signal

processing6, and the receive desired energy degradation of the

received signal [2]. It was shown that the algorithm proposed

in [2] could achieve a considerable achievable rate of the

optimal fully digital systems and possess robustness against

beam misalignments as well as the hardware imperfection.

Besides, the third step of the algorithm proposed in [2] can

be applied to the existing beam sweeping protocols in 5G NR

for further evolution. Yet, paper [2] only considered a simple

single-cell scenario. Note that, the introduction of frequency

reuse and small-cell incur strong inter-cell interference during

the uplink channel estimation phase and the downlink data

transmission phase [12], [17], [22], [29].

B. Related Prior Works

Since the resources of orthogonal pilots are limited, they are

reused among different cells for multi-cell channel estimation.

In this case, the received pilot symbols from the users in the

desired cell for channel estimation are affected by the reused

pilot symbols from the users in neighboring cells, which is

known as pilot contamination [17], [46]. As a result, the

downlink transmission based on the CSI obtained via contam-

inated pilots causes severe intra-cell and inter-cell interference

in the desired cell. In fact, pilot contamination is considered

as a fundamental performance bottleneck of the conventional

multi-cell multiuser (MU) massive MIMO systems, since the

5The algorithm proposed in [2] can exploit orthogonal pilot symbols
transmission from users to the BS via the strongest received AoA paths in
the case of line-of-sight (LOS) and non-line-of-sight (NLOS) environments.
The NLOS scenario is considered as the most common user-case of mmWave
systems, cf., the 3GPP channel model as well as various discussions on the
development in the channel modeling literature e.g. [18], [38], [44] .

6The after-analog-beamforming root-mean-square (RMS) delay spread of
power delay profile (PDP) of equivalent channels is significantly smaller than
that of omni-directional antenna estimated exact channels [38], [44], [45].
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resulting channel estimation errors do not vanish even if

the number of antennas is sufficiently large, cf. [4], [17],

[46]–[48]. Recently, various algorithms [46], [49]–[54] have

been proposed to alleviate the impact of pilot contamination,

e.g. data-aided iterative channel estimation algorithms, pilot

design algorithms, multi-cell minimum mean squared error

(MMSE) based precoding algorithms, and so forth. However,

some algorithms, e.g. multi-cell MMSE algorithm, are mostly

based on the assumption that the desired BS can have perfect

knowledge of covariance matrices of pilot-sharing users in

neighbouring cells, which is overly optimistic. Besides, the

condition that the desired BS has the perfect knowledge of

covariance matrices is a necessary but not sufficient condition

for pilot contamination mitigation, cf. [52]–[54]. The algorith-

m proposed in [52] requires that covariance matrices of pilot-

sharing users in neighbouring cells are orthogonal, which is

unlikely in practice [54]. Also, the requirement of [53] for

completely eliminating pilot contamination is that the number

of antennas equipped at the BS and the size of a coherence

time block jointly go to infinity.

In the literature, most of existing multi-cell massive MU-

MIMO works for pilot contamination [12], [17], [46], [47]

assumed that cross-cell channels from pilot-sharing users in

neighbouring cells to the desired BS are Rayleigh fading

channels with zero means. However, as discussed in Section

IV of [55], it is probably not accurate for modeling the inter-

cell interference as a Gaussian random variable with a small-

cell setting. In fact, recent field measurements have confirmed

that the strongest AoA components always exist in the inter-

cell mmWave channels in small-cell systems [18], [35], [36],

[38]. Besides, the mean values of cross-cell channels are

not zero and different from each other. In other words, the

distribution of cross-cell mmWave channels is different from

that of the sub-6 GHz channels. Thus, the results obtained

in works mentioned above for pilot contamination mitigation

and performance analysis, e.g. [12], [17], [22], [46], [54],

cannot be applied directly. Furthermore, a thorough study on

the impact of pilot contamination in such a practical network

system has not been reported yet.

C. Contributions

Motivated by the aforementioned discussions, we consider

a multi-small-cell MU hybrid mmWave system. In particular,

we apply the non-feedback TDD-based mmWave channel

estimation algorithm proposed in [2] to the considered multi-

cell scenario and study the corresponding performance of

channel estimation under the impact of pilot contamination.

In addition, we analyze the downlink achievable rate perfor-

mance of the hybrid mmWave system by taking into account

the CSI errors caused by pilot contamination and inter-cell

interferences originated from the BSs in neighboring cells.

Note that, for pilot contamination mitigation, this paper does

not require any information of covariance matrices of pilot-

sharing users in neighbouring cells as required by the multi-

cell MMSE-based precoding algorithm proposed in [54]. In

addition, the algorithm adopted in this paper can work well

while mean values of cross-cell channels from pilot-sharing

users in neighbouring cells to the desired BS are non-zero.

Our main contributions are summarized as follows:

• We apply the three-step mmWave channel estimation

algorithm proposed in [2] to a multi-cell scenario. Then,

we study the impact of pilot contamination on the uplink

mmWave channel estimation due to the reuse of orthog-

onal pilot symbols among different cells. Our results

reveal that in the phase of channel estimation, the receive

analog beamforming matrix adopted at the desired BS

forms a spatial filter which blocks the signal reception

of the undesired pilot symbols from neighboring cells.

In particular, with an increasing number of antennas

equipped at each RF chain, the mainlobe beamwidth of

the spatial filter, which aligns to the strongest AoA di-

rection, becomes narrower and the amplitude of sidelobes

becomes lower. Thus, the impact of pilot contamination

caused by the users outside strongest AoA directions

can be mitigated. We mathematically prove that the

normalized mean squared error (MSE) performance of the

channel estimation algorithm proposed in [2] improves

proportionally with the increasing number of antennas

equipped at each RF chain, which is different from

previous results in [17], [46].

• We adopt zero-forcing (ZF) precoding for the downlink

transmission based on the estimated CSI. Taking into

account the impact of pilot contamination and the inter-

cell interference from the neighboring BSs, we analyze

and derive the closed-form approximation of the average

achievable rate performance in the large number of an-

tennas regimes. In addition, we show that the achievable

rate scales with M in the multi-cell scenario, where M

is the number of antennas equipped at each RF chain.

We derive a scaling law of the achievable rate per users,

log2M . In contrast, the average achievable rate of fully

digital systems adopting the conventional least squares

(LS) channel estimation algorithm suffers from the severe

impact of pilot contamination. All the derived analytical

results are verified via simulations.

Notation: Eh(·) denotes statistical expectation operation with

respect to random variable h, CM×N denotes the space of

all M × N matrices with complex entries; (·)−1 denotes

inverse operation; (·)H denotes Hermitian transpose; (·)∗
denotes complex conjugate; (·)T denotes transpose; | · | denote

the absolute value of a complex scalar; tr(·) denotes trace

operation; sinc(x) denotes a sinc function with input x, i.e.,
sin(x)

x
. The distribution of a circularly symmetric complex

Gaussian (CSCG) random vector with a mean vector x and

a covariance matrix σ2
I is denoted by CN (x, σ2

I), and ∼
means “distributed as”. IP is an P × P identity matrix.

II. SYSTEM MODEL

In this paper, a multi-cell MU hybrid subarray mmWave

system is considered. The system consists of L neighboring

cells and there are one BS and N users in each cell, cf. Fig.

1. The BS in each cell is equipped with NRF RF chains

serving the N users simultaneously. We assume that each

RF chain equipped at the BS can access to a uniform linear
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Cross-cell channel from the BS of l-th cell to user k in the desired cell 

Cross-cell channel from user k of l-th cell to the BS in the desired cell 

Channel from user k to the BS in the desired cell 

Fig. 1. A multi-cell MU mmWave cellular system with L = 6 neighboring
cells.

array (ULA) with M antennas by using M phase shifters.

Besides, each user is equipped with one RF chain and a P -

antenna array. In addition, we focus on M > NRF, which

exploits a large antenna array gain with limited number of RF

chains. Work [10] proved that when the number of RF chains

equipped at the BS is more than twice of the number of users,

the hybrid systems can realize the rate performance of the

fully digital systems. In general, for the case of NRF = N ,

the hybrid system can provide enough degrees of freedom

to serve N users simultaneously. If the BS can equip with

more RF chains, more degrees of freedom can be exploited

for the design of analog beamformers and digital precoders.

In addition, the extra RF chains adopted by the BS can

be used for user scheduling design and multipath diversity

exploitation. Thus, for the case that NRF > N , hybrid systems

can achieve higher rate performance than that of NRF = N . In

addition, authors of [56]–[58] employed RF chains with sets of

digitally controlled phase paired phase-shifters and switches to

achieve the same rate performance as that of the fully digital

system. Furthermore, with the support of an advanced hybrid

architecture [56]–[58], hybrid systems can achieve higher rate

performance than that of adopting a simple ULA antenna

array case. However, how to exploit extra RF chains as well

as advanced hybrid architectures to further improve the rate

performance of hybrid systems is beyond the scope of this

paper. We may consider the case of NRF > N and the case of

adopting advanced hybrid architectures for channel estimation

and downlink transmission precoding in our future works. To

simplify the analysis in the following sections, without loss

of generality, we set NRF = N and each cell has the same

number of RF chains equipped at the BS.

According to the widely adopted setting for multi-cell TDD

in uplink channel estimation and downlink data transmission,

we assume that the users and the BSs in all cells are fully

synchronized in time [17], [46]. We denote Hk ∈ CM×P as

the uplink channel matrix between the desired BS and user k

in the desired cell. Besides, Hk is a narrowband slow time-

varying block fading channel. Recent field tests show that

both strong LOS components and non-negligible scattering

components may exist in mmWave propagation channels [18],

[36], especially in the urban areas. In this paper, without loss

of generality, Hk, consists of a strongest AoA component

HSAoA,k ∈ CM×P and Ncl scattering clusters/paths HS,k,i ∈
CM×P , i ∈ {1, · · · , Ncl} [38], [40], [41], [59], [60], which

can be expressed as

Hk =

√
̟k

[
αk,0HSAoA,k+

√
1

Ncl

Ncl∑
i=1

αk,iHS,k,i

]

√

|αk,0|2+ 1
Ncl

Ncl∑
i=1

|αk,i|2
, (1)

where ̟k accounts for the corresponding large-scale path loss,

αk,0 is the complex gain corresponding to the strongest AoA

component and αk,i ∼ CN (0, 1), i ∈ {1, · · · , Ncl} represents

the complex gain corresponding to the i-th cluster. We can also

assume that {αk,i} are in non-increasing order, i.e., |αk,0| ≥
|αk,1| ≥ · · · ≥ |αk,Ncl

|. We note here, the strongest AoAs can

be either from the LOS components or the NLOS components.

Then, the strongest AoA component of user k in the desired

cell, HSAoA,k, can be expressed as [61]

HSAoA,k = h
BS
SAoA,kh

H
SAoA,k, (2)

where hBS
SAoA,k ∈ CM×1 and hSAoA,k ∈ CP×1 are the antenna

array response vectors of the BS and user k, respectively. In

particular, hBS
SAoA,k and hSAoA,k can be expressed as [61]

h
BS
SAoA,k =

[
1, . . . , e−j2π(M−1)

d
λ

cos(θk)

]T
and (3)

hSAoA,k =
[
1, . . . , e−j2π(P−1)

d
λ

cos(φk)

]T
, (4)

respectively, where d is the distance between the neighboring

antennas at the BS and users and λ is the wavelength of the

carrier frequency. Variables θk ∈ [0, π] and φk ∈ [0, π] are

the angle of incidence of the strongest path at antenna arrays of

the desired BS and user k, respectively. As commonly adopted

in the literature [61], we set d = λ
2 for convenience. Similarly,

the scattering components of user k in the desired cell, HS,k,

can be expressed as

HS,k =
√

1
Ncl

Ncl∑

i=1

αk,iHS,k,i =
√

1
Ncl

Ncl∑

i=1

αk,ih
BS
k,ih

H
k,i, (5)

where h
BS
k,i ∈ CM×1 and hk,i ∈ CP×1 are the antenna array

response vectors of the BS and user k associated to the i-th

propagation path, respectively. By introducing the power ratio

of the strongest cluster power over the other scattered paths

of user k7, ςk =
|αk,0|2

1
Ncl

Ncl∑
i=1

|αk,i|2
, we can rewrite Equation (1) as

Hk =

√
̟kςk

ςk + 1
h
BS
SAoA,kh

H
SAoA,k

︸ ︷︷ ︸
Strongest AoA

7According to field test results summarized in Table I of [38] in the case of
LOS and NLOS environments, the power ratio of the strongest cluster power
over the other scattered paths’ power, ςk , is larger than 1.
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+

√
̟k

ςk + 1

√
1

Ncl

Ncl∑

i=1

αk,ih
BS
k,ih

H
k,i

︸ ︷︷ ︸
Scattering components

. (6)

With the increasing number of clusters, the path attenuation

coefficients and the AoAs between the users and the BS behave

randomly [36]. Let Ul,k ∈ CM×P be the inter-cell mmWave

uplink channel between user k in the l-th neighboring cell and

the desired BS, l ∈ {1, . . . , L}, cf. Fig. 1. Let HT
l,k ∈ CP×M

be the inter-cell downlink mmWave channel between the BS

of the l-th neighboring cell and user k in the desired cell, cf.

Fig. 1. Since the inter-cell distance is shortened in small-cell

systems, the inter-cell channels usually contain the strongest

AoA components. Thus, the inter-cell uplink and downlink

mmWave channels can be expressed as

Ul,k =

√
̟l,kςl,k

ςl,k + 1
USAoA,l,k

︸ ︷︷ ︸
Strongest AoA

+

√
̟l,k

ςl,k + 1
US,l,k

︸ ︷︷ ︸
Scattering component

and (7)

H
T
l,k =

√
˜̟ l,k ς̃l,k

ς̃l,k + 1
H

T
SAoA,l,k

︸ ︷︷ ︸
Strongest AoA

+

√
˜̟ l,k

ς̃l,k + 1
H

T
S,l,k

︸ ︷︷ ︸
Scattering component

, (8)

respectively, where ̟l,k and ˜̟ l,k are the corresponding large-

scale path loss coefficients. We note that ςl,k and ς̃l,k are

the power ratios of the strongest cluster power over the

other scattered paths’ power for the uplink and downlink

inter-cell channels, respectively. The strongest AoA compo-

nents USAoA,l,k = u
BS
SAoA,l,ku

H
SAoA,l,k, and H

T
SAoA,l,k =

h
∗
SAoA,l,k

(
h
BS
SAoA,l,k

)T
follow similar assumptions as in E-

quations (2)− (4). Besides, the scattering components US,l,k

and H
T
S,l,k follow similar assumption as in Equation (5). All

these mentioned inter-cell propagation path loss coefficients

are related to the propagation distance and modeled as in [18],

[35], [36]. According to recent field measurements, e.g. [18],

[35], [36], [62], [63], the typical values of the power ratios

of the strongest cluster power over the other scattered paths’

power ςl,k and ς̃l,k for Ul,k and H
T
l,k are in [0, 5], respectively.

III. MULTI-CELL UPLINK CHANNEL ESTIMATION

PERFORMANCE ANALYSIS

In this section, we adopt the algorithm proposed in [2]

for the estimation of an equivalent mmWave channel which

comprise the physical mmWave channels and analog beam-

forming matrices adopted at the desired transceivers. The

proposed algorithm is suitable for both the conventional fully

digital systems and the emerging hybrid systems with fully

access and subarray implementation structures. For the sake of

presentation, we provide a summary of the algorithm proposed

in [2] in the following. Specifically, each RF chain can access

to the M antennas via a phase shifter network.

There are three steps in the algorithm proposed in [2]. In

the first and second steps, the strongest AoAs between the

desired BS and the users are estimated. Then, the desired BS

and the users design their analog beamforming matrices by

aligning the beamforming direction to the estimated strongest

AoAs, which is similar to [64]. In the third step, orthogonal

pilot symbols are transmitted from the users to the BS by

using the pre-designed analog beamforming matrices. Then,

by exploiting the channel reciprocity, the equivalent downlink

channel can be estimated and adopted at the BS as the input

for the digital baseband precoder.

Note that, orthogonal pilot symbols are used for the estima-

tion of the equivalent channels in the third step. For the multi-

cell scenario, pilot symbols are reused among different cells

which results in pilot contamination and cause a severe impact

on the equivalent channel estimation performance. We note

that only single-cell scenario was considered in [2] and it is

unclear if the channel estimation algorithm provides robustness

against pilot contamination. Furthermore, the performance

analysis studied in [2] does not take into account the impact

of potential out-of-cell interference on the performance of

channel estimation. In the following sections, we investigate

the impact of pilot contamination on the mmWave channel

estimation performance for small-cell scenarios.

A. Channel Estimation and Pilot Contamination Analysis

Basically, step one and step two of the proposed algorithm in

[2] provide the analog beamforming matrices at the desired BS

and the desired users to facilitate the estimation of equivalent

channel. In particular, the analog beamforming matrices pair

the desired BS and the users and align the directions of

data stream transmission. Due to the inter-cell large-scale

propagation path loss, the impact of multi-cell interference

on the design of the analog beamforming matrices is usually

negligible8. Besides, simulation results show that the pilot con-

tamination does not affect strongest AoAs estimation result9.

Therefore, to facilitate the performance analysis of the multi-

cell equivalent channel estimation, we assume that strongest

AoAs among the users and the BS are perfectly estimated and

the desired signals always fall in the mainlobe.

Based on the strongest AoAs, which are perfectly estimated

at the users and the BS, the analog receive beamforming vector

of user k adopted at the desired BS is given by

ν̂
T
k ∈ C

1×M =
1√
M

[
1, . . . , ej2π(M−1)

d
λ

cos(θk)

]
(9)

and the analog transmit beamformer of user i in the desired

cell is given by

ω̂
∗
i ∈ C

P×1 =
1√
P

[
1, . . . , ej2π(P−1)

d
λ

cos(φi)

]H
. (10)

In addition, we denote the analog beamforming matrix at the

desired BS as

FRF ∈ C
M×N =

[
ν̂1, . . . , ν̂N

]
. (11)

8For strongest AoAs estimation at the desired BS in a multi-cell scenario,
the received power of the reused pilot symbols transmitted from the users in
neighboring cells is smaller than that of the desired pilot symbols transmitted
from the users in the desired cell. In addition, strongest AoAs estimation may
not rely on pilot symbols [23].

9The simulation result of the strongest AoAs estimation is omitted here
due to the space limitation. However, the impact of pilot contamination on
the strongest AoAs estimation will be captured in the final simulation.
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Let Φk ∈ CN×1 denote the pilot symbols of user k in the

desired cell. The pilot symbols for all the N users in the

desired cell form a matrix, Ψ ∈ C
N×N , where Φk is a column

vector of matrix Ψ given by Ψ =
√
EP

[
Φ1, . . . ,ΦN

]
,

Φ
H
i Φj = 0, i 6= j, i, j ∈ {1, . . . , N}, where EP represents

the transmitted pilot symbol energy.

In the equivalent channel estimation, user k transmits the

pilot symbols Φk via transmit beamformer ω̂∗
i and the desired

BS receives the pilot symbols utilizing the analog beam-

forming matrix FRF. However, the reuse of pilot symbols

in neighboring cells affects the performance of equivalent

channel estimation. The received signal of the k-th RF chain

at the desired BS in the uplink is given by

ŝ
T
k =ν̂

T
k

N∑

i=1

Hiω̂
∗
i

√
EPΦ

T
i

+ ν̂
T
k

L∑

l=1

N∑

i=1

(
Ul,iω̂

∗
l,i

√
EPΦ

T
i

)

︸ ︷︷ ︸
Pilot contamination

+ ν̂
T
kZ, (12)

where ω̂l,i ∈ CP×1 = 1√
P

[
1, . . . , ej2π(P−1)

d
λ

cos(φl,k)

]T
is

the analog beamforming vector of user i in the l-th cell, the en-

tries of noise matrix, Z, are modeled by i.i.d. random variables

with distribution CN
(
0, σ2

BS

)
. To facilitate the investigation

of channel estimation and downlink transmission, we assume

that long-term power control is performed to compensate the

different strongest AoAs’ path loss among different desired

users in the desired cell. As a result, it can be considered that

large-scale propagation path losses of different users in the

desired cell are identical. Thus, we can express the estimated

equivalent downlink channel ĤT
eq ∈ CN×N at the desired BS

under the impact of pilot contamination in Equation (13) at

the top of next page, where ∆Ĥ
T
eq is the equivalent channel

estimation error caused by pilot contamination and noise, and

the path loss compensation matrix B ∈ CN×N is given by

B =




1√
̟1

· · · 0

...
. . .

...

0 · · · 1√
̟N


 . (14)

In the following, for notational simplicity, we denote ρ̂l,k =√
̟̂ l,k

̟k
as the inter-cell propagation path loss coefficients.

Now, to evaluate the impact of pilot contamination, we in-

troduce a theorem which reveals the normalized MSE perfor-

mance of equivalent channel estimation.

Theorem 1: The normalized MSE of the equivalent channel

estimation with respect to the k-th RF chain under the impacts

of pilot contamination and noise can be approximated as

NMSEeq,k =
1

N
EUl,i

[(
1√
MP

∆ĥ
T
eq,k

)(
1√
MP

∆ĥ
∗
eq,k

)]

1

MP

L∑

l=1

(
ρ̂2l,k
)

︸ ︷︷ ︸
Multi−cell pilot contamination

+
σ2
BS

̟kEPMP︸ ︷︷ ︸
Noise

. (15)

In particular, when the number of antennas equipped at the

desired BS and the users are sufficiently large, we have

lim
M,P→∞

NMSEeq,k ≈ 0. (16)

Proof: Please refer to Appendix A. �

In Equation (15), the impact of the multi-cell pilot contam-

ination term on the normalized MSE performance is inversely

proportional to the number of antennas M and P . In addition,

the noise term decreases with the increasing transmit pilot

symbol energy and the number of antennas, M and P . It is im-

portant to note that, the impact of noise on channel estimation

will vanish in the high signal-to-noise ratio (SNR) regime, e.g.

Ep ≫ 1. However, the impact of pilot contamination on the

MSE performance cannot be mitigated by simply increasing

the transmit pilot symbol energy Ep.

It is known that the conventional massive MIMO pilot-aided

LS channel estimation performance under the impact of pilot

contamination cannot be improved by increasing the number

of antennas equipped at the BS [17], [46]. Interestingly,

the result of Theorem 1 unveils that the impacts of pilot

contamination and noise on the equivalent channel estimation

will vanish asymptotically with the increasing number of

antennas equipped at each RF chain, M and P . Actually, the

numbers of antennas M and P have an identical effect on the

normalized MSE performance. This is because the direction of

analog beamforming matrices adopted at the desired BS and

the desired users align with the strongest AoA path. Hence,

the analog beamforming matrices adopted at the desired BS

and the users form a pair of spatial filters, which block the

pilot signals from undesired users to the desired BS via non-

strongest paths. In addition, transmitting the pilot signals from

the desired users via the analog beamforming matrix can

reduce the potential energy leakage to other undesired cells,

which further reduces the impact of pilot contamination.

In order to help the readers to understand Theorem 1 from

the physical point of view, we provide a detail discussion in

this subsection on the result of Equation (15) via an illustrative

example of a single-antenna user in the high SNR regime. In

the single-antenna user scenario, we focus on the normalized

estimated equivalent channel of user k, ĥT
eq,k ∈ C1×N , in the

high SNR regime which is given by

1√
M

ĥ
T
eq,k =

1√
M

h
T
k

[
ν̂1 . . . ν̂N

]
︸ ︷︷ ︸

FRF

+
1√
M

L∑

l=1

u
T
l,k

[
ν̂1 . . . ν̂N

]

︸ ︷︷ ︸
Pilot contamination

. (17)

From Equation (17), it is shown that the equivalent channel

ĥ
T
eq,k is formed by projecting the actual mmWave channel hk

on the analog beamforming matrix FRF. Then, ηk,i ∈ C1×1,

the i-th entry of the estimated equivalent channel vector ĥT
eq,k,

representing the projection of channel of user k in the desired

cell on the i-th strongest AoA direction, is given by Equation

(18) at the top of next page, where θl,k is the AoA from user

k in the l-th cell to the desired BS, h
T
S,k is the scattering

component of the channel of user k in the desired cell, and
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Ĥ
T
eq = B

(
H

T
eq +∆Ĥ

T
eq

)
= B







ω̂
H
1 H

T
1 FRF

...

ω̂
H
NH

T
NFRF




︸ ︷︷ ︸
HT

eq

+
1√
EP




Φ
H
1 Z

T
FRF

...

Φ
H
NZ

T
FRF




︸ ︷︷ ︸
Effective noise

+




L∑
l=1

(
ω̂

H
l,1U

T
l,1

)
FRF

...
L∑

l=1

(
ω̂

H
l,NU

T
l,N

)
FRF




︸ ︷︷ ︸
Pilot contamination




. (13)

ηk,i =
1√
M

h
T
k ν̂i +

1√
M

L∑

l=1

u
T
l,kν̂i =

√
ςk

ςk + 1

sin
[
Mπ d

λ
(cos (θk)− cos (θi))

]

M sin
[
π d

λ
(cos (θk)− cos (θi))

]
︸ ︷︷ ︸

Strongest AoA

+

√
1

ςk + 1

1√
M

h
T
S,kν̂i

︸ ︷︷ ︸
Scattering component

+

L∑

l=1

√
ςl,k

ς l,k + 1

sin
[
Mπ d

λ
(cos (θl,k)− cos (θi))

]

M sin
[
π d

λ
(cos (θl,k)− cos (θi))

] +
L∑

l=1

√
1

ςl,k + 1

1√
M

u
T
S,l,kν̂i

︸ ︷︷ ︸
Pilot contamination

. (18)

u
T
S,l,k is the scattering component of the channel from user k

in the l-th cell to the desired BS. For the projection of channel

of user k on the k-th RF chain’s analog beamforming vector

ν̂k, we have ν̂
T
k =

(
h
BS
SAoA,k

)H
. Thus, the k-th entry of the

vector ĥT
eq,k can be expressed as

ηk,k =

√
ςk

ςk + 1︸ ︷︷ ︸
Strongest AoA

+ εk
1√
M

√
1

ςk + 1︸ ︷︷ ︸
Scattering component

+
1√
M
µk

︸ ︷︷ ︸
Pilot contamination

,

(19)

where εk = h
T
S,kν̂k denotes the projection of the scattering

component
√

1
ςk+1hS,k on ν̂k and µk =

L∑
l=1

u
T
l,kν̂k denotes

the projection of inter-cell channels
L∑

l=1

u
T
l,k on ν̂k.

The computation of Equation (19) can be illustrated graphi-

cally via the concept of vector space with projection as shown

in Fig. 2(a). The first term of Equation (19),
√

ςk
ςk+1 , which is

the projection of the strongest AoA component on the analog

beamforming direction, is a constant and is independent of M .

For the second term and the third term of Equation (19), εk
and µk, which consist of multiple paths with various AoAs,

cannot enjoy the array gainM . Actually, εk√
M

√
1

ςk+1 and µk√
M

,

these two terms will vanish asymptotically with the increasing

number of antennas M .

We note that for the conventional pilot-aided channel es-

timation algorithms, e.g. LS-based algorithms, they estimate

the channels from all the directions. Thus, BSs adopting these

algorithms receiving reused pilot symbols from the undesired

users and cannot be distinguished from the desired pilot sym-

bols. It is known as pilot contamination. However, adopting

analog beamforming matrices for receiving pilot symbols at

the desired BS via the strongest AoA directions forms a spatial

filter, which blocks the undesired pilot symbols from neighbor-

ing cells via different AoA paths. Furthermore, the “blocking

capability” improves with the increasing number of antennas

equipped at the BS. Specifically, the beamwidth of mainlobe

becomes narrower and the magnitude of sidelobes is lower,

which is illustrated in Fig. 2(b). In fact, this is an important

feature for mitigating the impact of pilot contamination.

Therefore, with the equivalent channel estimation proposed

in [2], the impact of pilot contamination vanishes asymptoti-

cally with an increasing number of antennas M equipped at

the desired BS, even if there exists errors in the estimation of

the strongest AoAs10.

IV. MULTI-CELL DOWNLINK ACHIEVABLE RATE

In the last section, we mathematically prove that the impact

of pilot contamination on the equivalent channel estimation

can be effectively mitigated. Analytical and simulation results

show that CSI errors caused by pilot contamination vanish

asymptotically with the increasing numbers of antennas e-

quipped at each RF chain of the BS and the users, M and

P .

Now, we aim to study the downlink performance of multi-

cell hybrid mmWave networks, which takes into account the

impact of inter-cell interference caused by the neighboring

BSs as well as the intra-cell interference caused by channel

estimation errors. In this section, we illustrate and derive

the closed-form approximations of achievable rate per user

under the impact of intra-cell and the inter-cell interference

of the considered hybrid system. Our results reveal that the

intra-cell interference as well as the inter-cell interference can

be mitigated effectively by simply increasing the number of

antennas equipped at the desired BS.

A. Downlink Achievable Rate Performance

We now detail the received information signal at user k

in the desired cell. Due to the channel reciprocity, we utilize

10Generally, analog beamforming errors may cause extra rate performance
degradation, which requires more antenna array gains to compensate. Inter-
ested readers can refer to Equations (31)-(34), Theorem 2, Corollary 4, and
Fig. 7 in [2] for more details.
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E∆ĤT
eq,Hl,k

[
ŜINR

k

ZF

]
≈ β

2
̟kEs

β
2
̟kEsĥ

T
eq,kE∆ĤT

eq

[
∆Weq∆W

H

eq

]
ĥ
∗
eq,k

︸ ︷︷ ︸
Intra−cell interference Υk

+ EHl,k



∣∣∣∣∣ω̂

H
k

L∑

l=1

H
T
l,kFRF,lβ̂lŴeq,lxl

∣∣∣∣∣

2



︸ ︷︷ ︸
Inter−cell interference Ωk

+ σ2
MS

.

(22)

ˆ
k
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k
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k
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+
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(a) Channel estimation algorithm explanation via a vector
space model.
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Fig. 2. (a) The illustration of equivalent channel estimation under the impact
of pilot contamination. (b) The illustration of sidelobe suppression for different
numbers of antennas M .

the estimated equivalent channel Ĥ
T
eq in Equation (13) for

the digital baseband precoder design during the downlink

transmission. To suppress the inter-user interference among

different users, we adopt a ZF precoder for the downlink

transmission. In addition, equal power allocation is used

among different data streams of the users [30]. The desired

baseband digital ZF precoder Weq ∈ CN×N is given by

Weq = H
∗
eq(H

T
eqH

∗
eq)

−1 =
[
weq,1, . . . ,weq,N

]
. (20)

The received signal at user k in the desired cell under the

intra-cell and inter-cell interference is given by

ykZF =ω̂
H
k H

T
kFRFβweq,kxk︸ ︷︷ ︸

Desired signal

+ ω̂
H
k H

T
kFRF

N∑

j=1

β∆weq,jxj

︸ ︷︷ ︸
Intra−cell interference

+ ω̂
H
k

L∑

l=1

H
T
l,kFRF,lβ̂lŴeq,lxl

︸ ︷︷ ︸
Inter−cell interference

+ ω̂
H
k zMS,k︸ ︷︷ ︸
Noise

, (21)

where xk ∈ C1×1 is the transmitted symbol from the desired

BS to the desired user k, E
[∣∣x2k

∣∣] = Es is the average

transmitted symbol energy for each user, β =
√

1

tr(WeqW
H

eq)

is the transmission power normalization factor of the desired

BS, ∆weq,j ∈ CN×1 denotes the j-th column vector of

the ZF precoder error matrix ∆Weq = Ŵeq − Weq =[
∆weq,1, . . . ,∆weq,N

]
, Ŵeq = Ĥ

∗
eq(Ĥ

T
eqĤ

∗
eq)

−1 is the

designed ZF precoder based on the estimated equivalent

channel, and the effective noise zMS,k ∼ CN
(
0, σ2

MSI
)
. In

addition, Ŵeq,l = Ĥ
∗
eq,l(Ĥ

T
eq,lĤ

∗
eq,l)

−1 is the digital precoder

of the BS in cell l based on the estimated equivalent channel

Ĥeq,l, FRF,l is the analog beamforming matrix of the BS in

cell l, xl = [xl,1, xl,2, . . . , xl,N ]T denotes the transmitted

signal for all the users in cell l, and β̂l =
√

1

tr(Ŵeq,lŴ
H
eq,l)

is

the power normalization factor of the BS in cell l. Compared

to the system model in [2], the intra-cell interference, which

is caused by CSI errors due to pilot contamination effects, is

captured and investigated. In addition, the model considered

here also captures the inter-cell interference caused by the

simultaneous transmission from the neighboring BSs.

We then express the average receive signal-to-interference-

plus-noise ratio (SINR) expression of user k in the desired cell

as Equation (22) at the top of this page.

B. Intra-Cell and Inter-cell Interference Performance Analysis

In this section, we aim at deriving a closed-form expression

of the average achievable rate per user. To this end, we first

focus on the intra-cell interference term Υk shown in Equation

(22). Note that the intra-cell interference Υk is caused by CSI

errors, which is due to the impact of pilot contamination on

channel estimation. Then we detail and analyze the inter-cell

interference Ωk. The expression of intra-cell interference, Υk,

can be summarized in the following lemma.
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Lemma 1: In the large number of antennas regimes, the

asymptotic intra-cell interference under the impact of pilot

contamination can be approximated by

Υk = β
2
̟kEsĥ

T
eq,kE∆ĤT

eq

[
∆Weq∆W

H

eq

]
ĥ
∗
eq,k

M→∞≈ β
2
̟kEs






√√√√1 +

L∑

l=1

ρ̂2l,k

MP
− 1




2

+

(
1 +

L∑

l=1

ρ̂2l,k

MP

)
L∑

l=1

ρ̂2l,kN

MP

ςk + 1

ςk

]
. (23)

Proof: The proof follows a similar approach as in [2]. Due

to the page limitation, we omit the proof here. �

Now, we introduce the following lemma which simplifies

the expression of the intra-cell interference.

Lemma 2: In the large numbers of antennas regime, the

asymptotic inter-cell interference, which is caused by the BSs

in neighboring cells, can be approximated as

Ωk = EHl,k



∣∣∣∣∣ω̂

H
k

L∑

l=1

H
T
l,kFRF,lβ̂lŴeq,lxl

∣∣∣∣∣

2



M→∞≈ Es

[
L∑

l=1

( ˜̟ l,k)

]
. (24)

Proof: Please refer to Appendix B. �

From Equation (24), the inter-cell interference is mainly

contributed by the downlink transmission of neighboring BSs.

Besides, the power normalization factor β can be approximat-

ed as [2]

β ≈
√

ςk

ςk + 1

MP

N
. (25)

Then, we summarize the average achievable rate of user k in

the large number of antennas and high SNR regime in the

following theorem.

Theorem 2: For a large number of antennas regime, the

average achievable rate of user k adopting the ZF precoding

under the intra-cell and the inter-cell interference is approxi-

mated by

R̃k
ZF ≈ log2




1 +






√√√√1 +

1

MP

L∑

l=1

(
ρ̂2l,k

)
− 1




2

+

[
1 +

1

MP

L∑

l=1

(
ρ̂2l,k
)
]
N (ςk + 1)

ςkMP

L∑

l=1

(
ρ̂2l,k
)

+
N(ςk + 1)

ςkMP

L∑

l=1

(
ζ2l,k
)
+

σ2
MS

β
2
̟kEs

]−1


 , (26)

where ζl,k =

√
˜̟ l,k

̟k

.

Proof: The result follows by substituting Equations (23),

(24), and (25) into (22). �

In the high SNR and large antenna regimes, the average

achievable rate under the impact of inter-cell interference

caused by CSI errors and the intra-cell interference caused

by neighboring BSs can be mitigated by simply increasing

the number of antennas M . Thus, the average achievable rate

per user can increase unboundedly with an increasing antenna

log2M .

For comparison, we also derive the achievable rate of user

k in a single-cell hybrid system. The performance of this

system, R
upperk
HB , serves as a performance upper bound of

the considered multi-cell system as there is no out-of-cell

interference. The expression of R
upperk
HB is given by (Equation

(24) of Corollary 1 in [2])

R
upperk
HB

a.s.→
M→∞

log2

{
1 +

[
MP

N

ςk

ςk + 1
+

1

ςk + 1

]
Es

σ2
MS

}
.

(27)

Corollary 1: Now, we derive the scaling law of the average

achievable rate of user k in the high SNR regime which is

given by

lim
M→∞

R̃k
ZF

log2M
= lim

M→∞

R
upperk
HB

log2M
= 1. (28)

Proof: The result comes after some straightforward mathe-

matical manipulation. Due to the page limitation, we omit the

proof here. �

It is found that the system data rate scales with log2M .

In other words, pilot contamination is not a fundamental

problem for massive MIMO with hybrid mmWave systems,

when the CSI estimation algorithm proposed in [2] is adopted.

In contrast, the average achievable rate performance of multi-

cell MU massive MIMO networks adopting a conventional LS-

based channel estimation algorithm is limited by the effects

of pilot contamination, e.g. [11]. Note that the algorithm

proposed in [2] does not require any information of covari-

ance matrices of pilot-sharing users in neighbouring cells as

required by the multi-cell MMSE-based precoding algorithm

proposed in [54]. In addition, the algorithm proposed in [2]

can work well while mean values of cross-cell channels from

pilot-sharing users in neighbouring cells to the desired BS are

non-zero.

Remark 1: Since hybrid mmWave systems are the general-

ization of fully digital systems, the algorithm proposed in [2]

can be extended to the case of fully digital mmWave systems.

Under such circumstance, the derived analysis can be directly

applied to the latter systems.

V. DISCUSSIONS AND SIMULATIONS

In this section, we will discuss and verify the derived

results via simulations. In the following simulations unless

specified otherwise, simulation settings are listed as follows.

The transmit antenna gain of the BS antennas is assumed as

14 dBi. The maximum BS transmit power is set as 46 dBm.

We set the number of neighboring cells as L = 6 and the

number of users per cell N = 10. For the adopted simulation

parameters, the large-scale path loss coefficients11, α and ̺,

11The commonly adopted empirical propagation path loss model is con-
sidered as a function of distance and carrier frequency, which is given by

̟k = 10
−

(
10α log10 dk+̺ log10(4π

1
λ )

10

)

, where dk is the distance between
the desired BS and user k in the desired cell, α and ̺ are the least square
fits of floating intercept and slope over the measured distance [35].
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Fig. 3. The illustration of multi-cell normalized MSE performance under the
impact of pilot contamination versus the number of antennas M in the high
SNR regime, i.e., maximum transmit power 46 dBm, for NRF = N = 10,
ςl,k = 5, k ∈ {1, · · · , N} and channel estimation error ξ2 = 0.01.

may have different values for different scenarios. We have

α = 1.9 and ̺ = 20 for corresponding large-scale path loss

calculation [35]. In addition, the receiving thermal noise power

is κ = −90 dBm12. The channel estimation errors of a user

caused by pilot contamination is given by ξ2 =
L∑

l=1

(
ρ̂2l,k

)
,

k ∈ {1, . . . , N}. Besides, we define the average achievable

rate per user as R̃AVE =
1

N

N∑
k=1

R̃k
ZF.

To verify the correctness of the analytical results derived in

Equation (15), here, we provide some simulation results in Fig.

3, which illustrates the normalized MSE performance of the

equivalent channel estimation versus the number of antennas

equipped at the desired BS, M , under the impact of pilot

contamination. In the simulation, we take into account the

inter-cell propagation path loss and AoA estimation errors in

estimating the strongest AoA paths. For illustration, channel

estimation errors caused by pilot contamination is set as

ξ2 = 0.01. Due to the existence of the inter-cell strongest

AoA components, this setting can be considered as the worst

case scenario of pilot contamination as the impact of inter-cell

interference is magnified. In Fig. 3, we can observe that with

an increasing number of antennas M , the normalized MSE

decreases monotonically. In addition, an increasing number

of antennas equipped at the users P can also improve the

normalized MSE. Besides, the simulation results match the

analytical results derived in Equation (15). Thus, the impact

of pilot contamination on the channel estimation of multi-

cell hybrid mmWave systems vanishes asymptotically, for a

sufficiently large number of antennas equipped at the desired

BS M .

In Fig. 4, we verify the tightness of the derived approx-

imation in Equation (26) of Theorem 2. Fig. 4 illustrates

12Thermal noise power is determined by the signal bandwidth BW and
the noise spectral density level N0 = BWeBTk , where BW = 250 MHz,
Tk = 300 K, and eB = 1.38× 10−23 J/K is the Boltzmann constant [35].
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Fig. 4. The average achievable rate per user [bits/s/Hz] under the impact of
pilot contamination and inter-cell downlink transmission interference versus
maximum transmit power at the desired BS [dBm] with M = 200.

the average achievable rate per user under the intra-cell and

inter-cell interference versus SNR. Besides, we illustrate the

corresponding upper performance which is based on a single-

cell hybrid mmWave system. In Fig. 4, the number of antennas

equipped at the users is set to P = 10, intra-cell ςk = 4,

inter-cell ς l,k = 2, k ∈ {1, . . . , N}, the channel estimation

error caused by pilot contamination is set as ξ2 = 0.01. We

can observe that the derived approximation is tight for a wide

range of SNR. It also can be observed that, with a finite

number of antennas, there is still a ceiling of the achievable

rate performance in the high SNR regime.

The setup in Fig. 5 is considered at intra-cell ςk = 4, inter-

cell ς l,k = 2, k ∈ {1, . . . , N}, and the number of antennas

equipped at each user is P = 10. In Fig. 5, we first illustrate

the upper bounds of the average achievable rate per user of

the single-cell hybrid mmWave system and the single-cell fully

digital system as the system benchmarks. Without any intra-

cell interference and inter-cell interference, the corresponding

upper performance of the fully digital system as well as the

hybrid mmWave system increases linearly with the increasing

number of BS antennas M . Then, we compare the achievable

rate per user of the fully digital system using a conventional

LS-based CSI estimation algorithm to that of the hybrid system

adopting CSI estimation algorithm proposed in [2] in the high

SNR regime. For the fully digital system, we assume that the

receive CSI at the users’ side is perfectly known. Thus, the

P antenna array equipped at each user can provide 10 log10 P
dB array gain. In addition, we assume that channel estimation

errors of a user at the desired BS due to the impact of pilot

contamination effects for both the fully digital system and

the hybrid system are set as ξ2 = 0.2. As expected, in the

large number of antennas and high SNR regimes, the average

achievable rate of the hybrid system increases unboundedly

and logarithmically with the increasing number of antennas

M , despite the existence of pilot contamination as well as

inter-cell interference. The average achievable rate of the

hybrid system scales with the number of BS antennas in the
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Fig. 5. The achievable rate per user [bits/s/Hz] under the impact of pilot
contamination effects and inter-cell interference versus the number of antennas
M in the high SNR regime (maximum BS transmit power is 46 [dBm]).

order of log2M , which is the same as that of the upper

performance of the single-cell hybrid system, and verifies

the correctness of the derived scaling law (Equation (28) in

Corollary 1). However, the average achievable rate of the

fully digital system adopting the conventional LS-based CSI

estimation algorithm under the impact of pilot contamination is

saturated with the increasing number of antennas at the desired

BS. Thus, pilot contamination is the performance bottleneck

of massive MIMO systems when the conventional LS-based

channel estimation algorithm is adopted [11]. In contrast, when

the channel estimation algorithm proposed in [2] is applied

to the multi-cell MU mmWave hybrid system, the impacts

of CSI errors caused by pilot contamination and the inter-cell

interference caused by neighboring BSs on the achievable rate

performance will vanish asymptotically for a sufficiently large

number of antennas equipped at the desired BS. For a practical

number of antennas setup, M ∈ [64, 192], the average rate

performance achieved by the algorithm proposed in [2] can

also increases with an increasing number of antennas M and

outperforms that of a fully digital system, which is illustrated

in Fig. 5(b). Meanwhile, the number of RF chains required

in the hybrid system is significantly smaller than that of

fully digital system. In addition, our simulation results in Fig.

5(a) also verify the tightness of the analytical approximation

derived in Theorem 2.

VI. CONCLUSIONS

In this paper, we investigated the normalized MSE perfor-

mance of the channel estimation proposed in [2] for multi-cell

hybrid mmWave systems. The derived closed-form approxima-

tion of the normalized channel estimation MSE performance

revealed that the channel estimation error caused by the impact

of pilot contamination and noise would vanish asymptotically

with the increasing number of antennas. Furthermore, based on

the estimated CSI, we adopted ZF precoding for the downlink

transmission and derived the closed-form approximation of

the average achievable rate per user in the multi-cell scenario.

The analytical and simulation results showed that the intra-cell

interference caused by pilot contamination as well as the inter-

cell interference incurred by neighboring BSs can be mitigated

effectively with an increasing antenna array gain. It is an

excellent feature for multi-cell hybrid mmWave systems with

small-cell radius for improving the network spectral efficiency.

APPENDIX

A. Proof of Theorem 1

The normalized MSE performance of equivalent channel

estimation under the impact of pilot contamination is given

by

NMSEeq,k =
1

NMP
EUl,i

[(
∆ĥ

T
eq,k

)(
∆ĥ

∗
eq,k

)]

(a)≈ 1

̟kNMP
EUl,i

[
L∑

l=1

(
ω̂

H
l,kU

T
l,kFRF

)
×

L∑

l=1

(
F

H
RFU

∗
l,kω̂l,k

)
]

︸ ︷︷ ︸
Pilot contamination

+
σ2
BStr

[
F

H
RFFRF

]

̟kEPNMP︸ ︷︷ ︸
Effective noise

. (29)

In (a), we omit some small part. Due to the small-cell radius,

the inter-cell uplink propagation channels contain the strongest

AoA components from the users in the neighboring cells to the

desired BS. Thus, the part associated with pilot contamination

can be expressed as Equation (30) at the top of next page,

where ρ̂l,k =

√
̟̂ l,k

̟k

. Then, the inter-cell interference caused

by scattering component can be further approximated as

L∑

l=1

ρ̂2l,k

ςl,k + 1
ω̂

H
l,kEUS,l,k

(
U

T
S,l,kFRFF

H
RFU

∗
S,l,k

)
ω̂l,k

≈
L∑

l=1

ρ̂2l,k

ςl,k + 1
ω̂

H
l,ktr

(
FRFF

H
RF

)
IPω̂l,k =

L∑

l=1

ρ̂2l,k

ς l,k + 1
N.

(31)
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1

̟k

EUl,k

[
L∑

l=1

(
ω̂

H
l,kU

T
l,kFRFF

H
RFU

∗
l,kω̂l,k

)
]

=EUl,k




L∑

l=1

ω̂
H
l,k



√
ς l,kρ̂

2
l,k

ς l,k + 1
U

T
SAoA,l,k +

√
ρ̂2l,k

ς l,k + 1
U

T
S,l,k


FRFF

H
RF



√
ς l,kρ̂

2
l,k

ς l,k + 1
U

∗
SAoA,l,k +

√
ρ̂2l,k

ς l,k + 1
U

∗
S,l,k


 ω̂l,k




≈EUSAoA,l,k

[
L∑

l=1

ρ̂2l,kς l,k

ς l,k + 1
ω̂

H
l,kU

T
SAoA,l,kFRFF

H
RFU

∗
SAoA,l,kω̂l,k

]

︸ ︷︷ ︸
Inter−cell interference caused by strongest AoA components

+ EUS,l,k

[
L∑

l=1

ρ̂2l,k

ς l,k + 1
ω̂

H
l,kU

T
S,l,kFRFF

H
RFU

∗
S,l,kω̂l,k

]

︸ ︷︷ ︸
Inter−cell interference caused by scattering components

.

(30)

EUSAoA,l,k

[
L∑

l=1

(
ρ̂2l,kς l,k

ς l,k + 1
ω̂

H
l,kU

T
SAoA,l,kFRFF

H
RFU

∗
SAoA,l,kω̂l,k

)]

=EUSAoA,l,k

[
L∑

l=1

[
ρ̂2l,kς l,k

ς l,k + 1

(
u
BS
SAoA,l,k

)T
FRFF

H
RF

(
u
BS
SAoA,l,k

)∗
u
T
SAoA,l,kω̂l,kω̂

H
l,ku

∗
SAoA,l,k

]]
. (32)

EUSAoA,l,k

[
L∑

l=1

[
ρ̂2l,kςl,k

ς l,k + 1

(
u
BS
SAoA,l,k

)T
FRFF

H
RF

(
u
BS
SAoA,l,k

)∗
u
T
SAoA,l,kω̂l,kω̂

H
l,ku

∗
SAoA,l,k

]]

=Eφl,k,φl,k,θl,k,θi

{
L∑

l=1

[
ρ̂2l,kς l,k

ς l,k + 1
Gact,P [cos (φl,k)− cos (∆φl,k)]

N∑

i=1

Gact,M [cos (θl,k)− cos (θi)]

]}
. (39)

Now, we would like to approximate the inter-cell interference

caused by the multi-cell strongest AoA components in Equa-

tion (32) at the top of this page. In Equation (32), we have

ω̂
H
l,k =

1√
P

[
1, . . . , ej2π(P−1)

d
λ

cos(φl,k)

]∗
and (33)

u
∗
SAoA,l,k =

[
1, . . . , e−j2π(P−1)

d
λ

cos(∆φl,k)

]H
, (34)

where variables φl,k ∈ [0, π] is the angle of incidence of

the strongest AoA path at antenna arrays of user k in cell l,

and ∆φl,k ∈ [0, π] is the angle of incidence of the inter-cell

strongest AoA path at antenna arrays from user k of cell l to

the desired BS. By defining the array gain function Gact,P [x],
cf. [61], as

Gact,P [x] =

{
sin
[
Pπ d

λ
(x)
]}2

P
{
sin
[
π d

λ
(x)
]}2 , (35)

where
d

λ
=

1

2
. Then, we have:

u
T
SAoA,l,kω̂l,kω̂

H
l,ku

∗
SAoA,l,k

=Gact,P [cos (φl,k)− cos (∆φl,k)]

=

{
sin
[
P π

2 (cos (φl,k)− cos (∆φl,k))
]}2

P
{
sin
[
π
2 (cos (φl,k)− cos (∆φl,k))

]}2

=
P
{
sinc

[
P π

2 (cos (φl,k)− cos (∆φl,k))
]}2

{
sinc

[
π
2 (cos (φl,k)− cos (∆φl,k))

]}2 . (36)

Similarly, we can have following preliminaries, i.e.,

(
u
BS
SAoA,l,k

)T
=
[
1, . . . , e−j2π(M−1)

d
λ

cos(θl,k)

]
and

ν̂i =
1√
M

[
1, . . . , ej2π(M−1)

d
λ

cos(θi)

]T
. (37)

Based on these aforementioned expressions, we rewrite(
u
BS
SAoA,l,k

)T
FRFF

H
RF

(
u
BS
SAoA,l,k

)∗
as

[ (
u
BS
SAoA,l,k

)T
ν̂1, . . . ,

(
u
BS
SAoA,l,k

)T
ν̂N

]

×
[
ν̂
H
1

(
u
BS
SAoA,l,k

)∗
, . . . , ν̂

H
N

(
u
BS
SAoA,l,k

)∗ ]T

=
N∑

i=1

{
sin
[
π
2M (cos (θl,k)− cos (θi))

]}2

M
{
sin
[
π
2 cos (θl,k)− cos (θi)

]}2

=

N∑

i=1

Gact,M [cos (θl,k)− cos (θi)]. (38)

Then, Equation (32) can be re-expressed as Equation (39) at

the top of this page, where cos (φl,k), cos (∆φl,k), cos (θl,k),
and cos (θi) are uniformly distributed over [−1, 1]. Besides,

they are independent with each other. Exploiting the peri-

odic property of function ej2πx, the linear antenna array

gain Gact,P [cos (φl,k)− cos (∆φl,k)] is equal in distribution

to Gact,P [µl,k] and Gact,M [cos (θl,k)− cos (θi)] is equal in

distribution to Gact,M [ǫl,k,i], where µl,k, k ∈ {1, . . . , N}, and

ǫl,k,i, i ∈ {1, . . . , N} are uniformly distributed over [−1, 1]
(Lemma 1 of [65]). In addition, µl,k and ǫl,k,i is independent
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L∑

l=1

ρ̂2l,kςl,k

ςl,k + 1
Eφl,k,φl,k

[Gact,P [cos (φl,k)− cos (∆φl,k)]]

N∑

i=1

Eθl,k,θi [Gact,M [cos (θl,k)− cos (θi)]]

=

L∑

l=1

ρ̂2l,kςl,k

ςl,k + 1
Eµl,k

[Gact,P [µl,k]]Eǫl,k,i
(Gact,M [ǫl,k,i])

=
L∑

l=1

ρ̂2l,kςl,k

ςl,k + 1
Eµl,k

([
sinc

(
π
2Pµl,k

)]2
P

[
sinc

(
π
2µl,k

)]2

)
Eǫl,k,i

(
N∑

i=1

[
sinc

(
π
2Mǫl,k,i

)]2
M

[
sinc

(
π
2 ǫl,k,i

)]2

)

(b)

>

L∑

l=1

ρ̂2l,kςl,k

ςl,k + 1
Eµl,k

([
sinc

(π
2
Pµl,k

)]2
P

)
Eǫl,k,i

(
N∑

i=1

[
sinc

(π
2
Mǫl,k,i

)]2
M

)
(c)≈

L∑

l=1

ρ̂2l,kς l,k

ς l,k + 1
N. (40)

Ωk >EsEHSAoA,l,k

[
L∑

l=1

˜̟ l,k

(
β̂l

)2( ς l,k

ς l,k + 1

)
ω̂

H
k H

T
SAoA,l,kFRF,lŴeq,lŴ

H
eq,lF

H
RF,lH

∗
SAoA,l,kω̂k

]

︸ ︷︷ ︸
Inter−cell interfernce caused by strongest AoAs

+ EsEHS,l,k

[
L∑

l=1

˜̟ l,k

(
β̂l

)2( 1

ς l,k + 1

)
ω̂

H
k H

T
S,l,kFRF,lŴeq,lŴ

H
eq,lF

H
RF,lH

∗
S,l,kω̂k

]

︸ ︷︷ ︸
Inter−cell interference caused by scattering component

. (43)

with each other. Thus, we re-express Equation (39) as Equation

(40) at the top of this page. In (b), we exploit the fact that

[sinc(x)]2 =

(
sinx

x

)2

6 1. (41)

In (c), we explore the law of integration of sinc function for

the number of antennas M is sufficiently large, i.e.,

Eǫl,k,i

[[
sinc

(π
2
Mǫl,k,i

)]2
M

]

=M

∫ 1

−1

1

2

[
sinc

(π
2
Mǫl,k,i

)]2
dǫl,k,i

=
M

Mπ

∫ 1

−1

[
sinc

(π
2
Mǫl,k,i

)]2
d
π

2
Mǫl,k,i

M→∞≈ 1

π

∫ ∞

−∞
[sinc (χ)]

2
dχ = 1, (42)

where χ =
π

2
Mǫl,k,i. We substitute Equation (31) and (40)

into (29), the expression in (15) comes immediately after some

straightforward mathematical manipulation.

B. Proof of Lemma 2

The inter-cell downlink transmission interference is given

by Equation (44) at the top of next page. Following similar

approaches shown in Equations (32)−(38), we can re-express

the inter-cell interference caused by the strongest AoA

components as where i ∈ {1, . . . , N}, η̂l,k and τl,k,i
are also independent uniformly distributed in [−1, 1]. In

addition, variables ∆κl,k ∈ [0, π] is the angle of incidence

of the inter-cell strongest AoA path at antenna arrays

of user k in the desired cell from the BS in cell l, and

ψl,k ∈ [0, π] is the angle of incidence of the inter-cell

strongest AoA path at antenna arrays of the BS of cell l

for user k. Further, in the large number of antennas regime,

Eτl,k,i

[
F

H
RF,l

(
h
BS
SAoA,l,k

)∗ (
h
BS
SAoA,l,k

)T
FRF,l

]
, i ∈

{1, . . . , N}, can be approximated as Equation (45) at

the top of next page. In the large number of antennas

regime, Eτl,k,i

[
sinc2[M π

2
(τl,k,i)]M

sinc2[π2 (τl,k,i)]

]
, i ∈ {1, . . . , N}, can be

asymptotically approximated as

Eτl,k,i

[
sinc2

[
M π

2 (τl,k,i)
]
M

sinc2
[
π
2 (τl,k,i)

]
]
≈ 1. (46)

In the large number of antennas regime, i 6= j, i, j ∈
{1, . . . , N}, Eτl,k,i,τl,k,j

[
sin[M π

2
(τl,k,i)]√

M sin[π2 (τl,k,i)]
sin[M π

2
(τl,k,j)]√

M sin[π2 (τl,k,j)]

]

can be approximated as

Eτl,k,i

[
sin
[
M π

2 (τl,k,i)
]

√
M sin

[
π
2 (τl,k,i)

]
]
Eτl,k,j

[
sin
[
M π

2 (τl,k,j)
]

√
M sin

[
π
2 (τl,k,j)

]
]

≈ 0. (47)

Thus, in the large number of antennas regime, i ∈ {1, . . . , N},

Equation (45) can be asymptotically approximated as

Eτl,k,i

[
F

H
RF,l

(
h
BS
SAoA,l,k

)∗ (
h
BS
SAoA,l,k

)T
FRF,l

]
≈ IN. (48)

Thus, Equation (44) can be asymptotically approximated as

Equation (50) at the top of next page. On the other hand,

we re-express the inter-cell interference caused by scattering

components in the large number of antennas regime as

L∑

l=1

ω̃
H
k

(
˜̟ l,k

ςl,k+1

)

tr
(
Ŵeq,lŴ

H
eq,l

)tr
(
FRF,lŴeq,lŴ

H
eq,lF

H
RF,l

)
ω̃k

M→∞≈
L∑

l=1

( ˜̟ l,k

ς l,k + 1

)
. (50)
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EHSAoA,l,k

{
L∑

l=1

˜̟ l,k

(
β̂l

)2( ς l,k

ςl,k + 1

)
tr
[
ω̃

H
k H

T
SAoA,l,kFRF,lŴeq,lŴ

H
eq,lF

H
RF,lH

∗
SAoA,l,kω̃k

]}

=
L∑

l=1





˜̟ l,k

(
β̂l

)2
ςl,k

ςl,k + 1
Eη̂l,k

[
sinc2[P π

2
(η̂l,k)]P

sinc2[π2 (η̂l,k)]

]
tr
[
Ŵeq,lŴ

H
eq,lEτl,k,i

[
F

H
RF,l

(
h
BS
SAoA,l,k

)∗ (
h
BS
SAoA,l,k

)T
FRF,l

]]T



. (44)




Eτl,k,1

[
sinc2[M π

2
(τl,k,1)]M

sinc2[π2 (τl,k,1)]

]
· · · Eτl,k,1,τl,k,N

[
sin[M π

2
(τl,k,1)]√

M sin[π2 (τl,k,1)]
sin[M π

2
(τl,k,N )]√

M sin[π2 (τl,k,N )]

]

...
. . .

...

Eτl,k,1,τl,k,N

[
sin[M π

2
(τl,k,1)]√

M sin[π2 (τl,k,1)]
sin[M π

2
(τl,k,N )]√

M sin[π2 (τl,k,N )]

]
· · · Eτl,k,N

[
sinc2[M π

2
(τl,k,N )]M

sinc2[π2 (τl,k,N )]

]



. (45)

EHSAoA,l,k

[
L∑

l=1

( ˜̟ l,kς l,k

ς l,k + 1

)[
sinc2

[
P π

2 (ηl,k)
]
P

sinc2
[
π
2 (ηl,k)

]
]
β̂2tr

(
Ŵeq,lŴ

H
eq,l

)]

M→∞≈
L∑

l=1

( ˜̟ l,kς l,k

ς l,k + 1

)
Eηl,k

[
sinc2

[
P π

2 (ηl,k)
]
P

sinc2
[
π
2 (ηl,k)

]
]
≈

L∑

l=1

( ˜̟ l,kς l,k

ς l,k + 1

)
. (49)

By substituting Equations (49) and (50) into Equation (43),

we have

Ωk ≈ ES

[
L∑

l=1

( ˜̟ l,k

ς l,k + 1

)
+

L∑

l=1

( ˜̟ l,kς l,k

ς l,k + 1

)]

= Es

[
L∑

l=1

( ˜̟ l,k)

]
. (51)

This completes the proof.
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