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Abstract— Ultra-reliable low latency communication (URLLC)
is one of three primary use cases in the fifth-generation (5G)
networks, and its research is still in its infancy due to its
stringent and conflicting requirements in terms of extremely
high reliability and low latency. To reduce latency, the channel
blocklength for packet transmission is finite, which incurs trans-
mission rate degradation and higher decoding error probability.
In this case, conventional resource allocation based on Shannon
capacity achieved with infinite blocklength codes is not optimal.
Security is another critical issue in mission-critical internet of
things (IoT) communications, and physical-layer security is a
promising technique that can ensure the confidentiality for wire-
less communications as no additional channel uses are needed for
the key exchange as in the conventional upper-layer cryptography
method. This paper is the first work to study the resource
allocation for a secure mission-critical IoT communication system
with URLLC. Specifically, we adopt the security capacity formula
under finite blocklength and consider two optimization problems:
weighted throughput maximization problem and total transmit
power minimization problem. Each optimization problem is
non-convex and challenging to solve, and we develop efficient
methods to solve each optimization problem. Simulation results
confirm the fast convergence speed of our proposed algorithm
and demonstrate the performance advantages over the existing
benchmark algorithms.

Index Terms— URLLC, secure communications, short packet
transmission, mission-critical applications, industrial 4.0.

I. INTRODUCTION
HE fifth-generation (5G) networks are expected to sup-
port three main use cases: enhanced mobile broadband
(eMBB), massive machine type communication (mMTC), and
ultra-reliable low latency communication (URLLC) [1]. Sig-
nificant advancement has been achieved in the last decade
for the use case of eMBB characterized by high through-
put and data rate. Some typical techniques include mas-
sive multiple-input multiple-output (MIMO) and mmWave
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communications. For the use case of mMTC, 5G networks
aim to provide massive connectivity to tens of billions
of low-cost small-size machine-type devices such as smart
glasses, smart thermometers, wireless sensors, etc. Some
access protocols such as random access and grant-free access
are shown to be effective in mMTC. However, the realization
of URLLC is more challenging than eMBB and mMTC due
to the fact that URLLC targets at two stringent quality-
of-service (QoS) requirements in term of extremely high
reliability (e.g., 1 — 10~?) and ultra-low latency (e.g., 1 ms),
which are conflicting with each other. Specifically, to achieve
high reliability, long codeword with redundancy is required,
which increases the latency. On the other hand, short
packet/codeword is mandated to achieve low latency, which
lowers the reliability performance. The research of URLLC is
still in its infancy and is main target of Release 17. In addition,
URLLC is closely relevant to mission-critical internet of
things (IoT) applications with emphasis on high reliability
and low latency, such as autonomous factory manufacture,
remote surgery, unmanned aerial vehicles (UAVs) control, and
vehicular communication networks.

The primary feature associated with URLLC compared with
conventional human-to-human communications is its short
packet transmission feature, which is adopted to guarantee
ultra-low latency. In this case, the law of large numbers is not
valid and Shannon capacity cannot be applied to characterize
the system capacity. Knowing that short blocklength is adopted
in URLLC, the decoding error probability will not approach
zero even when signal-to-noise ratio (SNR) is arbitrarily high.
If Shannon capacity expression is directly applied for transmis-
sion design, the reliability and latency will be underestimated,
and the QoS cannot be guaranteed. In [2], the authors first
derived the approximate expression of the data rate for a
point-to-point AWGN channel under the case of finite chan-
nel blocklength, which is a function of the SNR, channel
blocklength, and decoding error probability. Recently, this
information-theoretical result has been adopted to design the
resource allocation in various communication systems [3]-[9].
Specifically, a wireless-powered IoT network with short packet
communication was studied in [3], where the transmission time
and packet error rate of each device was jointly optimized
to maximize the effective-throughput that accounts for both
the transmission efficiency and reliability performance. Joint
optimization of the channel blocklength and UAV location was
investigated in [4] to minimize the decoding error probability.
The authors in [5] derived the average achievable data rate
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from the control information delivery from the ground control
station to UAV under a three-dimensional channel model.
In [6], the resource allocation for non-orthogonal multiple
access (NOMA) short-packet communications was studied for
a simple two-user scenario. A cross-layer framework was
established in [7] for short packet transmission in mobile edge
computing IoT networks. A resource allocation problem for a
factory automation scenario was optimized in [8] to minimize
the decoding error probability for four transmission schemes,
e.g., orthogonal multiple access, NOMA, relay-assisted, and
cooperative NOMA schemes. In [9], the authors proposed to
adopt the compelling massive MIMO technique to support the
transmission for massive amount of devices in industrial IoT
networks, in which channel hardening effect can be exploited
to reduce the computational and operational latency.

On the other hand, due to the broadcast nature of wireless
communications, IoT applications such as industrial robots are
particularly vulnerable to security threats (e.g. critical con-
trol information leakage or malicious attack). Conventionally,
the security is enhanced through cryptography at the upper
layers of the communication system. However, the secret key
exchange and management is complicated and needs addi-
tional channel uses to accomplish these protocols. In URLLC,
channel blocklength is limited, and the cryptography method
may not be applicable in URLLC applications. On the other
hand, physical layer security, which exploits the nature of
wireless channels, is more favourable for URLLC as the
complicated key exchange procedure is unnecessary. Recently,
physical-layer security has been extensively studied in the
existing literature [10]-[14]. In particular, a comprehensive
review of physical-layer security was conducted in [10],
which described secure transmission strategies for various
transmission systems. The authors in [11] presented a review
on the physical-layer security for the machine-type com-
munications (MTC), where the MTC devices have limited
hardware and limited energy storage. A novel unmanned
aerial vehicle (UAV) flight trajectory optimization was studied
in [12] to maximize the minimum secrecy rate of ground
terminals. In [13], a secure mobile edge computing (MEC)
system was proposed where ground users can offload comput-
ing tasks to the legitimate UAV in the presence of multiple
eavesdropping UAVs. A novel secure transmission scheme
was developed in [14] to fight against the eavesdropping in
downlink multi-input single-output non-orthogonal multiple
access (NOMA) networks. However, infinite blocklength is
assumed in these papers, and the security capacity is defined
as the highest coding rate that there always exists a pair of
channel encoder and decoder such that both the decoding
error probability at the legitimate receiver and the information
leakage to the eavesdropper can be made arbitrarily small
when the channel blocklength is sufficiently large.

Unfortunately, the security capacity formula based on the
infinite blocklength assumption is not applicable for secure
URLLC applications, where short channel code/blocklength
is adopted to reduce the latency. There are only a limited
number of contributions studying the secrecy rate under
finite blocklength [15], [16]. Most recently, the approximate
security capacity formula under finite blocklength has been
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derived in [15], which is more complicated than the simple
point-to-point communication system in [2]. Based on this
information-theoretical result, the authors in [16] analyzed
the performance of secure short-packet communications in a
mission-critical IoT system with an eavesdropper. However,
the resource allocation based on this result has not yet been
studied.

Against the above background, the resource allocation prob-
lem for a secure mission-critical IoT system under short
packet communications is studied in this paper. Specifically,
the contributions are summarized as follows:

1) We first consider the weighted sum throughput (WST)
maximization problem by jointly optimizing the band-
width unit and power allocation, while guaranteeing the
total power and bandwidth constraints. This optimization
problem is challenging to solve due to the following rea-
sons. First, this problem involves the discrete variables
associated with the number of bandwidth unit allocation.
Second, the optimization variables are coupled in the
objective function. Hence, this problem is a non-convex
mixed-integer programming. To handle this problem,
we develop an efficient iterative algorithm based on the
principles of block coordinate descent (BCD) along with
the successive convex approximation (SCA) method to
solve this problem. Both the convergence and com-
plexity analysis are provided. Greedy search method is
adopted to convert the continuous variables into discrete
ones.

2) We then jointly optimize the power and channel band-
width unit allocation to minimize the total transmit
power (TTP) for a mission-critical IoT system under
short packet communications, while guaranteeing the
minimum security capacity of each device and the total
channel blocklength. The optimization problem is a
non-convex and mixed-integer programming problem,
and NP-hard to solve. We first express the power for
each device as a function of channel blocklength, and
relax the discrete constraint for the channel blocklength
to continuous variables. Then, a sufficient condition
is proposed when the channel blocklength allocation
problem is a convex optimization problem. This con-
dition holds for typical URLLC application scenarios.
At last, greedy method is used to convert the continuous
solutions to discrete solutions.

3) Finally, simulation results confirm the performance
advantage of the proposed algorithm over the benchmark
solutions such as the conventional long packet transmis-
sion scheme, which verifies the importance of adopting
the security capacity formula under finite channel block-
length in the system design.

The rest of this paper is organized as follows. System
model and problem formulation are provided in Section II.
Weighted sum throughput maximization problem is solved in
Section III, while total transmit power minimization problem is
considered in Section IV. Simulation results along with related
discussions are shown in Section V. Finally, conclusions of
this paper are drawn in Section VI.
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Fig. 1. Tllustration of a secure mission-critical IoT communication system.

II. SYSTEM MODEL AND PROBLEM FORMULATION
A. System Model

We consider a downlink mission-critical IoT communication
system as depicted in Fig. 1, in which an access point (AP)
transmits confidential control signals to K wireless connected
devices (e.g. actuators, robots, and automated guided vehi-
cle (AGV)). Meanwhile, there is an eavesdropper that aims to
intercept the critical control signals transmitted by the AP.
The AP, K devices, and the eavesdropper are assumed to
be equipped with a single antenna. Due to the low-latency
transmission, it is not feasible to allocate different time slots
to all devices. Instead, we assume that all the devices are
allocated with orthogonal frequency bands while transmitting
over the same time duration, denoted as 7.

In practical systems, the frequency band is divided into
multiple basic bandwidth units with bandwidth By. Each
device is assumed to operate in different frequency bands
and the total frequency bandwidth allocated to the kth device
is denoted as By = niBgy, where n; denotes the number
of bandwidth units allocated to the kth device. We assume
that the total bandwidth allocated to all the devices should
be no larger than channel coherence bandwidth W,. It is
assumed that W, is divisible by By, which can be expressed
as W, = numaxBo. Therefore, we have

K

< .
Zk:l Nk = Nmax (1)

Then, the number of channel uses allocated for the kth device
is given by BiT. In URLLC, the transmission duration 7" is
extremely small, which is shorter than the channel coherence
time. Hence, the channels from the AP to K devices and
the eavesdropper stay constant over each transmission. The
channels from the AP to the kth device and the eavesdropper
are denoted as hg € C and h° € C, respectively. The received
signal to noise ratio (SNR) of the kth device is given by
i _ DPrgp

= 2k 2
P)/k nkv ()

where pj, is the transmit power for the kth device, and g,‘j =
|hg|2/ (037 »Bo) with 03, ;. denoting the noise power spectrum
density at the kth device. It is assumed that the eavesdropper
can access all the frequency bands occupied by the devices.
Thus, when the eavesdropper attempts to eavesdrop the kth
device’s information, the received SNR at the eavesdropper is
given by
e_ Pry‘

= 3
Yk nka ()
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where g¢ = |h¢|?/(c2By) and o2 is the noise power spectrum
density at the eavesdropper. In this paper, we assume all the
channel state information (CSI) is available at the transmitter.
This is a strict assumption, and the solutions in this paper can
serve as the performance benchmark for the existing more
practical case when only imperfect or partial CSI is available
at the transmitter.

B. Achievable Secrecy Data Rate Under Finite Blocklength

It is well-known that when the number of channel uses
is sufficiently large and the transmission data rate is lower
than the secrecy capacity, we can always find a channel
coding scheme such that both the decoding error probability
and information leakage can be made as small as possible.
In URLLC, the transmission blocklength (or the number of
channel uses) is finite to guarantee low latency. However, short
blocklength transmission suffers from a non-zero decoding
error probability and non-negligible information leakage.

Based on [15], for a given channel blocklength N, = BT,
to guarantee a maximum decoding error probability of €, at the
kth device, and a secrecy constraint on the information leakage
of 0y, a lower bound on maximum secrecy communication rate
(bit/s/Hz) can be approximated by:

Vi Q Vie Q'(0k)

£ 4
Nk 1112 Nk In2 ’ ( )

Ty = Ci —

where Cj, = log,(1+78) —logy(1+§) denotes the maximum
secrecy capacity that can be achieved under infinite channel
blocklength, V;* =1 — (14+~f) "2, x € {d, e} is the channel
dispersion which characterizes the random variability of a
channel with respect to a deterministic channel with the same
capacity [17], and Q L(.) is the inverse of the Q-function

Qz) = [ W ~%dt. A necessary condition to ensure a

posmve data rate is that 'yk > ;. [16], which is equivalent to
g,‘j > ¢° according to (2) and (3). The total number of bits
(or throughput) that can be transmitted for each transmission
for the kth device is given by

Vd ng Q_l(ék)
niBoT 1n2 ngBoT 1n2

Rk = nkBoT Ck—

)

In the following two sections, we aim to jointly optimize
the number of bandwidth units and the power allocation to
maximize the weighted sum throughput (WST) and minimize
the total transmit power (TTP), respectively.

III. WEIGHTED SUM THROUGHPUT MAXIMIZATION

In this section, we aim to maximize the WST of all devices
through jointly optimizing the number of bandwidth units and
the power allocation. Specifically, we first provide the problem
formulation. Then, one efficient algorithm is proposed to solve
the optimization problem.
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A. Problem Formulation

For the case when the AP places more emphasis on the
amount of information transmitted, we aim to jointly optimize
the power allocation and the bandwidth unit allocation to
maximize the WST of all devices while guaranteeing the
total power constraint at the AP, and the total number of
available bandwidth units. Thus, the optimization problem can
be formulated as follows:

K
(P1): IE%EX Zk:l wi Ry, (6a)

K

<

St Pk < Prax, (6b)
B e < 6¢)
Zk:l Nk = Nmax, (6¢
np €NV, Vk=1,..- K, (6d)
pr >0, Ve=1,--- K, (6e)
where p = {p1, -+ ,px},m = {n1, -+ ,nK}, w is a positive

weight factor used to ensure the fairness among the devices
and NT denotes the non-negative integer set. Inequalities (6b)
and (6¢) correspond to the total power constraint and total
bandwidth constraint, respectively. Constraint (6d) means that
the integer constraint for the number of bandwidth units. Note
that Ry = 0 when py = 0, which ensures the non-negative
value of Ry, in the optimal solution.

Problem (P1) is a mixed integer programming problem
due to the non-negative integer constraints on 7. To make
it tractable, we relax the integer m to continuous variables,
and then convert the continuous solutions into integer ones.
Therefore, Problem (P1) is relaxed as follows:

K
(P2): rg:%zx Zk:l wi Ry (7a)
s.t. (6b), (6¢), (6e), (7b)
ng >0, Vek=1,--- K. (7¢)

However, Problem (P2) is still difficult to solve since p
and m are coupled together. To circumvent this difficulty,
we adopt the block coordinate descent (BCD) to decouple
these optimization variables. In particular, we optimize one
set of variables while keeping the others fixed, and vice
versa. Then, each subproblem is solved in an iterative manner.
Specifically, Problem (P2) is decoupled into two subproblems
as
K

(P2—-1): max Zk:l wrpRE(pr)  s.t. (6b), (6e)
K
(P2 -2): max Zk:l wrRi(ny) st (6¢), (7c)

where Problem (P2 — 1) corresponds to the optimization of
power allocation p with a given number of bandwidth units n,
while Problem (P2 — 2) is the optimization of the number of
bandwidth units » with given p. Each subproblem will be
solved in the following subsections.

B. The Solution of (P2-1)

In this subsection, we aim to solve the power allocation
of Problem (P2 — 1) with given n. To this end, we first
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— A gd —_ A €
define gf = 2=, gp = £,

%. Then, Ry(

-1
Lz - Q (l;k%VNk’ and L¢ =
pr) can be rewritten as

Ri(pr) = Nilog, (1+ prgf) — Nilog, (1 + prgs)
Fr(pr)

- (1 JVALE + \/V_,;’L;). )

Yi (Pk)

Since gg > ¢°, we have g;j > gp. Before solving Prob-
lem (P2 — 1), we first analyze the concave-convex property
of Ry (px) with respect to (w.r.t.) py. To this end, we first show
that both functions fj(px) and yx(px) are concave w.r.t. py as
proved in the following lemma.

Lemma 1: f(pi) and yi(pr) are concave w.r.t. pg, and thus
Ry (pr) is the difference of two concave functions f(py) and
Yr(Pk)-

Proof': Please refer to Appendix A. |

According to Lemma 1, both fi(px) and yx(pr) are con-
cave w.r.t. pi. Hence, for given m, the objective function of
Problem (P2 — 1) is a difference of two concave functions,
and thus is a non-concave function w.r.t. pi. As a reslut,
Problem (P2 — 1) is a non-convex optimization problem, and
the globally optimal solution is difficult to find. However,
Problem (P2 — 1) belongs to a class of difference of con-
vex (DC) problems [18], where the objective is to maximize a
difference of two concave functions. This type of optimization
problem can be efficiently solved by using the successive
convex approximation (SCA) method, which solves the DC
problem in an iterative manner.

Denote the solution of p in the (i —1)-th iteration as p(*~ 1),
By exploiting the concavity of yx(px) and Jensen’s inequality,
we have

yr(pr) < Yk (Pg_l)) + 51@(171(:_1)) (Pk —P;(f_l)) , (10)

where ﬁk(pg_l) ) is the first-order derivative of y(py) at

pg_l), and is given by

Brpy )

(i~ a7 dra (1) e\ ere
<1+Pk gk) 9L (1+Pk gk,) grLy
= +

1 1

. -2\ 2 . -2\ 2
(-t a) ) (- (o m) )

> 0. (an

By replacing yx (pr) with the right hand side (RHS) of (11),
we obtain the optimization problem to be solved in the :th
iteration, which is given by:

)

K
(P2-1-a): max Z(wkfk(pk)—wkﬁk(pg_l))pk) (12a)
k=1

s.t. (6b), (6e), (12b)

where the constant values have been omitted in the objec-
tive function. Note that the objective function of Prob-
lem (P2 —1—a) is a concave function and its constraints
are affine functions of p. Then, Problem (P2 -1 —a) is a
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convex optimization problem. The optimal solution of Prob-
lem (P2 —1 — a) can be found in the following theorem.

Theorem 1: The optimal solution of Problem (P2 — 1 — a)
is given by

Pr(A)
[_ (g;‘f+g§)+\/(gg + gk) —4gia; (1 77(z 1)()\))]
= 2507 | , Vk

13)

+

(i—

where [2]T is equal to max{x,0} and 7, 1)()\) is given by

Ne _wn@E =90

(i-1)
M (A = i
In2 wkﬂk(pff 1)) + A

(14)
If Zszl P5(0) < Pyax, then A = 0. Otherwise, A is the root
of the following equation:

o) — P
Zk’:lpk( )_ max—o-

Proof': Please refer to Appendix B. |

If ZlepZ(O) > Phax, we need to find a A to satisfy

Equation (15). For the case of pj(A) > 0, by taking the
first-order derivative of p;(\) w.r.t. A, we have < "()‘) <0.

15)

C. The Solution of (P2-2)

In this subsection, our aim is to solve Problem (P2-2)
by optimizing the number of bandwidth units with given
power allocation. For simplicity, we first deﬁne Ny =

~ 1
BOTag]Ccl = pkgg?gli = pkge7 Lz = an(;k)’
It =
k

an

od —1
NOL ln(QUk)' Since 9;‘3 > g¢ we have gk, > g5 Then,
Ry (ny) can be rewritten as

d

- - ~e
Ry (ni) = Nonglog, (1 + —) — Nonglog, (1 + i—k)
k

Fi.(ny)

- (VAL + i), as)

G (ng)

3
+7T)2, x € {d,e}. Before solving
Problem (P2-2), we first analyze the concave-convex property
of Ry(ng). In particular, the following lemma shows that
Fy(ny) and G (ny) are concave functions w.r.t. ny.

Lemma 2: Fy(ny) and Gg(ny) are concave w.r.t. ng, and

thus Ry (ny) is the difference of two concave functions Fj,(ny)

where 27 (ng) = ni —

and GG k (’I’Lk)
Proof: Please refer to Appendix C. |
Then, similar to the optimization of power allocation,

we adopt the SCA method to solve Problem (P2-2). By denot-
ing the solution 1 in the (j — 1)-th iteration as /=) and
using Lemma 2 and Jensen’s inequality, we have

Gr(nr) < Gr(ng U 1)) + Oék(n;(cjfl)) (nk - n;(cjfl)) , (17
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(G- ))

1
ng at ng zn,(j )

where ag, (1), is the first-order derivative of G, (ny) w.r.t.

and is given by

L (3(g)n ™" + @)’
2/l ) (™0 + )‘3

L (360" + G)*)
2y/2(nf ) (nf 7Y + gg)?"

By replacing oy (nY ") with the RHS of (18), the sub-
problem to be solved in the jth iteration is given by

ar(nf V) =

+ (18)

(P2 — 2—a : maXZ(kak ng)— wkak( G- )’I’Lk) (19a)

(60) (7e), (19b)

where the constant terms are omitted in the objective function.

Note that the objective function of Problem (P2 — 2 — a)
is a concave function of nj and the constraints are affine func-
tions. Hence, Problem (P2 — 2 — a) is a convex optimization
problem. In the following, we provide a low-complexity
algorithm to obtain the globally optimal solution by using
the Lagrangian dual decomposition method [19]. Since Prob-
lem (P2 — 2 — a) is a convex optimization problem and the
slater’s condition is satisfied,' the dual gap is zero and the
original problem can be solved by solving its dual problem.
Specifically, we introduce the non-negative Lagrange mul-
tiplier © > 0 corresponding to the constraint of the total
number of bandwidth units, and the partial Lagrange function
of Problem (P2 — 2 — a) is given by

L(n,p) = Z; (kak(nk) — wran(ng ))”k)

i (Zf_l i nmax> e

The dual function can be obtained by solving the following
optimization problem:

V)2 e ST LiGuap) + e, @D
where L (ny, ) is given by
Li(ng, 1) = wiFi(ng) — wkak(n,(j_l))nk — png. (22)
Then, the dual problem is given by
(23)

inY ().
R

To solve the dual problem (23), we need to first obtain
the expression of dual function Y (1), which needs to solve
Problem (21) with given p. For given pu, Problem (21) can be
decoupled into K independent optimization problems, and the
optimization problem associated with the kth device is given
by

max Ly (ng, 1) =wiFi(ng)— wkak(n,(j ))nk—unk. 24)

Nk = >0

IThere exist strictly feasible m such as Zszl ng < Nmax-
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The first-order derivative of Ly (ng, p) w.r.t. ny is derived as

8£k’(nkap’)
ank
- nk+§§§>
= wrNplo —_—
H0 08 (nwaz

wiNo (35— g¢) n
2 (ng+g¢) (nk+3g)

—WEO (n,(ﬁj_l)) — . (25)

Since Ly (ng, i) is a concave function, the optimal solution of

Problem (24) can be derived as follows:
o If 0Lk (1, 1t)

AT < 0, the optimal ny for given p is

. nk:O
given by nj (1) = 0;
o If 0Ly (ng,1)

o > 0, the optimal n, should satisfy

nk:O
0Ly (ng, 1)

ony
ni(p). As Ly(ng, ) is a concave function, s a
decreasing function w.r.t. nj. Thus, nj (1) can be obtained by
the bisection search method when p is given.

Next, we turn to solve the dual problem by finding the
optimal p. The optimal value of p should satisfy the com-

plementary slackness condition for the constraint (6c¢):

the equation = 0, and its root is denoted as

OLk (g, 1)

K

(S0, o) ) =0

From (26), if Zszl 1%(0) < nmax holds, the optimal solu-
tion is given by n(0), Vk; Otherwise, the optimal p should
satisfy W(u) = Zszl nj (1) = Nmax. In contrast to the
power allocation solution in (13), the bandwidth unit allocation
nk(p) cannot be expressed in an explicit function of u. As a
result, the monotonicity of ny(u) w.r.t. g cannot be proved
by checking the sign of the first-order derivative. To deal with
this issue, we have the following lemma:

Lemma 3: W(u) is a monotonically decreasing function
w.r.t. u.

Proof: Please refer to Appendix D. |

Based on Lemma 3, the optimal p can be obtained by using
the bisection search method.

(26)

D. Algorithm Analysis

1) Algorithm Description: Based on the above analysis,
we summarize the proposed BCD algorithm in Algorithm 1,
where R (n,p) is the weighted throughput defined as
R (n,p) =), wpRi (n,p). This algorithm is a two-layer
iterative algorithm, where the inner layer is the iteration of
the SCA algorithm to solve Problem (P2 — 1 — a) and Prob-
lem (P2 — 2 — a), and the outer layer is the BCD algorithm
to solve Problem (P2). In Line 7 of Algorithm 1, p* denotes
the optimal solution obtained by the inner layer to solve
Problem (P2 — 1 — a), and n* in Line 12 corresponds to the
inner layer to solve Problem (P2 — 2 — a).

2) Convergence Analysis: In the tth outer iteration, the SCA
algorithm is adopted to solve Problem (P2—1-—a) to
find the power allocation solution. Based on the property
of the SCA algorithm [20], the SCA algorithm is guar-
anteed to converge. Then, we have R (n(=D p®) >
R (nt=Y,pt=b). Afterwards, the SCA algorithm is used
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Algorithm 1 BCD Algorithm for Solving Total Through-
put Maximization

1 Initialize n = n(?, p = p(9), accuracy ¢, the iteration
number ¢ = 1 and calculate R (n(®), p(©));

2 repeat
3| Setn=nt""b, ;=1
4 repeat

Given p*~1), calculate p() by solving
Problem (P2 —1—a), and i < i + 1;
until p converges;
Update p'¥) = p*;
Set p=pW), j=1;
repeat
Given nU~1, calculate n(9) by solving
Problem (P2 —2 —a), and j — j + 1;
11 until n converges;
12 | Update n®¥ =n* and set t — t+1;
13 until

‘R (n(t),p(t))_R (n(t*1)7p(t*1)) |/R (n(t*1)7p(t*1)) <e:

to find the channel bandwidth unit solution. We then
have R (n,p®) > R(nl=Y p®). Hence, we have
R(n®,p®) > R (nt=Y pt=b) which shows the solu-
tions obtained by the BCD algorithm are monotonically
increasing. In addition, due to the power and total bandwidth
limits, there exists an upper bound on the total throughput.
Hence, the BCD algorithm is guaranteed to converge.

3) Complexity Analysis: In this part, we analyze the com-
plexity of the BCD algorithm. Note that the main complexity
in each outer layer iteration lies in the SCA algorithms to
solve Problem (P2 — 1 — a) and Problem (P2 — 2 — a). For
each inner layer of the SCA algorithm to solve (P2 — 1 — a),
the bisection search method is adopted to find A, and
its complexity is O (K log, (%)) where ¢ is the accuracy.
Denote I, as the total number of iterations required for
the convergence of the SCA algorithm. The total complex-
ity to solve (P2 —1 —a) in each outer layer is given by
@ (IinKlogQ (%)) By using similar analysis, the total com-
plexity to solve (P2 — 2 — a) in each outer layer is given by
O (JinKlog, (1)), where Ji, is the total number of iterations
required for the convergence of the SCA algorithm. Denote the
total number of iterations for the BCD algorithm to converge
as Npcp. The total complexity of the BCD algorithm is
given by O (NBCD (Iin + Jin) Klog, (%)) Hence, the BCD
algorithm can converge to the locally optimal solution in
polynomial time computational complexity.

E. Integer Conversion for n

In general, the solution of m obtained from the BCD
algorithm are positive continuous values, which may violate
the integer constraints. In this part, we provide a greedy
search method to convert the continuous solution into integer
ones. Specifically, denote the solution of m obtained by the
BCD algorithm as n = {fn1,---,nx}. The integer conver-
sion problem is a combinatorial optimization problem, and it
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requires exponential time complexity to find the globally opti-
mal solution. In the following, we propose a low-complexity
algorithm based on the greedy search method to find a
suboptimal solution. Firstly, we set the initial value of the
solution as nj = |ng],Vk, where |-] denotes the flooring
operation. Then, there are Ngeym = Zszl T Zszl ny
bandwidth units that are not allocated. The remaining task is
to allocate these bandwidth units to the devices. The main
idea of the greedy search method is that each time we
allocate one bandwidth unit to the device with the highest
increment of the total throughput. Denote n* = {n},--- ,nj}
and g = {nj,---,nf + 1,---,nj}. For each given n,
we adopt the SCA algorithm to solve Problem (P2 — 1), and
denote the optimal value of the total throughput as R (n).
Then, the device index to be allocated one bandwidth unit
is given by k* = argmaxyeci {R (72y;) — R(n*)}, where K
denotes the set of all devices. For the £*th device, update nj, =
ny + 1. Repeat the above procedure until all the remaining
bandwidth units are allocated, and the power allocation is
updated accordingly based on the final integer solution.

IV. TOTAL TRANSMIT POWER MINIMIZATION

In this section, each device is assumed to have its minimum
throughput requirement, and our goal is to minimize the TTP
by jointly optimizing the bandwidth unit and power allocation.
We first provide the problem formulation and then propose one
efficient algorithm to solve the problem.

A. Problem Formulation

In some application scenarios where the power consumption
of the AP is of great concern, the design paradigm should
be shifted to the energy efficient design by minimizing the
power consumption. Specifically, we aim to jointly optimize
the bandwidth unit and power allocation to minimize the
TTP while guaranteeing each device’s minimum throughput
requirement and the budget of the total available bandwidth
units. Mathematically, this optimization problem is formulated
as follows:

. K
(P3): min > p (27a)
s.t. Ry > DM Yk, (27b)
(6¢), (6d), (6e), (27¢)

where D" is the minimum throughput requirement of the kth
device. In the following, we always assume that the problem
is feasible.

Problem (P3) can be readily known as a mixed-integer pro-
gramming problem due to the integer constraint on the number
of bandwidth units, which is NP-hard to solve. We notice
that the objective function of Problem (P3) is not related
to the number of bandwidth units and only depends on the
power allocation. Hence, the BCD algorithm that alternately
optimizes the bandwidth unit and power allocation is not
applicable. In the following, we assume that the problem is
feasible and we propose one low-complexity algorithm to
solve this problem.
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B. Approximation Method

The complicated expression of data rate Rj makes Prob-
lem (27) difficult to solve. To make it tractable, we approx-
imate V;¥ as one, ie., V¥ ~ 1, where € {d,e}. The
approximation is very accurate when SNR rate «; is very
high, v > 1. This approximation has been widely adopted

in the current literature [21], [22]. Define iLg = T|hk|2 / 03} &

and h® = T|\he||§ / o2 with h{ > he, the achievable data rate
can be approximated as

= prhi prhe
Ry, ~ R, = N, <10g2 <1+ N:) —log, <1 + N, ))

(T [TO60) gy

Nk In2 Nk In2
Since V;* < 1, Ry, is actually a lower bound of the original
data rate Ry.. Hence, if R), > Din_then Ry, > D™ always
holds.

By substituting (28) into Problem (P3), we can now
optimize the channel blocklength allocation N(N =
{Ny,---,Nkg}) and the power allocation p, which is
formulated as

K
(P4) : mip Zkzl Dr (29a)
s.t. R, > D0 vk, (29b)
K
Do Ne < W, (29¢)
pr >0, Vk (29d)

Ni€ {BoT,2BoT, ..., nmax BT}, Vk, (29¢)

where W, is the coherence channel bandwidth. Due to the
discrete constraint on Ny, Problem (P4) is difficult to solve.
To solve this problem, we first remove this constraint and relax
it to continuous values, which is given by

K
(P4—a): min Zk:l Dk (30a)
s.t. (290), (29¢), (29d), (30b)
Ny > 0. (30c)

When Problem (P4-a) is solved, we convert the continuous
Np.s into discrete values.

We first solve Problem (P4-a). Obviously, for any given
channel blocklength allocation N, Ry is a monotonically
increasing function of p;. Hence, inequality (29b) holds with
equality at the optimal point. Then, the power allocation can
be expressed as a function of Ny:

’ kN
Pr(Nk) = =52+ ——
dy — e TV
D;Ti; In2,b, = Q Mex) + Q7 (dk), o =
(ﬁg — ﬁe)/(ﬁe) ,and dj, = ﬁf/iﬁ To guarantee that Ny

is positive, by using pi(Nj) > 0, we can obtain the lower
bound of Vj as

2
T Iy
N, > <bk + bk+ ag ndk) é Nllgb (32)

€1V

where a; =

21ndk
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By substituting (31) into Problem (P4-a) and considering
the lower bound of Ni, we have

InlIl E
—1

t. (29¢), (32).

(P4 b) (33a)

(33b)

Then, in the following theorem, we provide a sufficient
condition when py(Ny) is a convex function.

_ 12a4+b7
3

Theorem 2: By defining pp = and K =

2b% +36a, b7 +108a7 . . .
_%M’ the function pi(Ng) is a monotonically

decreasing and convex function w.r.t. N when the following
condition holds:

N <24/— Pk cosh larcosh 3”’““ -3 +b_’€.
3 3 2p1 V' Pk 3

Proof': Please see Appendix E. |
Fortunately, the RHS of (34) only depends on the long-term
system parameters such as D,‘Cnin, €, and 0, which is not
related to the relative channel gains. For a typical URLLC
communication system, the number of transmission bits for
each device is around 100 bits (i.e., Dg‘i“ = 100), the decod-
ing error probability €, is about 10~?, the information leak-
age 6y is roughly 10=2 [16]. Then, the value of the RHS
of (34) can be calculated as 23.9. Hence, when N; < 572,
the inequality in (34) holds. For a typical system, the channel
coherence bandwidth is around 0.5 MHz, and the transmission
delay requirement is 1 ms. Hence, the total number of channel
uses is 500, which should be allocated among all devices.
Then, the number of channel uses allocated to each device is
much smaller than the value of 500. As a result, for practical
communication systems, the inequality in (34) holds and thus
pr(Ng) is a convex function.

Since constraints (29¢) and (32) are affine functions, Prob-
lem (P4 —b) is a convex problem, which can be solved
by using Lagrangian dual decomposition method. We first
introduce a positive Lagrange multiplier ¢ associated with
constraint (29c), the partial Lagrangian function of Prob-
lem (P4 — b) is given by

- Zszlpk(Nk) +¢ (ZkK_l Ny, — WCT) . (35)

We first need to obtain the optimal N by minimizing £(IN, <)
over IN for a given ¢:

(34)

L(N,s)

m}\ijn L(N,s). (36)

We denote the optimal Ny, for given ¢ as N} (). For given g,
L(N,s) is a convex function, and thus the optimal N} (<) can
be obtained as follows:

o If ac N§ |Nk Nt = 0, the optimal Ny is given by

Ni(s ) N,ib,
OL(N ,s) * . .
o If W|Nk n < 0, Nj() is the solution to the
equation M(Nk S = 0, which can be obtained by the

bisection search method.

Once obtaining the optimal N} (), we can obtain the sum
of all channel uses defined as

@) &Y, NiGo). 67
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We need to solve the following equation to find the optimal
dual variable g:

S(F(s) —

If F(0) < W.T, then the optimal  is equal to zero. Otherwise,
we need to solve the equation F'(¢) = W,.T. By using a
similar method as in Lemma 3, we can prove that F () is a
monotonically decreasing function of ¢. Hence, the bisection
search method can be used to find the solution of equation
F(¢) =W,T.

Denote the solution obtained from Problem (P4 —b) as
N = {Ny,---, Nk}. Obviously, the solution IN obtained by
using the above the Lagrangian dual decomposition method
do not satisfy the discrete constraint in (29¢). Hence, we need
to transfer IV to satisfy its discrete constraint. As mentioned
before, this kind of problem is a combinatorial optimiza-
tion problem, which is NP-hard to solve. We again adopt
the greedy search method to solve this problem. Denote
the solution of IV that satisfies the discrete constraint as

= {N7y,---,Ny}. Specifically, we first initialize the
solution of N* as N} = - BT, Vk. There are other

channel uses that have not been allocated, the number of
K

> {é\é’}J) - BoT. As proved
in Theorem 2, py(Ng) is a m(?noltonically decreasing function
of Nj. Hence, we can assign the unallocated channel uses
to additionally reduce the power consumption. We allocate
one channel use to the device with the largest decrement
of pp(Ny), ie., k* = argxglea’%c{pk(N,:) — pe(Nj; + BoT)}
For the k*th device, we allocate one bandwidth unit to it
and update N} = N} + BoT'. Repeat this procedure until

Y Np = WeT.

W, T) = (38)

which is given by <nmax -

V. SIMULATION RESULTS

In this section, we provide simulation results to evaluate
the performance of our proposed algorithms. Unless other-
wise specified, the adopted simulation parameters are given
as follows: bandwidth of channel unit of By = 1 KHz,
noise power spectrum density of -173 dBm/Hz, number of
devices of K =4, ¢, = 1079, Vk, 8, = 1072,VEk, time
duration of 7" = 1 ms, channel coherence bandwidth of
W. = 0.5 MHz. The channel path loss is modeled as PL =
35.3 + 37.6log;,! (dB) [23], where [ (m) is the distance
between the devices/eavesdropper and the AP. The distance
between the eavesdropper and the AP is set as [, = 180 (m).

A. Weighted Sum Throughput Maximization

In this subsection, we provide simulation results to evaluate
the performance of the BCD algorithm in Algorithm 1 for the
WST maximization problem. The distances between the AP
and the devices are assumed to be randomly generated within
100 m ~ 120 m, and the following results are obtained by
averaging over 200 device location generations.

In Fig. 2, we illustrate the convergence behavior of the
BCD algorithm for various number of devices. It is observed
from this figure that the BCD algorithm converges rapidly
for all considered values of K, and roughly ten iterations are
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Fig. 2. Convergence behavior of the BCD algorithm.
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Fig. 3. WST versus the total power limit.

sufficient for the convergence of the BCD algorithm. Fig. 2
also shows that larger number of devices leads to slower
convergence speed. The reason is that larger number of devices
corresponds to more optimization variables to be optimized
and require more iterations.

Next, we compare the performance of the proposed BCD
algorithm with the conventional long packet transmission,
where the penalty terms in (4) are not considered and the
throughput of the kth device is given by

Ry = nipBoT (logy (1 + ) —logy (1 + ). (39)

The BCD algorithm can be directly applied by setting some
parameters to zero. This algorithm is labeled as ‘Conven-
tional’. Then, the solution obtained is applied in calculating
the throughput in (5) by considering the penalty terms. This
means that the solution obtained from ‘Conventional’ is used
for obtaining solutions, while the throughput under finite
blocklength is used for performance evaluation.

Fig. 3 shows the WST versus the total power limit for vari-
ous decoding error probabilities ¢ at the devices. As expected,
the WST of each algorithm increases with an increase of the
maximum available transmit power as higher transmit power
will bring higher value of SNR. The proposed BCD algo-
rithm is observed to outperform the conventional long packet
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Fig. 5. WST versus the number of devices.

transmission scheme, and the performance gap increases as the
transmit power limit becomes larger. This may be due to the
fact that larger transmit power corresponds to a higher value
of SNR, and thus V;* will approach one. Then, the impact of
the penalty terms will increase, which is not considered in the
conventional long packet transmission scheme. We can also
find from this figure that a lower value of the decoding error
probability requirement brings a lower WST. This is because
when ¢, is large, the value of Q’l(ék) increases, thus leading
to larger values of the penalty terms.

Fig. 4 shows the WST versus the channel coherence band-
width W.. We observe from Fig. 4 that the WST achieved
by all the schemes increase with the increase of channel
coherence bandwidth. The reason is that higher channel coher-
ence bandwidth corresponds to larger number of channel
uses for each transmission, and thus brings higher through-
put. In contrast to Fig. 3 where the WST logarithmically
increases with the increasing transmit power, the WST linearly
increases with W,, which demonstrates the significant impact
of the channel coherence bandwidth on the WST performance.
It is again observed that the performance of the proposed
BCD algorithm is better than the conventional long packet
transmission scheme.

Fig. 5 shows the WST versus the number of devices. It is
found from this figure that the WST achieved by the proposed
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Fig. 6. TTP versus the minimum packet size requirement D.

BCD algorithm increases with the number of devices as we
can employ the multiuser diversity to achieve higher perfor-
mance. In contrast, the WST of the conventional long packet
scheme first increases with K and then decreases with K.
The main reason is that the conventional long packet scheme
targets at optimizing (39) without considering the penalty
incurred due to the short packet transmission. The solution
that maximizes (39) may not perform well for the short
packet throughput formula in (5). This again emphasizes the
importance of optimizing the short packet throughput formula
in URLLC applications.

B. Total Transmit Power Minimization

In this subsection, we consider the performance of the
proposed method in Section IV for the TTP minimization
problem. The distance between the AP and the devices are
set as: [, = 100+ 5(k — 1) (m), where k denotes the device
index. The minimum date packet size is D™ = 160 bits.
Three methods are compared. The first one is the solution
obtained by solving Problem (P4 — a) (with legend ‘Contin-
uous Relaxation’), which is a relaxed version of the original
Problem (P4). The second one is the solution obtained by
converting the continuous solution of N into the discrete
solution by using the greedy method (with legend ‘Integer
Conversion’). The final one is the solution obtained by equally
allocating the channel bandwidth units to the devices, n; =
Nmax/ K (with legend ‘Equal BU Allocation’), and the power
allocated to each device can be obtained based on (31).

In Fig. 6, we first study the impact of packet size require-
ment of each device on the TTP. When packet size D
ranges from 100 bits to 200 bits with the interval of 10 bits
in Fig. 6, the upper bound of N, given in Theorem 2 are
respectively calculated as 573, 625, 677, 730, 783, 837, 890,
944, 998, 1054 and 1109. As W.T = 500, the condition
in Theorem 2 is always satisfied. As expected, the TTP
required monotonically increases with D for all the methods.
Both the Continuous Relaxation and the Integer Conversion
methods have almost the same performance, which implies
the marginal performance loss incurred by the greedy integer
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Fig. 7. TTP versus the decoding error probability of the devices.

conversion procedure. Moreover, both these methods are
shown to achieve superior performance over the naive Equal
BU Allocation method, and the performance gain monoton-
ically increases with D. When D > 160 bits, the Equal
BU Allocation method becomes even infeasible, while the
proposed algorithm can support the packet size up to 200 bits.
The reason can be explained as follows. When the channel
blocklength is equally allocated among the devices, the QoS
of the device with worse channel gain cannot be satisfied
even when all the available power is allocated to this device.
Hence, the optimization problem associated with the Equal BU
Allocation has no feasible solution. In contrast, our proposed
algorithm dynamically allocated the channel blocklength bases
on each device’s channel condition: the device with bad chan-
nel condition can be allocated with more channel blocklength
to satisfy its QoS requirement. Hence, our proposed algorithm
not only achieved high WST, but also has larger feasible range.
This implies the importance of optimizing the bandwidth unit
allocation.

In Fig. 7, we investigate the impact of the decoding error
probability requirement of the devices on the TTP. When the
decoding error probability ranges from 1072 to 10~* with
the interval shown in Fig. 6, the upper bound of N given in
Theorem 2 are respectively calculated as 896, 890, 887, 887,
888, 890, 892, 895, and 899. As W.T = 500, the condition
in Theorem 2 is always satisfied. It is observed that the TTP
required by all the methods decrease with €. This can be
explained as follows. According to (4), Ry, is a monotonically
decreasing function of ¢;. When ¢, is small, more power
is required to achieve the desired throughput requirement.
Again, the proposed algorithms are observed to have better
performance than the Equal BU Allocation method, especially
when the decoding error probability is extremely small.

The impact of the channel bandwidth on the system perfor-
mance is shown in Fig. 8. For various values of W, the upper
bounds of N given in Theorem 2 are the same that are all
equal to 891. In addition, the lower bounds of Vi given in (32)
for four devices are respectively given by 85, 95, 107, and 120.
When W, = 1.1 MHz, W_.T has the maximum value of 1100.
Then, the maximum values of N,k =1,--- ,4 are given by
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778,788, 800, and 813, respectively. This means the maximum
achievable value of Vi is smaller than upper bound of Ny
given in Theorem 2. Hence, the condition in Theorem 2 is
always satisfied. We can find from Fig. 8 that the TTP
required by all the methods decreases with increasing channel
coherence bandwidth. This is mainly due to the fact that when
the channel coherence bandwidth increases, the total number
of channel users increases, which can enhance throughput.
It is interesting to observe that when the channel coherence
bandwidth is sufficiently large, the proposed algorithms can
only achieve negligible performance advantage over the Equal
BU Allocation method, which implies the equal bandwidth
unit allocation is nearly optimal for large channel coherence
bandwidth.

In Fig. 9, we study the impact of the number of devices
on the system performance where the channel coherence
bandwidth is assumed to be W, = 1 MHz. For various values
of K, the upper bounds of Nj given in Theorem 2 are the
same that are equal to 891. In addition, the lower bounds of
Ny, given in (32) for the case of three devices are respectively
given by 85, 95, and 107. When W, = 1 MHz, W_.T has
the maximum value of 1000. Then, the maximum values of
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Fig. 10. WST performance comparison between exhaustive search method
and the proposed method.

N, k=1,--- 3 are given by 798, 808, and 820, respectively.
This means the maximum achievable value of Nj is smaller
than the upper bound of Ny given in Theorem 2. Hence,
the condition in Theorem 2 is always satisfied. It is observed
that the sum power increases rapidly with the number of
devices. This is because when the number of devices is large,
the number of bandwidth units allocated to each device will
decrease, which requires more power to transmit the targeted
throughput.

C. Comparison With Exhaustive Search Method

Finally, we compare our proposed method with the exhaus-
tive search method. Due to the high complexity of the exhaus-
tive search method, we consider a small network with two
devices.

First, we study the WSR performance comparison between
the proposed algorithm with the exhaustive search method
in Fig. 10. The other simulation parameters are set to be
same as in Subsection V-A. For the exhaustive search method,
we enumerate all possible bandwidth unit allocations, and the
algorithm in Subsection III-B is adopted to solve the power
allocation problem for each given allocation of the bandwidth
units. It can be seen from Fig. 10 that our proposed algorithm
can achieve almost the same performance as the exhaustive
search method for the whole range of transmission power,
which verifies the effectiveness of our proposed method.

Then, we compare our proposed algorithm for the TTP
minimization problem with the exhaustive search method
in Fig. 11. The parameters are set to the same as in Sub-
section V-B. The condition in Theorem 2 can be verified
to hold. For the exhaustive search method, we enumerate
all possible bandwidth unit allocations, and we use the line
search method to find the minimum transmit power for
each user to satisfy the minimum throughput requirement.
It can be observed from Fig. 11 that the proposed method
achieves the similar performance when the channel band-
width is small, while the performance gap increases with
the channel bandwidth. However, the maximum performance
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and the proposed method.

gap is less than 1 dBm, which is acceptable considering the
lower complexity associated with the proposed method. This
means our proposed algorithm is more appealing for practical
applications.

VI. CONCLUSION

In this paper, we studied a secure mission-critical IoT
communication system under URLLC requirements, where
the AP transmits safety-critical messages to the devices and
there exists an eavesdropper that attempts to eavesdrop this
critical message. Under this context, we considered the WST
maximization problem and the TTP minimization problem
through joint bandwidth unit and power allocation. For the
WST maximization problem, we provided the BCD algo-
rithm to decouple the original coupled optimization problem,
and obtain its solution in an iterative manner. For the TTP
minimization problem, we derived the sufficient condition
when this problem is a convex problem, and we showed that
most of the typical URLLC applications satisfy this condition.
Low-complexity and efficient algorithms were proposed to
find the globally optimal solution, and the greedy method was
utilized to convert the continuous solutions into discrete solu-
tions. Simulation results demonstrate the rapid convergence
of the BCD algorithm, and performance advantages over the
conventional long packet transmission scheme. For the method
to solve the TTP minimization problem, simulation results
validate the performance advantages in terms of power savings
compared with the naive equal bandwidth unit allocation
scheme.

APPENDIX A
PROOF LEMMA 1

We first prove that f(py) is a concave function. The
second-order derivative of fj(px) w.r.t. pj is given by

(o) = ok 9~ 9k ( g, 9 >
In2 (14prgf) (14+prgg) \1+prgi 1+ prgy
<0, (40)
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where the last inequality holds since g§ > g¢. Hence, f(px)
is a concave function w.r.t. pg. Similarly, the second-order
derivative of yy(pr) W.r.t. p is given by

(39)°L¢ (3201 +megd) )
(1= +peg) ™) (1 + prgg)”
(9)°L; (3 200+ pigp) ™)

(1 - +pk§z)‘2)

i (Pr)

<0. 41)

3
2

(1 +pk§2)4

Hence, yi(pr) is a concave function w.r.t. py. As a result,
Ry (pi) is the difference of two concave functions fj(p)
and yx(px), which completes the proof.

APPENDIX B
PROOF THEOREM 1

Let us define A > 0 and p = {p1, - ,pux} as the
non-negative dual variables associated with the total power
constraint (6b) and the individual non-negative power con-
straint (6e), respectively. The Lagrangian function of Prob-
lem (P2 —1 — a) can be formulated as

LN =3 (ndi ) — oxBilol ™))

K K
= (Zk_lpk - Pmax> D, e (42)

Since Problem (P2 — 1 — a) is a convex optimization prob-
lem, the globally optimal solution satisfies the Karush-
Kuhn-Tucker (KKT) conditions as follows:

OLp ) _ Ni __wn(g —gb)
O In2 (1 +prgi) (1 + prgy)
—>\ + Kk = 07 vk)

- wkﬂk(p](:il)

)

)-o

(43)

K

Z p k’_Pmax

HEPr = 07pk’207 Vka A <
k=1

K
Zpk S Pmax~
k=1

Note that juy, Vk are slack variables in the first equation, which
can be eliminated. We then have:
CNe w(gf —ap)

2 (1+prgd) (14 prgs)

—d —e
(i-1) Ny, Wk(gk — gk)
w TAZ ’
Ok(py )+ A2 (1+ prgd) (1 + prgy)

K K
A (Zk_lpk_Pmax> =0, Zkzlpk < Phax,pr > 0, Vk.
(44)

<wkﬁk(p](;1))+)‘ ) pk:O7 Vka

Y
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By defining n,(jfl)(/\) in Theorem 1, the KKT conditions
in (44) can be rewritten as

((1+ped) @+ pig) =™V ) P =0, k.

(1+prgd) (1 +prgf) = 1D (N, Vk,

K K
A <Zk_1pk - Pmax) =0, Zkzlpk < Puax, pr >0, Vk.

(45)

If 77,(;_1)()\) > 1, the conditions in (45) hold only when
pr > 0. This can be proved by using the contradiction
method. Assume that pp = 0. Then, based on the second
condition of (45), we have 1 > 77,(;_1)()\), which contradicts
the condition of 77,(;_1)()\) > 1. Hence, p; > 0 should hold.
Then, based on the first condition of (45), p should satisfy
the following equation:

(1+pedf) A+ peg) = V) =0, (46)
and its solution is given in (13) in Theorem 1.

On the other hand, if 77,(;71) (M) <1, then pj must be equal
to zero. This can also be proved by using the contradiction
method. Assume that pr > 0. Then, based on the first
condition of (45), the equation in (46) should hold, and py
is derived as:

~ (ot +0) + (ot +0)” — aatai (1= ")

29195

Pk =
— (@t +ap) ++/ @ +ap)°
2gg¢

)

which contradicts the assumption of p; > 0. Hence, p; must
be equal to zero.

Combining the above two cases, the optimal solution of
pr is given in (13) in Theorem 1. The remaining part of
Theorem 1 can be readily proved by using the similar analysis
for the total power constraint, details of which are omitted for
simplicity.

APPENDIX C
PROOF OF LEMMA 2

We first prove that Fj(ny) is a concave function w.r.t.
ng. With some manipulations, the second-order derivative of
F(ny) w.rt. ny is given by

No (3¢ — a2) (35 + g¢) na + 23557
n2 (ng + §¢)% (ni + %)

Fl'(ny) = <0, (47)

where the inequality holds since g < g{. Hence, Fj(ny) is a
concave function w.r.t. ny.

Now, we start to prove that Gy(ng) is also a concave
function w.r.t. n;. With some manipulations, the second-order
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derivative of G (ny) w.r.t. ny is given by

2
9z (ni) _d 9zt (ny)
2 6ni L (nk) - ong ~d

Gi(ng) =

4zg(nk) zg(nk)

8%z¢(n P 0z5 (ny 2
Dot (52)
’ k> (4’8)
4zf (ny)

9%z¢ (nk)
on?

0228 (ni,)
on3

where is given by

6nk(G)*
=— nk(gf> 1 <0,z € {de}.
(nk + )

(49)

Then, combining (49) with (48), we know that % < 0.
k

Hence, Gj(ny) is also a concave function w.r.t. nj, and

Ry(ny) is the difference of two concave functions FJ(ny)

and G (ny).

APPENDIX D
PROOF OF LEMMA 3

We consider a pair of dual variables p; and ps, where
{1 > po2. Denote nj(p1) and nj(u2) as the optimal solution
of Problem (24) when p = 1 and p = e, respectively. Since
nj(p1) is the optimal solution of Problem (24) when p = pu1,
we have

“Dnj (i) — g ()

)= i (nf ) mi(2) = pnil2). - (50)
Furthermore, nj (u2) is the optimal solution of Problem (24)
when p = 2, we have
Ly (ni(p2), p2)
= Fi(nj(n2)) — ax(nf ™"
> Ly (ng (), pe)
= Fi(nj(m) — an(ng ™"

Ing(p2) — pong (u2)

Ing (1) — pang(pa). (1)

By adding these two inequalities and simplifying them,
we have (nf (1) — 7 (2)) (2 — ) > 0. Since o1 > pia,
we have nj(u1) < nj(p2). Then, by summing all these
K inequalities, we have Wi(u) = Z§=1 ni(m) <
Zszl ni(p2) = W(ue2). Hence, W(p) is a monotonically
decreasing function of .

APPENDIX E
PROOF OF THEOREM 2

We first prove its convexity. With some manipulations,
the second-order derivative of pi(Ny) w.r.t. Ni is calculated

as

ap 2ap 2by

b
_+_k’_ +
CJk\%’keNk ‘/N':(Nk)‘hif—%@]vk \/Nk(I)(Nk,)

pZ(Nk): ";kJr by 3 )
(dk—-eNk vﬁ?)

(52)
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where Z(N},) and ®(N},) are given by

= be 3, bR 3 2
.:(Nk) = _ZN]C +ZNk+akkak +ak,
b 3, R 5,2
O(Ng) = 2V + Nk + Ny + ag (53)

Since N > NIP, the denominator of (52) is larger than zero.
Obviously, ®(N},) is larger than zero. Hence, if Z(Ny) > 0,
then p}/(Nj) > 0 holds and p;(Ny) is a convex function of
Ny Next, we derive the condition when Z(Ny) > 0.

1
Denote ¢, = N,?>. Then, Z(Ny) can be re-expressed as

b b?
E(te) = — 1} + ]+ abiti + af. (54)
Note that £(0) = a} > 0 and E(+o00) = —oc. Since Z(ty)

is a continuous function, there must exist at least one positive
solution for the equation Z(¢;,) = 0. In the following, we prove
that the solution is unique.

We rewrite equation =(¢;,) = 0 as a standard cubic equation:

ukti + 'Ukti + wity + 21 =0,

b 2
where u, = —2&

(55)

1 Uk = %’“, wy = apby, and zp = ai.
By dividing (55) by wuy and inserting ¢, = x — vg/3ug,
we have

xi + prxr + Kk =0, (56)

where p; and kj are defined in Theorem 2. It can be readily
verified that

4p3 +27K3 >0, K >0, pr <O. (57)

As a result, there exists only one real solution for (56), which
is given by

1 -3 -3
T = —24/ —p?k cosh (garcosh ( 2plzk \/ P_k)> . (58)

Thus, the unique solution of equation (55) is given by
ty =} — vk /3ug.

Based on the above discussion, we can conclude that when
tr <t = x} — vi/3uk, =(tx) is positive and pi(Ny) is a
convex function.

Now we proceed to prove that py(Ny) is a monotonically
decreasing function when inequality (34) holds. The first-order
derivative of py(NNg) w.r.t. pi is given by

Pi(Ni)
;JI;—’_ b:f Z(i’_i-i_JbN_ agp by
cr | dp —e B —cpe™t VR (N—k—i——ﬂ)
(dk_w« W)

(59)

Since py (N}, is a convex function when inequality (34) holds,
P} (Ny) is a monotonically increasing function. Then, we have

Pr(Ni) < pj(o0) = 0. (60)

In consequence, pi(N) is a monotonically decreasing func-
tion when inequality (34) holds.
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