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Abstract

We investigate the achievable rate and capacity of a non-perfect photon-counting receiver. For the
case of long symbol duration, the achievable rate under on-off keying modulation is investigated based
on Kullback-Leibler (KL) divergence and Chernoff a-divergence. We prove the tightness of the derived
bounds for large peak power with zero background radiation with exponential convergence rate, and for
low peak power of order two convergence rate. For large peak power with fixed background radiation and
low background radiation with fixed peak power, the proposed bound gap is a small positive value for
low background radiation and large peak power, respectively. Moreover, we propose an approximation
on the achievable rate in the low background radiation and long symbol duration regime, which is
more accurate compared with the derived upper and lower bounds in the medium signal to noise ratio
(SNR) regime. For the symbol duration that can be sufficiently small, the capacity and the optimal duty
cycle are is investigated. We show that the capacity approaches that of continuous Poisson capacity
as Ty, = 7 — 0. The asymptotic capacity is analyzed for low and large peak power. Compared with
the continuous Poisson capacity, the capacity of a non-perfect receiver is almost lossless and loss with

attenuation for low peak power given zero background radiation and nonzero background radiation,
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respectively. For large peak power, the capacity with a non-perfect receiver converges, while that of
continuous Poisson capacity channel linearly increases. The above theoretical results are extensively

validated by numerical results.
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I. INTRODUCTION

On some specific occasions where the conventional RF is prohibited and direct link transmis-
sion cannot be guaranteed, non-line-of-sight (NLOS) optical scattering communication can be
adopted to provide certain information transmission rate [2]]. Optical scattering communication
is typically developed in the ultraviolet (UV) spectrum due to solar blind region (200nm-280nm)
where the solar background radiation is negligible. On the UV scattering communication channel
characterization, extensive studies based on Monte Carlo simulation [3]], [4], theoretical analysis
(50, [6l, and experimental results [8]], [Ol], show that the atmospheric attenuation among
scattering channel can be extremely large, especially for long-range transmission. Hence, it is
difficult to detect the received signals using conventional continuous waveform receiver, such as
photon-diode (PD) and avalanche photon-diode (APD). Instead, a photon-counting receiver is
widely deployed.

For photon-counting receiver, the received signals are usually characterized by discrete
photoelectrons, whose number in a certain interval satisfies a Poisson distribution. For such a
Poisson channel, recent works mainly focus on point-to-point single-user channel, such as single
transmitter [11]], [12]], multiple transmitters in continuous-time [[14], [15] and discrete-time
[16]], [17], [18]], [19]], as well as the Poisson interference channel capacity [20]. For multiple
users scenario, [21]], focus on the Poisson broadcast channel, investigates the Poisson
multiple-access channel (MAC). Besides, the system characterization and optimization, as well
as the signal processing [24]], [25]], [26]], [27], [28] have also been extensively studied from the
receiver side.

Most information theoretical and signal processing works assume perfect photon-counting
receiver, which is difficult to realize. A practical photon-counting receiver typically consists of
a photomultiplier tube (PMT) as well as the subsequent sampling and processing blocks [29]].
Recently, extensive efforts have been made to design and characterize practical photon-counting
receivers, such as single photon avalanche diode (SPAD), which has been applied in many
optical communication scenarios [30], [31]]. In optical scattering communication, we consider

a practical photon-counting receiver typically consisting of a photomultiplier tube (PMT) and



the subsequent pulse-holding circuits to generate a series of rectangular pulses with certain
width. The square pulses generated by pulse-holding circuits typically have positive width that
incurs dead time effect [32]], where a photon arriving during the pulse duration of the previous
photon cannot be detected due to the merge of two pulses. The dead time effect and the model
of sub-Poisson distribution for the photon-counting processing have been investigated in [33]],
[34], where the variance is lower than the mean. The photon-counting system with dead time
effect for infinite sampling rate has been investigated in optical communication for channel
characterizations [35]], [36]], optical wireless communications using SPAD detector [37], [38]]
and experimental implementation [30Q], [39]. The photon-counting system with dead time effect
for finite sampling rate with shot noise of PMTs is investigated in based on a rising-
edge detector. However, the performance analysis for a sampling-based detector focusing on the
achievable transmission rate and channel capacity are still missing.

In this work, we analyze the achievable rate and capacity of a sampling-based detector under
positive dead time and finite sampling rate, assuming negligible electrical thermal noise and
shot noise. For the symbol duration that cannot be small, we first derive the upper and lower
bounds on the achievable rate based on Kullback-Leibler (KL) divergence and Chernoff a-
divergence respectively. We also investigate the convergence rate of the proposed upper and
lower bounds, and demonstrate that the bound gap converges to zero with exponential rate for
large sampling number L, large peak power A and zero background radiation Ag. For low peak
power A, the bound gap converges to zero with order A%. For large peak power A with fixed
background radiation A and low background radiation A, with fixed peak power A, the bound
gap converges to certain small positive value for low background radiation Ay and large peak
power A, respectively.

For the symbol duration that cannot be arbitrarily small, we derive the capacity-achieving
distribution and corresponding capacity. We show that continuous Poisson capacity equals to
that of non-perfect receiver as 7y = 7 — (. Furthermore, we characterize the capacity loss
from the continuous Poisson channel for low and large peak power. We demonstrate negligible

and significant capacity loss for low peak power given zero background radiation and nonzero
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Fig. 1. The system diagram under consideration.

background radiation, respectively. The capacity with non-perfect receiver approaches a certain
value, while that of continuous Poisson channel increases linearly.

The remainder of this paper is organized as follows. In Section I, we provide the system
model of a practical photon-counting receiver, along with the achievable rate with on-off keying
(OOK) modulation for long symbol duration and the capacity for the symbol duration that cannot
be sufficiently small. In Section [[I, we derive the upper and lower bounds on the maximum
achievable rate and provide an approximation for the medium signal to noise ratio (SNR) regime.
In Section [Vl we investigate the asymptotic tightness of the upper and lower bounds for five
scenarios. In Sections [V] and [VIl we investigate the capacity and the corresponding asymptotic
properties, respectively. The theoretical analysis results are extensively validated by numerical

results in Section [VIIl Finally, we conclude this paper in Section [VIIIl

II. SYSTEM MODEL

A. Signal Model

We introduce the following notations that will be adopted throughout this paper. Random
variables and vectors are denoted by upper-case letters and bold uppercase letters, respectively.
We use notation Zj; to denote a sequence of random variables {Z;, Z,,--- , Z;}. Realizations
of random variables are denoted in lowercase letters, and follow the above notation conventions.

Consider single-user communicating to a single non-perfect receiver. The system model is
shown in Fig. [ Let A(¢) denote the R -valued photon arrival rate at time ¢, and Y (¢) denote

the Poisson photon arrival process observed at the receiver and
V(1) =P (A1) + Do), ()

where A is the dark current at receiver, and P(-) is the Poisson arrival process that records the

time instants and the number of photon arrivals. In particular, for any time interval [t — 7, t], the



probability of & photons arriving at the receiver is given by
1
P{Y(t) - Y<t - T) = k} = Ee_Xt(Xt)k7 k= 07 17 ) (2)

where X; = f:_T A(t/) +Aodt’; the arrival rate A is given by A = h_};o’ and P, h and v, denote the
transmitted optical power, the Plancks constant and the optical spectrum frequency, respectively,
such that the energy per photon is given by hiy. Thus, the photon arrival rate A(¢) must satisfy

the following constraint:
0<A(t) <A, (3)

where A is related to the corresponding maximum power allowed. In practice, LEDs or lasers
are adopted as the transmitter with limited the peak power, such that the peak power constraint
is more of interest than the average power constraint.

Assuming perfect photon-counting receiver, each photon and the corresponding arrival time
can be detected without error. However, perfect photon-counting receiver is difficult to realize,
and a non-perfect receiver with finite sampling rate consisting of a PMT detector, an ADC, and a
digital signal processor (DSP) unit is of more interest. When a photon arrives, the PMT detector
generates a pulse with certain width, which causes the merge of two pulses if the interval of
two photon arrival is shorter than the pulse width. The maximum arrival time interval where the
two pulses merge is called dead time, denoted as 7. Denote T as the ADC sampling interval
and assume low to medium sampling rate such that 7y > 7. Considering the PMT sampling
sequence in a symbol interval Zj; = {7y, -+, Z,}, where L 2 LTEJ, |-] is the lower rounding
function. Note that for any 7 > 0, the number of photon arrivals Ny . on [0, 7] together with the
corresponding (ordered) arrival time instants T™Y = (T}, --- , Ty.) are complete descriptions of
random process Y ..

For the practical photon-counting receiver under consideration, assume zero shot noise, thermal
noise and finite dead time. For one or multiple photons arriving at the photon-counting receiver
at (i7s — 7,iTs], the sampling value Z; is the same due to the self-sustaining avalanche in

SPAD or the shaping circuit that converts bell-shaped response into rectangular response for



photon-counting [38]], [40]. According to above statement, we have

0, T; ¢ (iTs —7,iT], ¥V j=1,---, Np;
Zi = ] O

1, otherwise;
where P(Z; = 1) = 1 — e~ Xi4+20)7 and 7, and Z; are independent identically distributed for
i # j due to the property of independent increment for Poisson process. In other words, Z; is

an indicator on whether one or more photons arrive within 7 prior to the sampling instant.

B. The Achievable Rate on Long Symbol Duration

Assume OOK modulation with symbol interval 7;, where A(f) = A for symbol one and
A(t) = 0 for symbol zero. Let X; € {0, 1} denote the symbol in the i*" slot, which is independent
across different time slots. Then, the arrival rate A(t) = > /% X;A - 1{(i — 1)T}, < t < iT}},
where 1{-} is an indicator function. Further assume that X; is independent and identically
distributed for each i with probability P(X; = 1) = u. In the remainder of this paper, since we
are interested in the achievable rate and symbols X; are independent, we consider one symbol
interval and omit subscript .

Consider the achievable rate for the above communication system assuming long symbol
duration 7} that cannot be shortened to the sampling duration. This corresponds to practical
application scenarios where the transmitter adopts an external modulator with certain maximum
modulation rate. Let py and p; denote probability P(Z; = 1|X = 0) and P(Z; = 1|X = 1),
respectively. As the sum of variables with i.i.d. binary distribution is a sufficient statistic for

these variables, we define summation N = Zle Z; and the achievable rate is given as follows,
I(X;N) = H(N) = H(N|X), )

where N follows binomial distributions B(po, L) and B(py, L) for symbol X = 0 and X = 1,
respectively, and B(p, L) denotes binomial distribution with probability p for each trial and L

trials.



C. The Capacity on Arbitrarily Small Symbol Duration

Recall that the Poisson channel capacity is defined as

= lim max lI(A s ZiL,)- (6)

T—o0 AT€0,4]

Crr

Sy

Here we assume that the symbol duration can be arbitrarily small. Since AT — (Np, TN7) —
Z;;, forms a Markov chain, we have I(AT;Z; ;) < I(AT; Ny, T"7), which shows that the
Poisson channel capacity with non-perfect receiver is lower than or equal to that of continuous
Poisson channel.

According to the chain rule for mutual information, we have
1 1 &
. — T I-1)Ts.
TI(ATaZ[Lc}) - TZI A(l 1)Ts 7Z|A( aZ[l—l])
=1

L
1 & _
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=1
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= fZH(Zl\AU DT Zy ) — H(ZAG )

=1
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1 (&

7 > H(Z) — H(ZIAG 7)) Z LA 73 720). (7)
=1

T

where equality (a) holds since Z; is conditional independent of (AU~Y7:;Zy ;) given A

Thus, we have O, ; < Tmz%x | 1 = (AT; Zy), where the equality holds if Alé&l 7, 18 1ndependent
ATs€[0,A

of each other for different /. Consequently, the capacity-achieving distribution requires indepen-

dent input signals for different sampling intervals, and the capacity is given by,

Cr,

55T

—I Y/ 8
ATsme%(A]T ( 1): ®)

III. THE BOUNDS AND APPROXIMATE ON ACHIEVABLE RATE FOR LONG SYMBOL
DURATION

The mutual information involves the entropy of mixture distribution with intractable analytical
form. Thus, pairwise-distances are adopted to provide lower bound and upper bound on the
mutual information [41]]. The results are shown in the following proposition for completeness.

Proposition 1: Define X as the transmitted signal with measurable supports {xy,-- -, x,} and

P(X = ;) 2 ¢; fori =1,---  n. The channel transition probability (Y| X') can be represented



by a set of distribution {ps,---,p,}, where p;(y) = P(Y =y|lX =x;) fori =1,--- . n. We

have the following lower bound and upper bound on mutual information 7(X;Y),

—ch anc] exp(—Cao(pillp;)) < I(X;Y) ch ancy exp(—KL(pillp;)),  (9)

where Chernoff a—divergence Ca(pllg) = —In [ p*(y)g ‘a(y)dy and Kullback-Leibler diver-
gence K L(p|lg) = [ p(y) In 24 dy.

Consider OOK modulation at the transmitter and photon-counting detection at the receiver. As
T, > 7, the samples are mutually independent and photon-counting detection is performed via
examining whether each sample is higher than a certain threshold. Assume negligible shot and
thermal noise such that each sample can distinguish whether photons arrived or not perfectly.
Let p; = 1 — e (A+20)7 for j = 0 and 1. Recalling that N ~ B(L, p;) 2 PB(-), the Chernoff

a-divergence and KL divergence are given by
- L —alL—1
CurPIrp) =~ 3 ()i - -
= L (P (1= ) (=)' ™) = Cia(RIIIP),  (10)

L
KLPPIRE) = 3 (§ )0 =m0 2 -y m = 22)

i—0 Do — Po
1_
_ L(pllnﬂ+(1_pl)1n pl). (11)
Po 1—po

Note that mutual information 7(X; N) depends on Ay, A, L, 1 and 7. Since I(X; N) = 0 for
w=0or u=1, we focus on the maximum mutual information (X; N ) over u € [0, 1] given

fixed dead time 7. Define I,,,.(Ao, A, L) = m{zg;i]l (X; N ). In the remainder of this Section,
ILLE )

we investigate the lower and upper bounds on I,,,,(Ag, A, L) and the asymptotic properties for

large L and A.

A. Lower Bound on Mutual Information

According to Proposition [T} the lower bound on I(X; N ) is given as

10GR) = ={uml(1 = ) exp(~Ca(PEIIRE) + 4]

+(1 = 1) nfpexp(~Ca(BPIIPE)) + (1 = )] }. (12)
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Note that the right-hand side of equation (I2) increases with respect to C,(PP||PP) and
C,(PZ||PE), where the optimal o maximizing the right-hand side is intractable. We resort

to a suboptimal solution to «, given as follows,
o £ arg max min{Co(PP||R), Ca( PP|| PP)}. (13)
We have the following Lemma [I] on optimal o*.
Lemma 1: The optimal solution to problem (13), denoted as «o*, is %
Proof: Please refer to Appendix [A-Al [
Define 2 ¢=Car (PPIPP) = o=Car (PPIPP) = (v/Popi++/(1 —po)(1 — p1))* < 1 and function
Fi(p. ) = —{pn](1— )3 + ] + (1 — ) InfpsB + (1 — jo)]}. We aim to maximize Fy(y1, ) with

respect to j to tighten the lower bound on I(X; N). Since

Ok, s s
— =1In[1—(1-— ——— —{In|f+ (1 — e 14
5 =l (=8~ g~ B+ (= B~ g ()
we have
OF | _ _ _ Ofh | 5
o lom Inpg+1—-p38>0, o (Lﬁ)—lnﬁ 1+ 5 <0, (15)
PR ___ =B BU-p _1-p 808
o L-(1=Bpn (1-01-pp)? B+A=Bn (B+01-p8)p)’
Thus, the optimal ;2 maximizing F(x) uniquely exists and satisfies %—I;’ = (. Define monotonic
increasing function G(x) 2 Inz— 2. Since %—f =G(1-(1-pB)u")—G(B+(1-p)u*) =0,

(n*.8)
we have 1 — (1 — 8)u* = f+ (1 — B)u* and p* = L. Thus, we have the following lower bound,
1+ 8

Imax(A07 A, L) > max E(M7B) =—In . (17)
1el0,1] 2

B. Upper Bound on Mutual Information

The upper bound can be obtained using similar method as that of obtaining the lower bound.

Defining 3; 2 exp (— KL(PP||PP)) and 5, 2 exp (— KL(PP||P{)), we have the following,

Fulp, Br, B2) = —{pIn[(1 — p) By + p] + (1 = p) In[ufe + (1 — p)]}, (18)
KLPEIRE) - KLEPIPE) = (- ) 2020 S0, it 21 19

Define p*(51, 32) 2 arg max F.(u, 1, B2). Although closed form of p*(/1, 52) is intractable,
SHS
we have the following properties on p*(/31, B2),
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Lemma 2: Cycle p*(f1, f2) must satisfy the following properties,

(1) p*(Br, Ba2) + 11" (B, B1) = 1. Particularly, p*(8y, Ba2) = 5 if 51 = fo.
2) (b1, o) 2 5252 if B 2 Pa.
Proof: Please refer to Appendix [A-Bl [ |
Lemma 3: We have that

|81 = B|(1 — min{By, B2}) 1 — 5159
max F,(u, 51, < —1 , 20
gnes Pl B, ) 1= A, N B s e
where equality holds if and only if 3, = fs.
Proof: Please refer to Appendix [A-Cl [

According to Lemma [3] an upper bound on the maximal mutual information is given by,

81 = Bo|(1 — min{B, B2}) In 1— B2
1= B15s 2— P — P2

The above discussions can be summarized into the following result.

1)

]max(A07A7 L) S m >§ Fu(,u751752) S

a
pel0,1]

Theorem 1: We have that lower and upper bounds on I,,,,,(Ag, A, L) are given by Equations
(I7) and 1)), respectively.

C. Asymptotic Mutual Information

We first provide an interpretation to show the tightness of the upper and lower bounds. By

applying Jensens inequality to Chernoff «-divergence, we have

PE | PP,
CalPEIIPY) = ~InEpp[(7)] < = [ A¥In(T) ™ de = (1= ) KL(P||PP)22)
0 0
B B POB a B POB a B B
CulRPIPP) = ~nBpp[(15)°] < — [ PP ) de = K L(PP|PP), 3)
1 1

ie., Ci(PY[|PP) < gmin{ KL(FF||PP), KL(PF||Fy’)}. Thus we have

1
2

exp(—C1(Py||P)) > exp(=2C1 (FY||P7)) = exp(— min{ K L(Fy || P°), KL(P|| By’)}).(24)

2 2
ie, B > B2 > max{f,B:}. We consider two cases, large C,(PP||PP) and negligible
max{ K L(PP||Pf), KL(PP||PP)}. Define high SNR for negligible 3 and low SNR if 3
and (5, approach 1, which agrees with the true scenarios of high SNR and low SNR in
the physical communication channel. Note that for high SNR regime, 3, 5, and 35 approach

0; and for low SNR regime, /3, 5; and (3, approach 1, i.e., 8 and (3, 52) contribute similarly
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to the lower and upper bounds. Thus, lower bound (I7) and upper bound 1)) are valid in both
high and low SNR regimes.

As the asymptotic maximum mutual information approaches 0 in low SNR regime, we focus
on high SNR regime, including large L and A. For large L, we have the following Theorem
on the asymptotic results of the maximum mutual information.

Theorem 2: For large L, the asymptotic maximum mutual information is given by
21H2—6+0(5), vﬁlaﬁQ;
Ima:c(AOa A, L) S In2 — 61, 51 = 62; (25)

<In2+ w + o(max{f, B2}), Bi # Bo;

where = exp (L In (,/p0p1+\/(1 —po)(1 — pl))), b1 = exp (—L(pl In z—é+(1—p1) In %))
and 3 = exp < — L(po lni';—(l’ + (1 —po)In }:—f};’)).
Proof: Please refer to Appendix [
Theorem [2| implies that the asymptotic maximum mutual information Llim Lnaz (Ao, A, L) =
—00
In 2. For large peak power A, we have the following expansions on (3, 31, (.

Lemma 4: For large A, the expansions on 3, 1 and [, are given by

L
g = (\/polh + \/(1 —po)(1 — p1))
L L= \/Po 1
= i () - VT et ) @8)
1- _
b= Pt
b1 I—m
= poL—pS(—L(l—le(l—pl)Lln :z;)+0(1—p1); 27)
Plypor, 1 — D1 (1—po)L
By = (EH)po Po
? (po 1 —po)
1 1
_ poL( )(l—po)L(l _ pl)(l_pO)L +o(1 = py). (28)
Do 1 —po
Proof: Please refer to Appendix [A-El [ |

Noting that 1 — p; = exp(—(A + Ag)7), Lemma M shows the expansions of 3, $; and [,
with exponential convergence for large A. Furthermore, we have the following Theorem [3] on

the asymptotic maximum mutual information.
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Theorem 3: For large A, the asymptotic maximum mutual information is given by

=

2 2
Imax(Ao,A,L)Zln — 4+ Po L(\/QZTO

1+p¢ 1+p¢
Tnaz(No, A, L) < pOL +In(2 — pé) + O(max{(1 — p;) In(1 —py), (1 — pl)(l_pO)L}). (30)

(1=p1) =@ —po)(L —p1)2) +o(1—p1), (29)

Proof: Please refer to Appendix [A-H [ ]

Theorem [3] shows the upper and lower bounds on the maximum mutual information as

In —2 r < f}im Inaz (Mo, A, L) < ph+1n(2—pk) for fixed Ag. Specifically, we have the following
1+p0 — 00
on the asymptotic maximum mutual information for zero A,

lim 7,,0.(0,A, L) =In2 = lim [,,,(Ag, A, L). (31
A—oco L—oo

D. Approximate Method

For most scenarios of UV communication, background radiation arrival intensity A, are
negligible. Since the proposed lower and upper bounds on /(X N ) is loose in medium SNR
regime, we propose an approximation method to characterize (X; N ) in medium SNR regime.
The approximated mutual information 7(X; N) based on low A, is shown in Theorem H

Theorem 4: For low background radiation arrival intensity A, we have the following

expansion on I(X; N),

I(X;N) = =[u(l=p)" +1=pnfu(l = p)* +1 =]+ pL(1 = p)"In(l = py)
—p[l = (1 =p)" Inp+ (1 = p) Lpo{In[p(1 — p1)* + 1 — p] — In(uLp:)
(L= )W(L— pu)} — (1~ wh(Lpo) + ol Lpo) + O(7). (2)

Proof: Please refer to Appendix m

The approximation mutual information can be obtained from Equation (32)) via omitting the
terms with small o and big O. For reliable communication system, the sampling numbers L
is typically large and background radiation arrival intensity Ay is low. Thus, the proposed

approximate mutual information can be adopted especially in the medium SNR regime.

IV. ASYMPTOTIC TIGHTNESS OF UPPER AND LOWER BOUNDS

Section [ provides an interpretation on the tightness of bounds and shows the asymptotic

maximum mutual information for large L. and A. However, the convergence rate of upper and
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TABLE 1
THE CONVERGENCE RATE OF BOUND GAP FOR 5 SCENARIO.

Scenario Convergence Asymptotic tightness
Large L (0] <exp (L In (« /pop1 + /(1 —po)(1 — pl)))> \/
L
Large A fixed Ao >In(1+pg)—2In(1+ph)+O(exp (min{%7 (1— po)L}AT)) X
L
< 2p§ —p§ + O(exp (min{}, (1 - po) L}Ar))
Low Ag fixed A > In (1+(1—p1)%)—%ln (1+(1=p1)") +O(min{L,p1 L}AoT) X
<21 —p1)% — (1 —p1)" + O(min{,p1L}Ao7)
Large A fixed Ag =0 O(exp(—%A)) \/
Low A fixed Ao Ol a?) v

lower bounds is still unknown. In this Section, we proceed to investigate the convergence rate

on the upper and lower bounds.
Defining bound gap A(S, 51, B2) 2 max F.(w, B, B2) — Fi(p, 5), we have the following

nelo,1]

Theorem [3] on the upper and lower bounds on A(S, 51, fB2).
Theorem 5: For low SNR, we have the following upper bound on A(f, 31, (2),

1B B 1. p s .
A(B, B, B2) < m(a - 1)(16E +11) + @(E - 1)(16E + 11); (33)
and for high SNR, we have the following upper bound on A(S, 31, f2),
A(B, Br, B2) < (B —51) + (B — Ba). (34)

For general f3, 31, B2, we have the following lower bound on A(S, (1, 52),

1 148 1 148
A(ﬁ751752)2§1n1+51 511’11—}—62

Proof: Please refer to Appendix [A-Hl [ |

(35)

To characterize the convergence of A(f, 31, 52), we consider the exponential rate of conver-
gence [42]]. In summary, we consider five scenarios, where the convergence rates of the bound

gap are shown in Table [Il

A. Asymptotic Tightness of Bound Gap for Large L

As L approaches infinity, 3, 1 and (35 approach 0, which corresponds to high SNR regime.
Then, we have the following Theorem [6] on the convergence rate of bound gap A(f3, 51, f2).
Theorem 6: As L approaches infinity, the convergence rate of gap A(S, 81, 52) is given by,

im w:_ln (vPop1 + V(1 =po)(1 = p1))- 56)

— i

L—oo
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Proof: Please refer to Appendix [A-1l [ ]

Theorem [7] demonstrates that the proposed bounds are asymptotically tight, where bound

gap A(S, 51, B2) approaches zero with exponential rate — In (\/pop1 + \/(1 —po)(1 — p1)) as L

approaches infinity.

B. Bound Gap for Large Peak Power A

As peak power A approaches infinity, probability p; approaches 1 and f3, 51, 52 approach 0,
which also corresponds to high SNR regime. We have the following upper and lower bounds on
the bound gap A(f3, 51, ().

Theorem 7: For large peak power and fixed background radiation arrival intensity, we have

the following upper and lower bounds on A(3, 31, f2),

A, B Ba) < 28 —pf + et ole). (37)
A 5B > (14p8) — 5 (14 p8) +a+ofa). (38)
where
(2 VT 0(1 - p)t, (1—po)L > &
= T VTT - ) - p)E, (-l = b (39)
\ —py (1 — po) TEITPO (1 — py) o), (1—=po)L < 3;
( (1“‘1)0%)_129?\/1_7170(1_]91)%7 (1—po)L > 3;
€ = {(1 +pd)py? VT o - %pSH%(l —po)‘%}(l —p1)z, (1—po)L = 1;(40)
| —ape (L= po) MR (1 = py) ), (1-po)L < 3.
Proof: Please refer to Appendix [A-Jl [ |

Theorem [7] demonstrates that the offset items ¢, and ¢ converge to 0 as peak power A

approaches infinity. Furthermore, the exponential rates of ¢, and ¢; with respect to A are given

as follows,
= i (1)L (1)
A AT g U TR
. 1116[ . 1
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When peak power A approaches infinity, the offset items are negligible for low pg, and the

following is approximately satisfied,

L 1 L
In (1+pg) —3hn (14 p§) < A(B, B, B2) < 2p¢ — by (43)

C. Bound Gap for Low Background Noise A

For low background radiation arrival intensity, probability p, approaches 0 and [, 31, 52
approach 0, which corresponds to high SNR regime. We have the following upper and lower
bounds on bound gap A(S, 51, B2).

Theorem 8: For low background radiation arrival intensity given fixed peak power, we have

the following upper and lower bounds on A(3, 31, f2),

AB,Br,Ba) < 21 —p1)z — (1 —pi)E +e, +ole,), (44)
A(B,B1,p2) = In (1 + (1 _]91)%) - %ln (1 + (1 —pl)L) + E; + 0(62)7 (45)
where
( 1
2(1—p1) T /Dipi, pL >3
€ = {2(1—1)1)%\/171—(1—291)‘“%191_%}1?3 nlL=3; (46)
\ —(1 = py)L=poprEeplen mlL <3
[ (14 (- p0 ) (1= ) Bk, > 1
q = 1+ 1=p)2) 1 —p) = o1 — 301 —pl)‘”%pf%}po%, piL=3%; (47)
| 31— p) I nlL<g

Proof: According to reciprocities py <— 1 — py, p; «— 1 — py and Theorem [Z, we can

readily obtain the results in Theorem [8l The detailed procedure is omitted here. [ ]
Theorem [§] demonstrates that offset items e; and 62 converge 0 as the background radiation
arrival intensity A, approaches 0. Furthermore, the linear convergence rate of ¢, and ¢, with

respect to A, can be obtained as follows,

. €, o1
/}:r_{}o A, = m1n{§,p1L}T, (48)
g 1
AI:I—% A min{ 5 mL}T. (49)
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As background radiation arrival intensity A, approaches 0, the gap is negligible for small A,
and the following is approximately satisfied,

L
2

In (14 (1 —Pl)%) - %hl (T4 (1 =p)") SAB,BLB) <2(1—p1)2 —(1—p)".  (50)

D. Bound Gap for Large Peak Power A and Ay = 0

For zero background radiation arrival intensity, we have probability po = 0 and § = (1— pl)%,

B =0, 2 = (1 — p1)¥, which corresponds to high SNR regime. We have the following on
bound gap A(3, B, f2).

Theorem 9: For large peak power A and zero background radiation arrival intensity Aj, we
have the following on A(S3, 51, 52),

. lnA(ﬁaﬁlaﬁZ) _ Lt
a4 T oy

Proof: Please refer to Appendix [A-Kl [

Theorem [9] demonstrates that the upper and lower bounds are asymptotically tight for

sufficiently large peak power A if background radiation arrival intensity Ag = 0, with exponential
Lt

rate 5 -

E. Bound Gap for Low Peak Power A

For low peak power, probability p; approaches py and [3, 51, 52 approach 1, which corresponds
to low SNR regime. We have the following result on bound gap A(/3, 51, f2).

Theorem 10: For low peak power A given fixed background radiation arrival intensity Ag, we
have the following on A(f3, 51, 52),

3L(1

A(B, B, Ba) = ﬁrw +0(A?). (52)

Proof: Please refer to Appendix [A-T1 [ |
Theorem [0l demonstrates that bound gap A(3, 31, 32) converges to 0 with order A2

V. CAPACITY FOR ARBITRARILY SYMBOL DURATION

Assuming low to medium sampling rate, we investigate the capacity for two cases, Ts = 7

and T, > 7. According to Equation (8)), the capacity is given by Cr, , 2 A %H%XA} Ti[ (AT 7).
sel0,4]
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A. Capacity for Sampling Time Ty, = T

Assuming 7y = 7, the main result on the Poisson capacity with non-perfect receiver is
summarized in Theorem [L11

Theorem 11: For T, = 7, the optimal input signal is constrained within binary level {0, A},

and C ; can be obtained by solving the following problem:

Crr = 1 max hb(ﬁ(,u)) —(1- ,U)hb(p(AO)) - th(p(A + AO))? (53)

T 0<u<l1

where p(p) 2 (1 —p)p(Ao) + up(A+Ay), hp(z) = —zlnz— (1 —2)In(1 —z), p(x) 21—,
and p denotes the duty cycle. Furthermore, the optimal duty cycle p* satisfies

ho(p(A+ A0) = o (p(Ao)) = iy (5()) (P(A + Ao) = p(Ao))
, and is given by
L s (o)
M A+ Ao) — p(Ao)

hy (P(A-i-Ao)) —hy (P(Ao))
P(A+A0)—p(Ao)

Fp) = ho (1)) — (1 — p)hs (p(No)) — puhs (p(A + Ao)). (35)

€ [0,1], (54)

where a = exp(— ). The capacity C, = LF(u*), where

Remark 1: The same as the scenario of continuous Poisson channel, the optimal input distri-
bution is also binary-level. However, for continuous Poisson channel, the optimal input signal
requires infinite transmitter bandwidth; while for the non-perfect receiver under consideration,
the optimal input signal distribution requires finite transmitter bandwidth related to the receiver

dead time.

Here we provide two major steps on the proof.
In Step 1, we prove that the optimal input distribution must be constrained within two levels
{0, A}, given by the following Proposition.

Proposition 2: The optimal input signal is constrained within two binary levels {0, A}.

Proof: Please refer to Appendix [B-Al [ |
In Step 2, We provide the optimal duty cycle, given by the following proposition.
.. . . . " . 4o —p(Ao) .
Proposition 3: The optimal duty cycle is pu = m, where a =
A+Ag)) — A
exp(—hb (p;(Z-F?\)O))—Z?A(:)( ), ). The capacity with non-perfect receiver C,,. = 1F(u*), where

F) 2 ho(p(1)) — (1= ) (p(Ao)) — pthy (p(A + Ao)).
Proof: Please refer to Appendix B-Bl [ |
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B. Capacity for Sampling Time Ts > T

Define a = 7 such that 0 < a < 1. Following the proof procedure of Section [V-A] the
optimal duty cycle does not depend on 7, and the capacity is given by C* = aC, ;. This result

implies that « is an attenuation factor related to the sampling rate of the non-perfect receiver.

VI. ASYMPTOTIC PROPERTIES ON THE CAPACITY

Section [Vl provides a rigorous proof on the capacity of a sample-based receiver and shows
that the optimal input distribution is binary, the same as the continuous Poisson channel. In this
Section, we further investigate the asymptotic properties of the non-perfect receiver compared

with the continuous Poisson channel.

A. Asymptotic Property of Capacity for 1 — 0

We consider sampling time 75 = 7 and both approach zero. The main results are summarized
in Theorem
Theorem 12: The optimal duty cycle and capacity of the non-perfect receiver approach those
of continuous Poisson channel for any A and Ay, respectively, as 7 — 0.
Proof: Please refer to Appendix B-Cl [ |

Theorem studies the asymptotic property of the non-perfect receiver for 7, = 7 — 0. It
shows that Theorem [L1] extends the result of continuous Poisson channel [11]], and provides a

more general and practical results.
Furthermore, we have the following results on the asymptotic property on the convergence of
the optimal duty cycle with respect to 7.
Theorem 13: For fixed Ay, as 7 approaches 0, the optimal duty cycle of the non-perfect
receiver point-wisely, but not uniformly, converge to that of continuous Poisson channel.
Proof: Please refer to Appendix [ ]

B. Asymptotic Property of the Optimal Duty Cycle for A — 0 and A — oo

We investigate the asymptotic property of the optimal duty cycle for the non-perfect receiver.
The asymptotic property consists of 4 cases: A — oo given Ag = 0, A — 0 given Ay = 0,
A — oo given Ag > 0 and A — 0 given Ay > 0, as shown in Theorem [T4l
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TABLE II
THE ASYMPTOTIC PROPERTY OF NON-PERFECT RECEIVER POISSON CHANNEL AND CONTINUOUS POISSON CHANNEL.

Practical Receiver Continuous Poisson
Peak Power — 0 — 00 —0 — 00
M-o| 2 : : :
Duty cycle ; ; : ;
Ao >0 5 1-— = =
0 2 (15exp (07 m, (p(20))) ) 1=p(A0)) 2 ¢
o] 2o : : :
Capacity
Ao >0 | drA? +0(A?) cap = dpoiA® + 0(A%) | £ +0(A)

Theorem 14: The optimal duty cycles of the non-perfect receiver for A — 0 and A — oo are
summarized in Table [

Proof: Please refer to Appendix B-El [ |
Theorem [14] investigates the optimal duty cycle of the non-perfect receiver and show the
difference with that of continuous Poisson channel for large peak power A, since larger peak
power A leads to larger photon-counting loss for the non-perfect photon-counting receiver. The
optimal duty cycle for low peak power demonstrates negligible difference with that of continuous

Poisson channel, since there is almost no photon-counting loss for low peak power A.

C. Asymptotic Property of Non-perfect Poisson Capacity for A — 0 and A — oo

Similar to Section [VI-Bl the asymptotic property analysis of the capacity with non-perfect
receiver consists of 4 cases: A — oo given Ag =0, A — 0 given Ag =0, A — oo given Ay > 0
and A — 0 given Ag > 0. The results on the above four cases are summarized in Table [II

Recall that the capacity C,, = 1F(u*), where F(u) = hy(p(p)) — (1 — p)hs(p(Ao)) —

. Ry (p(A+A0) ) —hs (p(Ao)
puhy (P(A + D)), p(p) = (1 = )p(Ao) + up(A + Ao), a = exp ( — TR ) and

_a (A .
W= MTT%’ We demonstrate the asymptotic results of the four cases.

Case 1: A — oo given Ay = 0.
According to [I1]], for Ay = 0 and any A, the asymptotic Poisson capacity is given by

Cpoi = *A. Such linear capacity properties motivate us to investigate the asymptotic capacity for

non-perfect receiver with dead time 7. It is easy to check that lim a = lim exp(—m) =1,
A—o0 A—o0 p(4)

: * ; ARy — Hp(Ao)
f}gr;ou—%andAlgrolop(u)—%—%.Thus,wehave

1 1.1 1
lim C,. = lim ~F(u*) = ~hy(=) = 56
m . = lim 2F(r7) = Th(3) = - 56

A—o0 —00 T
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which shows that the capacity for non-perfect receiver with dead time 7 approaches %

for large peak power A. The loss compared with the continuous Poisson channel stems from
photon-counting loss for large peak power.

Case 2: A — 0 given Ay = 0.

It is obvious that the capacity with perfect or non-perfect photon receiver approaches 0 when
A — 0. Work shows that C'p,; = éA for continuous Poisson channel, i.e., the convergence
rate is linear for low A, while the convergence rate of non-perfect photon receiver for low A
still needs to be investigated.

For Ag = 0, it is easy to check that f}im a = 0. Noting that hy(z) = (1 — Inz) + o(x), we
—00

have
D P pA) elp(A) o 1
W= e e Inp(4)) = < +o(4), ()
B) = p(A)+ o(A). 58)

Thus, the capacity with non-perfect photon receiver for low A is given by

Crr = —nfB) — n*hy(p(A)} = {5~ pInj — i (p(A) — p(4) Inp(4) + 0(4))

= o) to(A) = 241 o), (59)
eTr e

which shows that the capacity for non-perfect receiver with dead time 7 approaches 0 with the
same linear convergence rate as that of continuous Poisson channel, i.e., finite dead time receiver
causes negligible capacity loss for low A.

Case 3: A — oo given Ay > 0.

For Ag > 0 and large A, the asymptotic continuous Poisson capacity is given by Cp, =
%A + o(A). It is seen that the asymptotic capacity loss given Ay > 0 compared with that given
Ay = 0 is negligible for large A. Thus, there is a problem on the asymptotic Poisson capacity

loss for non-perfect receiver given dead time 7. Theorem [13] provides the answer as follows.
Theorem 15: The non-perfect receiver capacity for A — oo is given by f}im C.r = cAO%,
—00
exp (407 (p(A0) ) ) o (p(r0)) eho7

14exp (eAOThb (p(AO))) ) B <1+exp (erThb (P(AO)) )) .

Proof: Please refer to Appendix B-F. [ |

where ¢y, = hb<
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Coefficient cjp, characterizes the asymptotic capacity with non-perfect receiver for nonzero
background radiation Ay. It is seen that ¢y, = 1 iff Ay = 0 and c,, < 1 for Ay > 0. However,
the monotonicity properties of c,, with respect to Ay needs to be investigated, which is the main
argument of Theorem

Theorem 16: c,, monotonically decreases with Ay and ¢y, € (0, 1] for Ay € [0, 400).
Proof: Please refer to Appendix B-Gl [ |

Case 4: A — 0 given Ay > 0.
For the asymptotic capacity for low A given Ay > 0, the main results are shown in Theorem [17
Theorem 17: For A > 0, the asymptotic capacity for continuous Poisson channel and non-

perfect receiver are C'p,; = dj " A? + 0(A?) and C.., = d} A® + 0(A?) for small A, respectively,

0i T T{1=p(Ao)
where dfo = % and dj = w
Proof: Please refer to Appendix B-Hl [ |

Theorem [I7] demonstrates the asymptotic capacity with non-perfect receiver and continuous
Poisson capacity both as O(A?) for low A given Ay > 0. Furthermore, we have Theorem [I8] on
Do
dy;' and dj .

Theorem 18: dy° > d}, holds for any Ay > 0 and 7 > 0. In addition, d}  approaches d}

for any Ay > 0 when 7 — 0, i.e., lin’(l) dy, = di‘ji.
T—
Proof: Please refer to Appendix [B-1l [ ]

Theorem [18] implies that the capacity with non-perfect receiver is strictly lower than that of
continuous Poisson channel for low A given Ay > 0 asymptotically, where the two capacities

converge asymptotically for small A given Ay = 0.

D. The Monotonicity of Non-perfect Receiver Capacity

Theorem [II] characterizes the non-perfect receiver capacity given dead time 7, sampling
interval T}, background radiation Ay and peak power A. According to Section the non-
perfect receiver capacity is proportional to the sampling rate 7, !. The relationship between the

non-perfect receiver capacity and other parameters still needs to be investigated.
1) The Monotony with peak power A: We still consider Ty = 7 and provide the following

result on the monotonicity of the non-perfect receiver capacity C', and the non-perfect receiver

. Crr .
capacity per power —*, as shown in Theorem
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Theorem 19: The non-perfect receiver capacity C. (A, Ag) increases with peak power A for
any Ao. In addition, there exists Ay, A, and Ay, such that the non-perfect receiver capacity

Cr.-(A, Ay) is concave with A for A > A, and the non-perfect receiver capacity per power

CT,T
A

decreases with peak power A for any A > Ay,,.

Proof: Please refer to Appendix B-Jl [ |
Theorem [19] provides a strict proof that larger A corresponds larger capacity with non-perfect
receiver. Theorem [19] shows the capacity with non-perfect receiver is concave for large A, and
the capacity with non-perfect receiver per power decreases with peak power A due to capacity
saturation characteristics for large power.
2) The Monotonicity with dead time 7: Section [VI-A] shows the asymptotic property of the
non-perfect receiver for low 7 and reveals the connection between non-perfect receiver and
continuous Poisson channel. We further provide the monotonicity results on two special cases,

for large 7 and Ay = 0 in Theorem 20| and Theorem 21, respectively.

Theorem 20: For T > 12_02’ the capacity with non-perfect receiver Cr, . for fixed 7 increases

with 7.
Proof: Please refer to Appendix B-Kl [ ]
Theorem 21: For Ay = 0, the capacity with non-perfect receiver C , for Ty = 7 decreases
with 7 for any 7 > AZLQ , where Ay, is given by Theorem
Proof: Please refer to Appendix B-L1 [ |

VII. NUMERICAL RESULTS

A. Numerical Results on the Achievable Rate for Long Symbol Duration

Assume photon-counting receiver with OOK modulation. We adopt the following system
parameters: symbol rate is set to 1Msps; dead time 20ns [43]]; background radiation arrival
intensity 20000s™!, such that the normalized dead time is 0.02 and the normalized background
photon rate is 0.02. For simplicity, we adopt normalized dead time, peak power, background
radiation arrival intensity. For practical system, the symbol duration is typically 200ns to 1000ns
and far exceeds the dead time that is typically 10ns to 20ns. We first investigate the optimal duty
cycle for binominal channel by brute-force method (red full line), the suboptimal duty cycle by

approximation based on Equation (32)) (black full line), and the lower and upper bounds (blue
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and purple full line) with respect to peak power A, for L = 20 and L = 30, as shown in Figure
and Figure [3 respectively. It is seen that the optimal duty cycle and proposed suboptimal duty
cycle from the derived lower and upper bounds approach 0.5 as the peak power approaches
infinity, i.e., the proposed suboptimal duty cycle from the derived lower and upper bounds is
asymptotically optimal for large peak power. In addition, the proposed suboptimal duty cycle
converges to optimal duty cycle faster for a larger sampling number L. For large peak power and
large L, the suboptimal duty cycle by approximation method is less accurate due to the omitted
larger coefficient one-order term in Equation (Z6) [44]].

For mutual information, Figure @ shows the mutual information of binominal channel, discrete
Poisson channel, along with the derived upper and lower bounds and the approximation based on
Equation (32)) with respect to the duty cycle. The normalized dead time, background radiation,
peak power and sampling numbers are set to 0.02, 0.02, 10 and 30, respectively. It is seen that
the proposed upper bound and lower bound are more accurate in low or large duty cycle and
the approximation is more accurate for medium and large duty cycle. The mutual information of
discrete Poisson channel is also plotted as a benchmark to show the small loss due to imperfect
receiver. “Lower bound” and “Lower bound sub” curves are obtained by brute-force search on «
and suboptimal « in Lemma [I} respectively. Figure [3] shows the maximum mutual information
over duty cycle p with respect to peak power. The maximum mutual information with respect to
duty cycle p for binominal channel, approximation method, discrete Poisson channel, the lower
bound and the upper bound are obtained by brute-force search, and that for “lower bound sub”
and “upper bound sub” are obtained from Lemma [I] and Lemma [3] respectively. It is seen that
proposed upper bound and lower bound become more accurate as peak power A increases, and
the approximation is more accurate in low and medium peak power regimes.

Consider the asymptotic tightness of the proposed upper and lower bounds. The normalized
dead time and background radiation are both set to 0.02. We focus on the five scenarios addressed
in Section [Vl For large sampling numbers L, Figure [@] plots the bound gap by numerical method
and the derived upper and lower bounds against sampling numbers L for different peak power

values A. It is seen that the proposed upper and lower bounds on gap become tighter as the peak
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power increases. Figure [7] shows the numerical values and the exponential term from Equation
@6 of A(S, 51, B2) against sampling numbers L for different peak power values A. It is seen
that the proposed upper and lower bounds converge to 0 with exponential rate as predicted by
Equation (36). The normalized dead time and background radiation are set to 0.02.

Set the normalized dead time and sampling numbers to 0.1 and 10, respectively. For large peak
power A given fixed background radiation arrival intensity Ay, Figure [8] plots the difference of
derived upper and lower bounds on A(f3, 1, 52) against peak power A for different background
radiation arrival intensity Ag, from both numerical computations and the limit from Equation (3)
via omitting the vanishing terms. It is seen that the gap converges as A increases beyond 100.
Figure [ plots the offset items in the derived upper and lower bounds from Equations (37) and
(38D, respectively, against peak power A for different background radiation arrival intensity Ag.
The approximation values are obtained from the exponential terms. It is seen that the derived
upper and lower bounds on the offset terms can well predict the true value with the same
attenuation rate. In addition, the gap converges to 0 exponentially with the peak power.

Consider low background radiation arrival intensity A, given fixed peak power A, where the
normalized dead time and sampling numbers are set to 0.1 and 10, respectively. Figure [10| plots
the difference of derived upper and lower bounds on A(f, 1, 52) against background radiation
arrival intensity A for different peak power A. It is seen that the limit of the gap can well
predict the true value. Figure [L1] plots the offset item in the derived upper and lower bounds
from Equations (@4)) and (3), against background radiation arrival intensity A, for different peak
power A. It is seen that the offset items in the derived upper and lower bounds can well predict
those from numerical computation. In addition, the gap between the numerical computation and
theoretical approximation converges to 0 with linear rate for low peak power.

Consider large peak power A given background radiation arrival intensity Ay = 0 where the
normalized dead time and sampling numbers are set to 0.1, 10, respectively. Figure [12] plots the
gap between derived upper and lower bounds on A(f, 81, 52) from Equations (Q9) and (100),
respectively, against peak power A. It is seen that the gap from theoretical derivations can well

predict the numerical results. The normalized dead time and sampling numbers are set to 0.1, 10,
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respectively. For low peak power A with the same normalized dead time and sampling numbers,
Figure [I3] plots the numerical values and theoretical approximations of the derived bounds gap
on A(fB, B1, 52) against peak power A for different background radiation arrival intensity Ag. It
is seen that the approximation via dropping o( A?) item (denoted as “Limit”) from Equation (32))
can well predict that from numerical computation, which converges to 0 in the rate of order two

predicted by Equation (32)) for low peak power.

B. Numerical Results on the Capacity for Arbitrary Symbol Duration

It has been concluded that the case of non-perfect receiver for 75 > 7 can be converted to
that of non-perfect receiver for 7, = 7. Hence, we investigate the case for T, = 7.

Consider the same receiver parameters as those in Section [VIIZAl The optimal duty cycle
versus A for different dead time and Ay = 0.001 and Ay = 0 are shown in Figure [I4] and
Figure [13] respectively. It is seen that the optimal duty cycle converges to that of continuous
Poisson channel, while asymptotic duty cycles for large peak power are more different. Similarly,
the non-perfect receiver capacity versus peak power for different dead time given Ay = 0.001
and Ag = 0 are shown in Figure [16 and Figure [I7] respectively. It is seen that the capacity with
non-perfect receiver converges to that of continuous Poisson channel. Moreover, the capacity
with non-perfect receiver converges for large peak power given dead time 7, while the capacity
of continuous Poisson channel linearly increases with peak power. The gap in large peak power
regime stems from the photon-counting loss.

We then analyze the asymptotic property for the capacity with non-perfect receiver. Figure [1§]
and Figure show the non-perfect receiver capacity, continuous Poisson capacity and the
approximation versus low peak power A for different Ay > 0 and Ay = 0, respectively. Prefix
“Theo-" denotes the exact capacity with non-perfect receiver shown in Theorem [1] and prefix
“Appro-" represents the dominant term approximation of non-perfect receiver given by Equation
(39) and Theorem [T7] It is seen that the dominant term approximation is close to the exact value
for low peak power. Figure 20/ shows the capacity of non-perfect receiver and the corresponding
capacity limit given in Equation (36) and Theorem [I3] for dead time 7 = 0.02. Numerical results

shows that the capacity with non-perfect receiver is close to the saturation capacity for peak
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Fig. 2. The optimal/suboptimal duty cycle p versus peak power A from the brute-force approach, the derived bounds and
approximation for L = 20.

power A > 103,

VIII. CONCLUSION

We have investigated the achievable rate and capacity of a practical photon counting receiver
with positive dead time and finite sampling rate. For the symbol duration that cannot be
sufficiently small, we have proposed upper and lower bounds on the achievable rate based on
Kullback-Leibler (KL) divergence and Chernoff a-divergence, and shown the tightness of the
proposed bounds. The convergence rate of proposed bounds is investigated for five scenarios.
Moreover, an approximation on the achievable rate is proposed, which is more accurate compared
with the proposed upper and lower bounds in the medium signal to noise ratio (SNR) regime. For
the symbol duration that can be arbitrarily small, we investigate the capacity and the optimal
signal distribution for the non-perfect receiver. We demonstrate that the continuous Poisson
capacity equals that of non-perfect receiver with 7y, = 7 — 0. Furthermore, the asymptotic
capacity and the capacity loss from continuous Poisson channel for low and large peak power

are characterized. The results on the achievable rate, the capacity, the signal distribution, the
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gap between the upper and lower bounds, and the loss from the continuous Poisson channel are

validated by the numerical results.

APPENDIX A
THE PROOF OF MAIN RESULTS ON ACHIEVABLE RATE FOR LONG SYMBOL DURATION

A. Proof of Lemma Il

A —«
= —Ln f(a), where f(alpo,p1) = pipy * + (1 —

Note that Cy_,(PP||PP) = C,(PE||PP)
p1)*(1 = po)'=*, we have f'(apo,p1) = po(E2)*In £+ (1 —Po)(%)aln %, £ (alpo, p1) >
0, f (Olpo,p1) = —KL(po||py) and f'(1|po,p1) = KL(pi||lpo) > 0. Thus, the optimal a” to
maximize Cy,(PP||PP) uniquely exists and satisfies f (o) =0, i.e.,

In 1=p0 —l—lnln@ —Inln &
—p1 PO

(60)

aA(p07p1) = p1(1—po)

In po(1—p1)
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Fig. 10. The bound gap versus low background radiation arrival intensity Ao from numerical computation and theoretical limit
for different peak power A.
Since the symmetry f(c|po,p1) = f(1 —all —pi,1 —po), we have 1 — a®(po,p1) = a®(1 —

p1,1 —po) and
1— 1— -
0~ (1—a®) = [In =2 +Inln =2 —Inln ] — [In {2~ + InIn & — Inln ;=22
N In p1(1—po)
po(1—p1)
In {=piopy) 4 2(Inln 1222 —Inln &)
— popP1 1—p1 po/ < . >
N In p1(1—po) > 0, if po+p = 1, (61)
po(1—p1)

where the last inequality follows from the fact that the right term of the numerator of Equation
(61) decreases with p, and becomes 0 for py = 1 — p;. Based on the above statement, we can

readily obtain o* = arg nax min{Cyo(PZ||P{), Ci_a(PP||PY)} = 3.

B. Proof of Lemma

Based on symmetry F, (i1, B, 52) = Fu(1 = i1, B, 1), we have

8Fu('751752) 8Fu(‘7ﬁ2pﬁl)

3 3 (62)

- (Br,B2) = 1 (82,1) = 0,
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Fig. 14. The optimal duty cycle versus peak power A given Ay = 0.001 for different normalized dead time 7.
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ie., u (B, B2) + u* (52, f1) = 1. Defining G(z,f) = Inxz — ﬁ we have

OF, N
8,u (H*(ﬁlﬁz)ﬁl,ﬁQ) - G(l - <1 o ﬁg)/i, 61 2 62) - G(ﬁl + (1 - Bl),ua

B — B 1 1
EC I SR (RN P s

Thus we have G(1 — (1 — Bo)p, 2522) — G(By + (1 — Bi)p, 252) S 0if B1 = Bo. As G(x, B)

51 +52)
2

}=o0. (63)

decreases with x, we can obtain p*(f;, 52) 2 m if 51 2 fo.

C. Proof of Lemma

Consider the following three cases.

Case 1: 3, = [3,. According to Equation (I4)), we have max F.(u, 1, 02) = —1In 1+ﬁ2 , i.e., the
SHS

equality holds.

Case 2: 3, < 5. According to Lemma 2] we have

Pt A= B (B, Be) _ A B Ba
L— (1= B2)p*(B1,B2)  Bi+ (1 —pB)p*(Br,B2) 1—(1—Ba)u*(Br,B2)

As 1 (Br, By) < 5 ﬁlﬁ 5> we have the following upper bound on JLax F.(u, B1, B2),

<0. (64)

Ey (1, B), B, B2) = —In[l — (1= B2)u (81, B2)] — pn*(B1, Ba)

g o B o5 )
B4 (1= Bo)p (B, B2) 1 — (1= o) (B, 52)

- 1—=piB B — B2 .

R S N S (I N8 y oy s LG
_ 1 — B8, (B2 — B1)(1 = f1)

DTy A (Y ©

Case 3: 5, > (3,. Similarly to Case 2, we have
. 1 — B15s (1 — B2)(1 = f32)
Fy (1 (81, B2), 1, B2) < —In 55— b, + -85 (66)

D. Proof of Theorem

Note that 3, 3; and (3, approach 0 as L approaches infinity. According to Equation (I7) and
Taylor expansion In(a + x) = Ina + Lz 4 o(x), we have

T (Ao, A, L) > —1—g§_12 8+ o(B). 67)
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; 1-$152 1 _ pit+fBe—26182 _ B
For 1 > s, since 7522 — 3 = 5575757 = 7 +o(P1), we have

81 = Bo|(1 — min{By, Bo}}) 1 — 515
fnaa(bor 4, 1) < 1= b5 B -5
= Gi+0o(f1)+1In2— %+0(51) :1n2—|—%—|—0(ﬁ1). (68)

Similarly, for 51 < (2, we have ., (Ao, A, L) < In2 + % + 0(B2). Thus, Jmae(Ao, 4, L) <
In 2+ 22dBPol 4o (max{,, B}) for By # fa.

For (5, = (35, we have

B = Bo|(1 — min{B1, B2} }) 1 — 312
Imaa(ho, 4, L) = 1= Bifs B
= —lnlzﬁl =In2—F +o(B). (69)

E. Proof of Lemma

As B = (\/]Tpl+\/(1—p0)(1—p1))L and 1 — /z = 1(1 —2) +o(1 — z) for z — 1, we

have

po% - (\/Popl + \/(1 —po)(1 — Pl))L
= (VA vEm VT o) S8 (vam - VT )

2

~
—_

Il
=)

=1 \/P 1
= 1’ (\/2—_0(1—291)— (1= po)(1 = p1)2) +o(1 = pi). (70)
Since ) = (z—‘;)plL(%)(l_pl)L and 1 —27% =azlnx+o(zlnr) = —a(l — ) + o(1 — ) for

xz — 1, we have

1 1—
Py =B = Pé(l - (p—l)plL(il — g?)(l_pl)L)
1 1 I —po -
— L 1— (= p1L _~ \p1L 1 — (1—-p1)L
pE((1= o) + ot (= (o))
1_
- pg<—L(1—p1)+(1—p1)Lln p1>+o(1—p1). 1)
1—po

Noting that 3, = (%)poL(%)(l_pO)L, we have

poL L)(l—Po)L(l _ p1>(1—po)L i 52
— (_)PoL(i)(l—Po)L(l _ pl)(l_pO)L (1 _ pf:no)

———)PIE(1 — p ) EPIE Lo (1 —py) +0(1 —p1) = o(1 —p1).  (72)
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F. Proof of Theorem

For large A, p; and 3> approach 1 and 0, respectively. According to Lemma (4] Equation (I7)
and In(a +z) =Ina + £ + o(z), we have

1
Imax(A07 A7 L) Z - hl %ﬁ

2 1
= 2 P () T (- b)) + o1~ p(7B)
1+p; 1403

For the upper bound, since

1—Bf 1 —(1+26 - B7) e _ (1425 - B1)Be

2=Pi—=PB 2=/ (2-01—5)(2- ) (2—p1)?
the maximal mutual information is given by
|81 — Bo| (1 — min{f, B2 }) In 1 — 5159
1 — 515> 2— 01— P2

= f1—(1+p51)B2+0(f2) +In(2—51) + et +22_ﬁ16:)ﬁ12)ﬁ2 + 0(f2)

= p&+ (2 - p§) + O(max{(1 — p;) In(1 — p1), (1 — p1)TPE}). (75)

+ O(ﬁ2)a (74)

[max(AOa A> L) S

G. Proof of Theorem

Note that for binomial distribution P?, we have the following approximation on entropy
Theorem 2],

1 1
H(PP) = 5m2meLpi(1 = pi) + O(5),i = 0, 1. (76)

Since P(N = 0|X = 0) = (1—po)* = 1—Lpy+o0(Lpy), defining random variable Y ~ B(1, Lpj),
we have H(PE) — H(Y) = o(Lp,) and

R 1
H(N|X) = £ nf2meLpy (1 - p1)] + (1= iho(Lpo) + O(5) + o(Lpo). (77)
Considering the mixture distribution of N , we have

PN =0) = pu(l—p)~+(1—pu)(1—Lpo) +o(Lpo) 2 qo + o(Lpo); (78)
P(N=1) = pLpi(1—p)" "+ (1 = p)Lpe + o(Lpe) 2 q1 + o(Lpo); (79)

O . L 3 —3 A .
P(N =i) = u(i)pl(l —pl)L + o(Lpo) = q; + o(Lpy), for i > 2. (80)
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According to the continuity of entropy function, we have H(N) = — 3" ¢;Ing; + o(Lp).

Based on Taylor expansion, we have

—qolngy = —[p(l—p)" +1 = p]nfp(l —p)" +1 - 4]
+(1 = ) Lpo{1 + In[pu(1 = p1)* + 1 — p]} + o(Lpo), 81)
—qlng = —pLpi(1—p)" Hn(ulp) + (L = 1) In(1 — py)]
—(1 = p)Lpo[l + In(pLpy) + (L — 1) In(1 = p1)] + o(Lpo),  (82)
- iqi ng = —phnpll—q —q]+pH(PP)+ M{L(l —p1)fIn(1 —p1)
+Lpi(1 = p) " In(Lpn) + (L = DIn(1 = p)] }. (83)

Since I(X; N) = H(N) — H(N|X), we can obtain Equation (32).

H. Proof of Theorem

oF, _ p(1—p) oF, _ p(l—p) PF, _ _ p(—p)?

Note that 55" = ~@mprn < % 95 = “amrin < % 98 = @opmep > U and
8325? = [u’é2$1 _’2]2 > (. For low SNR, according to Taylor Theorem and § > max{fi, 5>}, we
have

@  pl—p) O*F, >
Fu ) 9 - Fu 9 ) = - ~ A —
(1, B, B2) (1, B, B2) (1— )6+ 4 (B— 1)+ 851 (Ber5) (B—PB)
® (- o°F, :
< ————(B—-051)+ — ., (84
(R R IPCR RS

where (a) holds due to the Taylor expansion in terms of 1, & € (f1,3) and (b) holds since

882;%“ is monotonically decreasing with respect to ;. Furthermore, we have
(1 —p) p(l = p)? 2
max [, , w5, < max ——(f — + —
jel01] (; B, B2) — Fu(p, B, B2) ue[o 11— )b +,u(ﬁ Br) [(1 — 0B +M]2(5 Br)
(0)
< 85

where (c) holds since (1 — p)B1 + p > bi, p(l — p) < (W)2 = Loand p(1 — p)? <

4
l(wy —

5 5 2%. Similar to equation (83)), we have

max I (1, 8, 02) — Fu(p, B, 8) <

Jnax =15 (5 Ba) +

> 52 (8= 2 (86)
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As Fy(u, B) = F,(u, 8, B), we have the upper bound on A(/3, 51, 52) in low SNR regime,

A(B, B, B2) = max Fy(u, B, B2) — Fulp, 8, B)

(87)

ne0,1]
(d)
S “Ig[%X F ( ﬁ1>52) u(:uaﬁ>52)+ m[ax} Fu(l%ﬂ,@) _Fu(:uaﬁaﬁ)
(e)
< 451 —(B=51) + 27ﬁ1 (B — B)? + 452 — (8= Ba) + 27ﬁ2 =B B2)?
_ LB \ael 1Bl
= 108(B1 1)(1651 +11) + 108(52 1)(16ﬁ2 +11),
where (d) holds due to max f(x) + g(x) < max f(z) + max g(z) and (e) holds according to
Equations (83) and (86)).
For high SNR, note that
B _ (1=p)(B=51), D pd —p)(B-=p)
FU(M7/617/62) Fu(:uvﬁuﬁ2> - :uhl[l_'_ (1_,“)51_'_”] S (1_M>B1+M
(9)
< (L-p(B-5),

(88)

where (f) and (g) hold due to In(1 + z) < z and pu < (1 — u)B1 + p, respectively. Thus, we

have

max Fu(:u>51>52) - Fu(lu“aﬁ>52) S 5

1el0,1]

Similarly to Equation (89), we have
max Fu(:uvﬁaﬁ2) - Fu(luﬂﬁvﬁ) S B

1el0,1]

— b

— fa.

Thus, we have the following upper bound on A(f, 81, 52) in high SNR regime,

A(ﬁu 517 52) < max Fu(:uvﬁlvﬁ2> - Fu(ru’u Bvﬁ2) + ;161[%}?[:] Fu(lu’u Bvﬁ2) -

nelo,1]

< (B=051)+ (B = Pa).

For general 3, 3, 55, we have the following lower bound on A(f, 51, f2),

A(ﬁ>51>52) max Fu(ﬁaﬁbﬁQ)_Fu(ﬁ?ﬁaﬁ)

1el0,1]

max Fu(ﬁaﬁlvﬁ&) — max Fu(ﬁ?ﬁvﬁ)
pel0,1] rel0,1]

= Rl B ) +

S

S P
> —=(1 1 1
> 2(n 5 TIh— )+ 1n 5

1+8

Fu(p, B, 5)

(89)

(90)

O
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where (h) holds since that for positive function f(x) and g(x),
max f(z) — 9(x) > (&) — g(z") > (&) — maxg(x) = max f(r) — maxg(z),

where z* = arg max f(z).

L. Proof of Theorem

As 8 = exp (— Ci(PP||PP)) — 0, B1 = exp ( — KL(PP||PF)) — 0 and B = exp ( —

1
2

KL(Pf||PP)) — 0 as L approaches infinity, such scenario corresponds to high SNR regime.
According to Theorem [3] 8; = o(3) and 5y = o(/3), we have

A(B,B1,82) < (B—051)+ (8= Ba)

= 2exp(=C(PP|IRy)) + o(exp(=C1 (PP |IFy)))- (92)

1 1
2 2

Thus, we have the following lower bound on the exponential rate of A(f, 1, 32) with respect

to L,

C.(PEB||PE
o CaPEIED)
L—oo L

— (Voo - VI - )T —pr). (93)

— lim
L—oo

In A(B, B1, B2)
L

Similarly, we have

n —
1+ﬁ1 2 1+52 21+B1 21+ﬁ2

and thus an upper bound on exponential rate of A(f, 51, f2) with respect to L is given as follows,

A B ) oy SENAD
L

T L—oo L

1+p —|—11n1+5 _15—51_‘_15—52

A, 51, B) > 51 Fo(B) =B+ o(B); (9%

— i (vpop - VI - )T —pr)). (95)

— lim
L—oo

From Equations (93) and (93), we have
1- 1nA(ﬁ751752)

L—oo

= —In (v/fopr + VT~ o)A~ p1))- (96)

It demonstrates the asymptotic tightness of the upper and lower bounds for large L, with

exponential rate — In (1 /Pop1 + \/(1 —po)(1— p1))-
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J. Proof of Theorem []
According to Lemma @] and Theorem [3] we have the upper bound on A(S, 31, 52),
A(B. Br. o) < (B~ B) + (B — Bo) = 208 — vk + 0+ olc). ©7)

where €, is shown in Equation (39). Similarly, according to Theorem [3, we have the following

upper bound on A(S3, 81, 52),
L 1
A(B,B1,B2) >In (1 +p¢) — ;I (1+p§) +e+ola), (98)

where ¢; is showed in equation (4Q).

K. Proof of Theorem

According to Theorem [3l we have the following upper and lower bounds on bound gap

A(B, B1, B2),
A(B,B1,B2) < (B—51)+ (B —Ba),

= 21 —p)7 +o((1—p)

Sl

) 99)

1. 1+8 1. 148
A(B, B1,B2) > §1n1+51+§1n1+ﬁ2
_ 1  1(1=p)7 —(1—p)* L
= S0-m)7+3 At +o((1—p1)?)
= (1-p)F +o((1—p)F). (100)

Thus, the asymptotic tightness is demonstrated as follows,

ol

Ozjgrgo(l—Pl)%ﬂLO((l—Pl) ) < f}i_lfgoA(ﬁ,ﬂl,ﬂz)

< lim 2(1—p1)% +o((1—p1)

T Ao

[t~

)=0. (101

Furthermore, we have the following on the exponential rate of the bound gap with respect to

peak power A,

In A(S, By, , In2(1 —py)% +of(1—p)2 L
_Alglgo n (5Aﬁl B2) > JEI;‘O‘ n2(1—py) AO(( p1)?)] _ 7', (102)

_ InA(B, By, ) . W1 —p)F+o((1-p)?)] L7
Cgm s jim - A 2 (103)

In A(B,51,B2) Lt
A

ie., —limy_ o = .



L. Proof of Theorem

For low peak power A, we have p; — pg and p; —py = e 207(1

Noting that \/z + pg = /Do + ﬁx — Sigxz + o(z?), we have
1200)

1— /pop1 — V(1 = po)(1 — p1)

44

—e A7) = (1—po)TA+0(A).

_ 1 P1—Po (p1 — o)’ (1 Po—P1 (po —p1)° 2
= 1—(po+ 5 S ) — (1 —po+ 5 8(2_p0))+0(A)
(1 — po)” oy (1=p0) 5,9 2
8po(1 — po) told) = & AT+ o) oy

Thus, we have the following Taylor expansion on [3,

B = exp(— Cy(PPIIPE)) =1 - CL(PPIIBD) + o(C4(PPI|PP))
= 1—L(1 = /pop1 — V(1 —po)(L = p1)) + o(1 — \/Dop1 — /(1 = po)(1 — p1))
_ L0 e o), (105)
8po
Note that KL(PP||Pf) = L(p: In E+(l—p)h iié), according to Taylor theorem, we have
1—
KL(PPIIRP) = 04 L(In* —lns—")  (py = po)
Do 1 —po’ Ipr=po
L (pl _p0)2 2
+ +o0 —
pi(1=p1)lm=p 2 (b1 =po)’)
L(1—
e R ) (106)
2po
Thus, we have the following Taylor expansion on the [,
B = exp(— KL(PPIIPY)) = 1 — KL(PP||BY) + o(KL(PP||PY))
L(1 -
B G )T + o(A?). (107)
2po
Similarly, we have Taylor expansion 3y = 1 — %7‘%12 + 0(A?).
According to Theorem [3 we have
I s 1 p B
A < — (== —-1)(16—+11)+ — (= — 1)(16— + 11
1 L(1—po) L(1—po), o .0 2
= — — A? x 27 x 2 A
08\ 20 S )T A X2 x 2404
_ 3L p0) by a2, (108)
16po
1.1+ 1. 148 3L(1—po) 5 o 5
A =1 = = A A*). 109
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Based on Equations (I08) and (I09), we have A(B, 8, 8;) = 2P0l 12 42 4 (A2),

16po
APPENDIX B
THE PROOF OF MAIN RESULTS ON THE CAPACITY FOR ARBITRARILY SYMBOL DURATION

A. Proof of Proposition

Converse part: Note that A™> — X; — Z forms a Markov chain, where X, =
f;;S_TA(t')dt', according to data processing inequality, we have I(A*; Z) < I(Xr,; Z). Note
that the conditional entropy H(Z|Xr,) = hy(S), where S = p(X7, + Ap) and p(z) =1 — e 7.
Define ;1(X7,) as the probability measure of Xr,. Entropy H(Z) is given by H(Z) = hy(p),

where p = [ p(Xr, + Ag)dp(Xr,) = E[S]. The mutual information I(X, Z) is as follows,

1X.2) = () — [ Ia(p(OXs, + R0))dp(X). (10)
As mapping X7, — S is a one-to-one mapping, we have

I(Xx,; Z) = 1(S; Z) = ho(E[S]) — E[h(S)], (11
and the following equation holds,

max [(Xp,;Z) =max(S;Z) = max max [(S;2)
m(Xry) () p(A0)<P<p(A+Ao) p(S):E[S]=p

= max hy(p) + max E|—hy(S)]. (112

Note that function —hy(-) is strictly convex and the solution to maximize a strictly convex
function over all finite support probability given first moment is achieved by a distribution of

two mass extreme points. Accordingly, defining 1 2 P(Xr, = A), we have

1
Crr < —max I[(Xp,Z2)

T mXr,)
=l he (P(1e)) — (1 — p)he (p(Ao)) — phy(p(A + Ao)) (113)
T 0<p<1 ’
where o satisfies (1 — u)p(Ag) + pup(A + Ag) = p, ie., p = #%.

Achievability part: Let waveform A™: in [0, 7] randomly selected from waveform set {0, A x
(u(t) —u(t —T,))} with probability p* = P{ATs = A (u(t) — u(t —T,))}, where u(t) denotes

as a step function, then we have

Crr 2 = max by (1)) — (1= p)ha(p(Aa)) — s (p(A + Au). (114)

T 0<p<l
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Recalling F(1) = hy(p()) = (1 = w)hy (p(Ao)) — peho(p(A7)), where p = (1 — p1)p(Ao) +
up(A+ Ag), we have
F'(n) = —(p(A+Ag) —p(Ag))In — d + o (p(Ao)) — hw(p(A + Ao)), (115)
Z ~ p(A+Ag) — p(Ao)
F'(p) = s <0. (116)

Note that hy(-) is concave, according to Lemma [5, we have hy(y) > 2@ ~ (2 for

0<y<ax<1, and

=Y

, ( (A+ Ao) ) hb(p(Ao ) /
F'(0) = —(p(A+Ao)—p(A —h(p(Ag)) > 0; (117
(0) = ~(p(A-+ ) = p(A0) (LSBT () > 0 (117)
’ ( A+A0 ) b(p(A(] ) /
F1) = —(p(A+Ay) —p(A — hy(p(A+ A < @118
( ) (p( 0) p( 0))( (A+A0) p(Ao) b(p( 0))) q )
Thus, p* 2 arg max F(;1) uniquely exists and satisfies F'(p*) = 0, i.e.,
A
pm—dmm P (119)
P(A+ Ag) — p(Ao)
where a = exp(—hb (p;?Zﬁj\)o)):Zé)/gf)(AO)) ). Hence we have C' = 1F(u*).
C. Proof of Theorem
First we show the Taylor expansion of a given in Theorem [I1l
Since hy(z) = —zIn(z) — (1 —2)In(1 — x) = x — zln(x) + o(z) and In B2 = In(x) + o(7),
we have
ho(p(A + 80)) = o (p(B0)) | At — ArPEER 4 p(Ag) In 2200 4 o(7)
nr =
P(A+ Ag) — p(Ao) p(A+ No) — (Ao)
A
Defining s = %, based on Equation (120), we have
_a ho (p(A + Ao)) — by (p(Ao)) AL+t
2 = e (I Ay — g TR T o 12D
AQ4s)' A I+s
limpg* = lim &% ! o7+ o(7) <1 ) — s. (122)
7—0 70 AT ess
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Based on the above results, we have the following result, which shows that the capacity is

consistent with the scenario of continuous Poisson channel,

limC,, = lim 1F( *) = lim OF )
7—0 T—=0 T 7—0 orT
. _ p(Ao)(1 — p) p(A+Ao)(1— )
= lim(1 — *AeAOTln(O—+ (A4 Ag)e~ AT
= A[—(u" +s) ln(u + s) + (14 s)In(l+s)+ (1 — p")slns]. (123)

D. Proof of Theorem

According to Equation (IZ1)), point-wise convergence is obvious. Set A = %, then we have

lim % — exp(—hy(p ( ))/p(1)) 7&1 (124)

A S+ ep(—I(p(D)/p(D)] 7 ¢

which shows that the convergence is not uniform.

E. Proof of Theorem
Considering the scenario without background radiation, i.e., Ay = 0. For A — oo, we have

lim a = exp ( — lim (hb (p(A i AO))
A—o0 A—o00 p(A + AO)

) =1, (125)

and the optimal duty cycle lim p* = % When A — 0, we have lim a = 0 and
A—o0 A—0

hy(z)
o - 1—a)ln(l — 1
lim 7 2224 gy OPETT) @m0y T (126)
A—0 x—0 €T x—0 T (&

As the optimal duty cycle for continuous Poisson channel is % for Ag = 0 and any A, the optimal
duty cycle for larger A deviates more due to larger counting loss.

For Ay > 0, as A — oo, we have

lim a = exp (= lim (hb (p(A+ Ao)) — hy(p(Ao))
A—00 A—o0 p(A + AO) — p(AQ)
1
(1+exp (eh07hy (p(A0)) ) ) (1-p(A0))
For A — 0 and Ay > 0, since l‘imoa = 0, we have
—

)) = exp (e™7hy(p(Ao))),  (127)

d li =1
and fu

' . a exp(lnp(A)—l—l—o(l))_l
N p” = lim s = (A e (128)
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For* A — 0 and Ay > 0, we have

lim a = exp(—hy (p(Ao))) = (129)

According to Taylor’s theorem and p(A + Ag) — p(Ag) = (1 — p(Ao)) AT 4 0o(A), we have the
following results for sufficiently small A,

hb(p(A + Ao)) — hb(p(Ao)) _ h;,(p(/\o)) " hy, (p(Ag))

p(A+ Ag) — p(Ao) } 2
= o)) + PN (4 xg) ar s oa),
o = 2O oo IR (1 pag)) a4 o),
_ p(Ao) . 1 _ 4o
RO _p(AO>)2(1 p(Ao)) AT + o(A), (131)
) _— 1_;%@ - (AO) . 2 p(A0> —1
lim = lim (- Ao AT (1= p(Ao)) ==y 72 (0) (1 = p(A0))]
1
- 2 (132)
F. Proof of Theorem [[3
hy, (p(A-l-Ao))—hb (p(/\o)) _ (p(/\o))

Note that lim —=rrrms = oy (1= p(A+ Ag)) = —Ar and hy(z) =

hy(l—2)=(1—2)— (1 —2)In(l —2) 4+ o(1 —z) for . — 1. We have
hy (P(A + Ao)) — hy (p(Ao)) —hy (P(Ao))

P(A+ Ag) — p(Ao) ~ 1—p(Ao)
(1 - P(Ao))hb (P(A + Ao)) — hy (p(Ao)) (1 —p(A+ Ao))
(1 —p(Ao)) (p(A+ Ao) — p(Ag))

_ (1 —p(Ao)) (p(A+ Ag) — p(A+ Ag) Inp(A + Ay)) 4 o(Ae=47)

(1 - p(Ao))”
= MTATe T 4 o(Ae ). (133)

Since exp ( — (z + Az)) = exp(—x) — exp(—z)Ax + o(Az), the Taylor expansion of a can be
expressed as follows based on Equation (133,

a = exp (eAOThb (p(AO))> — exp (eAOThb (p(AO))>eA°TATe_AT + o(Ae™47). (134)

(P(A + Ao) = p(Ao)) + o(p(A + Ag) — p(Ao))

(130)



49

For the optimal duty cycle 1*, based on Equation (I34) and the Taylor expansion of ——, we

have

*

M =

1+a’

4 _p(A 1—p(A+Ay) — = 1—p(A+Ay) — =
1+a ( 0) —1— p( 0) 14a —1— p( 0) 14a + O(Ae—AT)
P(A+ Ag) — p(Ao) P(A+ Ag) — p(Ao) 1 —p(A)
e~(A+R0)T 11 4 exp (erThb (p(AO))>]_1 + [1 + exp (erThb (p(AO)))]_QerTATe_AT
1—
1 —p(Ao)
—i—o(Ae‘AT),

1 (1 exp (M (p(80)) )7 4 [1 -+ exp (€47 (p(Ao) )22 Are 4+ o( AT,

Similarly, the Taylor expansion of p is given by

p = p(Ao) + p (p(A+ Ao) — p(Ag))
= p(Ao) + {1 —[1+exp (eAOThb (p(Ao))>]_1€AOT}€_AOT

+[1 +exp (eAOThb (p(Ao))>]_2eA°TATe_AT + o(Ae™47). (135)

Based on Equations (I33) and (I33) and A, (p(A+Ag)) = O(Ae "), the asymptotic capacity

is given as follows

A—o0

where ¢y, = hb<

lim Gy = © lim F(uf) = & lim ho(p) — (1 — 1 )ho(p(Ao)) — it (p(A + Ao))

T A—oo T A—oo
- %{ Tim {, (pmo) +{1- 1+ exp (eAOThb(pmo)))]—16Am}e—w> +o(ar )}

—(1 = p)hy (p(Ao)) }

1
= s (136)

exp (eAOThb (p(Ao)) ) hy (p(AO)) ehoT

14exp (eAOThb (p(/\o))) ) - <1+oxp (BAOThb (p(/\o)) )) '

G. Proof of Theorem

Note that ¢y, = hy(735) — e where u = exp (e*"hy(p(Ag))), we have

1+u?
(%AO 1
= — < 0. 137
ou u(l+u) (137
Subsequently, we focus on the monotonicity of u with respect to Ay. Define v(z) = hbi,x) ,T €

(0,1), and we have v'(z) = 20 < 0. Since e*7hy(p(Ag)) = v(e27) and e o7
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du

monotonically decreases with Aj, we have Ao

> 0 and c,, monotonically decreases with
Ay. Such monotonically decreasing property aligns with the intuition since larger background
radiation A leads to more capacity loss.

For Ay = 0, it is easy to check that ¢y, = 1. According to monotone convergence theorem, the
limitation of ¢, for large background radiation A exists. Since v(z) = 1 —1Inxz+o(1) for small
z, and due to the continuity of exp(-) and v(-), we have lim u =exp ( lim v(e 7)) = +oo.

A0—>oo A0—>oo
Similarly, according to monotone convergence theorem and equation (I37), we have lim ¢, =

Ag—o0
: U Inu __
uh_{glo (i) = 15a = O

H. Proof of Theorem [I7

For continuous Poisson channel and peak power constraint, according to [L1]], the capacity is
given by Cpy; = Alg*(1+ s)In(1+s) + (1 — ¢*)slns — (¢* + s) In(¢* + s)], As s = 22 and
g = % — 5. when s — +00 (i.e., low SNR), we have ¢* = { + O(1). Considering the

asymptotic capacity for small A, we have

Cpoi = Aslg"(1+ s ") In(1+s)+(1—¢)Ins— (1+¢"s ") In(g" + s)]

= Ao[-In(g* +8)+ ¢ In(1+3s)+(1—¢)Ins—qg"s ' In(g" +s) +¢*s " In(1 + s)]

q 1, q 1—q"
= Ao[—In(1+ = “In(1+ =)+ —In(1
o[—In(1 + 8)+q n( +8)+ ; n( +q*+8)]
q*(l—q*) —2 1 2 2
542 +o(s77) A + o(A?) (138)

Similarly, Taylor expansion is adopt to calculate the asymptotic capacity of non-perfect receiver

hy (p(A-i-Ao)) —hy (p(/\o))

for small A. The main clue is to obtain the Taylor expansion of ST A p(A0) , Qy 11%, D,

and C; ;, one by one.
Since {&W — /()4 1 Z(y) (z—y)+1L 6(y) (z—y)?+o((x—y)?) for differentiable function

=Y

f(+), we have

hy (P(A 4 Ag)) — hy(p(Ao))
p(A+ Ao) — p(Ao)

= h; (p(Ao)

"

hb (p(AO)) (
6

)+ 1) (1 g)ar

+ 1—p(Ao))?A%7% +0(A%),  (139)
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As h/b(x) =1In I_Tz, hg(x) = —ﬁ, hgl(x) =L __1 _and

x? (1—z)

exp (= (aop + a1 Az + aa A’z + 0(A%2)))
2
Y £ o(A2),  (140)

2
based on equation (I39), the Taylor expression of a and ¢, are given by
0 = ex (_ hy (P(A + Ao)) — hb(p(Ao))>

- P(A+ Ag) — p(Ao)

= exp(—ag) — exp(—ag)a; Az + exp(—ag) A’z ( — as +

= exp ( ) — exp < ) ( (Ao)) (1 —p(Ao))A’T
+exp< ) )aeee{ = o i 5 PR 1)) o)
Ao AT p(Ag - i ,
- 5 (/)\0) 2(1 = p(Ao)) * (p(/)\O)A { é[p (Ao) = ( (A0)) "1(1 = p(Ao))
l (1 - p(Ao))” A2
TR TETE DAL
_ _rA) At 8p(Ao) — 1 2 2 2
T—p(ho) 2(1— p(Ao)) * 24p(Ag) (1 — p(Ay)) AT+ o( A7), (141)

Since {22 = & + (1+1)72At — 2(1 + 1) *A% + o(A%t), the Taylor expansion of % and

u* are given by

At 8p(Ag) — 1

1+a = p(A0> + (1 —p(Ao)) m + (1 —p(Ao)) 24p(A0) (1 _p(AO)) A%2
3 A2T2
—(1 = p(A —
(=P T )
= p(Ao) + (1 —p(Ao))% + 2p(A(3X )1 (1 = p(Ag)) A7 + o(A%), (142)
(o) (- p@e)F o+ RS (1 - p(e) 427
W AT A —p(he) (1= p(Ao)) A7 old)
- S e

Based on equation (I43), we have the Taylor expansion of p as follows,

p = p(Ao)+ 1 (p(A+ Ag) — p(Ag))

= p(8o) + 5 (1~ p(Ag) Ar + [2%2\0‘) L1 - p(Ag)) — W} A2 4 o)
= plAo) + 5 (1~ p(Ag)) AT + %(1 — p(Ao)) A7 + o 42). (144)
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To obtain the asymptotic capacity with non-perfect receiver Cp,;, the Taylor expansion of hy(p)

is given as follows,

(i) = a(pld0)) + i (000 5 (L~ p(80) A7 + [ (p(80) =5 (1= ()
+1h;’( (A0)) (1= p(Ao)) }A%Q +o(A2). (145)
Similarly, p*hy (p(A + Ao)) + (1 — p*)hy (p(Ag)) is given by

1l (p(A+ No)) + (1 — 1) hy (p(Ao))

= Iy(p(Ao)) + (5 + %AT +0(A)){ i (p(Ao) (1 = p(Ao)) (AT - %A272)
+hy (p (AO) (1= p(8o))*A4%7% + o(42)}

= hu(p(Ao)) + By (p(A )%(1 p(8)) A + {1 (p(A)) (1 - MM))%
+hy (p(Ao) ) (1- /\0))2},4272 + o(A2). (146)

Based on Equations (I43]) and (I46)), the asymptotic capacity C. . is given as follows,

C. = %{hb@) — (1= )k (p(Ao)) —uhb(p<A+Ao>>}

l{ By (p(Ao)) (1 2 ~ 7(1=p(A))
8

- — p(Ao)) }A%Q + 0(A?) = S A% + 0(A?).(147)

L. Proof of Theorem [I8]

Defining f(t) St—tlnt—1,¢t¢ (0,1), we have f'(t) = —Int > 0. Since Pr%f(t) = -1
%

and lim f(t) = 0, we have =12 < 1 holds for ¢ € (0,1). Let t = e 27 =1 — p(Ag), we have
—)

T(l—P(Ao))

Int = —A()T and dT = T 8p(ho) 8ho = dPoi'

For any Ay > 0, we have

=1 (148)
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J. Proof of Theorem

Since Crr (4, M) = L{(p) — (1 = 5 a(p(A)) — 1hu(p(A + A0)) b and By(5) =
hy, (p(A-i-Ao)) —hp (p(/\o))

PATAop(he) W have
%E%%AQ::%{%@Wﬁ@—MA+A%;j%§@M+A®—MM»
—M*h;(l — p(A+ Ag))T — 8LA (hb (P(A+ Ag)) — hy (]9(/\0))> }
= 1 (1= p(A+ 80)) (i) = By (p(A + Ao)) ) >0, (149)

where the last inequality is satisfied since h, < 0 and p < p(A+ Ao). Thus, C, (A, Ag) strictly
increases with peak power A.

Further from Equation (I49), we have

PCrr(ANy) ho(p(A+ No)) = hu(p(Ao)) | 1 —p(A+ A)
e e Gl e v e R T Ew v
1 (hb (p(A+ Ag)) — hy(p(Ao))
P(A+ Ag) — p(Ao) P(A+ Ag) — p(Ao)

+1* (1= p(A+ Ag))* [ -
+

PA+ ) T p(a 4 80) (1-p(A + )
o (P4 + M) — hu(p(A0)) 1 p(A = Ao)
+ (o) (S e = T Ay

-~

I

Since lim xhy(7) = limzIn =% = 0 and lim a = exp (erThb (p(/\o))), we have
z—0 z—0 B A—00

By (p(A + 80)) (p(A + A0) = p(A0) = (B (p(A + A0)) — By (p(A0)) )
Ao [P(A+ 8o) — p(A)P
- 0. (150)

1 —p(A+ Ay

da

Note that 2 = —[% — p(A)] = Lp(Atho) 1

A o T g o e and 1 —p(A 4+ Ag) =
e~(A+A0)T we have f}im %L; =0and I, = o((l —p(A+ Ag))In (1 —p(A+ AO))>. For term

—00

_a
1+a
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I, we have

., o (P(A + Ao)) — hy(p(Ao)) 1—p(A+ Ag)
e e O e w v R e w
(- 1 —p(A+ Ay) ) 1 }
P(A+ Ag) — p(Ay) p(A+ A)
Ry (p( Ao
= w{ (1= p(A+Ag))In (1 —p(A+Ag)) + (1 — %)(1 —p(A+Ag))}
+0(1 = p(A+ Ap)). (151)

Since (1 — p(A+ Ag)) = o<(1 —p(A+Ag))In (1 —p(A+ AO))) for p(A + Ag) — 1, we have

DC (A, Ag)
A2
= (1 =p(A+Ag))In (1= p(A+Ao)) +o((1—p(A+ Ag)) In (1 —p(A+ Ag))§152)

=5L+1

. 2
and there exists A;,, such that acfgiw < 0 holds for any A > Ay, .

According to Equation (I49) and lirré xh;(x) = 0, we have that for A — oo,
T—

aCT,T <A7 AO)
0A

Based on Equation (I33) and Theorem there exists Ay, so that 0Crr/A _ %(aCT’T(A’AO) —

DA 9A
Cr.r /A) < 0 holds for any A > Ay,.

= phy(p)e” AT L O(Ae A7) = O(e™ 7). (153)

K. Proof of Theorem

Recall that the capacity with non-perfect receiver Cr, , = T%F (u*), where F'(u) = hy(p(p)) —
(1—p)he (p(Ao)) — puhy (p(A+Ag)). Since the capacity with non-perfect receiver depends on 75,
At and A7 and the multiplicative symmetry between (A, Ag) and 7, we have Cr, 5,(A, Ag) =

Cr,-(BA, BAg), where (3 is the dead time factor satisfying 7y > 7 > 111\1—02 According to the
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capacity of the non-perfect receiver, we have

0Cr, 3r  O0Cr, -(BA, BAo)
B op
= Ti{h;(ﬁ) ((1 — W) (1= p(BAo)) Ao+ 1 (1 — p(B(A+ Ao))) (A + Ag)

O B+ M) — p(5A)) ) — (1= ) (p(50)) (1 — (50 Ay

ap
G (POA + M) (1= p(3A) (A + 80) — T2 ((p(5(A + A0) — hufp(300)) }

1) (= 1) (1= p(BA)) Ko+ 1* (1~ p(B(A + M) (A + o)

—(1— )y (p(BA0)) (1 — p(BAg)) Ao — 1 hy (p(B(A + Ao))) (1 — p(BAg)) (A + Ao)}

_l_

—~
S
i

WS

> 0,

where (a) holds since hy,(p(B(A+ Ag))) — by (p(BAo)) = hy (D) (p(ﬁ(A—i—Ao)) —p(ﬁAo)) based
on Theorem [[I] and (b) holds since hy"'(x) = 2 — g2z < 0 for # > 5 and hy(p) >

In2

(1 — 1)y (p(BA0)) + by (p(B(A + Ag))) for p(BAg) > 1 — e~ WA =

N[

L. Proof of Theorem [Z1]

For Ag = 0 and T = 7, according to the multiplicative symmetry between (A, Ag) and 7, we
have CP7P7(A,0) = f71C, . (BA,0). According to Theorem 20, C. ,(A,0)/A decreases with A

for any A > Ay, and thus, C, (A, 0) decreases with 7 for any 7 > %,

APPENDIX C

AUXILARY LEMMA

Lemma 5: Assume function f(x) is strictly convex and its first-order derivative exists. For

. A _ . . . . .
x > y, then we have function g(x,y) = % strictly monotonically increases with z, strictly

monotonically decreases with y. To be specific, we have f (y) < % < f(x)

Proof: According to Lagrange mean value theorem, for = > y, we have f(z) — f(y) =

F -1y < f(r)(r —y), where y < £ < z. Since g, = f(w)(w_(ym):gg(w)_f(y” > 0,

function g(x,y) strictly monotonically increases with . Similarly, we have function g(z,y)

strictly monotonically decreases with y.

=" (L= %) [ (p(Bo)) = Iy (p(B(A + 80))] [(1 = p(BA0)) Ao = (1 = p(B(A + Ao))) (A + Ao)]

(154)



56

Note that function g(z,%) strictly monotonically increases with z, we have f'(z) =

sup

) for any y < . Similarly, we have f’ (y) < %_g(y) [ |

@)1  f@)-f
T—y T—y

x>y

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]
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