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Abstract

Freshness of status update packets is essential for enabling services where a destination needs
the most recent measurements of various sensors. In this paper, we study the information freshness
of single-server multi-source queueing models under a first-come first-served (FCFS) serving policy.
In the considered model, each source independently generates status update packets according to a
Poisson process. The information freshness of the status updates of each source is evaluated by the
average age of information (Aol). We derive an exact expression for the average Aol for the case with
exponentially distributed service time, i.e., for a multi-source M/M/1 queueing model. Moreover, we
derive three approximate expressions for the average Aol for a multi-source M/G/1 queueing model
having a general service time distribution. Simulation results are provided to validate the derived exact
average Aol expression, to assess the tightness of the proposed approximations, and to demonstrate the
Aol behavior for different system parameters.

Index Terms— Information freshness, age of information (Aol), multi-source M/G/1 queueing model.

I. INTRODUCTION

Recently, various services in wireless sensor networks (WSNs) such as Internet of Things and
cyber-physical control applications have attracted both academic and industrial attention. In these
networks, low power sensors may be assigned to send status updates about a random process to
intended destinations [[1]-[|6]. Such a status update system can monitor, e.g., temperature of a

specific environment (room, greenhouse, etc.) [1], and a vehicular status (position, acceleration,
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etc.) [2]. One key enabler for these services is high freshness of the sensors’ information at a
destination. For instance, real-time control and decision making in the system requires that the
destination has very recent measurements of the various sensors.

The traditional metrics such as throughput and delay can not fully characterize the information
freshness [S[]-[7]. Recently, the age of information (Aol) was proposed as a destination-centric
metric to measure the information freshness [7]-[9]] in status update systems. A status update
packet contains the measured value of a monitored process and a time stamp representing the
time when the sample was generated. Due to wireless channel access, channel errors, and fading
etc., communicating a status update packet through the network experiences a random delay. If
at a time instant ¢, the most recently received status update packet contains the time stamp U (¢),
Aol is defined as the random process A(t) =t — U(t). Thus, the Aol measures for each sensor
the time elapsed since the last received status update packet was generated at the sensor. The
most common metrics of the Aol are average Aol, peak Aol, and effective Aol [5], [10], [11].

In this work, we focus on the average Aol.

A. Related Works

The first queueing theoretic work on Aol is [[7] where the authors derived the average Aol for
a single-source M/M/1 first-come first-served (FCFS) queueing model. The average Aol for an
M/M/1 last-come first-served (LCFS) queueing model with preemption was analyzed in []. In
[11]], the authors proposed peak Aol as an alternative metric to evaluate the information freshness.
The average Aol and average peak Aol for different packet management policies in an M/M/1
queueing model were derived in [[12]. The authors of [[13]] derived a closed-form expression for
the average Aol of a single-source M/G/1/1 preemptive queueing model (where the last entry
in the Kendall notation shows the total capacity of the queueing system; 1 indicates that there
is one packet under service whereas the queue holds zero packets). A closed-form expression
for the average Aol in a single-source M/G/1 queueing model was derived in [14]]. The work
[15] considered a single-source LCFS queueing model where the packets arrive according to a
Poisson process and the service time follows a gamma distribution. They derived the average Aol
and average peak Aol for two packet management policies, LCFS with and without preemption.

Besides single-source setups, the work [16] was the first to investigate the average Aol in

a multi-source setup. The authors of [16] derived the average Aol for a multi-source M/M/1
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FCFS queueing model. The authors of [[17] considered a multi-source M/G/1 queueing system
and optimized the arrival rates of each source to minimize the peak Aol. The closed-form
expressions for the average Aol and average peak Aol in a multi-source M/G/1/1 preemptive
queueing model were derived in [18]]. In [6], the authors introduced a powerful technique based
on stochastic hybrid systems to evaluate the Aol in finite-state continuous-time queueing systems.

The Aol has also been applied as a novel metric in various networking problems. The Aol
in a carrier sense multiple access (CSMA) based vehicular network was studied via simulations
in [9]]. The authors of [19] studied Aol and throughput in a shared access network having one
primary and several secondary transmitter-receiver pairs. The authors of [20] investigated the
Aol for ALOHA and time-scheduled based access techniques in WSNs. They concluded that
ALOHA access, while simple, leads to Aol that is inferior to a scheduled access case. The
authors of [21] considered a WSN, derived the average Aol and peak Aol for the system, and
minimized the average Aol and peak Aol by optimizing the probability of transmission of each
node. The authors of [22]] analyzed the Aol in a CSMA based system using the stochastic hybrid
systems technique. They optimized the system’s average Aol by adjusting the back-off time of
each link. The authors of [23] analyzed the worst case average Aol for each sensor in a CSMA

based WSN.

B. Contributions

In this paper, we analyze the average Aol of the different sources in single-server multi-source
queueing models under an FCFS service policy with Poisson packet arrivals. First, derive an exact
expression for the average Aol for a multi-source M/M/1 queueing model. The setup was earlier
addressed in [6]], [16]], where the authors derived an approximate expression for the average
Aol by neglecting the statistical dependency between certain random variables (see Section [[V).
Second, we point out the difficulties in an M/G/1 case and derive three approximate expressions
for the average Aol in a multi-source M/G/1 queueing model. We present simulation results to
1) validate the derived exact average Aol in a multi-source M/M/1 queueing model, 2) show
that the proposed approximations are relatively tight in both the M/M/1 case and the M/G/1 case
where the service time follows different distributions, and 3) exemplify the Aol behavior under

different system parameters.
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Fig. 1: The considered status update system modeled as a multi-source M/G/1 queueing model.
C. Organization

This paper is organized as follows. The system model, Aol definition, and a summary of
the main results are presented in Section II. The main steps required to derive the average Aol
for a multi-source M/G/1 queueing model are presented in Section III. The exact expression
for the average Aol in a multi-source M/M/1 queueing model is derived in Section The
three approximate expressions for the average Aol in a multi-source M/G/1 queueing model
are derived in Section [Vl Numerical validation and results are presented in Section Finally,

concluding remarks are expressed in Section

II. SYSTEM MODEL AND SUMMARY OF RESULTS

We consider a system consisting of a set of independent sources denoted by C = {1,...,C}
and one server, as depicted in Fig. |[Ill Each source observes a random process, representing,
e.g., temperature, vehicular speed or location at random time instants. A remote destination is
interested in timely information about the status of these random processes. Status updates are
transmitted as packets, containing the measured value of the monitored process and a time stamp
representing the time when the sample was generated. We assume that the packets of source ¢
are generated according to the Poisson process with rate \., ¢ € C.

For each source, the Aol at the destination is defined as the time elapsed since the last
successfully received packet was generated. Formal definition of the Aol is given next.

Definition 1 (Aol). Let t.; denote the time instant at which the ith status update packet
of source ¢ was generated, and ¢, denote the time instant at which this packet arrives at the

destination. At a time instant 7, the index of the most recently received packet of source c is
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Fig. 2: Age of information of source c as a function of time.

given by
Ne(r) = max{i'|t; , < 7}, (1

and the time stamp of the most recently received packet of source c is U(7) = t. n.(r). The Aol
of source c at the destination is defined as the random process A.(t) =t — U.(t).

An example of evolution of the Aol is shown in Fig. 2| As it can be seen, A.(t) at the
destination increases linearly with time, until the reception of a new status update, when the Aol
is reset to the age of the newly received status update, i.e., the difference of the current time
instant and the time stamp of the newly received update.

The most commonly used metric for evaluating the Aol of a source at the destination is the

average Aol [5]], [10], [11]]. Next, we introduce this metric for the considered system model.

A. Average Aol

Let (0,7) denote an observation interval. Accordingly, the time average Aol of the source ¢

at the destination, denoted as A, ., is defined as

A=t / N @)
T Jo

The integral in (2)) is equal to the area under A.(¢) which can be expressed as a sum of disjoint
areas determined by a polygon Q). 1, N.(7) — 1 trapezoids ()., = 2,..., N.(7), and a triangle
Q.. as illustrated in Fig. [2| Following the definition of N.(7) in (I), A, . can be calculated as

o QC,1+QC+NC(T)_1 1
n T T N(1) —

1 T A T
Ar,c = ; (Qc,l + 25\32( ) Qc,i + Qc> 1 Zficg( ) Qc,i- (3)

April 2, 2020 DRAFT



The average Aol of source c, denoted by A, is defined as A, = lim, ,, A;.. The term

Qc,l + Qc NC(T) — 1
T T

in (3) goes to zero as 7 — oo, and the term in (3) converges to the rate

Ne(7)—1
- .
Moreover, as 7 — 0o, the number of transmitted packets grows to infinity, i.e., N.(7) — oo. Thus,

of generating the status update packets of source ¢ as 7 — oo, i.e., A\, = lim,_,

assuming that the random process {@.;};~1 is (mean) ergodi [S]-[7]], the sample average term
1

Ne(rm)—1
given by

Zfi}m Q. in (@) converges to the stochastic average E[().;]. Consequently, A, is

Ac = ACE[QC,i] .

As shown in Fig. 2| Q.; can be calculated by subtracting the area of the isosceles triangle
with sides (., — t.;) from the area of the isosceles triangle with sides (t; — t.;—1). Let the
random variable

Xei=1ci —tei1 4)

t] )

represent the sth interarrival time of source c, i.e., the time elapsed between the generation of
1 — 1th packet and ith packet from source c. From here onwards, we refer to the 7th packet from

source c simply as packet c,i. Moreover, let the random variable
Tci:t/ —tey (5)

represent the system time of packet c,1, i.e., the time interval the packet spends in the system
which consists of the sum of the waiting time and the service time. By using (@) and (5), Q.
can be calculated by subtracting the area of the isosceles triangle with sides X.; from the area
of the isosceles triangle with sides X.; + 7..; (see Fig. , and thus, the average Aol of source
c is given as [16]

AC - )\C]E[chi] = )\C (%EKXC,Z + Tc,i)Q] - %E[Xg,z]) = )\c(

E[XZ]

2

+ ]E[Xc,iTc,i]) . (6)

Let W., be the random variable representing the waiting time of packet c,¢, and S.; the

random variable representing the service time of packet c,i. Consequently, the system time 7 ;

"Note that for the ergodicity assumption, it is necessary to have a stationary and stable system (for the stability condition it
is sufficient to have ZCGC Ae < p, where p is the mean service rate in the system).
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is given as the sum 7,; = W,; + S.;, and the average Aol in (6) can be written as

E[XZ,]
Ao = A 5 :

+ E[Xc,i<Wc,i + Sc,z)]) . (7)

B. Summary of the Main Results

Here, we briefly summarize the main results of the paper. To evaluate the Aol of one source
in a queueing model with multiple sources of Poisson arrivals, we can consider two sources
without loss of generality. Thus, we proceed to evaluate the Aol of source 1 by aggregating
the other C' — 1 sources into source 2 having the Poisson arrival rate Ay = Zc,ec\ 1 Aer. The
mean service time for each packet in the system is equal, given as E[S;;] = E[Sy;] = 1/,
Vi. Let py = A;/p and ps = Ao/ be the load of source 1 and 2, respectively. Since packets
of each source are generated according to the Poisson process and the sources are independent,
the packet generation in the system follows the Poisson process with rate A = A\; + Ay, and the
overall load in the system is p = p; +ps = A/p. Since we do not assume any specific probability
density function (PDF) for the service time, the considered model is referred to a multi-source
M/G/1 queueing model.

The main contributions of this paper are twofold: we derive 1) an exact expression for
the average Aol for a multi-source M/M/1 queueing model and 2) propose three approximate
expressions for the average Aol in a multi-source M/G/1 queueing model. The derived results

are summarized as follows.

Theorem 1. The exact expression for the average Aol of source 1 for a multi-source M/M/I1

queueing model is given in (43)) and has the following form:

1, p Co-1p-1  2npp-1)
n1—p T (A=) (1 —p2)? )

where V(u, p1, \2) is a function that is characterized by transient behavior of an M/M/1 queue

1
A= (1= p)¥(u, p1, )\2)“‘;(

which is presented in (33).

Proof: The proof of Theorem [I| appears in parts in Sections [III] and [TV] of this paper.
The three approximate expressions for the average Aol of source 1 for a multi-source M/G/1

queueing model, denoted by A{™' A2, and A, are given in {@9), (52), and (53), and are
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of the following form:

2 202—1+2(1—PQ)

AiPIH ~ ]E[W] 4+ =+ LT(/\I) + (,02 - 1)L’,T(/\1)
1% )\1 )\1

al 2 2p2—]_ 1 2(1—[)2) )\1
AP = E[W] + = + +(—+— Lr(\) + —1— =) LL(\).
1 [ ] L )\1 L )\1 T( 1) P2 1 T( 1)

. 2 2py—1 WE[SZ 2(1 —
A B[] 4 24 22 +( 2] ]+ (1—p2)

) Lr()+

p A1 2(1 — p2) A1
)‘1)‘2[@[32] / "
(2p2 —1- 2(1 — p2> LT()\l) - )\1,02LT()\1)7

where E[IV] is the average waiting time of each packet in the system (which is given in (39)),
L7()\) is the Laplace transform of the PDF of the system time (which is given in (40))), and
L(\y) and L7.(\;) are the first and second derivative of Ly () at A;. The calculations to derive

the approximate expressions are presented in Sections [[II] and [V] of this paper.

III. Aol IN A MULTI-SOURCE M/G/1 QUEUEING MODEL

In this section, we present the main steps required to derive the average Aol in (7) for the
considered multi-source M/G/1 queueing model and point out the main difficulties regarding
the average Aol calculation. Then, in Section IV, we derive the exact expression for the M/M/1
case and in Section V, we derive the approximate expressions for the M/G/1 case with a general

service time distribution.

The first term in (/) is easy to compute. Namely, since the interarrival time of source 1 follows
the exponential distribution with parameter \;, we have E[X 121] = 2/)\2. The second term in (7)
can be written as

a 1
E[X1:(Wi; + S1,4)] @ E[X1:W1] + E[X1]E[S1,] = E[X1:; W1, + >\_,U7 ()
1
where equality (a) follows because the interarrival time and service time of the packet 1, are
independent. Since the random variables X ; and W, ; are dependent, the most challenging part
in calculating (7) is E[X;;V; ;] which is derived in the following.

In order to calculate E[ X ;1V; ;|, we follow the approach of [16] and characterize the waiting
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time 1¥;; by means of two events E; and EY; as
EY={T1> X1}, Er;={Ti1 <X} )

Here, brief event EEI» is the event where the interarrival time of packet 1,: is brief, i.e., the
interarrival time of packet 1,4 is shorter than the system time of packet 1,72 — 1. On the contrary,
long event ElLZ refers to the complementary event where the interarrival time of packet 1,7 is

long, i.e., the interarrival time of packet 1,7 is longer than the system time of packet 1,7 — 1.

Next, we characterize the waiting time for packet 1,7. Under the event EEi, the waiting time
of packet 1,7 (11, ;) contains two terms: 1) the residual system time to complete serving packet
1,2 — 1, and 2) the sum of service times of the source 2 packets that arrived during X, ; and
must be served before packet 1,7 according to the FCFS policy (see Fig. [3(a)). Under the event
E{“Z the waiting time of packet 1,7 contains two terms: 1) the possible residual service time of
a source 2 packet that is under service at the arrival instant of packet 1,7, and 2) the sum of

service times of source 2 packets in the queue that must be served before packet 1,7 according

to the FCFS policy (see Fig. b)). For the event EEZ-, let
Ry =Ty — X, (10)
represent the residual system time to complete serving packet 1,7 — 1 and let

ST = Liewm, S (1)

represent the sum of service times of source 2 packets that arrived during X;; and must be
served before packet 1,7 where MQBJ; is the set of indices of queued packets of source 2 that
must be served before packet 1, under the event EP;, where |MZ,| = My}, Similarly for the

event E},, let

Sii = Z,‘/e/\/@i So,ir (12)

represent the sum of service times of source 2 packets that must be served before packet 1,
where M%Z is the set of indices of packets of source 2 that are in the queue (but not under
service) at the arrival instant of packet 1,¢ conditioned on the event ElLl and, thus, must be

served before packet 1,7, where |/\/l151| = MQLZ Thus, by means of the two events in (9) and
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Fig. 3: Illustration of the key quantities in characterizing the waiting time in (I3) under (a) brief event EEZ- and
(b) long event Ef,.

definitions (I0), (TI)), and (I2), the waiting time for packet 1,7 can be expressed as

S +R1 ,1) EEZ
Wi = (13)

Sti+ Ry, El,
where R}, ; 1s a random variable that represents the possible residual service time of the packet
of source 2 that is under service at the arrival instant of packet 1,7 conditioned on the event
EE,
Based on (13), E[X;,;WV;,] in () can be expressed as

E[X, ;W] = (E[REiXLAEEi] + E[SEZ,XM |EEi]> P(EEi)Jr (14)
E[(ST; + R5,) X1 BV, P(EY,),

where P(EP;) and P(ET;) denote the probabilities of the events E’; and EY;, respectively.
Next, we derive the expressions for P(EP;) and P(EY;) in @ Then, by referring to

E[RP, X1, E;], B[S X1, EY;], and E[(ST; + RY;)X1;|EL,] in (T4) as the first, the second,

and the third conditional expectation terms of (I4)), we present elaborate derivations of the first

and second terms in Sections and |[II-2] respectively, and in Section we point out the
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difficulties involved in computing the third term for a generic service time distribution.

The following lemma gives the expressions for P(EP;) and P(EY;) in (T4).

Lemma 1. The probabilities of the events EEi and E{JZ in (9) are calculated as follows:

LsA)A+ (p = D) = A
ALs(A1) — A ’

P(EY;) = (15)

(1 = p)AiLs(A1)
ALg(A1) — Az ’

P(EY,) = (16)

where Lg(\1) is the Laplace transform of the PDF of the service time S at \i; note that the

service times of all packets are stochastically identical as Sy; = Sa; =" S, Vi.

Proof: See Appendix u

1) The First Conditional Expectation in (14): Let us now focus on the first conditional

expectation term E[R}, X1 ;|EP;] in (T4). According to (T0), this term is expressed as follows:
E[RY X1, EL;] = E[T1,,-1 X1, EL;] — BIXT,| ED) (17)

/ / Ttfx, . ||BP, (z, t)dxdt—/ x le,ilE?i(x)dx’

where fy, Ellz(x) is the conditional PDF of the interarrival time X ; given the event EEi and
Sx0i i E?.(xv t) is the conditional joint PDF of the interarrival time X;; and system time

T) ;-1 given the event EFZ They are given by the following lemma and corollary.

Lemma 2. The conditional PDF fx, 1, . g», (x,1) is given by

0 x>t
levi’Tlvi*ﬂElB,i (ZE, t> - Ale_AleTu—l(t) <t (18)
PER) T

Proof: See Appendix u

The conditional PDF fXM‘ Ela(x) is determined by the following corollary, which is an

immediate consequence of Lemma 2.
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Corollary 1. The conditional PDF fx, ge (x) is given by

)‘1€_>\1$<1 - FT1,i71(x))
P(EY;) ’

le,i|EEi(x) = (19)

where Fr, ,_ (x) is the cumulative distribution function of T ;_.

Now, having introduced the conditional PDFs in Lemma [2| and Corollary (I, we can compute
the conditional expectation E[R}, X1 ;|EP;] in (T7). Using Lemma [2| the first term in (I7) is

calculated as

]E[Tl,ile,i’EEi]:/ / xthl_yi,TM,ﬂE?i(xat)dmdt (20)
o Jo ’

1 o0 t
= tadie M fn (1) dadt
REE ), J, e i

1 ©0 " .
_ t2 — A1t _ —\it iR | t dt
P(EEz) /O ( c )\16 + )\1 le,z—l( )

E[TeMT]  E[T]
N )\1)

; . 2€—>\1T o
P(EE»( BT

@ 1 " Lp(A) | EW]4+1/p
Y __— (-
P(EY;) ( r(h) A1 * A1 ’

where in equality (a) the first and second derivative of the Laplace transform of the PDF of

the system time, L/, and L7 at \;, respectively, were obtained using the feature of the Laplace

transform that for any function f(y),y > 0, we have [24, Sect. 13.5]
n " (Lye)(@))

Ly (a) = (1) —— 7 1)
and consequently,
E[T"e "] = (—1)”%. (22)
Using Corollary 1| the second term E[X7,|EP;] in (I7) is calculated as
IE[X121|ER] = /000 :BQfXM‘EIBJ (x)dz = P(%Ei) /000 22 e M? (1 — FTl,i,l(fL“))dZE (23)

1 © ~
= —_—— )\ 1~Td _ )\ 1T F ' d
P(EEJ (/0 T A€ T 1/0 e (a; lez_l(x)) T

1 2
= (i~ M)
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The Laplace transform L,2p,. (@)(A1) in (23] is given by the following lemma.

Lemma 3. L,2p,, @) (A1) is given as follows:

MLT(A) — 2L (A 2L7 (A
Lo, ()| =2 ul 1>A2 r) ig ), (24)
a=M\1 1 1
Proof: See Appendix [
Thus, applying Lemma [3] the conditional expectation in (23] is given as

1 2 205 (M) 2L7r(\q)
E[XT,|ED] = — — L7(A s . 25
X = gy (3 — B + 2 - 2 23)

Finally, substituting (20) and (23) in (T7), the first conditional expectation E[RY X1 ;|EP;] in
(T4) is given by

E[Rllg,in,i‘EEi] =

1 EWl+1/p  Lp(M) | 2Lp(M) 2
el o ) e

2) The Second Conditional Expectation in (14): Next, we derive the second term
E[ST; X1, EY;] in (T4). First, let us elaborate the quantity M3, which is an integral part of
calculating (14)). Recall that M;‘i is defined as the number of queued packets of source 2 that must
be served before packet 1,7 according to the FCFS policy under the event EEZ- ={T1,-1 > X1}
Thus, MQB’Z- is equal to the number of arrived (and thus, queued) packets of source 2 during
the (brief) interarrival time X, ;. Consequently, we have a Markov chain 7} ;_; <> X ; < ]\/[21?7’2-

conditioned on the event EP;, i.e., M3, is independent of Ty ;_; given Xy ; under the event E7;.

Accordingly, the conditional expectation E[SP’; X1 ;|EP] in (T4) can be expressed as

E[SEZXLZ|EEZ] — / $E|:Zi’6M2Bi SQW|EE¢’ Xl»i = ‘T} fX1,i\E{3i(x)d$ (27)
0 , :
a1 [
@ —/ zE {MQBAXM = x} fx e, ()de
K Jo '
)  p2 / = 2y e
= x e (1 — Py, (x))dx
P(EY;) Jo v
P2 oy ae T oy ot
= A gy — A VRN d
ol AR A Ca L)
©) P2 2 " 2L/T(>‘1> 2LT(>‘1>
= —— | — — L7(\ —
peg (o~ Ho0 - S5 - ),

where equality (a) follows because (i) the service time S, ;s is independent of all other random
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variables in the system and (i1) by the Markov chain property 77 ;1 <+ X ; <> MQI?Z. conditioned
on EP;, M} is independent of Ty, 1 given Xy, = x under the event EP;; equality (b) comes
from Corollary 1| and the fact that E[My};|X;; = x] = Aox; equality (c) comes from Lemma

3) The Third Conditional Expectation in (I4): The third term E[(S},+R5,) X1, EL;] in (T4)

can be calculated as
E[(ST;+RY) X1, Er;]= / / :L*E[Zi/e Sl Xii=2, T =t Byl fx, gy, e (2, t)dadt
o Jo : ’

[ B IR = 5 Ty =t B F e (o ) 28)
o Jo "

where the first term on the right hand side can be calculated as

/ / xE[ZiIEM%_ So | X1i=x,T,-1=t, Efz}fxliﬂi_1|E1L_(x,t)da:dt

o Jo i T, g

a 1 o0 o

@ ﬁ/ / aE [My| X1, = 2, Tio1 = t, EY) fxvom, e (@, t)dzdt (29)
o Jo :

1 oo o0 o
= ; / / €T Zmzo mPr[leer = m|X1,’L = LL’, Tl,i*l = t, Eii]fxl,inl,ifllE%i(x7 t)d%dt,
0 0 ,

where equality (a) follows because (i) the service time Sy, is independent of all other
random variables in the system and (ii) the expectation of a sum of random number N
independent and identically distributed random variables Y,,n=1,..., N, is equal to the
expectation of the random number E[N] times the expectation of a random variable E[Y,,],
ie., BN V,] = E[N]E[Y,] [25, Sect. 11.2].

Remark 1. The second term on the right hand side of (28) and the final expression in ([29)
reveal two critical issues in deriving the third conditional expectation term of (14)). The second
term on the right hand side of contains the possible residual service time of the packet
of source 2 that is under service at the arrival instant of packet 1,7, R;i, which cannot be
further simplified. In the final expression of (29), we need to calculate the time-dependent
probability of the number of packets in an M/G/1 queue with source 2 packet arrivals, i.e.,
Pr[My; = m|Xy; = 2, Ty ;-1 = t, E},;]. Computing this time-dependent probability in an M/G/1
queueing model is complicated and needs the transient analysis of an M/G/1 queueing model.
While characterizations of the transient behavior of an M/G/1 queue are investigated in some
works such as [26]], to the best of our knowledge, such a time-dependent probability has not been

derived before in closed form so that it could be used in deriving the conditional expectation in
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(29).

Fortunately, these difficulties can be overcome when the service time is exponential, i.e., in
an M/M/1 queueing model. Thus, we proceed as follows. We derive an exact expression of the
average Aol in a multi-source M/M/1 queueing model in Section In Section V| we propose
three approximations for (28)) and derive three approximate expressions for the average Aol in

a multi-source M/G/1 queueing model.

IV. EXACT EXPRESSION FOR THE AVERAGE AOI IN A MULTI-SOURCE M/M/1 QUEUEING

MODEL

In this section, we derive the exact expression of the average Aol in for a multi-source
M/M/1 queueing model that was stated in Theorem |I| in Section II.B. Recall that in Section |11}
we already derived general expressions (for an M/G/1 case) for the key terms needed to describe
the average Aol, i.e., the three conditional expectation terms of (14]), which are given in (26)),
(27), and (28), respectively. Next, we specify these three terms to the case with exponentially
distributed service time. We start by deriving an exact expression for the most challenging term,
i.e., the third term (28), followed by the calculation of (26) and (7).

Focus now on (28). Due to the memoryless property of the exponentially distributed service
time, the possible residual service time of the packet of source 2 that is under service at the
arrival instant of packet 1,7 for event ElLZ is also exponentially distributed; thus, the waiting time
is the sum of M2LZ exponentially distributed random variables, where MQLZ is the total number
of source 2 packets in the system (either in the queue or under service) at the arrival instant of
packet 1,7 conditioned on the event ElLZ [27, p. 168]. Therefore, the waiting time in (28)) can
be expressed as

Wl,i - S{Jﬂ + R%ﬂ = zi/GM%i S2,i’, (30)

where M%Z is the set of indices of packets of source 2 that are in the system at the arrival
instant of packet 1,4 for event E¥;, with |MY,| = MY,.

By (30), E[W1,;X1;|ET;] (cf. 28)) can be calculated as
E[WMXM‘E%J = / / a0 [Zi/EM%i Sou|Xi; =2, 111 =, E%z le?iTl,i,ﬂElLi(ﬂ?at)dxdt
o Jo : ’

1 oo 00 R
:—/ / Ik |:M2LZ|X1,1 = I7T1,i—1 = t, E%z le T |EL(ZE,t)de’dt (31)
M 0 0 5 5 41, —1 1,4
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1 [ [~ N
:;/ / x Yoo mPr[My; = m| Xy =2, T =t E{J’i]fxlﬂiTLi_ﬂE%i(x, t)dadt.
o Jo ’

Next, we calculate Pr[MY; = m|X,; = 2, T, = t, E})] in by introducing an auxiliary
random variable JQLJ that represents the number of source 2 packets in the system at the departure
instant of packet 1,7 — 1 for event ElLZ (see Fig. b)). Using the law of total expectation,
Pr[M}, =m|X,; = 2,T1;1 =t,EL] in is written as

PI‘[MQI:,L = m]XLZ- =, Tl,i—l = t, Eil] (32)
= Z(]).;O PI’[MQI:l = m\J;Z == j, Xl,i == :UyTl,ifl = t, Eiz]Pr[JQI:z = j’Xl,i == .Z',Tlﬂ',l = t, E{_:z]?

where

P, — J1X0s = 0, Tyas — £ ] © P, — Ty — 1, B4 @ e Q2 o
2 — g =T L1 =1 Ly = 20 — a—1 = b, Ly ;] = T
l 31X =, T =1, Eyy) = Pr I =1, Byl = e i (33)

where equality (a) follows because JQLJ- is conditionally independent of X ; given 7' ,_; and
EILZ, equality (b) follows because (i) under the long event Efi, all JQLJ source 2 packets that are
in the system at the departure instant of packet 1,7 — 1 must have arrived during the system time
T ;-1 (see Fig. b)), and (ii) the probability of having j Poisson arrivals of rate A\, during the
time interval Ty ;1 =t is e*AQt(’\j—f)j (27, Eq. (2.119)].

Focus now on term Pr[M}, = m|J}, = j, X1, = 2,T1;_; = t, E¥}] in (32). Note that during
the time interval between the departure of packet 1,7 — 1 and the arrival of packet 1,7 (i.e.,
(t14-1,t1,4) in Fig. 2) the queue receives packets only from source 2 and, therefore the system
behaves as a single-source M/M/1 queue. Thus, Pr[MQIjZ» =m|Jy; = j, X1 =2, T1;1 =1, E}}]
in (32) represents the probability that a single-source M/M/1 queueing system with arrival rate
Ao and which initially holds j packets (either in the queue or under service) ends up holding
m packets after 7 = x — ¢ seconds. We denote this probability compactly by PmU(T) and it is

given by the transient analysis of an M/M/1 queueing system as [28, Eq. (6)], [27, Eq. (2.163)]
Pyyj(7) = e~ Ot [Pgm_lwfm—1(2 pAaT) + P(zm_j_l)/2]m+j+1(2 ,LL/\QT)] (34)
+py' (1 = /32)(1 = Qumijra(V/2XaT, v/ 2/“'))-

where I;(-) represents the modified Bessel function of the first kind of order k, and Q(a,b) is

the generalized Q-function.
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Substituting (32)), (33)), and into (31), we have

L Aot )
E[W“XIAE%Z]:;/ / T im0 20 um\j(x_wefAQt—( j,) fxy e (2, 1) dzdt
o Jo [ ,
@ MO =p) ([T o (e s 5oy (o)
S JID(E{“) ; 0(t+7')e p(t+p17) Dm0 2 j M) (T) i drdt (35)
A(1—p)
a Al
P(E%ﬂ) (/’L7p1; 2),

where (a) follows from the substitution 7 = x — ¢ and Lemma 4| (below) which derives the
conditional PDF fx .7 . g (2,t). Note that the double integral in W (s, p1, A2) needs to be in

general numerically calculated.

Lemma 4. The conditional PDF fx, 1, . gt (x,1) is given by

0 xr <t
Pt 00 =\ ey ) e
P(EL,) =t

Proof: The proof of Lemma 4| follows from the similar steps as used for Lemma [ ]

By substituting the probabilities P(EY;) and P(EY;) given by Lemma I/ and the three derived
conditional expectation terms (26)), (27)), and into (14), E[X WV, ;] can be expressed as

202 —1) 1 2(1—po)
Lr(A 37
¥ + > + ¥ (A1) (37)

E[X ;W] = + AL(1 = p)W(p, p1, A2) +

2p2 —1
A

Finally, by substituting and into (7)), the average Aol of source 1 for a multi-source

+ Ly (M) — p2Lp(M).

M/M/1 queueing model is expressed as:

2(1 = p2)

N Lr(A\)  (38)

2 (A
1

+ (2p2 — 1)Lp(A1) — Mip2e L (M),

where the average waiting time of each packet in the system, E[WW], is given as [29, Sect. 3]

E[W] = %7 (39)

where E[S?] = 2/u? is the second moment of the service time, Lr()\;) is a function of the
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Laplace transform of the PDF of the service time given by [30, Sect. 5.1.2]

( p))\lLS()\l)
Lr(\ , 40
( 1) /\1 )\(1 _ LS()\l)) ( )
and L/-(A1) and L7.(\;) are the first and second derivative of Lr(-) at \;, respectively, as
/ d(Lr(a)) ALE (M) + (A = MA) L (M) — ALs ()
L) = —2200 —(1- : 41
(A1) da . ( p) (/\1 _)\(1 _LS(A1>))2 (41)
d*(L ALL (M) (A3 — M) + 2050 ) (A — A+ ALg(A
i = SO 1 (A D8 - A IeY s(\)
a a=M\1 ()\1 — )\(1 — Ls()q)))

20O + (A3 = AN Zs(h) = ALs(A))(1+ AL (Al))>
(A1 = A (L= Ls(A1)”

where Ls(A;) and L();) for the exponential service time are computed according to (21)) as

Leo()\;) = ~ —(u+A)s 1g = P . LN :_/Oo —(r+A1)sq :_Lj 42
S( 1) /0' /,1/6 S M+)\1 S( 1) 0 S,LL@ S (M—’—/\l)Q ( )
LE(\ :/ e s = 1

st =f, ESYE

Finally, by substituting E[W], L1 (A1), L-(A1), and L7.(A\;) into (38) we get the result in Theorem
[ in Section [[I-B] i.e., the average Aol of source 1 for a multi-source M/M/1 queueing model

is given as

1
Ay=X3(1— p)W(p, pi, N +—<—
=N =) da) 4D T T T TESE

Remark 2. It is worth noting that does not coincide with the prior result [6, Theorem. 1]
and [16, Eq. (16)]. The dissimilarity is explained in the following. The authors of [6], [16]
considered a similar two-source FCFS M/M/1 queueing model, with the aim of deriving a
closed-form expression for the average Aol of source 1 (A;). Let us focus on [16, Eq. (33)]

where the authors compute a conditional expectation equivalent to our E[IV; ; X 1Z|E{“l] given by

(35), which by (30) can be expressed as
E[WMXM’E%@] =K Zi/ef\;llii SZ,i’Xl,i’Eii]- 44)

The authors of [16] tacitly assumed conditional independency between Zi,e N Sy and

X1, under the event ElLZ ={T1,-1 < Xi,}, and calculated as a multiplication of two
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expectations as
E[Wy X0 BL] = B Soepy, SeolTiio < Xu|E[XiilTiin < X @9)

The critical point is that even if X, ; is independent of 77 ; ;, they become dependent when
conditioned on the event E{“2 ={T1,-1 < X1,}, as in (@4). This conditional dependency is
violated by the separation of the expectations in (45)) because the quantity MQLl in general
depends on both 7' ;1 and X, ;, and, thus, the multiplicative quantities Zi,e M, So and X
are dependent under the event E{“z Note that we incorporate this conditional dependency in
calculating E[W, ; X, ;| ET;] by using the conditional joint PDF fy, 7 . BE, (x,t).

Remark 3. It is worth to note that neither coincides with our prior result [31, Eq. (25)].
The dissimilarity comes from the fact that in [31], we wrongly used steady-state properties of a

queueing system in calculating E M;JXM =x,Ty ;1 = t, Ef;| in @I).

V. APPROXIMATE EXPRESSIONS FOR THE AVERAGE AOI IN A MULTI-SOURCE M/G/1

QUEUEING MODEL

In this section, we derive the three approximate expressions of the average Aol in for a
multi-source M/G/1 queueing model that were presented in Section II.B. Recall that the exact
expressions for the first and second conditional expectation terms of (14) are given by (26)) and

, respectively. From (28) and (29)), the third conditional expectation is given as
E[(SY,+ RY,) X1 EY] / / oE [ME| Xy, = 2, Tiios = £ EY] Fay o (x, )dadt

+ / / :CE I:R;Z"Xl,i = :C, Tl,’i*l = t? Eiz] le’i,Tl,z‘,ﬂE{“i(:C? t>dxdt (46)
0 0 ’

Next, we propose three approximate calculations for the third conditional expecta-
tion term of (14), given by (#6@), differing in the way we approximate the terms
E [M};| X1, =%, Ty;-1 = t, EY;] and E [RY,| X1, =2, Ty, = t, EL,).

Approximation 1: First, we neglect the possible residual service time of source 2 packet that
is under service at the arrival instant of packet 1,7. Second, we assume that the average number
of packets of source 2 that must be served before packet 1,7 is equal to the average number of
packets of source 2 that are queued during the system time of packet 1,7 — 1 (77 ;_1). Thus, we

assume E [M2L2|X1z =xz,T1,1 =t FE] =E [J2L7i|X17Z~ =z,Th;1 =1, ElLJ, where, as defined
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previously, the random variable JzLﬂ- represents the number of source 2 packets in the system at
the departure instant of packet 1,7 — 1 for the long event ElLz With the simplifications above,
(6] can be approximated as

E[(Sil—i_R Xl z‘E / / JQ,’L"X]-/L' == .CE,TLif]_ - t,E{J’J le,i7T1,i—1‘E%,i(:U7t)dxdt

= pg/ / trfx, ,m. B, (z,t)dxdt (47)
© e ™ i (t)dadt
E% rtAie Thi T

P2 2 At te—Mt 1
- e () )dt
P(E%,z) /0 ( fTI’l_l( )+ \ le,z—1( ))

(9 P2 " L/T()‘l)
= - L -
P(ElL,i)( v M)

where (a) comes from the fact that | [J34|X1; = 2, T, = ¢, BL;] = Xot, (b) follows from
Lemma [4] and (c) follows from (22).

By substituting the probabilities P(ET;) and P(EY;) given by Lemma (1| and the three derived
conditional expectation terms (26), (27), and into (I4), an approximation for E[X ;I ]
can be expressed as

1
A

(E[W]+l+2<p2_1)+2(1_

EX; Wil ~—
[1 1] 2 A1 A

22) 1 () + (pa — 1>L’T<A1>) o

By substituting (48) and (8) into (7)), an approximation for the average Aol of source 1 in a

multi-source M/G/1 queueing model is given as

a 2 2p2—1 2(1—p2)
Appl%]EW =
1 [ ]+M+ )\1 + )\1

where the quantities E[IV], Lr()\;), and L7.()\;) are calculated by —~ for a specific

Lp(\) + (p2 — 1) Ly (A), (49)

service time distribution.

Approximation 2: First, we assume that the average residual service time of source 2 packet
that is under service at the arrival instant of packet 1,7 is equal to the average service time of
one packet in the system. Thus, we assume that E [R1571|X17i =ux,T ;-1 =1, E{“l] = l Second,
for the term E [MQLl\X“ =z,Ty;1= t,EfJ we use the same approximation ag we used

for Approximation 1, i.e., E [M2L1|X1Z =z,T1;1=1t, E%Z] =E [J;JXM =uz,T1;1=1t, ElLZ]

DRAFT April 2, 2020



21

Based on these simplifications, (46) can be approximated as

E[(ST;+Ry;) X1 ET;] / / E [Jy: X1i =2, Ty =t BV fxyom, e (2, )dadt
1 o0
1 / / Ty, e, () dadt (50)
_p2/ / tmellez 1IEL (33 t)dxdt‘i_ / / lelez 1‘EL (33 t)dxdt

S e L)

Using (50) and following the steps used to derive (48), an approximation for E[ X ;1¥/; ;| under
Approximation 2 is given as

MXLMGJNUi(EM@+%+%@%EQ+(%+zQiEQ)LﬂAQ+(m—1—%)[&QQ).

(5D
By substituting (51)) and (8) into (7)), an approximation for the average Aol of source 1 in a
multi-source M/G/1 queueing model is given as

. 2 2m—1 (1 2(1—ps) A
AP o B[]+ =4+ 22 +(—+— LrO)+{ po—1=22) L), (52
1 W] i N i N (A1) +{ p2 p (A1) (52)

Approximation 3: We assume that the queue is in the stationary state. In other words,
first, we assume that the average residual service time of source 2 packet that is under
service at the arrival instant of packet 1,7 is equal to the average residual service time
of a stationary M/G/1 queue that has only source 2 packet arrivals. Thus, we assume that

M\E[S?
E[RY;| X1 =2, Ty =t EL) = 22[ ] [29, Eq. (3.52)]. Second, we assume that the

average number of source 2 packets that must be served before packet 1,7 is equal to the
average number of packets in a stationary M/G/1 queue with only source 2 packet arrivals.
Thus, we assume E [MZLAX“ =x,T1; 1= t,Eii] = % (29, Eq. (3.43)]. Thus, the
third conditional expectation in (#6)) is approximated as follows:

NE[S?]
Bt R X B g o s [ [T ey (o t)dadt

ANE[S?] [ [
* %/ / T fx, e, (2, t)dadt (53)
0 0 K3
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B AQE[SQ] Lr(\) ,
‘2(1—p2>P<E%,Z->( \ ‘LTW)'

Using (53) and following the steps used to derive (48), an approximation for E[X ;1¥/; ;] under

Approximation 3 is given as

1 1 2(p2—1) AE[S?] 2(1 = p2)
E[X W] ~ X(E[W] + p + N + (2(1 ) + " ) Ly(A)+ (54)

(2/)2 . ;%ijj) () — Alngg;(A1>>.

By substituting (54) and (8) into (7)), an approximation for the average Aol of source 1 in a

multi-source M/G/1 queueing model is given as

app; 2 2p—1 AE[S?] 21— pa)
AP ~ E[W] + = + ( + Lr(\)+ 55
/\1>‘2E[S2] / "

A. Single-Source M/G/1 Queueing Model

For Ay — 0, we have a single-source M/G/1 queueing model. In this case, it can be shown
that (49) and (55)) provide the following expression for the average Aol:

B 2 2LT(/\1) , 1
A=EW]+ o+ =35 = L) - 5 (56)

Using (39), (@0), and @I), the quantities E[IV], Lr()), and L’-(\) are calculated as

E[S?]\ 1—p)(Ls(N) —1
2(1-p) ALs(A)
By substituting E[W], Ly(\), and L-(\) in (56), we have
1 AE[S? 1—
Ao L B[S p_
po 2(1=p)  ALs(})
which is an exact expression for the average Aol of the single-source M/G/1 queueing case

derived in [T4, Eq. (22)].

Lr(A) =1—=p, Lyp(A) =

(57)

VI. VALIDATION AND SIMULATION RESULTS

In this section, we first evaluate the average Aol in a multi-source M/M/1 queueing model

and compare our exact expression in (43]) with the results in existing works [[16] and [31]]. Then,
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—e—Reference [29]
=% Simulation

—&-Exact calculation (this paper)
—7-Reference [16]
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Arrival rate of source 1 (AI)

Fig. 4: The average Aol of source 1 as a function of A; with Ay = 0.6 and p = 1.

we evaluate the accuracy of the proposed three approximate expressions for the M/G/1 queueing

model in ({#9)), (52), and (55)) under various service time distributions.

A. Multi-Source M/M/1 Queueing Model

Fig. 4| depicts the average Aol of source 1 (A;) as a function of A\; with Ay = 0.6 and = 1.
As it can be seen, the simulation result and our proposed solution overlap perfectly. We used
“integral2” command in MATLAB software to calculate the double integral in (33). Due to the
calculation errors in [[16]] and [31]], both curves have a gap to the correct average Aol value.

The effect of Ay on the average Aol of source 1 is shown in Fig. |5l When )\, increases, the
increased overall load in the system results in longer waiting time for packets of source 1 (and
source 2), which increases A;. Note, however, that when A, increases, the optimal value of A;
that minimizes A; decreases. The figures illustrate that generating the status update packets too
frequently or too rarely does not minimize the average Aol. Moreover, Fig. [5] depicts the gap
between the exact and approximate average Aol expressions. As it can be seen, the proposed
approximations are relatively close to the exact one in the M/M/1 queueing model.

Fig. [6] depicts the average delay of source 1 as a function of \; for different values of A, with
i = 1. The average delay is defined as the summation of the average waiting time and average
service time i.e., E[I¥]+1/u. As the number of arrivals of source 2 packets increases, the queue
becomes more congested and the average delay of source 1 increases. By comparing Figs. [5] and
[6] one can see that the delay does not fully capture the information freshness, i.e., minimizing

the average system delay does not necessarily lead to a good performance in terms of Aol and,
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Fig. 5: The average Aol of source 1 as a function of \; for different values of Ao with p = 1.
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Fig. 6: The average delay of source 1 as a function of \; for different values of Ao with p = 1.

reciprocally, minimizing the average Aol does not minimize the average system delay.

B. Multi-Source M/G/1 Queueing Model

In the section, we examine the accuracy of the proposed three approximations using the
following service time distributions: 1) Gamma distribution, ii) hyper-exponential distribution,
iii) log-normal distribution, and iv) Pareto distribution. In the following, we first define the
distributions and then show the accuracy of the proposed approximations for each distribution.

Definition 1 (Gamma distribution). The PDF of a random variable S following a gamma
K ok—1 .
distribution is defined as fs(s) = Gamma(s;k,5) = Brs Fe(x;;( /BS), for s > 0, and
K
parameters ~ > 0 and § > 0, where I'(x) is the gamma function at x. The mean and variance

of this random variable is E[S] = /3 and Var[S] = %, respectively.
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Definition 2 (Hyper-exponential distribution). The PDF of a random variable S' following a
hyper-exponential distribution is defined as fs(s) = 22\721 fv,. (s)pk, where Y}, is an exponentially

distributed random variable with parameter v, and p; is the weight factor of random variable

N
Y such that °» | pr = 1. The mean and variance of this random variable are E[S] = Z D
Tk

k=1

9 2
and Var[S]| = g:l ij — ( g:l ]&) , respectively.
Vi Tk
Definition 3 (Log-normal distribution). The PDF of a random variable S following a log-
1 1 —v)?
normal distribution is defined as fs(s) = ———exp (—M , for s > 0 and
so\/2m 20

parameters o > 0 and v € (—o00, +00). The mean and variance of this random variable are
2

E[S] = exp (1/ + %) and Var[S| = exp(2v + o?) (exp(c?) — 1), respectively.

Definition 4 (Pareto distribution). The PDF of a random variable S following a Pareto
ow®

Sa+1 )
The mean and variance of this random variable are

distribution is defined as fs(s) = for s € [w,o00] and parameters w > 0 and o > 0.

00 a <1 00 a <2

ElST=4 .w Var[S] = w?
a>1, CEECED) a > 2.

a—1

Figs. Ol and [10] depict the average Aol of source 1 as a function of \; for different service
time distributions under both heavy (a larger value of \;) and light (a smaller value of \,) traffic
conditions of source 2. Fig. |7| illustrates the average Aol of source 1 for different values of Ay
with the service time following a gamma distribution with parameters kK =2, § =2, and u =1
in Fig. [/(a) and k = 1, § = 3, and & = 3 in Fig. [/(b). Fig. [§] illustrates the average Aol of
source 1 for different values of A\, with the service time following a Pareto distribution with
parameters w = 0.5, a = 4, and ;4 = 1.5 in Fig. a) and w = 0.25, « = 3, and u = 8/3
in Fig. [§(b). Fig. [J] illustrates the average Aol of source 1 for different values of \, with the
service time following a log-normal distribution with parameters v =1, ¢ =1, and p = 0.2231
in Fig. [9(a) and v = 0.1, 0 = 0.2, and p = 0.8869 in Fig. P(b). Fig. [10] illustrates the average
Aol of source 1 for different values of Ay with the service time following a hyper-exponential
distribution with parameters N =3, 71 = 0.5, o =1, 73 = 1.5,p, = 1/N, Vk € {1,2,3}, and
p = 0.8182 in Fig. [I0(a) and N =3, 1 = 1.5, 72 = 2.5, 743 = 3.5,p;, = 1/N, Vk € {1,2,3},
and 4 = 2.2183 in Fig. [I0[b). As it can be seen, Approximation 1 and Approximation 3 are
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Fig. 7: The average Aol of source 1 as a function of \; for different values of Ay with the service time following
a gamma distribution with parameters (a) k =2, § =2, and p=1,and (b) k =1, =3, and pu = 3.

relatively tight for both the heavy and light traffic conditions under the gamma, Pareto, and
log-normal distributions. By comparing the curves of Approximation 1 and Approximation 2,
we can see the effect of approximating the residual service time of source 2 packet that is under
service at the arrival instant of packet 1,7 by the average service time of one packet in the
system as compared to completely ignoring it. Finally, as expected, the average Aol provided

by Approximation 2 is always higher than that of Approximation 1.

VII. CONCLUSIONS

We considered a single-server multi-source FCFS queueing model with Poisson arrivals and
analyzed the average Aol of each source. We derived 1) an exact expression for the average

Aol for a multi-source M/M/1 queueing model and 2) three approximate expressions for the
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Fig. 8: The average Aol of source 1 as a function of \; for different values of A\, with the service time following
a Pareto distribution with parameters (a) w = 0.5, @« =4, and p = 1.5, and (b) w = 0.25, o = 3, and p = 8/3.

average Aol for a multi-source M/G/1 queueing model. The simulation results showed that the
approximate expressions for the average Aol are relatively accurate for different service time
distributions. In addition, the results pointed out the significance of the Aol as a metric in

time-sensitive control applications: minimizing merely the average delay does not minimize the

Aol.
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APPENDIX A

PROOF OF LEMMA [T}, 2, AND 3]

A. Proof of Lemma ]|
Using the facts that 7 ;_; and X ; are independent and the PDF of X ; is fx, ,(z) = AeME

P(EP;) can be written as

P(EY;) = /0 P(Tir > Xy Ty =t) fry,_, (t)dt (58)
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Fig. 10: The average Aol of source 1 as a function of \; for different values of Ay with the service time following a
hyper-exponential distribution with parameters (a) N =3, 1 = 0.5, 72 =1, v3 = 1.5,pr = 1/N, Vk € {1,2,3},
and ¢ = 0.8182, and (b) N =3, v4 = 1.5, v9 = 2.5, v3 =3.5,p, = 1/N, Vk € {1,2,3}, and p = 2.2183.

where equality (a) follows because the system times of different packets are stochastically

Ty, = T, Vi , ; and L7()\;) denotes the Laplace transform

P(EY;) =1— P(E};) = Lr(\).

of the PDF of the system time 7" at \;. Because E{JZ is the complementary event of EEi, we

(59)

The relation between the Laplace transforms of the PDFs of the system time 7' and service

DRAFT



30

time S is given as [30, Sect. 5.1.2]

(1—p)aLs(a)
a — )\(1 — LS(CL)) ‘
Finally, substituting in (58) and (59) results in the expressions (13)) and (16)), respectively.

Ly(a) = (60)

B. Proof of Lemma 2]
To prove Lemma |Z|, we use the fact that for random variables Y; and Y5 and a certain event

A, the conditional PDF fy, v,1a(y1,2) is given by [32, Sect. 4.4]

le,Y2(y17y2> (ylny) cA

le,YQ\A(yla?h) = P(A) (61)
0 otherwise.

In Lemma |2|, Y; and Y, are X, and T}, ;, respectively, which are two independent random

variables, and event A is EL..

C. Proof of Lemma [3]

According to the feature of the Laplace transform, for any function f(y),y > 0, we have [24,
Sect. 13.5]:

Ly (a)
Ly sla) = =2, (62)
Therefore, using (21)) and (62)), we have
42 (LT(G) )
a
Ly2pp (z)(a) = L2 7 pp wyas(a) = 122 (63)
a=\1 a=\1 @ a=M\1
alf(a) —2L%(a) = 2Lr(a) ML (A) —2L5(N)  2L7p(N\)
- 2 T3 - 2 - 3
@ @ a=\1 A A7
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